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Chapter 5

Near-primitive roots and
higher rank

5.1 Introduction

In this chapter we generalize the results from Chapter 1 to a broader setting.

Let K be a number field, and let V' C K* be a finitely generated subgroup with
rank(V/Viors) > 1 and ¢ a positive integer. We consider the set M = M(K,V,t) of
primes q of K satisfying:

e ordg(v) =0 for all v € V, and
o [(Ok/a) V] |t.

This is a special case of the broader context considered by H.W. Lenstra [18].
If we take V to be generated by a single element, this element is called a near-
primitive root modulo the primes ¢ satisfying the conditions. Over the rationals,
these densities have previously been computed; see Wagstaff [35] and Moree [23].

If on the other hand we take t = 1, but V generated by multiple elements, this
leads to higher rank analogues of Artin’s conjecture. For K = Q, this topic has been
treated by Cangelmi and Pappalardi [6], and is covered in a way very similar to the
approach in this chapter by Moree and Stevenhagen [24].

The work of Cooke and Weinberger [9] shows that the set M (K, V, t) has a natural
density under the appropriate generalized Riemann hypotheses.

First of all, note that the set of primes q not satisfying the first condition is finite,
since V' is finitely generated. After all, it is sufficient to check this condition for a
set of generators of V.

Following the same strategy as in Chapter 1, we will see that the second condition
can also be translated to splitting conditions on radical extension fields of K.
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64 Chapter 5. Near-primitive roots and higher rank

Specifically, for a (rational) prime p, let e(p) be the smallest positive integer such
that p®) does not divide ¢, and define the radical extensions

e(p)
K* C By = (K", ttyewn),” VV).

Here ’”e(w denotes the group of all elements z in a fixed algebraic closure K of K
that satisfy 27" € V. Let B be the abelian group generated by all B, and let
E = E(B) be its entanglement group with respect to the action of the absolute
Galois group of K.

Theorem 5.1. The entanglement group E = E(B) of B is finite.

As A = Autg-(B) is naturally isomorphic to the product of all A, = Autk~(B))
and E is finite, only a finite number of A, have a non-trivial image in £. This
ensures that the (a priori infinite) product in the correction factor formula below is
in fact a finite product.

Theorem 5.2. Assuming GRH, the set M(K,V,t) has a natural density equal to

cuev: 11 (15 )

p prime

where C(K,V,t) is a rational correction factor given by

-1
crEvity=> ] y—

x€EY p prime
x(Ap)#1

We prove these two main theorems in the following section.

In this generality, the results from Chapter 1 no longer suffice to give explicit
expressions for E and x(A4,). In the remainder of the chapter we will address these
issues, using the theory from Chapters 2 and 4.

5.2 Proof of main theorems

In this section we will prove Theorems 5.1 and 5.2. As in the introduction, let K
be a number field, V' C K* a finitely generated subgroup with rank(V/Viers) > 1
and t a positive integer. We will consider the set M = M (K, V,t) of primes q of K
satisfying:

e ordy(v) =0 for all v € V, and
* [(Ok/a)* : V]|t

First of all, note that the set of primes q not satisfying the first condition is
finite, since V is finitely generated and it is sufficient to check this condition for a
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set of generators of V. We will therefore only consider primes q satisfying the first
condition in the remainder of this section.

For the second condition, let e(p) be the smallest positive integer such that pe®)
does not divide t. Then for a given prime q of K, the index [(Of/q)* : V] divides ¢
if and only if for all (rational) primes p the power p¢(®) does not divide the index.

For a given prime p with ¢t p, we have
PP | [(Oxc/q)* : V]
if and only if
pe®) | (Nq — 1) and all elements of V are p¢P)_th powers in Ok /q

if and only if
. . pe(P)
q splits completely in K C I((Cpe(p)7 \/‘7)

We conclude that, up to a finite number, the set of primes M (K,V,t) we are
interested in is the set of primes q of K that do not split completely in any of the
extensions K C K, = K((pen, PC(pW) with q 1 p.

As in Chapter 1, for each individual rational prime p the density of primes
satisfying this condition has a simple expression given by the Chebotarév density
theorem: )

l— ——.
[Kp : K]
Moreover, we can again combine these conditions at finitely many different primes p
by looking at the splitting behaviour in the compositum.

If we take n to be a product of primes to consider, we define K,, to be the
compositum of the fields K, for the p dividing n. Also, we define G,, to be the
Galois group Gal(K,,/K), and S, as

Sp={0€Gy:0|kg,#id for all p | n}.

Chebotarév implies that the set of primes q of K that do not split completely in any
of the p dividing n has a density equal to the ratio #S,, /#G,,.

The results of Cooke and Weinberger [9] also apply in this generality, and show
that if we assume the Generalized Riemann Hypothesis (GRH) for the fields K,
the primes in M have a natural density of

lim #5n
n—oo #G,,

In this limit the positive integers n are ordered by divisibility.

We will compute these quotients using the tools of radical group extensions and
entanglement developed in the previous chapters. To that end, recall from the
introduction in this chapter the definition of the radical extensions K* C Bp:

e(p)
Bp = <K*a,u/p€(P)7p \/V> .
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Also, as before, for a positive integer n, we write B, for the abelian group
generated by all B, for primes p | n, and B for the abelian group generated by
all By,.

A key ingredient in the derivation of the conjectured Artin densities in this
chapter is the finiteness of the entanglement group of B with the action of the
absolute Galois group of K, which is provided by Theorem 5.1 and which we prove
here.

Proof of Theorem 5.1. Recall from Chapter 2 that E(B) equals E(B,p), so it suffices
to show that E(B,yp) is finite.

Write w for the number of roots of unity in K, and define the integer n as the
product of all primes p satisfying

p | wAk/q-

We aim to separate the n-part from the non-n-part of B,;,, which we will make
precise below. To this end, note that B,,/K* is torsion, so it is the direct sum
of its p-parts, for which we write (Bap),/K*. For a prime p, this subgroup (Bab)p
consists of the radicals in B, of p-power order mod K*. In our current setting,
those correspond exactly to the elements of B,y that are also in B,. Furthermore,
by Proposition 2.23 we see that B, N B,p, equals (Bp)an. We conclude that

Bap/K* = @ (By)an/K*.

p prime
For any prime p, the group (Bp)an as defined in Section 2.5 is given by
(Bp)ab = {z € By : 2" € ppeen) K™}
If p is a prime not dividing w, then we have that for any « € (Bp)ap, the order of z

in B,/K* is coprime with w. Therefore 2* & ,upemK* is equivalent to x € ﬂpe(p)K*.
We obtain that

plw = (Bp)ab = e K. (5.3)

Now write C,, = (B, )ap and, since primes not dividing n in particular do not
divide w, define C), as

C;L = <K*,Cpe(p) ZpJ[n>.

This allows us to decompose B}, as a fibered sum over K*
Bab - Cn @K* C;”
and Autg«(Bap) as

Aut g~ (Bab) = Autg- (Cn) X Aut g« (C,:L) (5.4)



5.2. Proof of main theorems 67

BN
SN,

M= Q(Cew :p1n)

/N

Q

We write M = Q((,ex : p{n). Consider the following restriction map:
¢ : Gal(K/K) — Gal(M/Q).

The invariant field F' of the image of ¢ is given by the intersection K N M. The
extension F'/Q is then unramified at primes p 1 n since K/Q is unramified there.
Also, F/Q is unramified at primes p | n since M/Q is unramified there. We conclude
that F//Q is unramified at all primes, so F' is equal to Q.

Therefore Gal(K /K ) maps surjectively to the Galois group of M over Q, which
is in turn naturally isomorphic to Autg+«(C},).

Furthermore, the factor Autg«(C,) of Autg«(Bap) is finite, so the image of
Gal(K/K) in Autg~(Bap) is of finite index. O

Since E(B) is finite, we know there is an integer n such that E(B) equals E(B,,).
In fact, with some extra work we can extend the strategy followed in the above proof
to give an explicit sufficient condition for such n. While it is not strictly necessary for
Theorem 5.2, we already give the proof here since it builds directly on the previous
arguments.

Theorem 5.5. Again write w for the number of roots of unity in K, and let n be a
positive integer divisible by all primes p satisfying

Pl wAK(B.)w/Q-
Then the natural map E(B) — E(By,) is an isomorphism.

Proof. Define C,, and C/ analogously to how they were defined in the proof of
Theorem 5.1 above: C,, = (B,,)ap and

Cr, = (K", (e 101 1)
Because of Equation 5.3, we can see that

K(Cn) = K(<Bn)ab) = K((Bw>ab7 CpE(P) -p | n) = K((Bw)ab) ' Q(Cpe(z’) p | n)
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All rational primes ramifying in K ((By)ap)/Q divide n by definition of n, and
all rational primes ramifying in Q({,cw : p | n)/Q also divide n. We conclude that
K(C,)/Q is unramified outside of the primes dividing n.

For brevity, define M = Q({pew) : p 1 n). Proceeding entirely analogously to the
reasoning in the proof of Theorem 5.1, the intersection K (C,,)NM is now equal to Q,
and one can deduce from this that Gal(K(Bapb)/K(Cy)) maps surjectively to the
Galois group of M over Q. This group is in turn naturally isomorphic to Aut g« (CY,).

We complete the proof assisted by the following diagram of abelian groups with
exact rows and columns, where the first center vertical map is provided by Equa-
tion 5.4.

0 — Gal(K (Bu)/K(Cn) Gal(K (Ba)/K) Gal(K (C,))/K) — 0
f
0 AutK* (O;L) AutK* (Cn) X AutK* (C;L) —_—> AutK* (Cn) —> 0

E(Bab) E(Cn)

Since the map f : Gal(K(Bab)/K(Cy)) — Autg«(C}) is a surjection, the map

from E(Bab,) — FE(C,) is injective. It is also surjective, and since C,, is defined
as (Bp)ab, this gives the equality claimed by the present Theorem. O

Now that we know the entanglement group is finite, we can proceed with the
derivation of the conjectured density formula given by Theorem 5.2.

Proof of Theorem 5.2. The computation of the density with the correction factor in
the form of a character sum can now continue as in Chapter 1.
Recall from the start of this section that we want to compute the limit

lim 7#5n
n—oo #Gp, ’

To express this in terms of A,, = Autg-(B,,) rather than in the Galois groups G,
define T,, as follows.

T, ={0 €A, : 0|, #id for all p | n}.

This gives the equality S,, = T,, N G,, inside A,,.

Now assume that n is an integer large enough to have E = E(B) = E(B,).
(Refer to Theorem 5.5 for an explicit sufficient condition for this.) Then, because F
is an abelian group, the characteristic function 1, of G,, inside A,, is given by

e, (s) = # S ().

XEEY
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We apply this as follows.

#5, _ #@TnG) _ 1
$Gn T #G. FERG, 210
1
= 7 > x(s)
" s€Tn xEEV

We swap the order of the summations, and continue using the multiplicative struc-
ture of T,.

#8, #T,
#G, — #A > 11

" XEEY p|n

> x(s)

seT),

1
#1p
Since for all x we have x(1) = 1, we can change the inner sum to run over all of A,,.

7S #1Tn 1
sa, — a2 | 2

™ XEEY p|n sE€A,

If X(Ap) is not trivial, then > . , X(s) equals 0. Otherwise, it equals #A4,.

#Gn #An x€EY p prime #Ap -1
x(Ap)#1

i Tl(e )

pln

Since C(K,V,t) does not depend on n, taking the limit of n to infinity gives the
desired expression. O

5.3 Explicit density computations

In section 1.3 the exponent of the radical groups in question is squarefree, and we
have used that to decompose B, as uW with u a group of roots of unity and W a
group of Kummer roots of elements of K. In the more general context of the present
chapter, B, cannot be written in this way, but we can extend B with extra roots
of unity to enable this. In Proposition 4.9 we saw how to do this over Q, and the
following Proposition gives the generalization for arbitrary number fields.

Proposition 5.6. Let C C D be a Galois radical extension such that D/C is of
finite exponent dividing n. Let w be the order of C[n], the n-torsion subgroup of C.
If the order of Dlnw] equals nw, then Da, can be decomposed as Doy, = pW with
= Diors and W ={z € D : 2" € C}.
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Proof. We first recall the definition of D, from Section 2.5, adapted to the context
of the proposition.
Do, ={z €D :2" € Dio;sC}.

The inclusion pW C D,y is clear, so we proceed with the opposite inclusion.

Suppose x is an element of D,p, so we have % € (C for an element ( € Digys.
We aim to show that we have z € puW, or, equivalently, * € D .C. Since we
know z" € C, we see C"/“’ € z"C C C, and we have C"/w € Ciors-

Now consider the quotient map 7 : Diors — Diors/Crors: The restriction 7|piy,
has kernel C[n] = C[w] of order w, by definition of w and since all finite subgroups
of D (and C) are cyclic. Since D[n] has order n, the image m(D[n]) in Diors/Clors
is of order n/w and therefore equal to (Dyors/Chors)[15]-

Because we have ¢ € Dyors and (/% € Ciops, we see that (Ciors is in m(D[n]), so
we have ¢ € D[n|Cios. Finally, since #D[nw] = nw, we have that D[n] = D[nw]* C
DY ., and therefore ¢ € D .C. We now conclude that z* € (C C D .C, and

therefore x € pW. O

For a prime p, define ¢'(p) and B, as

p¢ ) = pe®) L j* e,
* pe(P)
By, = iy By = <K s Hpe’ )5 p\/‘7> .

For positive integers n, analogously to the definitions of B, and K, we define
the group Bj, as the group generated by all B, for p | n and the field K, as K(By,).
The radical extensions K* C B/, now satisfy the conditions of Proposition 5.6 by
construction.

Example 5.7.

The following is a typical example in which B, is not generated by roots of
unity and Kummer roots, but B/, is. Let [ be a rational prime, and let {; be
a primitive I-th root of unity in a fixed algebraic closure Q. Consider the case
K=Q(G). V=04, t=1

Then we see that B; is given by

Bi= (K", V/2G)

If we choose elements v/2 and (s inside K, then B; contains an element
x = (;3v/2. This element x is contained in By, since z! is contained in p2 K*.
Since v/2 is itself a Kummer root, but ;s cannot be written as a Kummer root
times a root of unity inside B;, we can conclude that x cannot be written in
this way, and B,p cannot be decomposed as a subgroup of roots of unity and
a subgroup of Kummer roots.

The situation changes when we extend B; to B; as above:

B = <K*,C13alm>-
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While z is also an element of B, in this case we clearly do obtain x as a
product of a Kummer root v/2 times a root of unity (s inside Bj.

Finally define B’ as the group generated by all B), and E' = E(B’) as its
entanglement group. Besides deriving E from E’,; and then evaluating the correction
factor formula from Theorem 5.2, it is also possible to directly compute the correction
factor from E'.

To this end, consider the automorphism group Autg(B’). Since B’ is generated
by a single root of unity that is a Kummer radical over B, the group Autg(B’) is
cyclic. Let o be its generator. If we then write A, = Autg~(B,), the following
theorem gives an expression for the correction factor.

Theorem 5.8. The correction factor C(K,V,t) defined in Theorem 5.2 is equal to

> I o+
XEE’Y  p prime P
x(@)=1 x(Ay)#1

Proof. The equivalence of this formula and the one from Theorem 5.2 follows directly
from these two claims:

1. EV isequal to {x € E"V : x(6) = 1};
2. For x € EY C E"Y we have x(4;,) =14 x(4,) = 1.

We prove them in order. For the first claim, note that the kernel of the restriction
map Autg«(B’') — Autg«(B) is generated by o. This implies that the kernel of the
induced (surjective) map F(B’) — E(B) is generated by &. Identifying E(B) with
E(B’)/{5) then shows that EV consists of the characters in E’V that are trivial
on (7), as claimed.

For the second claim, let x be a character of E, where we again consider EV as
a subgroup of E"Y. Recall that we can factor A’ as [[, 4, and A as [[, A,. This
leads to the following commutative diagram.

AL A,

[

A —>A——C"

The group of interest x(Aj) is the image of the composition
Al A A Cr

As the commutativity of the diagram shows, this composed map factors via A,
so we see that x(4,) = 1 = x(A;) = 1. The opposite implication is trivial, proving
the second claim. O
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Example 5.9.

We illustrate this theorem, and the methods in this chapter in general, by
computing an Artin density (assuming GRH).

Take K = Q((3), and = 8(3, and V = (z), and ¢t = 3. In Example 5.7
we saw that we need to enlarge B with extra roots of unity in this case.
Proposition 5.6 implies that adding 4th and 27th roots of unity is sufficient,
but in this case only adding 27th roots already suffices, as we shall see.

Define B;, for primes p as

B, = (K*,(, {/x) if p # 3, and

B} = (K*,Cor, Yz) = (K™, Cor, V2).

By Theorem 5.5, only the primes 2 and 3 affect entanglement, and E(B’) =
E(Bf) = E((B§)ab). In fact, Bf is itself equal to (B§)ab since it is generated
by roots of unity and Kummer roots.

We have that

By = (K*, (o, ¥/8G) = (K*,(3V/2); and

Bé = <K*74277 \B/ia \/§>

We now take p = o7 and W = (K*,¥/2). We then obtain Bj = uW.
Defining G to be the absolute Galois group of K(W) = K (v/2), the expres-
sion for the entanglement group we obtain from Corollary 2.31, with C = W
and D = p, is

E' = Aut,nw (i) /im(Gw ).

Since we have yNW = pz and K(W)NQ(u) equals Q(u3), we see that E
is trivial.

For all primes p # 3, we have #A4, = p(p — 1). For p = 3 on the other
hand, we get #A3 = 9.

Assuming GRH, we then arrive at a density of

()= L0 )

p prime p prime




5.3. Explicit density computations 73

Example 5.10.

In the previous example, we took the case from Example 5.7 with [ = 3. In
this example we take [ = 2, so we get K = Q, and x = —4, and V = (z), and
t=2.
As before, we need to add extra roots of unity: in this case 8th roots.
Define B,, for primes p as

Bl = (K* Gy, /) it p # 2, and

Bé = <K*7487 \4/E> = <K*a<83\/§>'

By Theorem 5.5, only the prime 2 affects entanglement, and E(B') = E(B}) =
E((B})ab). If we define = pg and W = (Q*,v/2), then B} equals uW, so
(B%)ap equals Bj.

Define Gy to be the absolute Galois group of K (W) = Q(v/2). We then
again get the following expression for E(B’) from Corollary 2.31, again with
C=Wand D= p.

E'" = Aut,nw (1) /im(Gw).

We have N W = {£1} and K(W) N Q(u) equals Q(v/2), so the image of
Gw in Aut(p) = Aut(us) equals (Cg — (g 1)

So E’ is an entanglement group of order 2. Let x be the non-trivial char-
acter in E'V.

To compute the correction factor, we use Theorem 5.8. First, take o to be
the generator of Autp(B’), which sends (g to (3. Then the image of o in E’
is not trivial, since it is not in the image of Gy .

Since E(B') = E(BY)), we see that A can only map surjectively to E’, so
X(A4%) is not trivial.

Since # A} equals 4, this gives a correction factor of

-1 2
1+ 3 =3

For all odd primes, we have #A, = p(p — 1), so, assuming GRH, we then
obtain the density

9 1 2 3 1 L
3 H (1_#141,):3.2 H (1—1)(}7_1)):Art1nsconbtant.

p prime p prime

We conclude this chapter with two remarks on different generalizations of Artin
densities.

One possible generalization is adding a congruence condition to the primes ¢
considered. (See Moree [21], for K = Q.) This can be translated to a condition on
Frob, in a ray class field F' over K. One can in fact handle such Frobenius conditions
for an arbitrary Galois extension F of K, cf. Lenstra [18]. If we extend the radical
group B considered with extra radicals to include the radical part of F', we get extra
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conditions on Frob, inside the automorphism groups A,, which in turn lead to a
smaller T5,.

The resulting density does not necessarily permit a character sum formula using
the methods described in this chapter, since the smaller group 7,, does not necessarily
factor as a product Hp‘n T,. Also, if F' is itself not generated by radicals, then the
restriction of the map Gal(F/K) — Gal(F N K(B)/K) to a set C C Gal(F/K)
closed under conjugation will not in general have fibers of the same size, which will
require extra administration.

For K = Q and a congruence condition modulo n, the ray class field F' is in
fact equal to Q((,). In this case, the two difficulties described above do not occur,
and we are able to get a character sum formula for the density. For details, we refer
to [20].

In this chapter we have considered the set M = M (K, z,t) of primes q of K
for which an element x € K* generates a subgroup of (Ok/q)* of index dividing t¢.
Moree [23] considers the set of primes M’ = M’'(Q, z,t) where this index is equal
to t. The density of M’ can be derived from M (K, xz,t’) for all ¢ | ¢ using Mébius
inversion, but there is a more direct way to use the theory from this chapter to
compute it, which is also described in detail for a related method by Lenstra, Moree
and Stevenhagen [20].

pe(P)

For a prime p, we define C), = (K*, (e, V) and also the subgroup C), =

(K*, Cpemr—1, pE(p)fW} C C,,. For a positive integer n we define from these the groups
Cp and O}, generated by C, respectively C,, for all p | n. Define the automorphism
groups A, = Autg-(Cp) and A;, = Autc, (C,) C Ay, Also let Gy, be the Galois
group Gal(K(C,)/K) and E,, the entanglement group of C,, with the action of G,,.
Theorem 5.1 applies to this situation, and implies there is a limit entanglement
group E such that if n is divisible by all of a finite set of critical primes, F,, is equal
to E.

Theorem 5.11. Assuming GRH, the set M'(K,V,t) has a natural density equal to

con T (- 55)

p prime

where C'(K,V,t) is a rational correction factor given explicitly by

H#A —1
C'(K,V,t) H#AZ—I > 11 #A,_l

plt XEEY p prime
x(A7)#1

Proof. Using the notation from this chapter, the main difference with Theorem 5.2
is that for a prime p, the set .S, of allowed Frobenius elements at p will no longer be
Gp \ {1}. The condition that led to this at p for index dividing ¢ was:

q does not split completely in K C K (e, pe(pW).
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In the case where we are interested in index equal to t, this becomes:

q does not split completely in K C K (e, pe(%), and
q does split completely in K C K ((pem-1, pE(m_\l/V).
Using C), and C’]; as defined above the Theorem, this leads to the condition at p

that Frobg in Gal(K(Cy)/K) is an element of the subset Gal(K (Cp)/K(C})) \ {1}.
Translating this to the context of automorphisms of abelian groups, this gives us:

#(Gal(K (Cp) /K (C) \ {1}) _ #((Aute, (Cp) \ {1}) N Gal(K(C,)/K))

#Gal(K(Cp)/K) #Gal(K(Cp)/K)

From this expression one can derive a character sum formula for the density,
analogously to the approach followed in the proof of Theorem 5.2 in Section 5.2. To
this end, recall A}, = Autc; (C)) and define

T, ={o €A, :olp, € A, \ {1} for all primes p | n}.

We then get the following computation, if we assume all primes dividing ¢ also to
divide n.

#(TnNGn) 1 1
4G, #E#G, EZT: le.(s) = o ; X;;v X(s)
#T7l 1
= x(s)
#A, Xé:v g 4T, ;

Since for all x we have x(1) = 1, we can change the inner sum to run over all of Aj,.

#(1n NGy #Tn 1
Ga = B S M= (e 5 w)

n XEEY pln SEA;)

If x(Aj}) is not trivial, then > __ ,, x(s) equals 0. Otherwise, it equals # A},

#T.NG,)  #T, Z H -1
#Gn #An XEEY p prime #A; -1
x(A})#1

1 ) #A —1 -1

M- 2o (M) | s 1t

pln ( #Ap plt #Ap -1 xE€EY p prime #Ap -1
X(A7)#1

Only the first product now depends on n, and taking the limit of n to infinity
then gives the density of M'(K,V,t), assuming GRH. We conclude that with the
correction factor C'(K,V,t) defined in the Theorem, we get the desired expression
for the density. O
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