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Chapter 3

The absolute entanglement
group

3.1 Introduction

Let K be a field, and choose a fixed separable closure K®°P. Define YK* C Ksep*
as the group of all radicals over K* inside K®*. The entanglement group of ¥/ K*
with the action of the absolute Galois group G of K is of particular interest. We
refer to this entanglement group as the absolute entanglement group of K, and
write Faps(K). Recall from Theorem 2.25 and Definition 2.26 that we have the
following exact sequence that defines Faps(K):

G — Autg+ (VK*) = Eas(K) — 1.

If K has characteristic 0, this maximal radical extension ¥/ K* coincides with
the group K* defined in section 2.2. For characteristic p > 0, the same is true if we
make the adjustments mentioned in Remark 2.11.

If B ¢ ¥K* is any Galois radical extension of K*, then the restriction map
from Autg- (V' K*) to Autg~(B) induces a surjection E,ns(K) — E(B), so every
entanglement group over K* is a quotient of E,,s(K).

Before stating the main results of this chapter in Section 3.3, we first cover
preliminaries on Z-ideals and Steinitz numbers in Section 3.2. The proofs of the
main results are in Section 3.3 and Section 3.4, with the latter section treating the
case of positive characteristic.

The result for characteristic zero was already announced in the lecture notes
for Colloquium Lectures by H.W. Lenstra on Entangled Radicals [19] at the AMS
Annual Meeting in 2006.
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46 Chapter 3. The absolute entanglement group

3.2 Preliminaries

In order to state the main results of this chapter, we first introduce some concepts
related to the profinite groups concerned.

We define Z to be the endomorphism ring End(u) of the group u of roots of
unity of K*°P. The automorphism group Aut(u) is then equal to Z*. Note that if K
has characteristic 0, then Z is isomorphic to Z 2 I1,Z;, and if K has characteristic
p > 0, then it is isomorphic to H#p Z,.

A convenient way to describe closed Z-ideals (and Z-ideals) is given by Steinitz
numbers.

By unique factorization a positive integer can be uniquely written as a product
[1,1"Y, where I ranges over the prime numbers, and n(l) is a non-negative integer
that is zero at all but finitely many [.

A Steinitz number is a formal expression of the form [[, "), where n(l) is an
element of Z>o U {oo} and I again ranges over the primes. Here infinitely many n(l)
may be non-zero. Steinitz numbers form a multiplicative monoid, containing the
positive integers.

Given a Steinitz number n and an (additively written) profinite abelian group A,
we define the Z-submodule nA of A by

nA = ﬂ mA.

m|n
mEZZl

Using that A is a product of pro-l-groups, one sees that nA equals (nZ)A If Ais
a profinite ring, then nA is in fact a closed A-ideal. For multiplicatively written A,
we write A™ instead of nA.

One can check that this gives rise to an isomorphism between the monoid of
Steinitz numbers and the monoid of closed Z-ideals given by n — nZ. If I is a
closed Z-ideal, then I is equal to nZ for the Steinitz number n = IL 1" defined by

n(l) = sup{k € Zso : I C I*Z}.
Let us write

S = {Steinitz numbers n = H 1" with n(p) = 0 if p = char(K) > 0}.
1

We obtain a bijection
S — {closed Z-ideals}

that sends n to nZ.

For a positive integer m, we write g, C K* for the m-th roots of unity in K. If
n is a Steinitz number in S, we define p,, as the union of all finite subgroups p,, for
m € Z>q with m | n. Every subgroup of p is of this form for a unique n € S, and
the annihilator Anng(u,) of u, in Z is equal to nZ.
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3.3 Main results

We use the notation of u, Z, S from the previous section. The absolute Galois
group G of K acts on pu, and we define I" to be the image of G in Z* of this action:

I' =im [Gal(K*P/K) — Aut(p) = Z*] C Z*.
Also define W as
W={zxeVK*:3JweZsy:z" € K" and K* contains an element of order w},

the “Kummer part” of ¥/ K* over K*.

Finally, we define w € S to be the Steinitz number for which wZ is the closure
of the Z-ideal generated by {1 —~ : v € I'}. If n is a positive integer not divisible
by the characteristic of K, then we have the equivalences

nlweVyeliy=1lmodn & p, CunkK.
From this we conclude that p N K equals fiy,.
Theorem 3.1. There is an isomorphism
Eas(K) = (Z*N(1+w?2)) /T,
that, for each o € Autg-(VK*) and g € G with glw = o|w, sends & € Eups(K)
to ol.(glu) "

In characteristic p > 0 there is in fact an alternative easier description of Faps(K)
since all entanglement turns out to be visible on the roots of unity.

Proposition 3.2. If K is of characteristic p > 0, the natural restriction map
E.ps(K) — E(u) is an isomorphism.

Corollary 3.3. Suppose K has characteristic p > 0. Define the Steinitz number a
by
VmeZs1: m|asFm CK.

Then the restriction map Aut(¥ K*) — Aut(u) induces an isomorphism of the ab-
solute entanglement group of K to

(2N (1+w2)) [pZ,
where p is considered as an element of the Z-module Z*.

The Steinitz number a defined in this Corollary satisfies that for positive integers
m we have m | a < p™ — 1 | w, so the Steinitz numbers w and a uniquely determine
each other.
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Example 3.4.

We compute the absolute entanglement group of Q as an illustration of The-
orem 3.1.

We are in characteristic zero, so Z simply equals Z. Also, since Q has ex-
actly two roots of unity, w is the integer 2. The restriction map of Gal(Q(u)/Q)
to Aut(p) is an isomorphism, so the image I" of the action of the absolute Galois
group of Q in Aut(p) = Z* is the full group Z*.

We now turn to the expression from Theorem 3.1 for the absolute entan-
glement group of Q.

Eabs(Q) = (Z* n (]. + w2Z)) /Fw

Rewriting this with the observations made above, we obtain the following.
Eas(Q) = (2°0(1+42)) /(2"

Using the fact that we can identify Z* with [1, Z;,, we see that Z*N(1+427)
corresponds to (14+4Zs) x Hp odd Zy, since 4 is invertible in Z} for odd primes p.

Also, (Z*)? corresponds to (1 + 8Zy) x I, 0aa(Zy)*

At the prime 2, the quotient (1 4 4Z3)/(1 4 8Zs) is isomorphic to Z/2Z,
and at odd primes p, the quotient Z;/(Z;;)2 is also isomorphic to Z/2Z. If
we write P for the set of primes, we conclude that the absolute entanglement
group of Q is isomorphic to

E={+1}".

An explicit map from A = Autq-( ¥/Q*) to E can also be derived from
the theorem.

We start with some notation. For a € Z* and p a prime number, we let
($) € {£1} be the Kronecker symbol. Recall that for odd p we have (%) =1
if and only if @ is a square mod p, and (5) = 1 if and only if £ = £1 mod 8.

Then, for a prime p, write p* = (%)p. Finally, given o € A, define
a, € Z* as the image of o[, under the isomorphism Aut(u) = Z*. Note that

for ¢ € Gal(Q/Q) and p prime, we have (%”) =1& o(/p*) = /b
The homomorphism from A to E is then given by

A — {£1}7 =E
o e ()

In the remainder of this section we will prove Theorem 3.1. The other two results
on positive characteristic are the topic of Section 3.4.

Proof of Theorem 3.1. The absolute entanglement group F,s is equal to the entan-
glement group F(B,p) of the maximal abelian part B, of B = ¥ K* by Corol-
lary 2.27.
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To determine this entanglement group we proceed via Corollary 2.29.
Recall the definition of B}, transformed into the typical multiplicative notation
for K*:

B ={zx€B:3weZyy:2"¥ € Biors - BY and BS has an element of order w}.

In our situation the abelian group B is divisible by integers coprime to the
characteristic p, so we have B,p, = pu- W.

The Kummer part W has no entanglement as F(W) is trivial by Theorem 2.14,
so with D = p and C = W we can invoke Corollary 2.29 to get an expression for
the entanglement group E(B,}) and corresponding map from Aut - (¥/K*).

We get the isomorphism

01 Eaps — Autyqw (1) /im(Gw), (3.5)

where Gy is the kernel of the map G — Aut(W) induced by the action of G. Still
according to Corollary 2.29, for any & € E(B,p) with o € Aut(B), there exists g € G
such that olw = g|w, and ¢(7) is given by o|,(g[,) "

To reach the expression from the present Theorem, we will use the following
proposition.

Proposition 3.6. The ideal wZ is the annihilator in Z of p N K, and w?Z is the
annihilator in Z of pNW.

Proof. Since p N W equals fi,,, we find that Anny(p N K) equals wZ.

Next, we remark that because the action of G is continuous, annihilators are
closed Z-ideals and are therefore given by Steinitz numbers, and a Steinitz number
is uniquely defined by the set of positive integers dividing it.

For the second statement, it suffices to show that N W equals g2, or equiva-
lently, that for every positive integer n, the finite group u, is contained in p N W if
and only if n divides w?.

Suppose N W contains an element of order n. Then there exists m such that
we have 2™ € pN K and p,,, C K. This implies that n divides wm and m divides w,
so n divides w?.

Conversely, if n divides w?, then there is a positive integer m | n such that m | w
and > | w, which is easy to see per prime. Then any element x of order dividing n

satisfies ™ € pN K and p,,, C K, s0 x isin pNW. O

A direct corollary of this proposition is that if the number of roots of unity
#(pN K) in K is finite, then w is the integer #(u N K).

We now continue with the proof of the main Theorem 3.1.

Since w27 is the annihilator in Z of pNW, the elements of Z* that are 1 mod w?Z
are exactly those that fix u N W pointwise. Therefore Z* N (1 + w?Z) is equal to
Aut,qw (p).

Recall that Gy is the kernel of the map G — Aut(W) induced by the Galois
action, i.e., the subgroup of G corresponding to the maximal Kummer extension of K
in K*°P. This subgroup Gy is the intersection of all subgroups of G corresponding
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to Kummer extensions of finite exponent, which are given by G™ with n ranging
over the positive integers dividing the Steinitz number w.
We conclude that Gy is equal to G*. Since the image of G in Aut(u) is defined
to be I', the image of Gw in Aut,, is given by I'*.
The expression from this theorem now immediately follows from the map 3.5.
O

3.4 Positive characteristic

We continue with the proofs of Proposition 3.2 and Corollary 3.3, for the case where
the characteristic p of K is positive.

Proof of Proposition 3.2. Applying the combination of Theorem 2.28 and Equa-
tion 2.30 to C = p and D = W, we can observe that the absolute entanglement
group fits into the following short exact sequence:

1 — Aut e (unw) (W) = Eaps — B(p) — 1 (3.7)

Both W% and B (unW) are Kummer radical extensions of BY. We claim these two
groups are in fact equal. By Kummer duality there is a natural bijection between
Kummer radical extensions of B¢ and Kummer field extensions of K, so we can
proceed by verifying they are both equal to the group of radicals of the same Kummer
(field) extension of K.

We first look at W« The kernel G, of the map G — Aut(y) is the Galois group
Gal(K3°® /K (p)), so W& equals W N K(u). Now consider the Kummer extension
K(W)N K(u) over K. Its radical group is given by (K(W)NK(u))*NW =W n
K(p)* = W% so we conclude by Kummer duality that K(W%) = K(W) N K ().

Next we turn to BY(u N W). This group generates the field K (B%(unNW)) =
K(pnW).

We will now prove that the fields K(uN W) and K (W) N K(u) are one and the
same. To see this, we take the intersection with Fp.

%{ K(u mK(W)



3.4. Positive characteristic 51

Since F, equals p U {0}, the maximal Kummer extension F of F inside F,, is
generated by roots of unity. Since all roots of unity of K are contained in F' = KNF,,
this implies that ¥ = F(uNW). The maximal Kummer extension of K inside K (1)
is given by K = K () N K (W).

Because the roots of unity of K are exactly the roots of unity of F', the maximal
Kummer extension of K inside K (i) corresponds with the maximal Kummer exten-
sion of F' inside F(u) = F when taking intersections with F We get the 1dent1ty
F=FKnNF,, or, F(uN W) K NF,. We conclude that K equals K(u N W), a
desired.

Combining these results leads to the fact that the group Auth(umW)(WG#) is
trivial, and E,ps is equal to E(u) according to the sequence 3.7. O

Proof of Corollary 3.3. It follows from Proposition 3.2 that the restriction map of
Autg- (VEK*) to Aut(u) induces an isomorphism of Ejps to Aut,nx(1)/I
Since wZ is the annihilator of (uNK), the elements of Z* that fix uN K pointwise
are exactly those that are 1 mod wZ. Therefore Z*N(14+wZ2) is equal to Aut,nx (1).
To conclude, recall that I is defined as the image of the restriction homomorphism
Gal(K*?/K) — Aut(u). Since F,, equals p U {0}, this map factors via the Galois
group Gal(F, N K (u)/F, N K) = Gal( »/Fp N K).

Ksep

N

/
F,
N

F

p N

The group Gal(F,/F,) is pro-cyclic, and is generated by Frob,. It has H =
Gal(F,/F, N K) as a subgroup. Because F, N K is the union of its ﬁnlte subfields,
we have

H= (] Gal(F,/Fym).
F,mCK
’n’LGZzl

Recall that we defined the Steinitz number a € S by
VmeZs1: m|asFm CK.

Since Gal(F,/F,m) is generated by (Frob,)™, we can then conclude that H is

generated by (Frob,)® aZ and T by p“z. O
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