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Chapter 2

Radical extensions of abelian
groups

2.1 Introduction

In the previous chapter, we used radical extensions of abelian groups to gain insight
into Galois groups. In this chapter we will build on this idea to set up a theory for
automorphisms of such radical group extensions, free from the context of fields. We
will derive analogues of a number of results familiar from Galois theory, including
basic properties of restrictions and extensions of automorphisms, and also a trans-
lation of Kummer theory and Schinzel’s theorem for the classification of abelian
radical extensions.

As we hinted at in the preface, a key property that we require of our groups of
radicals is that all finite subgroups are cyclic. This means that for any prime p,
there are no two linearly independent p-torsion elements, and it implies that the
automorphism group of the torsion subgroup is abelian.

Specifically, let B be an abelian group of which every finite subgroup is cyclic.
We say that an abelian group C D B is a radical extension of B if the quotient C/B
is torsion and all finite subgroups of C' are again cyclic. The cardinality of C/B is
the degree of the extension, and if the degree of the extension is finite, we say that
the extension itself is finite.

In Section 2.2 we will define the concept of a maximal radical extension of B,
and give its universal properties.

In Chapter 1, we studied the action of the absolute Galois group of a field on a
group of radicals. Taking the role of that Galois group in this chapter is an arbitrary
profinite group with a continuous action on B, where we give B the discrete topology.
Write B for the invariants of B under the action of G. In Section 2.3 we will look
at extensions of the form BY C B where B/B€ is torsion, which we will call Galois
radical extensions of abelian groups.

In Section 2.4 we will then give an analogue of Kummer extensions of fields,
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26 Chapter 2. Radical extensions of abelian groups

and in Section 2.5 we will show that a Galois radical extension B¢ C B has a
maximal abelian sub-extension B,y. This group B,y has the defining properties
that Autpc(Bap) is abelian and that for every sub-extension C' with Autge(C)
abelian, we have that B, contains C. The main ingredient in the definition and
construction of By, will be a generalization of Schinzel’s Theorem 1.7.

The main theorem of this chapter is Theorem 2.25 in section 2.6, which is a
generalization of Theorem 1.6 to the setting of this chapter. It states that if G is a
subgroup of Aut(B) such that B C B is a radical extension, then G is a normal sub-
group of Autga(B), and Autge(B)/G is abelian. We call this quotient Autge(B)
the entanglement group of B with the action of G.

We conclude the chapter with a number of results giving more explicit expressions
for the entanglement group. These will form the basis for the results of Chapters 3
to 6.

2.2 Maximal radical extensions

In this section we will define the maximal radical extension of an abelian group B
of which all finite subgroups are cyclic, and prove its universal property.

We start with a definition. If B C C' and B C D are two radical extensions of B,
then a homomorphism from C to D is a B-homomorphism if it is the identity on B.
A B-homomorphism that is a bijection is a B-isomorphism.

Theorem 2.1. Let B be an abelian group of which every finite subgroup is cyclic.
Then there is a group B that has the following properties.

1. The group B is a radical extension of B.

2. For every radical extension C of B, there is an injective B-homomorphism
C — B.

Up to a not necessarily unique B-isomorphism, there is exactly one group B with
these two properties. Furthermore, given this group B, if B C F' is a radical exten-
ston, then F equals B.

Definition 2.2. Let B be an abelian group of which every finite subgroup is cyclic.
We call the group B given by Theorem 2.1 the mazimal radical extension of B.

Before proving this theorem by constructing B, we first recall the concept of
an essential extension (see e.g., [13], definition A3.10): an abelian group C is an
essential extension of a group B C C' if every non-zero subgroup of C' has a non-zero
intersection with B.

Proposition 2.3. Let B be an abelian group of which all finite subgroups are cyclic.
If B C C is an essential extension, it is a radical extension.

Proof. Let x # 0 be an element of C. Then (z) has a non-trivial intersection with B,
so a multiple of z is contained in B. Therefore, C'/B is torsion. It remains to be
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shown that all finite subgroups of C' are cyclic, or equivalently, that for every prime p
there is at most one subgroup H C C of order p.

Suppose p is a prime and H; and H, are two subgroups of C' of order p. Because
B C C is essential, H; N B is non-trivial and therefore equal to H;. The same holds
for Hy, so Ho N B equals Hy. All finite subgroups of B are cyclic, so B has a unique
subgroup of order p, equal to H; and Ho. O

Theorem 2.4. Let B be an abelian group of which all finite subgroups are cyclic.
Then there exists a divisible abelian group E that is an essential extension of B.
This group E is unique up to a not necessarily unique B-isomorphism and it has
two universal properties: for any essential extension C of B, there is an injective
B-homomorphism from C' into E, and for any divisible abelian group F containing
B, there is an injective B-homomorphism from E into F.

Proof. See [13], §A3.4, Corollary A3.9 and Proposition A3.10. O

Since a divisible abelian group is the same as an injective Z-module, the group F
given by this theorem is called the injective hull of B (following [13], section A3.4).

We will use the existence of maximal essential extensions to show the existence
of a maximal radical extension B of an abelian group B of which all finite subgroups
are cyclic. We start by considering torsion subgroups of prime order.

If for a prime ¢ the subgroup Blg] of g-torsion of B is trivial, the direct sum
B ®Z/qZ is a radical extension of B, but not an essential extension. We therefore
first define

B'=Be P Z/Z.
q prime
Blq]=0
Next, we define B to be the injective hull of B’. We can now prove that the
group B thus constructed satisfies the properties of Theorem 2.1.

Proof of Theorem 2.1. (1). The extension B C B’ is a radical extension by construc-
tion, and B’ C B is an essential extension by definition and therefore also radical
by Proposition 2.3. A radical extension of a radical extension of B is again radical
over B, so B is a radical extension of B.

(2). Define the group C’ D C as follows:

C'=Ce P z/4z.
q prime
Clql=0

We will construct an injective B-homomorphism C’ — B, which implies the exis-
tence of an injective B-homomorphism C' — B.

The group C’ contains B’, and we claim B’ C C’ is an essential extension.
Let = be any element of C’ C, and pick n € Z~y minimal such that nz is in B.
We have x ¢ B, son > 1. If nz is 0, take any prime p | n, and we then have
2x € C'[p]\{0} = B'[p]\{0}. Otherwise, if nz is not 0, then nz € B\{0} C B"\{0}.
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We conclude that B’ C C’ is an essential extension, so by Theorem 2.4 there is an
injective D-homomorphism C’ — B.

Next, we show that every group X that has properties 1 and 2 has no non-trivial
radical extensions. Let X be such a group, and suppose X C F'is a radical extension.
Let f be any element of F', and n € Z~( such that nf € B. By property 2, there is
a B-injection ¢ : F' — X. We have no(f) = o(nf) = nf, so n(¢o(f) — f) equals 0,
and ¢(f)— f is an n-torsion element of F. Because F' and X both have the property
that their finite subgroups are cyclic, they share a unique subgroup of order n, so
we see p(f) — f € F[n] = X[n] C X. We conclude that f is an element of X, so F'
equals X.

We conclude the proof of Theorem 2.1 by showing unicity. If there are two
extensions B C X and B C Y both satisfying the properties from the theorem, then
there is a B-injection ¢ : X — Y (by property 1 of X and 2 of Y). The image
p(X) clearly also satisfies these properties, and ¢(X) C Y is a radical extension,
so ¢(X) equals Y (since ¢(X) has no non-trivial radical extensions) and ¢ is a
B-isomorphism. O

2.3 Galois radical extensions

Since we aim to study Galois groups of fields using similar structures for radical
group extensions, in this section we will explore analogous concepts. We will look at
some of the different properties characterizing Galois field extensions and what these
lead to in our current setting, such as the ground field being the invariant subfield of
some automorphism group, or all embeddings into a fixed algebraic closure having
the same image.

Lemma 2.5. Let C be an abelian group with all finite subgroups of C cyclic. Let
G C Aut(C) be a subgroup, and write C¢ for the G-invariants of C. Then the
following three properties are equivalent.

1. C% C C is a radical extension, i.e., C/CC is torsion;
2. Ig - C is torsion, where I is the augmentation ideal (1 — o : 0 € G) C Z|G];
3. G acts trivially on C/Ciors-

We start the proof of this lemma with a small proposition about the augmentation
ideal.

Proposition 2.6. Let C and G be as above, and let x be an element of C' and T its
image in C/CY. If Ig - x or (Z) is finite, then Ig - & and T are cyclic of the same
order.

Proof. For any positive integer n we have nlg-x = Ig-nz, so nlg-x is 0 if and only if
nx is invariant under GG. The proposition immediately follows from this observation
and the fact that all finite subgroups of C' are cyclic. O
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Proof of Lemma 2.5. (1) < (2): This follows directly from the proposition.
(2) & (3): Both statements are equivalent to G only shifting elements of C' by
torsion elements of C. O

These properties lead to the following definition.

Definition 2.7. A Galois radical extension is a radical extension B C C such that
there is a subgroup G' C Aut(C) with B = C¢.

Note that despite the name we have given these Galois extensions, there is in
general no one to one correspondence between subgroups of the radical group and
subgroups of its automorphism group. Most extensions generated by elements of
prime order do not have this property, for example: if we take C = Z/pZ for a
prime p > 3, and G = Aut(C) = (Z/pZ)*, then C% is {1} and C/C¢ is a Galois
radical extension. It has no subextensions other than C' and C¢, but G does have
non-trivial subgroups.

This also implies that there are possibly multiple choices for the group G from
the definition.

Galois radical extensions do share a number of properties with Galois field ex-
tensions, some of which are given by the following theorem. Other parallels are
explored in the next two sections.

Theorem 2.8. Let B C C be a Galois radical extension, and choose a fized mazimal
radical extension B of B. Then the following three statements hold.

1. For every x € C there is an integer n > 0 such that we have nx € B and C
contains an element of order n;

2. All injective B-homomorphisms C — B have the same image;
3. B[2] equals C[2].

Proof. (1.) Let B C C be a Galois radical extension, write G = Autp(C), and
let  be any element of C. Let k be the order of z € C/B, which is well-defined
because C'/B is torsion. Consider the group Z = I -« C C. Since C/B is torsion,
Proposition 2.6 implies Z is finite. Because Z is finite, it is cyclic (by assumption
on C). Let z be a generator of Z, and write n for the order of z and Z. Then, again
by the proposition, nz is invariant under G and therefore an element of B. This
means n satisfies the requirements of the statement.

(2.) We will proceed from statement 1. Suppose p; and o are two injective
B-homomorphisms from C to B. Let y = ¢1(x) be an element of the image of .
It suffices to show y is in the image of 5.

Since B C C satisfies statement 1, there is a positive integer n such that nx
is in B and C contains an element z of order n. The image (2(z) in B also has
order n because ps is an injection. Because ¢ and (o are the identity on B, we
find ny; () = npa(z) € B C B, which implies that o1 (z) equals @2 (z) + 2’ for some
element 2’ of order dividing n. Using that all finite subgroups of B are cyclic, we
conclude that 2’ is a multiple of ¢3(z), so y = () is in the image of ws.
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(3.) If C contains an element of order 2, that element is unique and therefore
invariant under all automorphisms of C' and contained in C€. O

Theorem 2.9. If B C C is a radical extension with B[2] equal to C[2] that satisfies
statement 1 or statement 2 from Theorem 2.8, then it is a Galois radical extension.

Proof. Since the proof of Theorem 2.8 shows that statement 1 implies statement 2,
we only need to show the following statement:

If B[2] equals C[2] and all injective B-homomorphisms C' — B have the same
image, then B C C' is a Galois radical extension.

To prove this, it suffices to show that Autg(C), the group of automorphisms of C'
that are the identity on B, does not have a set of invariants larger than B.

Suppose z is an element of C'\ B of order p > 1 in the quotient C'/B. We will
show there is an automorphism o € Autp(C) with ox # . Since every such x has
a multiple of prime order, we can assume that p is prime without loss of generality.

We start by looking at the sub-extension D = (B, z) = B® ;) () and classifying
the B-homomorphisms D — B.

Not all of these homomorphisms are necessarily injections. Suppose y is an
element of the kernel of ¢ € Hompg(D, B). Then py is an element of B and also
o(py) = pe(y) = 0. However, ¢ is a B-homomorphism, so ¢ restricted to B is
injective. We see that py is 0 and y is p-torsion. We conclude that if there is no
p-torsion in the kernel of ¢, then ¢ is an injection.

If B contains an element of order p, there will clearly be no p-torsion in the kernel
of any B-homomorphism (since the p-torsion is a cyclic group by assumption).

If B does not contain an element of order p, but D does, then B has index p
in both B + DIp|] and in D, so B + D[p] equals D. Then by the same reasoning as
above, #Homp (D, B) = #Homp (B + D[p|, B) equals p, and clearly exactly one of
these homomorphisms is not an injection: the homomorphism sending all elements
of order p to 0.

Note that for p = 2 we cannot be in the latter case, since we have assumed
B[2] = C[2] = D[2]. This means that we have (at least) two different injections 1
and ¥y of D to B. These are uniquely defined by the image of z, so ¥ () # ().

Because B C D is a radical extension, the maximal radical extension B of B is
also a maximal radical extension of D. Its universal property implies ¥, and ¥y can
be extended to injections ¢, ¥ from C to B.

We have assumed that all such 1nJect10ns have the same image, so ), is invertible
on the image of Y1, and o = 1/)2 L1 gives the desired automorphism of C' with

o(z) # . O

Example 2.10.

Statements 1 and 2 from Theorem 2.8 are equivalent if the extra condition
B[2] = C[2] (i.e., statement 3) is satisfied, as the above theorems and proofs
show. The necessity of this condition B[2] = C[2] is illustrated by the follow-
ing example where B satisfies statement 2, but not statements 1 and 3 from
Theorem 2.8.
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Let X be the group (Q/Z) x Q, and define C to be the subgroup generated
by 2 = (4, 3) and (0,1). Let B be the (infinite cyclic) subgroup of C generated
by (0,1). Then B equals X.

We have that C'/B is cyclic of order 4, but C has no element of order 4.
We will show that all injective B-homomorphisms ¢ : C' — B have the same
image.

Let ¢ be any injective B-homomorphism C' — B. Then 4¢(z) equals (0, 2),

so we find
(@) € {(:2):(3:3):(3:2):(0,3)} -
If we have p(z) € {(1,3),(0,3)}, then we obtain ¢(2z) = 2¢p(z) = (0,1) =
©((0,1)) which contradicts the fact that ¢ is an injection. We conclude ¢(z) €
{5,339}
Since we have (1,1) = (0,1) — (2,1) with (0,1) € B, this implies that
©(C) equals C, independent of the choice of .

In many cases in this thesis, the base group B is the unit group of a field K. If
K C L is a field extension and C is a subgroup of L*, then K*[2] = C[2] holds, so
one of the conditions of Theorem 2.9 is automatically satisfied.

If K has characteristic zero, then K* is a divisible abelian group containing non-
trivial p-torsion for every prime p. It follows from Theorem 2.1 that the maximal
radical extension B of B can then be considered a subgroup of K*, with a natural
action of the absolute Galois group Gal(K /K). With this action, K* C B is a Galois
radical extension.

Also, if we start from a Galois field extension K C L, and take C' C L* to be the
elements of L* of which a power is in K, then C is a Galois radical group extension
of K* since C' is closed under the action of Gal(L/K) and K* C C is the subgroup
of invariants of the action.

Remark 2.11. If K has positive characteristic p, it is no longer true that the max-
imal radical extension of K* can be considered a subgroup of K*, because K* does
not contain non-trivial p-torsion. We can adjust the definition of radical extensions
to require that all finite subgroups are cyclic of order coprime to p, and likewise
exclude p-torsion and extensions of degree divisible by p from the maximal radical
extension. While we will not go into details, the resulting maximal radical exten-
sion will then again have the required universal properties for this restricted class of
extensions, and also a natural action from the absolute Galois group Gal(K®P/K)
of K.

2.4 Kummer theory of radical extensions

If B C C is a radical extension, an automorphism of C' that is the identity on B
is called a B-automorphism, and we denote the group of such automorphisms by
AutB (C)

Suppose that B C C' C D is a tower of abelian groups such that C' and D are
both radical groups over B, and C is a Galois radical group over B. By Theorem 2.8,
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for every x in C there is a positive integer n such that y = nx is in B and C has an
element of order n. Any o € Autp(D) leaves y invariant, so o(z) — z is an n-torsion
element of B, and therefore in C'. So, we see that every B-automorphism of D maps
C into itself. Therefore there is a well-defined restriction map Autp(D) — Autp(C).

As we already saw in a special case in Lemma 1.8, if D is also Galois over B,
this restriction map is a surjection. This is true in general.

Theorem 2.12. If B C C C D is a tower of abelian groups such that C' and D are
both Galois radical groups over B, there is a natural exact sequence of groups

0 — Autc(D) — Autg(D) == Autg(C) — 0.
Proof. Since the proof of Lemma 1.8 doesn’t use the fact that the abelian groups in
question are radical groups over (the unit group of) a field specifically, the proof of
that lemma applies to the present theorem unchanged. O

If C is a Galois radical extension of B, then C' is the injective limit (and union)
of all finite Galois radical extensions D C C over B. This makes Autp(C) a profinite
group, and the exact sequence given in Theorem 2.12 is an exact sequence of profinite
groups.

Theorem 2.13. Let B C F be a radical extension of abelian groups, and C and
D two subgroups of F' such that B C C and B C D are Galois radical extensions.
Then CND and C+ D are also Galois radical extensions of B and there is a natural
isomorphism of profinite groups

AutB(C' + D) = AutB(C) X Autp(CND) AutB(D).

Proof. Since C and D are both Galois, they satisfy statements 2 and 3 from Theo-
rem 2.8. These two statements directly transfer to C N D and C + D, so by Theo-
rem 2.9, these two groups are also Galois over B. For the second part of the theorem,
we use Theorem 2.12, which gives us two restriction maps from Autp(C + D) to
Autp(C) resp. Autp(D) that combine into a natural homomorphism

Autp(C + D) - Autp(C) X Autg(CND) Autgp(D).
It is an isomorphism since an explicit inverse exists:

(f,9) = (c+d— f(c) +g(d)),

This is a well-defined map because (f, g) is in the fibered product.
O

In the general setting of a radical extension B C C we call an element z € C
a Kummer radical if there is a positive integer w such that wzx is in B and B
contains an element of order w. Generalizing the concept as it was introduced in
Chapter 1, we call a radical extension generated by Kummer radicals a Kummer
radical extension.

Every element of a Kummer radical extension is a Kummer radical, so all sub-
extensions of a Kummer radical extension are also Kummer radical extensions. Note
that by Theorem 2.9 Kummer radical extensions are Galois radical extensions.
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Theorem 2.14. Let G be a profinite group and B be an (additively written) abelian
group with the discrete topology and a continuous G-action given by f : G — Aut(B).
Assume that all finite subgroups of B are cyclic, and that B is a Kummer radical
extension of BE. Then the image of f is Autge(B) and Autge(B) is abelian.

We begin the proof of this theorem with the familiar Kummer pairing, for which
we largely follow Lang [17], §VI.8.

Lemma 2.15. Let C C D be a Kummer radical extension of finite degree. Then
Autc(D) is an abelian group and there is a bilinear map

AutC(D) xD — Ctors
(0,2) +— o(x)—=.

The kernel on the left is 1 and the kernel on the right is C.

Proof. Let x be an element of D and w a corresponding positive integer with wz € C
and #C[w] = w. For any element o € Autc (D) we then find o(x) — 2 € Dw] C
Clors, S0 the map given is well-defined.

Now fix an element x € D and let 0,7 € Autc (D) be two automorphisms. Note
that because o leaves the elements of C' invariant, we have the identity

o(t(z) —x) =71(x) — x.

This directly implies that o7(z) equals 7(z)+o(x) —z. From this we see o7(z) —z =
(t(z) — x) + (o(z) — x), so the map Autc (D) — Ciors We get from the pairing with
a fixed x is a group homomorphism.

Now define D" = (C, ). This is also a Kummer extension of C, so by the same
reasoning as above, the following map defines a group homomorphism.

Aute(C") —  Cios
o — o(x)—x.

It is injective, since if an automorphism in Autc(C’) leaves x invariant, it is the
identity. We see that Autc(C’) is abelian. If we combine this using Theorem 2.13
for a finite set of generators of D, we see that Autc (D) is abelian.

We continue by fixing 0 € Aute(D) and taking x,y € D. Then we can derive
o(z+y)—(z+y) = o(z)+0o(y) - (z+y) = (o(2) —x)) + (0(y) —y). This means that
the map D — Clops from the pairing with a fixed o is also a group homomorphism,
and the map Autc(D) x D — Ciops is indeed bilinear.

For the kernel on the left, let o € Autc (D) be such that for all z € D we have
o(xz) —x = 0. Then clearly o is the identity.

On the right, let « be an element of D. Then by definition z is in the kernel on
the right if and only if for all 0 € Aute (D) we have o(x) —x = 0. This is equivalent
with @ being invariant under Aute (D). Since C' C D is a Galois radical extension,
the invariants of Autc (D) are exactly C. We conclude that the kernel on the right
is C. O



34 Chapter 2. Radical extensions of abelian groups

Corollary 2.16. Let C C D be a Kummer radical extension of finite degree. Then
the automorphism group Autc (D) is abelian of order #(D/C).

Proof. We can invoke duality (specifically, Theorem 9.2 in Chapter 1 of [17]) to see
that the following map induced by the pairing is a group isomorphism.

Autc(D) = Hom(D/C,Ciors)
c +— (z—o(x)—2)
This directly shows that Aute (D) is an abelian group of order #(D/C). O

Proof of Theorem 2.14. Abusing notation, we will write o(x) for f(o)(x), for o0 € G
and = € B.

We start by proving the theorem in the case that G is finite. The lemma shows
that G/ ker f is abelian, and a similar construction to the one in the lemma gives a
bilinear map of abelian groups

(G/ker fyx B — B¢

tors

(o,2) — of(x)—=.

The kernel on the left is 1 since we have already divided by ker f. The kernel on
the right is B¢ by definition.

Since BE ., is finite and cyclic, by duality the following map is an isomorphism.

G/ker f — Hom(B/B% BE.)

tors

o — (z—o(z)—2x)

Using duality as in the proof of Corollary 2.16 now proves the theorem in the finite
case.

In the general profinite case, note that B is the union of all C with B¢ ¢ C C B
and BY C C a finite Galois radical extension. This implies that Autpgc(B) is the
projective limit of Autga (C'), and in particular we give it the corresponding profinite
topology.

For every C' with B ¢ C C B, the induced map ¢c : G — Autge(C) is
surjective and it factors via G/ker(ypc), which is finite since Autge(C) is finite.
That means the finite case of the present theorem applies to the action G/ ker(pc) —
Autpe (C).

As G maps surjectively to each Autge (C'), the image of G is dense in Autge(B).

The group G is profinite and therefore compact, and its image under the con-
tinuous map to Autge (B) is therefore also compact. Since Autge(B) is Hausdorff
because it is also profinite, this compact image is closed. We have already shown it is
dense, so it is equal to the full group, proving that f : G — Autgc(B) is surjective.
Since additionally Autge (B) is the projective limit of the abelian groups Autge (C),
it is itself abelian.

This concludes the proof of Theorem 2.14.
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To compute an automorphism group of a Galois radical extension of abelian
groups B C C, it is often useful to consider the tower B C B + Cios C C. By
Theorem 2.12 there is an exact sequence

0— Aut(BJrCth)(C) — AutB(C) E} AutB(B + Ctors) — 0.

Since the restriction map Autg(B + Ciors) = Autp,,,. (Ciors) 1S an isomorphism, we
in fact have an exact sequence

0 = Aut(pic,,.)(C) = Autp(C) = Autp,,. (Ciors) — 0. (2.17)
This sequence does not necessarily split, as illustrated by the following example.

Example 2.18.

Let C be the abelian group Z/8Z x Z and B the subgroup generated by (4,0)
and (1,2). Note that this is a radical extension since 8C is a subgroup of
B. The torsion of C is of order 8, so Aut(Ciors) is isomorphic to V4. Since
Biors is of order 2 and C has only one element of order 2 (as required), every
automorphism of Cios automatically leaves the elements of Biors invariant.
We find that Autp, . (Ciors) = Va.

For the step from B + Cios to C, we see that C' is generated by (0,1) as
an extension of B 4 Ciors, and that 2-(0,1) is in B + Ciors. We conclude that
Autpic,,,.(C) is of order 2.

Finally, consider the isomorphism o of C sending (1,0) to (3,0) and (0, 1) to
(3,1). This leaves the elements of B invariant since it satisfies a( ,0) = (4,0)
and o(1,2) = (1,2). Its order is 4 because o(0,1) = (3,1), and 02(0,1) = (4, 1).
This means the exact sequence does not split.

Using the exact sequence 2.17, we can count the number of automorphisms of a
Galois radical extension of finite degree.

Theorem 2.19. If B C C is a Galois radical extension of finite degree, then the
order of the automorphism group Autg(C) equals

#em I

p prime

Clp]#BI[p]

Proof. The automorphism group Autgic,,.)(C) on the left side of (2.17) corre-
sponds to a Kummer extension, so the cardinality of the automorphism group is
equal to #C/(B + Cors)-

On the right side of (2.17), the automorphism group Autp,_,. (Ctors) is a subgroup
of Aut(Ciors). If we write n = #Ciors and w = #Biors, we see that Aut(Ciors)
is canonically isomorphic to (Z/nZ)*. Under that isomorphism, Autp, . (Ciors)
corresponds to the subgroup of elements that are 1 modulo w, of which there are
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exactly ¢(n)/o(w). So, the order of Autp, (Ciors) is equal to

n p—1 P p—1
w H T H ﬁ: (Ctors/ Btors) H —.

p prime p prime p prime p
pln plw Clpl#BIp]

Multiplying the orders on the left and right sides of the exact sequence 2.17 concludes
the proof of the theorem. O

2.5 Abelian radical extensions and
Schinzel’s theorem

Let G be a profinite group and B be an abelian group with the discrete topology
and a continuous G-action. In this section we will give an explicit criterion for when
the image of G in Aut(B) is abelian, as a generalization of Schinzel’s Theorem 1.7.
We will then use it to identify the maximal abelian sub-extension of a Galois radical
extension.

Theorem 2.20. Let G be a profinite group and B be an (additively written) discrete
abelian group with a continuous G-action given by f : G — Aut(B). Assume B/B%
is a Galois radical extension.

Then, the image of f is abelian if and only if the following holds:

Ve € B:3w € Zsg: wr € Byors + B% and BS has an element of order w.

Proof. First assume that the image of f is abelian. Let x be an element of B. We
will explicitly give an integer w that satisfies the condition from the theorem.

Let I C Z[G] again be the augmentation ideal, and denote Iz by T'. The group T
is finite and cyclic by Proposition 2.6. Let 7 be a generator and n its order.

The Z|G]-module T has an annihilator J C Z[G], which is a two-sided ideal.
As J is also the annihilator of 7, this gives an isomorphism of Z[G]-modules

Z[G)/J Zgiq) T = (1),
and since T is cyclic of order n, a unique isomorphism of rings
Z|G]/J =2 Z/nZ.

Under this isomorphism, the ideal (I + J)/J corresponds to an ideal I in Z/nZ.
Now define w | n by I = wZ/nZ.

Then the w-torsion of the Z/nZ-module T is cyclic of order w and equal to the
(I + J)/J-torsion of T as a Z[G]/J-module. This is in turn equal to the I-torsion
of T as a Z[G]-module, which is T¢. So T¢ C B contains an element of order w,
and the condition that B contains an element of order w is satisfied.

We have defined w to be in I + J, so wz € Ix + Jx. Since the image of GG in
Aut(B) is abelian, we have IJx = JIx = 0. So, the Z[G]-module Jx is annihilated
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by I and therefore contained in BS. Moreover, Iz is contained in Biops, SO we
conclude wz € Biors + B holds, as required. This proves the first implication.

For the converse, assume that for every x € B there exists w € Zx( such that
wz i in Biors + BE and B has an element of order w.

The group B is a radical group over BY, so there is a maximal B%-radical
extension B. Since all elements of a Kummer radical extension are Kummer radicals,
the subgroup of B consisting of all Kummer radicals is the maximal Kummer radical
extension of B. We call this Bxum:

Bkum ={r € B:3w € Z+o : wx € B¢ and B¢ has an element of order w},

Then from the assumption, it follows that B is a subset of C = Bgkum + Biors-
Since both Byum and B + By, are Galois radical groups over BE (by Theorem 2.9),
the automorphism group Autge(C) is a subgroup of the product Autge (Brum) X
Autpe (BY + Biors) due to Theorem 2.13. The extension BY C BY + Biops is
generated by torsion elements so Autge (BS + Biors) is abelian, and Aut e (Bkum)
is abelian by Theorem 2.14, so this product of automorphism groups is abelian. This
implies that Autge(B), which is a quotient of Autge(C) by Theorem 2.12, is also
abelian, proving the theorem. O

Schinzel’s Theorem 1.7 is a corollary of this theorem:

Corollary 2.21 (Schinzel). Let F be a field, a € F, and n a positive integer not
divisible by char K. Let w be the number of n-th roots of unity in F. Then, the
splitting field Q of X™ — a is abelian over F if and only if there exists b € F with
a¥ =b".

Proof. Define B as (F*,(,,{/a) and apply the theorem to the natural action given
by the map Gal(2/F) — Aut(B). Since this action is faithful, we only need to verify
that there exists b € F' with a® = b™ if and only if the following condition from the
theorem holds:

Ve € B: 3w € Zsg: wx € Byops + B% and B¢ has an element of order w.

Suppose there is an element b € F with a® = b™. To show that the theorem applies,
it is sufficient to prove the condition for a set of generators of B over F™*, such as (,
and a choice of ¢/a. For the root of unity this is immediate.

For x € B with ™ = a, we use that we have a* = b™. This implies that z* = (b
for some ¢ € pi,,. Since ju, is contained in B, this shows that 2% is in Byops BC.

For the other implication, suppose that the condition from the theorem holds.
We will show a* € F*™.

Let x € B be such that ™ = a. Then by assumption there is a positive integer v
such that F* has an element of order v and xV € By F*. Since both ¥ and x™ are
elements of By F'*, we in fact have 2% € Bios F'*, since w is a multiple of ged(n, v).
So, we can choose ¢ € Byors such that we have % € (F*, and we have that (" is an
element of F*v.
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Let m be any common multiple of n and the order of (. Then because we have
F*[n] = F*[w], the orders of (F*[m])™ and (F*[m])" are equal, and therefore these
two subgroups of F* are equal. Since we have (" € F*[m]", we then also have
(" e F*[m]" C F*". We now conclude that a* = 2"% € F*". O

Theorem 2.20 gives a condition for when a group acts in an abelian way on
a radical group extension. This can also be used to characterize the maximal G-
submodule B,;, on which a group G acts in an abelian way, shown by the following
definition and accompanying theorem.

Define B, as follows:

By, ={x € B:3w € Zsp : wx € Biors + B¢ and BS has an element of order w}.

Note that this definition does not depend on the choice of GG, but only on its
invariants BS.

Theorem 2.22. Let G be a profinite group and B be a discrete abelian group with
a continuous G-action. Assume that B/BC is torsion and all finite subgroups of B
are cyclic.

1. For a G-module C with B¢ C C C B, the image of G in Aut(C) is abelian if
and only if C' is a subgroup of Bap.

2. Write [G, G| for the closed subgroup of G generated by the commutators of G.
Then B,y equals BIG:GI,

We will use the following proposition in the proof of this theorem.

Proposition 2.23. Let C' be a G-module with B¢ € C C B. Then we have Cyy, =
B, NC.

Proof. Since B¢ equals C¢ and (Biors + BY) N C equals Ciors + CY, we can derive
the following expressions for Cpy,.

Cap = {xEC:3w€Z>0:wx€Ctors+CG and
C% has an element of order w}
= {ze€eC:FweZyg:wx e (Btors—FBG)ﬂC' and
B¢ has an element of order w}
C’ﬂ{xEB:EIwGZ>O:wxEBtorS—i—BG and

B¢ has an element of order w}

= BynC.
O

Proof of Theorem 2.22. Let C be a G-module with B¢ ¢ C C B. By Theorem 2.20,
the group G acts in an abelian way on C' if and only if C equals Cy. Because Cyy,
is the intersection of B,;, and C' (Prop. 2.23), the first part of the theorem follows.
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Since the image of G in Aut(B,p) is abelian, B,}, is pointwise invariant under
the action of the commutator subgroup [G, G|, and so Bay, is a subgroup of B [G.G],
For the opposite inclusion, the abelian group G/[G, G] acts on B! since [G, G]
is a normal subgroup of G. We conclude that G itself acts on BI%Cl in an abelian
way, so by the first part of the theorem, B¢l is contained in Byy,. O

Corollary 2.24. The action of G on B induces a surjection [G,G] — Autp,, (B).

Proof. The (closed) commutator subgroup [G,G] acts on B, and the extension of
radical groups B over BI%Cl = B,y is a Kummer radical extension. Therefore, by
Theorem 2.14 the induced map [G, G] — Autp,, (B) is a surjection. O

2.6 The entanglement group

As before, let G be a profinite group, and let B be a discrete (additively written)
abelian group with a continuous G-action given by f : G — Aut(B). Assume B/B¢
is a Galois radical extension.

In this section we will prove the following main theorem.

Theorem 2.25. With B and G as above, f(G) is a normal subgroup of Autgc(B)
and Autge(B)/f(G) is an abelian profinite group.

Definition 2.26. This cokernel Autge(B)/f(G) is called the entanglement group
of B, and written E(G, B), or E(B) if the group G is clear from the context.

The term reflects how in the case of radical group extensions of the unit group
of a field, certain multiplicatively independent radicals are entangled in the addi-
tive field structure. For example, the radical extensions Q* C (Q*, (s, v/5) and
Q* C (Q*,(5,v/—5) have the same group structure and hence have isomorphic au-
tomorphism groups. However, when considering them with the natural action of
Gal(Q/Q), the corresponding field extensions are Q((s, v/5)/Q and Q(Cs, v —5)/Q.
These have different degrees due to the additive relation v/5 = (5 + Cs_l — (- ng,
which has no equivalent for v/—5. Informally, we say that the radicals v/5 and (5
are entangled. This lower degree of Q((s,v/5) is reflected in a smaller image of
Gal(Q/Q) in the automorphism group, and leads to an entanglement group of or-
der 2.

The map from the automorphism group Autq-((Q*,(s,v/5)) to the entangle-
ment group can be used to determine if a group automorphism extends to a field
automorphism. In this example, this map checks if the action on (5 and that on v/5
are compatible with respect to the additive relation between the two radicals.

For the radical extension Q* C (Q*, (s, v/—5), with the action of the absolute
Galois group of Q, the entanglement group is trivial.

Another example of non-trivial entanglement is the radical group extension Q* C
(Q*, v/—4). Note that the square of /—4 is 2y/—1, so this extension contains 4th
roots of unity and is therefore a Galois radical extension. The automorphism group
Autq- ((Q*, v/—4)) is non-cyclic of order 4.
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On the field side, the extension Q(v/—4)/Q has degree 2, which can be seen by
writing /—4 as (sv/2 = 1 + i, with corresponding Galois group isomorphic to Cs,
and an entanglement group of order 2.

Replacing v/—4 by v/—9 in this example leaves the abelian group structure un-
changed, but removes the additive relation and leads to a trivial entanglement group.

We proceed with the proof of the main theorem.

Proof of Theorem 2.25. A main ingredient in the proof is restricting to the maximal
subgroup B,, C B for which Autge(Bap) is abelian, as defined in the previous
section.

Consider the following exact sequence of automorphism groups.

0 — Autp,, (B) = Autge(B) R Autpge (Bap) = 0

For brevity, we will write N for the commutator subgroup [G, G] in this proof.
As we have seen, the action of G on B induces an action of G/N on B, with
invariants BE. It also induces an action of N on B with invariants Bap. Adding
those actions (as vertical maps) to the exact sequence above, we get the rows of the
following diagram. These rows are exact, and the squares commute by definition of
the vertical maps.

0 N G G/N 0
R

/

0 —> Autp,, (B) — Autpe(B) —— Autpe(Bap) — 0

E(Bgp)

We proceed analogously to the proof of Theorem 1.6.

On the right side of the diagram, the group Autge(Ba,p) is abelian by definition
of B, and Theorem 2.20, so the image of h is a normal subgroup with abelian
cokernel E(B,p). Let ¢ be the composite homomorphism from Autge(B) through
Autge (Bapb) to E(Bap). We have to show that ¢ is surjective with kernel f(G).

The image of f is contained in ker(p) because of the commutativity of the right
square of the diagram. To show the other inclusion, take x € ker(y). Then 7'(z)
maps to 0 in E(B,p), so it is the image of h. The map 7 is surjective, so there is an
element y € G with hr(y) = 7/(z). We then have 7' f(y) = 7/(z), so zf(y)~! is in
the kernel of 7/, which equals Autp,, (B). Because g is a surjection (Corollary 2.24),
there is an element z € N C G with g(z) = xf(y)~!. It follows that f(zy) = x and
z € f(G).

Surjectivity of ¢ follows immediately from its being composed from two surjective
maps. This shows that f(G) is a normal subgroup of Autpe(B) with an abelian
cokernel and concludes the proof of Theorem 2.25. O
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If C is a G-submodule of B containing B, then by Theorem 2.12 the restriction
map from Autge(B) to Autge(C) is a surjection, so there is a natural surjection
E(G,B) - E(G,C). The proof of the theorem shows that this surjection is an
isomorphism if we take C' = B,y:

Corollary 2.27. With B and G as in the theorem, E(G, Bap) is equal to E(G, B).

To derive more tangible expressions for the entanglement group, we study how
E(G, B) = E(G, B,p) behaves when Byy, is the sum of two smaller G-modules.

Theorem 2.28. Let B, G and B,y be as before, and suppose B,y, = C 4+ D with C,
D two G-submodules of B,y,. Then the entanglement group E(G, B) = E(G,C + D)
is a part of the following short exact sequence.

0— AutDm(BG+c)(D)/im(Gc) — E(G,C + D) — E(G, C) — O,
where Go is the kernel of the map G — Aut(C') induced by the action of G on B.

Proof. We build up a diagram around the short exact sequence
0— AutBG+C(Bab) — Autpge(B,p) — Autpge (BG +C)—0

and the G-action on By,.

First of all, note that we can replace G by its image in Autgec(Bab). This group
is abelian, so we assume without loss of generality that G is abelian in this proof.
Because C' is a G-submodule of By, there is an induced map G — Autge (B +C),
and this factors faithfully via G/G¢, by definition of G¢. On the left side of the
sequence, the subgroup G¢ acts on By, and leaves B¢ and C' pointwise invariant,
so the image of G¢ inside Autge(Bap) ends up inside Autge o (Bab).

This leads to the following commutative diagram of abelian groups.

0

0 Gc G G/GC

L

0—> Auth+C(Bab) I Auth(Bab) I Auth(BG + C) —0

Because D is a Galois radical extension of D€, we have that D is a Galois radical
extension over D N (BY + C), by statement 1 of Theorem 2.8 and Theorem 2.9.
Therefore, there is a well-defined restriction homomorphism

AutBG+C(Bab) % AutDm(BchC) (.D)

By the fibered sum structure B, = (BY+0O) ©pn(Be+c) D, and the same reasoning
as in the proof of Theorem 2.13, this restriction map is an isomorphism.
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The cokernel of f is then given by Autpnpoicy(D)/im(Ge). The cokernels
of the middle and right vertical maps are F(G, Bay,) and E(G, C) respectively, by
definition. The snake lemma then gives us the desired sequence:

0
0 Ge G G/Ge 0
f
0 AutBG’+C(Bab) Auth (Bab) - Auth (BG + C) — 0

C—> AutDm(Bc+c) (D)/lm(Gc) —> E(C;7 Bab)

E(G,C)

O

Corollary 2.29. Let B,G and By be as in the theorem, and again suppose we have
B.y, = C + D with C, D two G-submodules of B,y,. Define Go to be the kernel of
the induced map G — Aut(C).

If we have E(G,C) = 1, then there is an isomorphism

E(G,B) — Autprpatc)(D)/im(Ge)

that, for each o € Autge(B) and g € G with o|lc = g|c, sends ¢ € E(G,B) to
alp(glp)~"

Proof. Note that the existence of an isomorphism follows directly from the theorem
since E(G, C) is trivial. To get the explicit expression for the isomorphism, consider
an element o € Autpe(B). We proceed by diagram chasing in the diagram from
the proof of the theorem. Since E(G,C) is trivial, the vertical map G/G¢ —
Autge (BY + C) on the right side is a surjection, which implies there exists g € G
satisfying g|c = o|c. By multiplying o with the inverse of g, we get 7 = og~! €
Autpe (Bap) which acts as the identity on C' by construction. This implies that 7
is an element of the subgroup Autge ¢ (Bab), on the left side of the diagram, and
by mapping it down to Autpn(peic)(D)/im(Ge) we find the unique residue class
there that maps to 7 € E(Bap), by commutativity. Because 7 and o differ by an
element of G, we see that 7 = & € F(Bap), concluding the proof of this corollary. [

In the case that D is a Kummer radical extension of B, we can simplify the
quotient we obtained here. First of all, since in that case D contains B¢, we can
rewrite D N (BY + C) to the more symmetric B¢ + (C'N D). Then, it follows from
Theorem 2.14 (applied on G¢ acting on W) that the image of G¢ in Aut(D) is
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Autyyao (W), and the following natural restriction map of the quotient is therefore
an isomorphism:

Aut ey (cnpy(D)/im(Geo) == Autge 4 (cnp) (D). (2.30)

Going one step further, we can conclude the following if additionally there is no
cyclotomic entanglement. This is a generalization of Theorem 1.10.

Corollary 2.31. Let B,G and B,y be as in the theorem, and suppose we have
Bap = p+ W with p a subgroup of Biors and W C B a Kummer radical extension
of BE. Define G,, as the kernel of the restriction map G — Aut(u).

If we have E(G, u) = 1, then there is an isomorphism

E(GvB) = AutBGJr(uﬁW)(WGu)

that, for each o € Autgc(B) and g € G with 0|, = g|,, sends ¢ € E(G,B) to
J|WGH (glwcu)il'

Proof. We start from the previous corollary (2.29), take C = p and D = W and
apply Equation 2.30. O

This description of the entanglement group assumes that B, can be generated
by roots of unity and Kummer roots. This condition is often fulfilled, in particular
in the case of maximal radical extension which we study in Chapter 3, but we shall
encounter situations where this is not the case later. In those cases, it is possible
to extend B and B,p, with extra roots of unity to handle this. We describe this
approach in Propositions 4.9 and 5.6.
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