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Preface

This thesis deals with two different models in two different contexts.

The first part deals with dynamical Gibbs-non-Gibbs transitions. Gibbs measures are
mathematical objects to describe the equilibrium states of a system consisting of a large
number of components (for instance, particles with a spin state —1 or 4+1) that interact
with each other. As a simplification, particles are placed into a discrete structure, namely,
the lattice Z¢ (the particles interact locally) or the complete graph with N sites (the par-
ticles interact globally). Due to the large number of particles, it is natural to assume that
the state of the system is random. Gibbs measures are probability measures on the state
space (e.g. Q ={-1, —i—l}Zd) capturing this randomness. This description was introduced
by R.L. Dobrushin, O.E. Lanford and D. Ruelle (DLR) in the late 1960s, through the
so-called Maxwell-Boltzmann-Gibbs formula, and involves some particular “regularity”
conditions for the conditional probabilities with respect to fixed configurations outside
finite volumes. The question of interest is whether this “regularity” condition remains
valid after the system is subjected to a stochastic dynamics. In other words, consider the
probability measure obtained by sampling the initial condition with a Gibbs measure and
running a stochastic dynamics during time ¢. Is it still possible to describe the evolved
measure as a Gibbs measure?

The second part deals with stochastic geometry. The relevant information about the
particles is their position. Particles may be placed at random in any region of the space,
say R?%. Subsequently, each particle is displaced independently of each other according to
a d—dimensional Brownian Motion during ¢ time, and the trace produced by that motion
is recorded. The question of interest is whether the final set obtained from all the traces
has an infinite connected component or not. If so, then is it unique?

Part I (Chapters 1 —3) deals with dynamical Gibbs-non-Gibbs transitions and is based
on the articles [FdHM13b] and [FdHM13a]. Part II (Chapters 4 — 5) deals with percola-
tion of Brownian paths homogeneously distributed in space and is based on the article
[EMP13].
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1 Introduction to Part |

Gibbs measures are central objects in equilibrium statistical mechanics. Heuristically,
macroscopic variables in equilibrium like pressure, temperature, energy, etc., are de-
scribed in a first step by thermodynamics. Gibbs measures capture how local rules for
the interaction of the large number of components of the system at a microscopic level
lead to global properties at a macroscopic level. Because of the large number of compo-
nents it is reasonable to expect that the passage from micro to macro occurs via some
Law of Large Numbers. The microscopic laws are used to explain macroscopic features
such as the existence of two or more phases of the same substance (vapor, liquid, solid).
The phenomenon that the same local rules may lead to different global properties is
called phase transition.

Since the Gibbsian formalism was designed for systems in equilibrium it may very
well fail whenever this equilibrium is altered, for instance, by subjecting the system to
stochastic dynamics. This is one way in which the concept of non-Gibbsianness appears.

In Section 1 we present the general Gibbs formalism. Section 1.1 deals with Gibbs
measures, Section 1.2 with non-Gibbs measures. Section 2 lists different approaches
to prove non-Gibbsianness and mentions different attempts to overcome the difficulties
associated with it.

1.1 Background

The main purpose of this section is to provide a general framework for Gibbs measures
without going into technical details. We refer the reader to [Geoll] for a more detailed
exposition. The key reference for Gibbs-non-Gibbs is [VEFS93], which also provides
physical intuition. The overview papers [Fer06] and [LNO8b] summarize the main ideas
behind non-Gibbs measures as exposed in [vEFS93].

1.1.1 Lattice models: Generalities on Gibbs measures

Although most of our research focusses on mean-field and Kac-type models, for the sake
of exposition we introduce the concept of Gibbs measure in the lattice case, say Z%.

A spin can be either +1 (“up ”) or —1 (“down”). S := {—1, +1} denotes the single-spin
space. More general state spaces can be treated, but we keep the exposition simple.

Q = S denotes the configuration space. A configuration in 2 is denoted by o =
(04)pez4, and its restriction to A C Z? by oa. Q is endowed with the product topology
F, in which o” —0 stands for pointwise convergence in finite sets, i.e., for each

A@Zd,HnQENsuchthataXEoAVnzno.



1 Introduction to Part I

Here, € stands for finite subset, oo = np for 0, = 7, V £ € A. In other words, two
configurations o,7n are close in the product topology if they coincide in a large (but
finite) region. The larger the region, the closer they are. F, stands for the sub-sigma
field of F corresponding to the events that depend on o only.

Observation: If y is a probability measure on €2, then p(:|F5)(w) has a version 7} (-|w)
that is a probability kernel, i.e.,

e for all w € Q, 7k (-|w) is a probability measure on (9, F),
e for all A € F, wli(A|") is F-measurable.

Observables of the system are represented by the space of real-valued bounded measur-
able functions on 2. We are interested in those functions that depend weakly on distant
spins. More precisely, f : 2 — R is said to be quasilocal at o if

i Sup |f(oawne) = floanae)l =0, (1.1)
and is said to be quasilocal if it is quasilocal at o for all o € 2. Here opwae is the spin
configuration that equals o in A and w in A¢ = Z% \ A.

As mentioned before, the goal of statistical mechanics is to describe global properties
(macroscopic phenomena) resulting from local rules (microscopic interactions). These
local rules are specified through the concept of interaction potential, Hamiltonian and
specification, as given in the following definitions.

Definition 1.1.1. An interaction potential is a family ® = (P4)geza of functions P4 :
Q — R such that ® 4 is F a-measurable. ® is said to be uniformly absolutely summable if

Z sup [Pa(w)| < oo Ve zd (1.2)

Azt weN
Adz

Definition 1.1.2. Let ® be an interaction potential.

o The Hamiltonian for a set A € Z with external condition w is the function defined
by
HY(oalwae) = Y Pa(oawse) (1.3)

A€z
ANAA£D

for all o,w € Q for which the sum exists.

o The Boltzmann weight for a set A € Z with external condition w for an interaction
potential ® is the function defined for by
e—Hf(aMwAc)

T Ziw) (14

T (Oalwae) =

where Z§ (w) is the normalization constant, called the partition function.



1.1 Background

Some important examples of potentials:

1. Ising model:
—Jyyoz0y i A={z,y},
Da(0) =% —hgo, if A= {a}, (1.5)
0 otherwise,

where J : Z¢ x Z¢ — R is called the pair potential and h : Z? — R is called
the external magnetic field. In the standard Ising model J,, # 0 if only if z,y
are nearest-neighbours. When both J and h are constant, the model is called
homogeneous, otherwise it is called inhomogeneous. When J > 0, the model is said
to be ferromagnetic, when J < 0 anti-ferromagnetic.

2. Kac-Ising potentials: Consider in (1.5) the choice
_Ad d
Ty, =11 IOz —y)  VayelZ (1.6)

where J(+) is a smooth non-negative function supported by the unit ball and nor-
malized as a probability density. This model has the interesting feature of having
a long-range interaction, controlled by the parameter ~.

Definition 1.1.3. A probability measure u on (2, F) is called Gibbs if there exists an
interaction potential ® satisfying (1.2) such that, for all 0 € Q and all A € 72,

(onlFac)(w) =74 (Galwae)  pae. w. (1.7)

The equations in (1.7) are called DLR-equations (Dobrushin, Lanford, Ruelle) and the
notation is abbreviated as
=y A (1.8)

Remarks:

1. Condition (1.2) is trivially fulfilled when ® has finite range, i.e., there exists an
R > 0 such that ®4 = 0 when diam(A4) > R.

2. If ® satisfies (1.2), then
e The summability condition in (1.3) holds for all o,w € Q.

e The function 7§ (-|wac) is a probability measure on Q with support in {o €
Q: ope = wpe}

e The function w +— ¢ (oalwae) is quasilocal and hence, by (1.7), there is a
representation of pu(oa|Fac) that is quasilocal.

3. There exists another important way of describing Gibbs measures, namely, via the
so-called variational characterization. This approach is restricted to translation
invariant probability measures, and it is related to the concepts of entropy and free
energy also present in the second law of thermodynamics. A good summary of this
characterization can be found in Chapter 4 of [LNO8b] or in Sections 2.5 — 2.6 of
[VEFS93].
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Definition 1.1.4. A probability measure p on § is called
o Quasilocal if, for all 0 € Q and A € Z¢, u(oa|Fac) has a quasilocal version.

o Uniformly non-null if, for all A € Z%, there exist constants 0 < ap < B < 0o such
that
apcard(A) < i (Alw) < Bacard(A) V Ae FaVweQ.

[Koz74] and [Sul73] gave the following characterization of Gibbsianness.

Theorem 1.1.5. Let pu be a probability measure on (Q, F). Then u is Gibbs if and only
if p is quasilocal and uniformly non-null.

1.1.2 Non-Gibbsianness

As we have seen in Section 1.1.1, lack of quasilocality is one possible expression of non-
Gibbsianness. Negation of quasilocality in Definition 1.1.4 means that there exist A € Z¢
and o,w € 2 such that any version of pu(oa|Fac) is not quasilocal at w. In other words,
there is no zero-measure modification of p(oa|Fac)(+) that makes it quasilocal at w, and
hence w is an essential discontinuity of p(oa|Fac)(-).

We give the following characterization of essential discontinuity at a configuration w.

Proposition 1.1.6. A conditional probability measure of 1 on € is essentially discon-
tinuous at w if there exist A € Z¢, o € Q, § > 0 such that for all neighborhoods N, of w
there exist disjoint subsets Nt N~ of N, with p(N+) > 0 such that

l(on| Fac)(w™) — ploal Fac)(w )| > 6 Vwb e NE, (1.9)
or equivalently, for all A D A, there exists T DO A and nt € Q such that,

sup |(on | Fac) (wani aére) — wloalFae) (@anp are)] > 6. (1.10)
In words, the system inside A is not properly shielded by w from the system inside
the distant exterior A€. Sometimes we will refer to a discontinuity point w as a bad
configuration for .
More details about this notion and further characterizations can be found in [Fer(06].

Examples

In what follows we list a few examples of transformations of Gibbs measures that are,
respectively, are not Gibbs.

1. Renormalization Group Theory: Among the first examples of transformations that
can turn a Gibbsian probability measure into a non-Gibbssian probability measure
are the ones arising in Renormalization Group Theory. At the critical temperature,
fluctuations of all orders occur and hence the system does not have a proper scale.
Transformations of scale are therefore useful to study the system at the critical



1.1 Background

temperature. Block transformations are key examples. The idea is that the lattice
is split into blocks, each of which represents a spin on a larger scale. The value
of the block spins is decided via some rule that may involve randomness, e.g. the
majority rule with coin tossing when there is a tie.

One of the simplest transformations for which Gibbsianness turns out to fail is
decimation. In [Isr81, vEFS93] it is proved that if we take for p the probability
measure of the ferromagnetic Ising model on Z? with zero magnetic field at low
temperature, and we project u onto the sub-lattice of even sites, then the resulting
probability measure is no longer Gibbs.

2. Stochastic dynamics: In [vEFAHR02] a new source of non-Gibbsianness was discov-
ered. Again, let u be the probability measure of the ferromagnetic Ising model on
7%, d > 2, at low temperature. By running independent spin-flip dynamics (similar
results are obtained for high-temperature Glauber dynamics) Gibbsianness may be
lost and may be recovered, depending on the magnetic field.

In [LNRO2] conservation of Gibbsianness for short times was proved for very general
initial Gibbs measures and very general local dynamics.

Other references facing similar questions but in other frameworks are:

e Continuous-spins: Continuous-unbounded-spin Gibbs measures for a double-well
pair potential subject to independent spin diffusions were studied in [KR06].

e XY models in external fields: XY spins in Z? were studied in [vEROS]. It was
proved that, starting from an initial Gibbs measure and evolving according to an
infinite-temperature stochastic dynamics, Gibbsianness can be lost and recovered.

For a more complete and detailed list of references, see the reviews in [dH04], [vERV0S§]
and [vE12).

Restoration program

After Renormalization Group Theory provided the first examples of non-Gibbsian-
ness, a program of “restoration of Gibbsianness” was started in [DS99]. The main goal
of this program was to obtain weaker definitions of Gibbsianness that are stable under
renormalization transformations. Some of the main works involve the following defini-
tions:

o Weakly Gibbs [DS99]: There exists an interaction potential & such that equation
(1.7) is fulfilled, but a weaker summability condition than (1.2) is required for ®,
namely, x#(Q% ) =1 with

sum)

0> = {a €Q: HY (o) := Z D4(0) exists VA € Zd}.

A€z
ANA£Z
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e Almost Gibbs [MRVMO99]: The specification of u is required to be quasilocal at o

for p-a.e. o.

e Intuitively Gibbs [VEVO4]: There exists a set Q with p(Q) = 1 such that the

specification of u satisfies (1.1) for all ¢ € Q, with the supremum taken over
w,n € Q.

Almost Gibbs was shown to imply Weakly Gibbs (see [MRVM99]). The converse is

false (see [Lef99]). Weakly Gibbs seems to be too weak as a notion to work with, due
to the fact that the Gibbs Variational Principle may fail (see [KLNRO4]). There is also
an important example in which Almost Gibbs fails (see [Kiil01]). Intuitively Gibbs lies
between Weakly Gibbs and Almost Gibbs, and seems to be the most promising notion.

1.2 Criteria for proving Gibbs versus non-Gibbs

10

1. Phase transition in the hidden variables:

The lack of quasilocality at w’ for the transformed measure p’ can be associated
with a phase transition in a constrained system. More precisely, consider the two-
layer model, which is a probability measure i on (2 x Q' F x F') with marginals
u and p’, where ' is the space in which the transformed configuration takes its
values. We will refer to (o,0’) as internal spins and image spins, respectively.
In what follows, all the quantities related to the transformed measure p’ will be
labelled with /. Recall that we are looking for w’ € €’ such that (1.10) occurs for

/

u.
Informally, the way in which the spins outside the box A’ influence the spins inside
the box A’, even when the annulus in between is frozen at w’, is “through the top
floor”. Formally, we look at the first layer after conditioning on the second layer
to be w’ and ask whether there is phase transition. The key idea is that, under
suitable conditions on the renormalization transformation, by choosing different
spins outside A’ we can select different phases for the internal spins, which affects
the distribution inside A, which in turn affects the distribution inside A’.

Let us explain this scenario in more detail. Consider the example of stochastic
dynamics. In this case, at least on a formal level, we can write

,L_L(O', a'/) = ‘u(a') pt(g7 g/) = e_ﬁHu(U)“‘lOgPt(Uﬁ,)’ (111)

where H,, is the Hamiltonian of the Ising model and p;(o,0’) is the probability to
move in time ¢ from configuration o to configuration ¢’. In the case of independent
spin-flips (infinite-temperature dynamics), the expression for p; becomes simple.
Indeed, an easy computation shows that

ji(o,0') = e—ﬁHu(GHEz[htU’(r)]U(z)7 (1.12)
where h; = %log i’:g—:zz Thus, the constrained model is again an Ising model,

but with an inhomogeneous external magnetic field (which also depends on time).



1.2 Criteria for proving Gibbs versus non-Gibbs

This external magnetic field has two parameters, h; and ¢’. Note that h; is strictly
decreasing in t, with hg = oo and ho, = 0.

For certain regimes of the parameters the model is well understood. The following
is shown in [vEFdHRO02]:

e Short time:

If ¢ is small enough, then the external magnetic field dominates, and forces o
to be aligned with ¢’. Hence, no phase transition occurs for the constrained
system, and p’ is Gibbs.

e h>0:

— Large time: If ¢ is large enough, then the external magnetic field is weak,
and hence is not able to compete with the initial magnetic field h. Again,
no phase transition occurs for the constrained system, and p’ is Gibbs.

— d > 3,0 < h < 1, Intermediate time: For intermediate ¢, h and h; are of
the same order. That makes possible to tune a configuration ¢’ in such a
way that h; is able to “compensate” the magnetic field h. If the inverse
temperature [ is big enough phase transition for the constrained system
is shown to occur by the means of the Pirogov-Sinai theory. Therefore,
1/ is non-Gibbs.

— d = 2, Intermediate time: In this case, phase transition for the constrained
system (under suitable choice of the parameters) occurs. However, there
is no machinery to prove it for a continuous time interval as in d > 3.

e h = 0, Large time: Again, following a similar argument, if ¢’ equals the
alternating configuration, then o has a phase transition. The difference in
this case is that, due to the absence of an external magnetic field, p is non-
Gibbs.

Although the two-layer method is useful and is widely used, conceptually it has its
weak points, especially in the case of transformations obtained from a stochastic
dynamics: (1) It is a static explanation, in the sense that the study of the system
a time t is done by observing the system at time 0 only. Hence, the dynamical
features of the phenomenon are lost. (2) It depends on a detailed understanding
of the constrained system (in the example, the Ising model with inhomogeneous
magnetic field), which is far from easy to analyze.

. Dynamical Large Deviation approach:
The following questions are relevant:

e How does the system evolve towards a bad ¢'?

e o/ = =+ is an unlikely configuration for any fixed time ¢. What is the most
likely history prior to time ¢ to arrive at ¢’ at time ¢? Is there more than one
history?

11
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The last question is formulated with the objective to bring a Large Deviation
Principle into the picture. This idea was put forward in [VEFdHR10]. The object
of attention is the empirical field rather than the configuration itself,

(o) = g > b (1.13)

z€[—N,N]4

with (7,0)y = 044y. By using the Feng-Kurtz formalism [FK06], dynamical LDPs
can be proved for the path of this quantity, starting at time zero with a Gibbs
measure p and running a stochastic dynamics. The rate function ¢ — I(p) of the
dynamical LDP on the space of paths turns out to be the sum of a static part and
a dynamic part, making explicit the role of the two ingredients of the problem.
The concept of bad measure is linked to the existence of multiple histories for
the same present, i.e., v/ is bad if and only if there are two or more solutions
of the variational problem inf,—,. I(¢). However, the connection between the
conditional distributions of y/ and the solutions of the later variational problem
has not yet been established in full generality. Another difficulty of this approach
is that the variational problems involved are typically hard to analyze.

1.3 Mean-field models

An important simplification that makes our problem more tractable is:

e Replace Z? with its nearest-neighbour edges by the complete graph of size N (N €
N), to be denoted by G. Think of G as taking over the role of a box A € Z?

with NV sites.

e Make the strength of the total interaction equal between any pair of spins, such

that the interaction per site is bounded in .

In words, every site is being influenced by any other site in the same way.
The Ising model on the complete graph is called the Curie-Weiss model. The state

space is Qx := {—1,+1}". The Hamiltonian is

N N
HN(O') = —ﬁ Z UiO'j—hZO'i, O’EQN, (114)
i,j=1 i=1
and the corresponding Gibbs measure on )y is
e—HN (o)
1N (o) = (1.15)

where Zp is the normalizing constant.
Key features of this model are:

e The distribution of ¢ is invariant under permutations of the spins.

12



1.3 Mean-field models

e The Hamiltonian is N-dependent.

e Note that Hy can be rewritten as a function of just the magnetization of the
configuration, namely,

N
Hy(o) = —N{4mn(0)* + hmn(0)},  mn(0) =% o (1.16)
i=1

Detailed results about this model can be found in [OV05],[Bov06] and [Pre09)].

1.3.1 Definition of Gibbs measure in the mean-field context

As we saw in Section 1.1.1, on Z? (infinite-volume system) Gibbsianness of a probability
measure g is characterized by the quasilocality and the uniformly non-nullness of the
conditional distributions in finite bozes. This approach is no longer possible in the mean-
field context due to the lack of geometry. More precisely, the fact that any pair of sites
interacts in the same way effectively destroys the role of distance. The permutation
invariance for each N gives us, through de Finetti’s theorem (see [Geoll]), that the weak
limit of " as N — oo is exchangeable and therefore is a convex combination of product
measures. This limit is trivially non-quasilocal (see [VEL96] and [vEFS93] for further
details).
One possibility to overcome this difficulty is to perform limits in a different order:

1. For a finite-volume system with N spins, define the single-site conditional proba-
bilities as

WL an-1) == pN(or = £1] op. vy =071, (1.17)
where ay_1 € {1, -1+ +25,...,+1— 725, +1}, V'€ Qn_1 and
my_1(nV ") = an_1.

2. Take the infinite volume limit

y(*1| @) == lim YN (£l my_1(0) = an_1), lim ay = a. (1.18)
N—o0 N—o0

Remarks: We will refer to 1 as the specification kernel. Due to permutation invariance,
(1.17) is well defined, and it can be shown that 7 is independent of how ay converges
to a. Note that 7; involves the whole sequence (u™") yen and not just the limit of u?V as
N — 0.

Definition 1.3.1. [Mean-field model]. We say that p = (u)nen is a mean-field
model when pV is invariant under permutations of the spins for each N, and has a weak
limit i as N — 0.

Motivated by the characterization of Gibbsianness given by Theorem 1.1.5, the follow-
ing notion is introduced in [Kiil03] :

13



1 Introduction to Part I

Definition 1.3.2. [Gibbs (non-Gibbs) mean-field model]. A mean-field model
= (uN)nen is said to be:

o (ibbs when the limit in (1.18) exists and & — y1(£1 | &) is continuous at a for
all a € [-1,41].

e Non-Gibbs otherwise. The discontinuity points are called bad magnetizations.
Remarks:

e Comparison of the lattice model and the mean-field model: The spin configuration
in the exterior is replaced by the magnetization in the exterior, and continuity
w.r.t. the product topology becomes continuity w.r.t. the real-valued variable a.

e The Curie-Weiss model is Gibbs. Its specification kernel is given by

ei./‘a
’Y(Zl:l | Oé) = m. (119)

The link between Definition 1.3.2 in the mean-field case and the standard definition
of Gibbs measure in Definition 1.1.3 in the lattice case is not obvious. An informative

discussion can be found in [LN08a], Section 5.

1.3.2 Gibbs versus non-Gibbs in the mean-field context

One advantage of the mean-field context is the possibility to obtain explicit formulas that
allow for sharp results about the different regimes of Gibbsianness/non-Gibbsianness.
This better understanding is useful as a source of new ideas for the lattice case.

We summarize the state of the art:

1. In [Kil03] decimation of the Curie-Weiss model is studied. The scenario shows
similarities with the lattice case.

2. In [KLNO07] spin-flip dynamics of the Curie-Weiss Ising model is considered following
the approach proposed in [vEFdHRO02]. Again, the results in [vEFdHRO02] for the
lattice case were recovered but with sharp transition times between Gibbs and non-
Gibbs. The alternating bad configuration mentioned in Section 2 is replaced by
a = 0. However, new discontinuities arise, which raises the question whether or
not the same phenomena occurs in the lattice case.

3. In [VEKORI10] different transformations of mean-field models were studied. In
particular, results for planar rotor models subject to a stochastic time evolution
are presented.

4. In [EK10] the approach proposed in [vEFdHR10] was pushed forward. The connec-
tion between the specification kernel and an underlying Large Deviation Principle
was established for spin-flip dynamics. They provided an analysis of the transition
between Gibbsian and non-Gibbsian behaviour as a function of time and proved
that the time-evolved measure is Gibbs initially and becomes non-Gibbs after a
sharp transition time.

14



1.4 Local mean-field models

5. Similar results were obtained in [RW12]-[dHRvZ13] for a system of real-valued
spins interacting with each other through a mean-field Hamiltonian subjected to a
stochastic dynamics where the spins perform independent Brownian motions.

1.4 Local mean-field models

A step in between the mean field context and the lattice context is to replace the complete
graph by the discrete torus, but still allow all pairs of spins to interact with each other
via a long-range interaction.

Formally, let T¢ := R?/Z% be the d-dimensional unit torus. For N € N, let T¢ be the
(1/N)-discretization of T? defined by T¢ := AZ/N, with A% := Z?/NZ? the discrete
torus of size N. For N € N, let Qn := {—1, +1}Ai be the set of Ising-spin configurations
on A%, The energy of the configuration o := (02)zena € Qn is given by the Kac-type
Hamiltonian

HN(0) == =54 Z J (5Y) 000y — Z h(%) 0z, o € Qn, (1.20)

z,ycAd reAd

where J,h € C(T9) are continuous functions on T¢, with J > 0 symmetric and J # 0.
The Gibbs measure associated with HY is

N e—HY (o)
12 (0') = 271\77 o c QN, (121)
with Z~ the normalizing partition sum.

Thermodynamic variables for this model, such as the free energy, were studied in
[EE83]. It is known that if J > 0 (ferromagnetic), then the thermodynamic behaviour is
the same as in the Curie-Weiss model. However, if J < 0 (antiferromagnetic), then new
phenomena appear.

Bifurcation phenomena of the Gibbs Variational Principle associated with the thermo-
dynamic variables are studied in [CES86].

1.4.1 Gibbs versus non-Gibbs in the local mean-field context

The notion of specification kernel in the mean-field context relies on the following two
facts:

e The Hamiltonian can be written as a function of the magnetization.

e The distribution of a single spin conditional on the exterior only depends on the
magnetization of the exterior.

In the local mean-field context described above this is no longer true. However, the mag-
netization can be replaced by the empirical density (which contains the same information
as the configuration).

15



1 Introduction to Part I

For A C AZ, let 7i: Qn — M(TZ) C M(T?) be the empirical density of o inside A
defined by

1
X (0) = Al Z 0205/N (1.22)
TEA

where M(T%) and M(T9) denote the set of signed measures on T%, respectively, T¢ with
total variation norm < 1 endowed with the weak topology, and 4, is the point measure
at u € T?. Note that o € Qy determines 77 € M(T¢) and vice versa.

Abbreviate the function in (1.22) for A = A? by 7% and for A = A\ {|nu|} by 7%,
u € T?, where |nu]| denotes the component-wise lower-integer part of Nu. The latter is
the empirical density perforated at |nu|. Abbreviate

MY =7V (Qy), MUY = N ( Q). (1.23)

Note that MY C M(T2). Via 7V, the Gibbs measure p¥ on Qy in (1.21) induces a
probability measure iV on MY given by

i =N o (xV)7h (1.24)
Using (1.22), we can rewrite (1.3) in the form
HY(0) = =N?H (7" (o)), (1.25)
where in the right-hand side we introduce the notation
H(v) = <%J*V+h,1/> (1.26)

with
[f *v](u) = /J(u —u')v(du'), (f,v) = /f(u) v(du), (1.27)
Td Td
for f € C(T?), v € M(T?).
Let AV = ﬁ ZmeA 0z/n- We have w — limy 00 AV = ), where ) is the Lebesgue

measure on T¢ and w—lim stands for weak convergence. In what follows we will represent
limit distributions in M(T9) with a Lebesgue density as measures a with o € B, where

B is the closed unit ball in L>(T%). (1.28)

We will refer to a as a profile.

The recipe to define Gibbsianness for a local mean-field model will follow similar ideas
as in the mean-field case. Given any sequence (p”)nen with p?¥ a probability measure
on Qu for every N € N; do the following:

1. Define the single-spin conditional probabilities at site [nu| € T? as

YN (£ a% ) = pN (0| = £1 | 7N (o) = a_y), a%_; € MM, (1.29)
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1.5 Overview of the main results about dynamical Gibbs-non-Gibbs transitions

2. Take the infinite volume limit

yU(£1]a) = lim y“N(£l|a%_,) w-— lim a%_; =aA\ (1.30)
N—o0 N—o0
Remark: We will refer to v* as the specification kernel at the point u. Note that, due
to the inhomogeneity of the system, it is necessary to consider the specification kernel
for all the “macroscopic” points v in the unit torus.
M)

Definition 1.4.1. A sequence of probability measures p = (p* )nen is said to be:

e (libbs when for all u € T¢ the limit in (1.30) exists and is independent of how the
sequence (% _,)Nen converges to &, and & — Y*(£1 | &) is continuous at o for
all v € B.

o Non-Gibbs otherwise. The discontinuity points are called bad profiles.

= (uV)nen with uV defined in (1.21) is Gibbs with

exp[+1 {J * o+ h}(u)]

V(L a) = 2cosh[{J * a+ h}(u)]’

a€ B, ucT. (1.31)

In Chapter 3, following the line of [EK10] for the mean-field context, we use the Large
Deviation Principle for the Kac-type model subject to Glauber dynamics derived in
[Com87] to extend the dynamical approach to the local mean-field context.

1.4.2 Towards the lattice case

In [vVEKO07] some conjectures about how to establish a link between results in the lattice
context and results in the mean-field context are proposed. One way is through the Kac
model introduced in (1.6). At least at the level of the free energy, the Kac model gives a
connection between the lattice model and the mean-field model (see the Lebowitz-Penrose
theorem in [LP66]).

The Kac-type model defined above is different from the Kac model on the lattice. In
the Kac-type model, the limit in the size of the box is scaled together with the strength
of the interaction. The factor ﬁ in (1.20) is needed because of the compactness of the
torus. Without this factor asymptotic observables like the specific free energy may not
exist.

1.5 Overview of the main results about dynamical
Gibbs-non-Gibbs transitions

In this section we present an overview of the main results to be presented in Chapters 2
and 3. We will denote by ~; the specification kernel of the system at time t.
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1.5.1 Results of Chapter 2: Mean-field context

In Chapter 2 we perform a detailed study of Gibbs-non-Gibbs transitions for the Curie-
Weiss model subject to independent spin-flip dynamics (“infinite-temperature” dynam-
ics). Our analysis extends the work of Ermolaev and Kiilske [EK10], who considered
zero magnetic field and finite-temperature spin-flip dynamics. We consider both zero
and non-zero magnetic field, but restrict ourselves to infinite-temperature spin-flip dy-
namics.

We show that the program outlined in [vVEFdHR10] can be fully completed, namely,
Gibbs-non-Gibbs transitions are equivalent to bifurcations in the set of global minima of
the large-deviation rate function I* for the trajectories of the magnetization conditioned
on their endpoint «yg:

Theorem 1.5.1. [Equivalence of non-Gibbsianness and bifurcation]
o = (o | @) is continuous at g if and only if inf,. ,y—a, I'(¢) has a unique mini-
mizing path.

We study in detail the large-deviation rate function for the trajectory of the magne-
tization in the Curie-Weiss model with pair potential J > 0 and magnetic field h € R.
We exploit the fact that, because of the mean-field character of the interaction, and the
fact that the dynamics is independent spin-flips, this rate function can be expressed as a
function of the initial and the final magnetization only (see Proposition 2.1.2), i.e., the
trajectories are uniquely determined by the magnetizations at the beginning and at the
end (see Corollary 2.1.3 and Proposition 2.1.5).

Theorem 1.5.2. [Bifurcation analysis]
The main regimes are:

1. If0 < J <1 (supercritical temperature), then the evolved state is Gibbs at all times.
On the other hand, if J > 1 (subcritical temperature), then there exists some time
Wy at which multiple trajectories appear. The associated non-Gibbsianness persists
for all later times when h = 0 (zero magnetic field).

2. For h # 0 there is a time VU, > Uy at which Gibbsianness is restored for all later
times.

3. There is a change in behavior at J = % Forl<J< %

a) If h =0, then only the zero magnetization is bad for t > V..

b) If h > 0 (h < 0), then there is only one bad magnetization for Uy <t < U,.
This bad magnetization changes with t but is always strictly negative (strictly
positive).

For J > 3 (see Fig. 1.1):

a) If h = 0, then there is a time V. > Wy such that for Uy < t < ¥, there
are two non-zero bad magnetizations (equal in absolute value but with opposite
signs), while for t > V. only the zero magnetization is bad.
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1.5 Overview of the main results about dynamical Gibbs-non-Gibbs transitions

b) If h # 0 and small enough, then there are two times Y > Wy, between ¥y and
W, such that for Uy <t < Up and Uy <t < VU, only one bad magnetization
occurs, while for ¥ <t < Up two bad magnetizations occur.

0 Yu 2 c 1
h=0 . .
0 1 2 1 0
h;éO ° T T T
Uy Up Ur 0,

Figure 1.1: Crossover times for A = 0 and A # 0 when J > % The numbers on top

indicate the number of bad magnetizations at each time.

Some features for h = 0 were already found in [EK10].

All the crossover times depend on J, h and are strictly positive and finite. Our anal-
ysis gives a detailed picture of the optimal trajectories for different J, h and different
conditional magnetizations. Among the novel features we mention:

(1) Presence of forbidden regions that cannot be crossed by any optimal trajectory at
later times. The boundary of these regions is given by the multiple optimal trajecto-
ries when bifurcation sets in. The forbidden regions were predicted in [vVEFdHR10)
and their existence was proven in [EK10] for h = 0.

(2) Existence of overshoots and undershoots in time of the initial magnetization of the
optimal trajectories for h # 0.

(3) Classification of the bad magnetizations leading to multiple optimal trajectories.
These bad magnetizations depend on J, h and change with time.

1.5.2 Results of Chapter 3: Local mean-field context

In Chapter 3 we extend our results for the mean-field context by considering a model with
a Kac-type interaction, i.e., Ising spins with a long-range interaction. Non-Gibbsianness
is shown to correspond to a discontinuous dependence of the law of the initial profile
conditional on the final profile.

As in the mean-field context, such discontinuities are expected to arise whenever there
is more than one trajectory of the profile that is compatible with the bad profile at the
end. The actual conditional trajectories are those minimizing the large-deviation rate
function I* on the space of trajectories of profiles in B (Propositions 3.1.2-3.1.3). The
time-evolved measure is Gibbs whenever there is a single minimizing trajectory for every
final profile, i.e.,

inf I (). 1.32
ey, ') (1.32)
pr=a

In this case the so-called specification kernel can be computed explicitly (Theorem 3.1.4).
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Theorem 1.5.3. [Equivalence of non-Gibbsianness and bifurcation]
For every t > 0, & v+ (- | @) is continuous at o/ € B for all u € T if and only if
(1.32) has a unique minimizing path.

The rate function for the Kac model contains an action integral whose Lagrangian
acts on profiles. This setting constitutes a conceptual step-up from what happens for
the Curie-Weiss model, where the Lagrangian acts on magnetizations and is much eas-
ier to analyze. However, for infinite-temperature dynamics the Kac Lagrangian can be
expressed as an integral of the Curie-Weiss Lagrangian with respect to the profile (The-
orem 3.1.5). This link allows us to identify the possible scenarios of bifurcation.

Theorem 1.5.4. Let (J) := [, J(u)du.

(i) [Short-time Gibbsianness]| There exists a to = to(J, h) € (0,00) such that (1.32)
has a unique global minimizer for all 0 <t <ty and all o/ € B.

(i1) [Mean-field behaviour] If h = c € [0,00) and &' = ¢’ € [-1,+1], then the bifurca-
tion behaviour is the same as for the Curie-Weiss model with parameters (JWV, hCW)
(B(J), Be) and final magnetization ¢ .

The problem of deciding whether or not there exist multiple global minimizers of (1.32)
when o’ is not constant presents major difficulties. Similar but easier equations have
been studied extensively in [CES86], [DMOPT94] and [BCCO05], with partial success. An
additional complication in our case is that non-constant o’ brings a non-homogeneous
parameter into the problem, which makes the analysis even harder. A full analysis of the
global minimizers of (1.32) as a function of J and h therefore remains a challenge.
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This chapter is based on:

R. Ferndndez, F. den Hollander, and J. Martinez. Variational description of Gibbs-
non-Gibbs dynamical transitions for the Curie-Weiss model. Comm. Math. Phys.,
319(3):703-730, 2013.

Abstract

We perform a detailed study of Gibbs-non-Gibbs transitions for the Curie-Weiss model
subject to independent spin-flip dynamics (“infinite-temperature” dynamics). We show
that, in this setup, the program outlined in van Enter, Fernandez, den Hollander and
Redig [VEFdHRI10] can be fully completed, namely, Gibbs-non-Gibbs transitions are
equivalent to bifurcations in the set of global minima of the large-deviation rate function
for the trajectories of the magnetization conditioned on their endpoint. As a consequence,
we show that the time-evolved model is non-Gibbs if and only if this set is not a singleton
for some value of the final magnetization. A detailed description of the possible scenarios
of bifurcation is given, leading to a full characterization of passages from Gibbs to non-
Gibbs and vice versa with sharp transition times (under the dynamics, Gibbsianness can
be lost and can be recovered).

Our analysis expands the work of Ermolaev and Kiilske [EK10], who considered zero
magnetic field and finite-temperature spin-flip dynamics. We consider both zero and non-
zero magnetic field, but restricted to infinite-temperature spin-flip dynamics. Our results
reveal an interesting dependence on the interaction parameters, including the presence of
forbidden regions for the optimal trajectories and the possible occurrence of overshoots
and undershoots in time of the initial magnetization of the optimal trajectories. The
numerical plots provided are obtained with the help of MATHEMATICA.

MSC 2010. 60F10, 60K35, 82C22, 82C27.

Key words and phrases. Curie-Weiss model, spin-flip dynamics, Gibbs vs. non-Gibbs,
dynamical transition, large deviations, action integral, bifurcation of rate function.
Acknowledgment. FdH is supported by ERC Advanced Grant VARIS-267356. JM is
supported by Erasmus Mundus scholarship BAPE-2009-1669. The authors are grateful
to A. van Enter, V. Ermolaev, C. Kiilske, A. Opoku and F. Redig for discussions. Two
anonymous referees are also thanked for their constructive comments.

21



2 Mean-field context

2.1 Introduction and main results

Section 2.1.1 provides background and motivation, Section 2.1.2 a preview of the main
results. Section 2.1.3 introduces the Curie-Weiss model and the key questions to be
explored. Section 2.1.4 recalls a few facts from large-deviation theory for trajectories of
the magnetization in the Curie-Weiss model subjected to infinite-temperature spin-flip
dynamics and provides the link with the specification kernel of the time-evolved measure
when it is Gibbs. Section 2.1.5 states the main results and illustrates these results with
numerical pictures. The pictures are made with MATHEMATICA, based on analytical
expressions appearing in the text. Proofs are given in Sections 2.2 and 2.3. Section 2.1
takes up half of the chapter.

2.1.1 Background and motivation

Dynamical Gibbs-non-Gibbs transitions represent a relatively novel and surprising pheno-
menon. The setup is simple: an initial Gibbsian state (e.g. a collection of interacting
Ising spins) is subjected to a stochastic dynamics (e.g. a Glauber spin-flip dynamics) at
a temperature that is different from that of the initial state. For many combinations of
initial and dynamical temperature, the time-evolved state is observed to become non-
Gibbs after a finite time. Such a state cannot be described by any absolutely summable
Hamiltonian and therefore lacks a well-defined notion of temperature.

The phenomenon was originally discovered by van Enter, Fernandez, den Hollander and
Redig [vEFdHRO02] for heating dynamics, in which a low-temperature Ising model is sub-
jected to an infinite-temperature dynamics (independent spin-flips) or a high-temperature
dynamics (weakly-dependent spin-flips). The state remains Gibbs for short times, but
becomes non-Gibbs after a finite time. Remarkably, heating in this case does not lead
to a succession of states with increasing temperature, but to states where the notion
of temperature is lost altogether. Furthermore, it turned out that there is a difference
depending on whether the initial Ising model has zero or non-zero magnetic field. In
the former case, non-Gibbsianness once lost is never recovered, while in the latter case
Gibbsianness is recovered at a later time.

This initial work triggered a decade of developments that led to general results on
Gibbsianness for small times (Le Ny and Redig [LNR02], Dereudre and Roelly [DR05]),
loss and recovery of Gibbsianness for discrete spins (van Enter, Kiilske, Opoku and
Ruszel [KO08b, vER08, vER09, Opo09, vVEKOR10]), and loss and recovery of Gibbsian-
ness for continuous spins (Kiilske and Redig [KR06], Van Enter and Ruszel [vEROS,
vERO09], Redig, Roelly and Ruszel [RRR10]). A particularly fruitful research direction
was initiated by Kiilske and Le Ny [KLNO07], who showed that Gibbs-non-Gibbs tran-
sitions can also be defined naturally for mean-field models, such as the Curie-Weiss
model. Precise results are available for the latter, including sharpness of the transition
times and an explicit characterization of the conditional magnetizations leading to non-
Gibbsianness (Kiilske and Opoku [KO08a], Ermolaev and Kiilske [EK10]). In particular,
the work in [EK10] shows that in the mean-field setting Gibbs-non-Gibbs transitions
occur for all initial temperatures below criticality, both for cooling dynamics and for
heating dynamics.
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The ubiquitousness of the Gibbs-non-Gibbs phenomenon calls for a better understand-
ing of its causes and consequences. Unfortunately, the mathematical approach used in
most references is opaque on the intuitive level. Generically, non-Gibsianness is proved
by looking at the evolving system at two times, the inital and the final time, and ap-
plying techniques from equilibrium statistical mechanics. This is an indirect approach
that does not illuminate the relation between the Gibbs-non-Gibbs phenomenon and
the dynamical effects responsible for its occurrence. This unsatisfactory situation was
addressed in Enter, Fernandez, den Hollander and Redig [vEFdHR10], where possible
dynamical mechanisms were proposed and a program was put forward to develop a the-
ory of Gibbs-non-Gibbs transitions on purely dynamical grounds. The present paper
shows that this program can be fully carried out for the Curie-Weiss model subject to
an infinite-temperature dynamics.

In the mean-field scenario, the key object is the time-evolved single-spin average con-
ditional on the final empirical magnetization. Non-Gibbsianness corresponds to a dis-
continuous dependence of this average on the final magnetization. The discontinuity
points are called bad magnetizations (see Definition 2.1.1 below). Dynamically, such dis-
continuities are expected to arise whenever there is more than one possible trajectory
compatible with the bad magnetization at the end. Indeed, this expectation is confirmed
and exploited in the sequel. The actual conditional trajectories are those minimizing the
large-deviation rate function on the space of trajectories of magnetizations. The time-
evolved measure remains Gibbsian whenever there is a single minimizing trajectory for
every final magnetization, in which case the specification kernel can be computed explic-
itly (see Proposition 2.1.4 below). In contrast, if there are multiple optimal trajectories,
then the choice of trajectory can be decided by an infinitesimal perturbation of the final
magnetization, and this is responsible for non-Gibbsianness.

2.1.2 Preview of the main results

In the present paper we study in detail the large-deviation rate function for the trajectory
of the magnetization in the Curie-Weiss model with pair potential J > 0 and magnetic
field h € R (see (2.1) below). We exploit the fact that, due to the mean-field character of
the interaction, and the fact that the dynamics is independent spin-flip, this rate function
can be expressed as a function of the initial and the final magnetization only (see Propo-
sition 2.1.2 below), i.e., the trajectories are uniquely determined by the magnetizations
at the beginning and at the end (see Corollary 2.1.3 and Proposition 2.1.5 below). Here
is a summary of the main results:

1. If 0 < J < 1 (supercritical temperature), then the evolved state is Gibbs at all
times. On the other hand, if J > 1 (subcritical temperature) there exists some
time Wy at which multiple trajectories appear. The associated non-Gibbsianness
persists for all later times when h = 0 (zero magnetic field). Some features were
already found by Ermolaev and Kiilske [EK10].

2. For h # 0 there is a time ¥, > Uy at which Gibbsianness is restored for all later
times.
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2 Mean-field context

3. There is a change in behavior at J = % For1 < J<

[J[S)

a) If h = 0, then only the zero magnetization is bad for ¢t > ..

b) If h > 0 (h < 0), then there is only one bad magnetization for Uy < t < U,.
This bad magnetization changes with ¢ but is always strictly negative (strictly
positive).

For J > 3 (see Fig. 2.1):

a) If h = 0, then there is a time ¥, > Wy such that for ¥y < ¢t < ¥, there are
two non-zero bad magnetizations (equal in absolute value but with opposite
signs), while for ¢ > W, only the zero magnetization is bad.

b) If h # 0 and small enough, then there are two times 1 > ¥, between ¥y and
U, such that for ¥y <t < ¥y and U7 <t < ¥, only one bad magnetization
occurs, while for ¥ < ¢t < ¥ two bad magnetizations occur.

0 \IJU 2 \ch 1
h=0 ® .
0 1 2 1 0
h#0 o—eo . °
Uy ¥p Uy U,

Figure 2.1: Crossover times for h = 0 and h # 0 when J > % The numbers on top

indicate the number of bad magnetizations at each time.

All the crossover times depend on J, h and are strictly positive and finite. Our anal-
ysis gives a detailed picture of the optimal trajectories for different J, h and different
conditional magnetizations. Among the novel features we mention:

(1) Presence of forbidden regions that cannot be crossed by any optimal trajectory at
later times. The boundary of these regions is given by the multiple optimal trajecto-
ries when bifurcation sets in. The forbidden regions were predicted in [vVEFdHR10)
and first found, for h = 0, by Ermolaev and Kiilske [EK10].

(2) Existence of overshoots and undershoots in time of the initial magnetization of the
optimal trajectories for h # 0.

(3) Classification of the bad magnetizations leading to multiple optimal trajectories.
These bad magnetizations depend on J, h and change with time.

2.1.3 The model
Hamiltonian and dynamics

The Curie-Weiss model consists of N Ising spins, labelled i = 1,..., N with N € N. The
spins interact through a mean-field Hamiltonian —that is, a Hamiltonian involving no
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geometry and no sense of neighborhood, in which each spin interacts equally with all
other spins—. The Curie-Weiss Hamiltonian is

N N
H"(0) = —5& Z UiO'j—hZUi, o€ Qn, (2.1)
i=1

i,j=1

where J > 0 is the (ferromagnetic) pair potential, h € R is the (external) magnetic
field, Qx := {—1,+1}" is the spin configuration space, and o := (0;)Y; is the spin
configuration. The Gibbs measure associated with H™ is

N e_HN (G)
with ZV the normalizing partition sum.
We allow this model to evolve according to an independent spin-flip dynamics, that is, a
dynamics defined by the generator Ly given by (see Liggett [Lig85] for more background)

N

(Lnf)(0) =) [f(e") = f(o)l, f: Qv =R, (2.3)

i=1
where o% denotes the configuration obtained from o by flipping the spin with label i. The
resulting random variables o(t) := (0;(¢))}; constitute a continuous-time Markov chain
on Qn. We write u,{v to denote the measure on 2 at time t when the initial measure is

™ and abbreviate p; := (1)) yen.

Empirical magnetization

To emphasize its mean-field character, it is convenient to write the Hamiltonian (2.1) in
the form

HN(0) = NH(mp(0)) (2.4)
where
H(z) = —3J2” — ha, z €R. (2.5)
and
X
my (o) := N Zcri (2.6)

is the empirical magnetization of o € Qu, which takes values in the set My := {—1, -1+
2N-L ... +1—2N~1 +1}. The Gibbs measure on Q0 induces a Gibbs measure on My
given by

N e—NH(m)
=N -

where ZV is the normalizing partition sum.
The independent (infinite-temperature) dynamics has the simplifying feature of pre-
serving the mean-field character of the model. In fact, the dynamics on Qy induces a
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2 Mean-field context

dynamics on My, which is a continuous-time Markov chain (m);>0 with generator Ly
given by
- 1+m 1 1-m 1

(Lnf)(m) = —5= N[f(m =2N7") = f(m)] + —5— N[f(m +2N7") = f(m])], (2.8)
for f: My — R. Adapting our previous notation we denote i)Y the measure on
My at time t, and abbreviate fi; := (fi)’)nen. Due to permutation invariance, pl¥
characterizes i)Y and vice versa, for each N and t. We write PV to denote the law of
(m{")¢>0, which lives on the space of cadlag trajectories Djg o0)([—1, +1]) endowed with
the Skorohod topology.

Bad magnetizations

Non-Gibbsianness shows up through discontinuities with respect to boundary conditions
of finite-volume conditional probabilities. For the Curie-Weiss model it is enough to
consider the single-spin conditional probabilities

W (o1 | an-1) = pp (o1 | on-1) (2.9)

defined for o1 € {—1,4+1} and any_1 € My_1, and any spin configuration ony_1 € Qn_1
such that my_1(ocn-1) = any—1. By permutation invariance, (2.9) does not depend on
the choice of oy _1.

The central definition for our purposes is the following.

Definition 2.1.1. (Kiilske and Le Ny [KLN07]) Fiz t > 0.
(a) A magnetization o € [—1,+1] is said to be good for y if there exists a neighborhood
N, of a such that

(@)= Jim (o), (2.10)

exists for all & in N, and all (an)nen such that ay € My for all N € N and
limy 0o any = @, and is independent of the choice of (an)nen. The limit is called
the specification kernel. In particular, & — (- | @) is continuous at & = a.

(b) A magnetization o € [—1,+1] is called bad if it is not good.

(c) e is called Gibbs if it has no bad magnetizations.

2.1.4 Path large deviations and link to specification kernel

The main point of our work is our relation between path large deviations and non-
Gibbsianness. For the convenience of the reader, let us recall some basic large deviation
results for the Curie-Weiss model. For background on large deviation theory, see e.g. den
Hollander [dHO0O).

Path large deviation principle
Let us recall that a family of measures "V on a Borel measure space satisfies a large

deviation principle with rate function I and speed N if the following two conditions are
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2.1 Introduction and main results

satisfied:
| N .
—_ > .
l}ﬁgof N logv™ (A) > ;relg I(x) for A open (2.11)
1
limsup — logvV(A) < —supI(z) for A closed (2.12)
Nooo N €A

The proof of the following proposition is elementary and can be found in many refer-
ences. The indices S and D stand for static and dynamic.

Proposition 2.1.2. (Ermolaev and Kiilske [EK10], Enter, Fernandez, den Hollander
and Redig [vEFdHR10])

(i) (aN)nen satisfies the large deviation principle on [—1,+1] with rate N and rate
function Is — inf(Is) given by

Is(m) = B(m) + I(m),  I(m):= > +2m log(1 + m) + + _2’”

log(1 —m). (2.13)

(ii) For every T > 0, the restriction of (PN)nen to the time interval [0,T] satisfies the
large deviation principle on Dy )([—1,+1]) with rate N and rate function I" — inf(I")
given by

I (@) = Is((0)) + I (), (2.14)
where
1 = { 5 Moot 7 s 219

is the action integral with Lagrangian

L(m,m) := —%\/4(1 —m2) +m? + %m10g< 1 _2("17’? ;)mum) +1. (2.16)

Let

Qi\fa(m) = pN (mn(0) =m | my(t) =a), me My (2.17)

be the conditional distribution of the magnetization at time 0 given that the magnetiza-
tion at time ¢ is a. The contraction principle applied to Proposition 2.1.2(ii) implies the
following large deviation principle.

Corollary 2.1.3. For every t > 0 and a € [-1,+1], (Q},)nen satisfies the large devi-
ation principle on [—1,+1] with rate N and rate function Cy o — inf(Cy.o) given by

Cio(m):= inf  I'(p). (2.18)
p: p(0)=m,
p(t)=a
Note that
inf Cio(m)= inf inf It = inf TI%(yp). 2.19
me[—1,+1] t’( ) me[—1,+1] ga:g((;g)O):m, (%) v: p(t)=a (¥) ( )
p(t)=a
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2 Mean-field context

Link to specification kernel

The following proposition — a part of which appears in [EK10]- provides the fundamental
link between the specification kernel in (2.10) and the minimizer of (2.19) whenever it is
unique, and is a straightforward generalization to an arbitrary magnetic field of a result
for zero magnetic field stated and proved in Ermolaev and Kiilske [EK10].

Proposition 2.1.4. Fiz t > 0 and « € [—1,+1]. Suppose that (2.19) has a unique
minimizing path (9r.q(s))o<s<t. Then the specification kernel equals

AP O+, (7, )
U502, (z,y)

_ e
Zret-t41) 2 e {-1,+1}, (2.20)

(2 @) = z
2 ye(-1,41} €
where pi(-,-) is the transition kernel of the continuous-time Markov chain on {—1,+1}
jumping at rate 1, given by py(1,1) = pi(—=1,—1) = e tcosh(t) and p/(—1,+1) =
pe(1,—1) = e~ tsinh(t).

Remark: Note that the expression in the right-hand side of (2.20) depends on the
optimal trajectory only via its initial value @ (0). Thus, (2.20) has the form

7z | @) = To(, Jpr.a(0) + ), (2.21)
where ¢ o(0) is the unique global minimizer of m — C)o(m) and m — I';(z,m) is
continuous and strictly increasing (strictly decreasing) for z =1 (z = —1).

Reduction

The next proposition allows us to reduce (2.19) to a one-dimensional variational problem.
Consider the equation

K (m) = by o (m) (2.22)
with
k7" (m) := a’(m) cosh(2h) + b’ (m) sinh(2h), (2.23)
lt,o(m) := mcoth(2t) — acsch(2t),
where a’(m) := sinh(2Jm) — m cosh(2Jm),
(2.24)

b’ (m) := cosh(2Jm) — msinh(2Jm).
Proposition 2.1.5. Let C; be as in (2.18). Then, for everyt >0 and o € [—1,+1],
Cio(m) = Is(m)
1 1—a? 1-R—2Ciae 2] [14+ R—2C1m
— <4t +1 1
3 { +log (1 —m2) loe <[1 +R- ZC’lae—Qt] [1 —R-20m|) (2.25)

. —9t 2t .
19 |:O¢10g (R Cle +02€ > _m10g<R Cl+02>:|}

11—« 1—-m
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2.1 Introduction and main results

with .
Cc, = Cl(t,a,m) = %,
Co = Colt,a,m) = ome (2.26)

R = R(Ol,OQ) = \/1—40102.

Furthermore, the critical points of Cy o, are the solutions of (2.22). Hence,

inf I'(p) = i Cta 2.27
p: glalgt):a (4,0) m solIg}isn(2.22) b (m) ’ ( )

and the constrained minimizing trajectories are of the form

Pr(s) = csch(zt){msmh(z(t — )+ asinh(QS)} 0<s<t (2.28)
m=rm(t,a) := argmin [Ctlo“solutions of (2_22)} . (2.29)
The identities
k7" (m) = 2cosh®(Jm + h) [tanh(Jm + h) —m] +m (2.30)
and
tli)rgo lta(m)=m (2.31)

imply that in the limit ¢ — oo (2.22) reduces to tanh(Jm + h) = m. This is the equation
for the spontaneous magnetization of the Curie-Weiss model with parameters J, h. This
equation has always at least one solution and the value

m> =m®(J,h) := the largest solution of the equation tanh(Jm + h) =m (2.32)

is well known to be strictly positive if h > 0 or if J > 1. In these regimes, the standard
Curie-Weiss graphical argument shows that, for m > 0,

k7" (m) § m < m % m> . (2.33)
We also remark that when ¢ — O the function l; , converges to the line defined by the

equation m = «. This implies that for short times there is a unique solution of (2.22)
and it is close to a.

2.1.5 Main results

In Section 2.1.5 we state the equivalence of non-Gibbs and bifurcation that lies at the
heart of the program outlined in [vVEFdHRI0] (Theorem 2.1.6). In Section 2.1.5 we
introduce some notation. In Section 2.1.5 we identify the optimal trajectories for « = 0,
h = 0 (Theorems 2.1.7-2.1.8). In this Section we also extend this identification to
a € [-1,+1], h € R (Theorem 2.1.9). Finally we summarize the consequences for Gibbs
versus non-Gibbs (Corollary 2.1.10).
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2 Mean-field context

Equivalence of non-Gibbs and bifurcation

The following theorem proves the suspected equivalence in the present model between dy-
namical non-Gibbsianness, i.e., discontinuity of @ +— (- | &) at ap, and non-uniqueness
of the global minimizer of m + Ci o,(m), i.e., the occurrence of more than one possible
history for the same «. This equivalence was already mentioned in Ermolaev-Kiielske
[EK10].

Theorem 2.1.6. o — (0 | ) is continuous at a if and only if inf,. ,y—a, I'(¢) has
a unique minimizing path or, equivalently, inf,,c(—1,11) Ct,ao (M) has a unique minimizing
magnetization.

Notation

Due to relation (2.27), our analysis focusses on the different solutions of (2.22) obtained
as t,« are varied. In particular, we must determine which of them are minima of the
variational problem in (2.19). We write

Ay o = the set of global minimizers of C} 4. (2.34)

For brevity, when « is kept fixed and A, ,, is a singleton {m(t, o)} for each ¢, we write 1 (t)
instead of m(t, ). When h, a = 0, by symmetry we have Ay o = {0} or Ay = {2m(t)},
where in the last case we denote by 7 (t) the unique positive global minimizer. If both
the initial and final magnetizations are fixed, then there is a unique minimizer that we
denote as in (2.28). That is,

¢y, = argmin Ip(p) (2.35)
@ p(0)=m,
p(t)=a

for m, o € [-1,+1]. We emphasize that, by definition, Cy o (m) = I'($]",) and @y o(s) =

A (t,o)

Pra (s),s €0,t]. In particular 7 (t, ) = Py, (0).

Optimal trajectories for « =0, h =0
The following theorem refers to a critical time

farccoth(2J —1) if1<J <3,

2.36
ts if J >3, (2:36)

U, =W, (J) = {
where t, = t.(J) is implicitly calculable: ¢, = t(m.) where the function ¢(m) is defined
in (2.52) below and m, = m.(J) is the solution of (2.59).

Theorem 2.1.7. (See Fig. 2.2.) Consider a« =0 and h = 0.

(i) If 0 < J < 1, then
Aro = {0}, Vt>0. (2.37)
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2.1 Introduction and main results

(it) If 1 < J < 3, then

_ [0 fo<t<w,
Bro = { {£m(t)} ift> W, (2.38)

where t — Mm(t) is continuous and strictly increasing on [¥.,00) with m(¥.) = 0.

(iii) If J > 3, then

_J {0} if 0 <t< W,

Beo = { {0} ift> ., (2:39)
where t — 1(t) is continuous and strictly increasing on [V.,00) with m(¥.) =:
my > 0.

r‘f:(t,a) rﬁ(t,a)
wegm
t, v a=0 m v a=0
[ 02 03 ol K 0 s
C},() : C[,ll
t(: tl) <V, t=WV, t(: t2) > U,

Figure 2.2: Ilustration of Theorem 2.1.7. First row: Time evolution of the minimizing
trajectories (¢ 0(s))o<s<t for t < U., t = U, and t > U, for an initial
Curie-Weiss model with (J,h) = (1.6,0) [regime (iii) in the Theorem]. The
shaded cone is the forbidden region. Second row: Plot of m — Cyo(m) for
the same times and parameter values.

Let A¢(J) denote the cone between the trajectories £¢; . As a consequence of the
previous theorem, mo minimal trajectory conditioned in ¢ with ¢’ > ¢ can intersect
the interior of this region. Such a cone corresponds, therefore, to a forbidden region.
Forbidden regions grow, in a nested fashion, as the conditioning time ¢ grows. There is,
however, a distinctive difference between regimes (ii) and (iii) in the previous theorem:
In Regime (ii) the forbidden region opens up continuously after ¥., while in Regime (iii)
it opens up discontinuously. These facts are summarized in the following theorem.

Theorem 2.1.8. Suppose that o« =0 and h = 0.
(i) J — m.(J) is strictly increasing on (3, 00).
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2 Mean-field context

(it) J — W.(J) is strictly decreasing on (1,00).
(iii) J — Ny o(J) is left-continuous at J = 3 for all t > Wc(3).

(iv) J— Ay, (5y,0(J) is Tight-continuous at J = J for all J > 3.

(v) For every J < 3/2 the map t — Ay o(J) is continuous.

(vi) For every J > 3/2 the map t — Ay o(J) is continuous except at t = U, where it
erhibits a right-continuous jump.

Optimal trajectories for « € [—-1,+1], h e R

Fore fixed (J, h) and « we say that there is (See Fig. 2.3):

No bifurcation if Ay, = {Mm(t,a)}, for all t > 0 and the map ¢t — (¢, a) is
continuous on [0, 0o).

Bifurcation when there exists a 0 < tp < oo such that ¢t — m(t,«) continuous
except at t = tp and |A, o] = 2.

Double bifurcation if there exist times 0 < sp < tp < oo such that ¢t — m(¢, a)
continuous except at t =tp and t = sp, and |Agp o = |Aip .0l = 2.

Trifurcation if there exists a 0 < t7 < oo such that ¢t — 7m(¢, ) is continuous
except at t = tr and [Ay, o] = 3.

The bifurcation times tp and spg, the trifurcation time 7 and the trifurcation magneti-
zation My (defined below) all depend on J, h.

@=0.057,£3=0.0600321 @=-0.143,1,=0.259404,5,=0.0729331 @=-0.0761756,1,=0.0886908
Ciu . Ct'“

-05

Bifurcation Double bifurcation Trifurcation

Figure 2.3: Different scenarios for the evolution in time of m — Cyo(m). Drawn lines:
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t=tp, t=tp,sp, t = tr (times at which multiple global minima occur or,
equivalently, discontinuity points of ¢ — (¢, ). Dotted lines: earlier time.
Dashed lines: later time.
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The following theorem summarizes the behaviour of A; , (and therefore of the mini-
mizing trajectories ¢yq) for different ¢, . For J > 3, let

mk/J,h (m) _ k‘]’h (m)
cschlarccoth(k'"(m))]’

Up =Ug(J,h) := max F(m), (2.40)
me[0,1]

Lp=Lg(J,h):= mél[lil% 0 F(m).

F(m) :=

Theorem 2.1.9. (See Figs. 2.3-2.4.)

(1) Suppose that k" (a) # 0.
(la) If k7"(a) > 0 and o > 0, then there are m} > 0 and tg = tr(mf) > 0
(implicitly calculable from (2.73)) such that t — 1(t) is strictly increasing on
[0,tr] and strictly decreasing on [tg,00) with m(tg) = mj, > m>.
(1b) If k7" (a) < 0 and o > 0, then t v+ 1(t) is strictly decreasing on [0,00).
(1c) If k7" (a) > 0 and o < 0, then t — m(t) is strictly increasing on [0, 00).
(1d) If k7" (a) < 0 and a < 0, then there are myp > 0 and tgp = tr(mpz) > 0
(implicitly calculable from (2.74)) such that t — mm(t) is strictly decreasing on
[0,tr] and strictly increasing on [tr,00) with m(tr) = my < a.
In all cases 1(0) = o and limy_, o 1(t) = M.

(2) Suppose that h = 0.
(2a) If 0 < J < 1, then there is no bifurcation.
(2b) If1<J< %, then there is bifurcation only for a = 0.
(2¢) If J > 2, then there is bifurcation if o € (—Up,Ugp) and no bifurcation
otherwise.

(3) Suppose that h > 0.
(3a) If 0 < J <1, then there is no bifurcation.
(3b) If1 < J < 3, then there is bifurcation for a € [-1,Ug) and no bifurcation for
a€ [Up,1].
(3c) If J > 2, then there exists a h. = h.(J) >0 such that
- for every 0 < h < h, there exists a My € (Lg,Up) with My < 0 such that
there is

* no bifurcation for a € [Ug,1],

* bifurcation for a € (Mrp,Ug),

* trifurcation for a = Mr,

* double bifurcation for o € (Lg, Mr),
* bifurcation for o € [—1,Lg].

- for every h > h* the behavior is the same as in (3b).
In all cases o+~ tp(a) is continuous and decreasing and o — sp(«) is continuous
and increasing.
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2 Mean-field context

Theorem 2.1.9 gives a complete picture of the bifurcation scenario. Regime (1) —which
includes cases with zero and nonzero magnetic field— describes two types of behavior
of optimal magnetization trajectories: monotone trajectories [cases (1b) and (1c)] and
trajectories with overshoot [cases (1a) and (1d)]. In the latter, m(t) increases to some
magnetization m;g larger (my smaller) than m> and afterwards decreases (increases)
to m®>. Regimes (2)and (3) refer to the existence of bifurcations and trifurcations.
We observe that the different bifurcation behaviors —no bifurcation, single and double
bifurcation— hold for whole intervals of the conditioning magnetization. In contrast,
trifurcation appears at a single final magnetization for small h # 0.

0.5F

______ * ___0_5\ ==te-- - 15 t
05t 056~ - — - [2
mR
1.0~ 1.0
Regime (1a) Regime (1d)
m(t,a) m(t,a)
1.0 10
05 osk
------ a
s e ¢ S ‘ P
05 10 R S s T 15
e - 7
0.5+ 0.5F
1.0 1.0
Regime (1b) Regime (1c)

Figure 2.4: Different regimes of Theorem 2.1.9. Evolution in time of the minimizing tra-
jectories (¢1,a(8))o<s<t for t < tr (dotted), t = tg (drawn), t > tr (dashed).

Gibbs versus non-Gibbs

Theorem 2.1.6 establishes the equivalence of bifurcation and discontinuity of specifica-
tions, as proposed in the program put forward in [vEFdHR10]. Due to this equivalence,
the following corollary provides a full characterization of the different Gibbs—nonGibbs
scenarios appearing during the infinite-temperature evolution of the Curie-Weiss model.
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2.2 Proof of Proposition 2.1.5 and Theorems 2.1.6-2.1.8
Let

0< Py := tB(UB) <V := tB(LB) <VUp:= tB(MT) <V, := tB(—l), (241)

and let Mp be the solution of t5(Mp) = V. Denote D; C [—1,+1] the set of a-values
for which a — 74(-|a) is discontinuous.

Corollary 2.1.10. (See Fig. 2.5.)

(1) Let h=0.
(la) If 0 < J < 1, the evolved measure p; is Gibbs for all t > 0.
(Ib) If 1 < J < 3, then py is
- Gibbs for 0 <t < U,
- non-Gibbs for t > U, with D, = {0}.
(le) If J > %, then ; is
- Gibbs for 0 <t < Uy,
- non-Gibbs for t > Uy with
* Dy = {xa} for some a € (—Up,Up) if Uy <t < P,
* Dy ={0} if t > U,.

(2) Let h > 0.
(2a) If 0 < J < 1, then uy is Gibbs for t > 0.
(2b) If1<J < %, then g is
- Gibbs for 0 <t < Uy,
- non-Gibbs for ¥y <t < U, with Dy = {a} for some a € [-1,Up),
- Gibbs fort > U,.
(2¢) If J > % and h < h* small enough, then p; s
- Gibbs for 0 <t < Uy,
- non-Gibbs for ¥y <t < U, with
* Dy = {a} for some a € [Mp,Up) if ¥y <t < Uy,
* Dy = {at,a?} for some o', a? € (Lp, Mp) if V1, <t < ¥r,
* Dy ={a} for some a € [-1, My] if Up <t < U,.
- Gibbs for t > W,.. If h > h*, then the behaviour is as in (2b).

In all cases o', o o depend on (t,J,h).

2.2 Proof of Proposition 2.1.5 and Theorems 2.1.6-2.1.8

Proposition 2.1.5 is proven in Section 2.2.1, Theorems 2.1.6-2.1.8 are proven in Sec-
tions 2.2.2-2.2.4.
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Figure 2.5: Summary of Corollary 2.1.10: Time versus bad magnetizations for different
regimes. On the vertical a-axis, indicated by a thick line, is the set of bad
magnetizations. G=Gibbs, NG=non-Gibbs.

2.2.1 Proof of Proposition 2.1.5
Proof. First note that, by (2.14),

inf  If(p)= inf To(m)+  inf It . 9 49
¢ p(t)=ca (©) me[—1,+1] s(m) ®: q()SJ):rm p(¥) ( )
o(t)=a

It follows from (2.14-2.15) and the calculus of variations that the stationary points of
the right-hand side of (2.42) are given by the Euler-Lagrange equations, complemented
with a free-left-end condition and a fixed-right-end condition:

%%(‘P(SW(S)) = g—i(w(S),cb(s)), se (0,1),
L ot o] _ = o] 2.43)

o(t) = a.
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2.2 Proof of Proposition 2.1.5 and Theorems 2.1.6-2.1.8

The first and the third equation in (2.43) come from the third infimum in (2.42) and,
together with (2.16), determine the form (2.28) of the stationary trajectory. Inserting
this form into (2.14) we identify

I == Cra(m), (2.44)

as stated in (2.25)—(2.26). This identity reduces (2.19) to a one-dimensional variational
problem,

inf  I'(p)= ~inf I(§)) = inf Cia 2.45
sa:slal(lt):a () m€[1£11,+1] (Pa) me[lflu_l] ta(m) (2.45)

The second equation in (2.43) corresponds to the second infimum in (2.42) or, equiva-
lently, to the rightmost infimum in (2.45). It gives a trade-off between the static and the
dynamic cost, establishing a relation between the initial magnetization and the initial
derivative. After some manipulations this equation can be written in the form

—1g=a’(m)cosh(2h) + b7 (m)sinh(2h),  m =7 (0), g¢=¢/L(0).  (2.46)
Differentiating (2.28), we get
gézla(s) =2 csch(2t){a cosh(2s) — m cosh(2(t — s))}, (2.47)

and eliminating ¢ from the last identity in (2.46) in favor of ¢ and «, we conclude that
m must be a solution of (2.22). Imposing this restriction to the chain of identities (2.45)
we obtain (2.27) and hence (2.28)—(2.29). O

From now on our arguments rely on the study of (2.22), combined with continuity
properties of C o as a function of ¢, a.

2.2.2 Proof of Theorem 2.1.6

Equation (2.20) follows in the same way as in the proof of Theorem 2.5 in [EK10]. Having
disposed of this identity, we can now proceed to prove the equivalence. The proof relies
on the following lemma.

Lemma 2.2.1. For any t > 0 and ag € [—1,+41], there exists an open neighbourhood
Naoo # @ of the later, such that for all a € Ny, \ {ao}

1. Ct.o has only one global minimum, namely, m(t,a).

2. & m(t, &) is continuous at . If Cy o, has a unique global minimum, the conti-
nuity s also valid at o = ay.

3. If Ct oy has multiple global minima, for two of them, namely, ma(t, ao) and
mB (ta 040)

lim 7(t, @) = ma(t,ap) and lm 7m(t, @) =mp(t, ao).
alag atag
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Proof. A straightforward study of (2.22) shows that C; , has a finite number of critical
points, for every fixed choice of J, h,t, c.

Clearly, a — C o and o +— [, are continuous with respect to the infinity norm in
C([-1,41],R). This, together with the fact that the left-hand side of (2.22) does not
depend on «, implies continuity of any critical point with respect to a.

Let mm;(t, ), @ =1,...,v be the global minima of Cy ,,. By continuity of the critical
points, there exists a neighbourhood /\70(0 and smooth functions /\7040 3 a— my(t, ),
i=1,...,v, such that

i. m;(t, @) are local minima of C} ,,

ii. lim mi(t, a) = ’ﬁ’Li(t, O[Q).
a— Qo
These properties prove the lemma if v = 1. Otherwise, let

Bi(a) := Cpo(Mi(t, a)).
The minimal cost is attained at the smallest of them:
Cro(m(t,a)) = miin B