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Chapter 3

Bayesian Inconsistency under
Misspecification

We empirically show that Bayesian inference can be inconsistent under mis-
specification in simple linear regression problems, both in a model averaging/
selection and in a Bayesian ridge regression setting. We use the standard linear
model, which assumes homoskedasticity, whereas the data are heteroskedastic
(though significantly, there are no outliers), and observe that the posterior puts
its mass on ever more high-dimensional models as the sample size increases.
To remedy the problem, we equip the likelihood in Bayes’ theorem with an
exponent called the learning rate, and we propose the SafeBayesian method to
learn the learning rate from the data. SafeBayes tends to select small learning
rates as soon the standard posterior is not ‘cumulatively concentrated’, and its
results on our data are quite encouraging.

In this chapter, we focus on introducing both the problem and the solution
we propose, and we provide our main experiments with Bayes and SafeBayes.
The discussion of Bayesian inconsistency will be continued in Chapters 4 (ana-
lysing the underlying reasons for the behaviour of Bayes and SafeBayes) and 5
(providing several additional experiments to check the generality of our find-
ings). An overview of these three chapters is provided in Section 3.1.1, and an
‘executive summary’ of all the experiments in Chapters 3 and 5 combined is
provided in Section 3.5.5 at the end of Chapter 3.

3.1 Introduction
The problem We empirically demonstrate the inconsistency of Bayes factor
model selection, model averaging and Bayesian ridge regression under model
misspecification on a simple linear regression problem with random design.
We sample data (X1, Y1), (X2, Y2), . . . i.i.d. from a distribution P∗, where Xi =
(Xi1, . . . , Xipmax) are high-dimensional vectors, and we allow pmax = ∞. We
use nested modelsM0,M1, . . . whereMp is a standard linear model, consist-

39



40 Chapter 3. Bayesian Inconsistency under Misspecification

ing of conditional distributions P(· | β, σ2) expressing that

Yi = β0 +
p

∑
j=1

β jXij + εi (3.1)

is a linear function of p ≤ pmax covariates with additive independent Gauss-
ian noise εi ∼ N(0, σ2). We equip each of these models with standard priors
on coefficients and the variance, and also put a discrete prior on the models
themselves. M :=

⋃
p=0,...,pmaxMp does not contain the conditional ‘ground

truth’ P∗(Y | X) (hence the model is ‘misspecified’), but it does contain a P̃
that is ‘best’ in several respects: it is closest to P∗ in KL (Kullback-Leibler) di-
vergence, it represents the true regression function (leading to the best squared
error loss predictions among all P ∈ M) and it has the true marginal variance
(explained in Section 3.2.3). Yet, while P̃ ∈ M0 andM0 receives substantial
priormass, as n increases, the posterior putsmost of its mass on complexMp’s
with higher and higher p’s, and, conditional on theseMp’s, at distributions
which are very far from P∗ both in terms of KL divergence and in terms of L2
risk, leading to bad predictive behaviour in terms of squared error. Figures 3.1
and 3.2 illustrate a particular instantiation of our results, obtained when Xij
are polynomial functions of Si and Si ∈ [−1, 1] uniformly i.i.d. We also show
comparably bad predictive behaviour for various versions of Bayesian ridge
regression, involving just a single, high-but-finite dimensional model. In that
case Bayes eventually recovers and concentrates on P̃, but only at a sample size
that is incomparably larger than what can be expected if the model is correct.

These findings contradict the folk wisdom that, if the model is incorrect,
then “Bayes tends to concentrate on neighbourhoods of the distribution(s) in
M that is/are closest to P∗ in KL divergence.” Indeed, the strongest actual
theorems to this end that we know of, (Kleijn and Van der Vaart, 2006; De Blasi
and Walker, 2013; Ramamoorthi et al., 2013), hold, as the authors emphasize,
under regularity conditions that are substantially stronger than those needed
for consistency when the model is correct (as by e.g. Ghosal et al. (2000) or
Zhang (2006a)), and our example shows that consistency may fail to hold even
in relatively simple problems.

The solution: Generalized posterior and SafeBayes Bayesian updating can
be enhanced with a learning rate η, an idea put forward independently by sev-
eral authors (Vovk, 1990;McAllester, 2003; Barron andCover, 1991;Walker and
Hjort, 2002; Zhang, 2006a) and suggested as a tool for dealing with misspeci-
fication by Grünwald (2011; 2012). η trades off the relative weight of the prior
and the likelihood in determining the η-generalized posterior, where η = 1 cor-
responds to standard Bayes and η = 0means that the posterior always remains
equal to the prior. When choosing the ‘right’ η, which in our case is signifi-
cantly smaller than 1 but of course not 0, η-generalized Bayes becomes com-
petitive again. In general, the optimal η depends on the underlying ground
truth P∗, and the problem has always been how to determine the optimal η
empirically, from the data.
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Figure 3.1: The conditional expectation E[Y | X] according to the full Bayesian
posterior based on a prior on models M0, . . . ,M50 with polynomial basis
functions, given 100 data points sampled i.i.d. ∼ P∗ (about 50 of which are
at (0, 0)). Standard Bayes overfits, not as dramatically as maximum likelihood
or unpenalized least squares, but still enough to show dismal predictive be-
haviour as in Figure 3.2. In contrast, SafeBayes (which chooses learning rate
η ≈ 0.4here) and standardBayes trained only at the points forwhich themodel
is correct (not (0, 0)) both perform very well.

Figure 3.2: The expected squared error risk (defined in (3.3)), obtained when
predicting by the full Bayesian posterior (brown curve), the SafeBayesian pos-
terior (red curve) and the optimal predictions (black dotted curve), as a func-
tion of sample size for the setting of Figure 3.1. SafeBayes is the R-log-version
of SafeBayes defined in Section 3.4.2. Precise definitions and further explana-
tion in Section 3.5.1 and Section 3.5.2.
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Recently, Grünwald (2012) proposed the SafeBayesian algorithm for learn-
ing η, and theoretically showed that it achieves good convergence rates in
terms of KL divergence on a variety of problems. Here we show empirically
that SafeBayes performs excellently in our regression setting, being competi-
tive with standard Bayes if the model is correct and very significantly outper-
forming not just standard Bayes, but also cross-validation and approaches such
as AIC when the model is incorrect. We do this by providing a wide range of
experiments, varying parameters of the problem such as the priors and the
true regression function and studying various performance indicators such as
the squared error risk, the posterior on the variance etc.

We note that a Bayesian’s (and our) first instinct would be to learn η itself
in a Bayesian manner instead. Yet this does not solve the problem, as we show
in Section 3.5.4, where we consider a setting in which 1/η turns out to be ex-
actly equivalent to the λ regularization parameter in the Bayesian Lasso and
ridge regression approaches. We find that selecting η by (empirical) Bayes, as
suggested by e.g. Park and Casella (2008), does not nearly regularize enough in
ourmisspecification experiments. In the Bayesian ridge regression settingwith
fixed variance, the SafeBayesian algorithm becomes very similar to learning λ
by cross-validation with squared-error loss, as is standard in frequentist ridge
regression (cross-validation with a logarithmic score does not work however).
In the varying variance case, there is no such straightforward interpretation of
SafeBayes.

The type of misspecification The models are misspecified in that they make
the standard assumption of homoskedasticity — σ2 is independent of X —
whereas in reality, under P∗, there is heteroskedasticity, there being a region
of X with low and a region with (relatively) high variance. Specifically, in our
simplest experiment the ‘true’ P∗ is defined as follows: at each i, toss a fair
coin. If the coin lands heads, then sample Xi from a uniform distribution on
[−1, 1], and set Yi = 0+ εi, where εi ∼ N(0, σ2

0 ). If the coin lands tails, then set
(Xi, Yi) = (0, 0), so that there is no variance at all. The ‘best’ conditional dens-
ity P̃, closest to P∗(Y | X) in KL divergence, representing the true regression
function Y = 0 and reliable in the sense of Section 3.2.3, is then given by (3.1)
with all β’s set to 0 and σ̃2 = σ2

0 /2. In a typical sample of length n, we will thus
have approximately n/2 points with Xi uniform and Yi normal with mean 0,
and approximately n/2 points with (Xi, Yi) = (0, 0). These points seem ‘easy’
since they lie exactly on the regression function one would hope to learn; but
they really wreak severe havoc.

The in-liers cause the problem While it is well-known that in the presence
of outliers, Gaussian assumptions on the noise lead to problems, both for fre-
quentist and Bayesian procedures, in the present problem we have ‘in-liers’
rather than outliers. Also, if we slightly modify the setup so that homoske-
dasticity holds, standard Bayes starts behaving excellently, as again depicted
in Figures 3.1 and 3.2. Finally, while the figure showswhat happens for polyno-
mials, we used independent multivariate X’s rather than nonlinear basis func-
tions in the main experiments below, getting essentially the same results. All
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this indicates that the inconsistency is really caused bymisspecification, in par-
ticular the presence of in-liers, and not by anything else. The setup is inspired
by the work of Grünwald and Langford (2004, 2007), who gave a mathemat-
ical proof that Bayesian inference can be inconsistent under misspecification
in a related but much more artificial classification setting. Here we show that
this can also happen in a much more natural regression setting. The setting
being more natural, it is also harder to analyse, and we only demonstrate the
inconsistency empirically.

3.1.1 Overview of Chapters 3 to 5
KL-associated inference tasks Section 3.2 introduces our regression setting
and the main concepts needed to understand our results. A crucial point here
is that, if Bayesian (or other likelihood-based methods) converge at all to a dis-
tribution in the modelM, this distribution (often called the ‘pseudo-truth’) is
the P̃ ∈ M that minimizes KL divergence to the true distribution P∗. While
the minimum KL divergence point is often not of intrinsic interest, for some
(not all) models, P̃ can be of interest for other reasons as well (Royall and Tsou,
2003): there may be associated inference tasks for which P̃ is suitable as well.
For standard linear models with fixed σ2, the main associated task is squared
error prediction: the KL-optimal P̃ is also optimal, among all P ∈ M, in terms
of squared error prediction risk. If additionally σ2 becomes a free parameter,
then it is also reliable, which roughly means that it is optimal in determining
its own squared error prediction quality (Section 3.2.3; we have a lot more to
say about associated inference tasks in Section 4.3). Thus, whenever one is pre-
pared to work with linear models and one is interested in squared error risk
or reliability, then Bayesian inference would seem the way to go, even if one
suspects misspecification. . . at least if there is consistency.

The SafeBayesian algorithm Section 3.3 introduces the η-generalized pos-
terior and instantiates it to the linear model. Section 3.4 introduces the ‘Safe-
Bayesian’ algorithm, which learns η from the data. This is done via Dawid’s
(1984) prequential view on Bayesian inference. We then provide four instanti-
ations of the SafeBayes method to linear models.

Section 3.5 discusses our experiments. We first provide the necessary pre-
paration in Section 3.5.1 and 3.5.2. Section 3.5.3 gives the results of our first
experiment, a comparison of Bayesian and SafeBayesian model averaging and
selection in two settings, one with a correct model and one with a model cor-
rupted by 50% easy points as above, but with independent Gaussian rather
than polynomial inputs. Section 3.5.4 repeats these experiments for a Bayesian
ridge regression setting, Section 3.5.5 provides an ‘executive summary’. In all
experiments SafeBayesianmethods behavemuch better in terms of squared er-
ror risk and reliability than standard Bayes if themodel is incorrect, and hardly
worse (sometimes still better) than standard Bayes if the model is correct.

Good vs. bad misspecification: Nonconcentration and hypercompression
In and of itself, the fact that one obtains inconsistency with homoskedastic
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models and heteroskedastic data may not be very surprising; indeed, whether
similar phenomena occur in real-world data needs further study. The main
strength of our example is rather that it clearly shows what can happen in
principle, and indicates how one may go about solving it. We explain this
in Section 4.1 in Chapter 4, in particular on the basis of Figure 4.1 on page 74,
the essential picture to understand the phenomenon. Inconsistency can only arise
under a ‘bad’ form of misspecification, depicted by the figure. Under bad mis-
specification, the posterior may fail to concentrate, and this causes trouble. As
a theoretical contribution of this chapter, we show in this section that, under
some conditions, a Bayesian strongly believes that her posterior will, in some
sense, concentrate fast. Indeed, SafeBayeswill only select η � 1 if the standard
posterior is nonconcentrated, and may thus be (loosely) viewed as a particular
‘prior predictive check’.

Posterior nonconcentration in turn can lead to ‘hypercompression’, the phe-
nomenon that the Bayes predictive distribution behaves substantially better un-
der a logarithmic scoring rule than the best distribution P̃ ∈ M; this can
happen because the Bayes predictive distribution — a mixture of elements
of M — behaves substantially differently from any of the elements of M.
Somewhat paradoxically (Section 4.1.3), Bayes’ overly good log-loss behaviour
is exactly what causes it to perform badly for the associated inference tasks
(squared error prediction and reliability, in our case). Thus, there can be an
inherent tension between behaviour under log-loss and behaviour under its
associated tasks, a discrepancy which one can measure by the mixability gap
(Section 4.1.4), a theoretical concept introduced by Van Erven et al. (2011) and
Grünwald (2012). If one is interested in log-loss, standard Bayes is just fine;
the SafeBayesian algorithm should be used if one wants to optimize behaviour
against the associated tasks. Of course, whether such a task-dependent modi-
fication of Bayes is desirable needs discussion, whichwe provide in Section 4.3.

Additional experiments In Chapter 5 we provide a battery of experiments to
check the robustness of our results. Specifically, we investigate what happens
if we vary ourmodels and priors (using e.g. a fixed σ2 and standard priors used
in the regression literature), our methods, and if we vary the data-generating
distribution using e.g. ‘easy’ points that are close to, but not exactly (0, 0). Our
main conclusion here is that, of the four versions of SafeBayes which we pro-
pose, one is uncompetitive and among the other three, there is no clear winner
— although they consistently outperform Bayes under misspecification. Fur-
thermore we show that AIC, BIC and cross-validation also have serious prob-
lems in our regression setup.

3.2 Preliminaries

3.2.1 Setting, logarithmic risk, optimal distribution
In this chapter we consider data Zn = Z1, Z2, . . . , Zn ∼ i.i.d. P∗, where each
Zi = (Xi, Yi) is an independently sampled copy of Z = (X, Y), X taking val-
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ues in some set X , Y taking values in Y and Z = X ×Y . We are given amodel
M = {Pθ | θ ∈ Θ} parameterized by (possibly infinite-dimensional) Θ, and
consisting of conditional distributions Pθ(Y | X), extended to n outcomes by
independence. For simplicity we assume that all Pθ have corresponding con-
ditional densities fθ , and similarly, the conditional distribution P∗(Y | X) has
a conditional f ∗, all with respect to the same underlying measure. While we
do not assume P∗(Y | X) to be in (or even ‘close’ to)M, we want to learn, from
given data Zn, a ‘best’ (in a sense to be defined below) element ofM, or at least,
a distribution on elements ofM that can be used to make predictions about
future data. While our experiments focus on linear regression, the discussion
in this section holds for general conditional density models. The logarithmic
score, henceforth abbreviated to log-loss, is defined in the standard manner:
the loss incurred when predicting Y based on density f (· | x) and Y takes on
value y, is given by − log f (y | x). A central quantity in our setup is then the
expected log-loss or log-risk, defined as

risklog(θ) := E(X,Y)∼P∗ [− log fθ(Y | X)],

where here as in the remainder of this chapter, log denotes the natural loga-
rithm.

We let P∗X be the marginal distribution of X under P∗. The Kullback-Leibler
(KL) divergence D(P∗‖Pθ) between P∗ and conditional distribution Pθ is defined
as the expectation, under X ∼ P∗X , of the KL divergence between Pθ and the
‘true’ conditional P∗(Y | X): D(P∗‖Pθ) = EX∼P∗X

[D(P∗(· | X) ‖ Pθ(· | X))]. A
simple calculation shows that for any θ, θ′,

D(P∗‖Pθ)− D(P∗‖Pθ′) = risklog(θ)− risklog(θ′),

so that the closer Pθ is to P∗ in terms of KL divergence, the smaller its log-risk,
and the better it is, on average, when used for predicting under the log-loss.

Now suppose thatM contains a unique distribution that is closest, among
all P ∈ M to P∗ in terms of KL divergence. We denote such a distribution, if it
exists, by P̃. Then P̃ = Pθ for at least one θ ∈ Θ; we pick any such θ and denote
it by θ̃, i.e. P̃ = Pθ̃ , and note that it also minimizes the log-risk:

risklog(θ̃) = min
θ∈Θ

risklog(θ) = min
θ∈Θ

E(X,Y)∼P∗ [− log fθ(Y | X)]. (3.2)

We shall call such a θ̃ (KL-)optimal.
Since, in regions of about equal prior density, the log Bayesian posterior

density is proportional to the log likelihood ratio, we hope that, given enough
data, with high P∗-probability, the posterior puts most mass on distributions
that are close to Pθ̃ in KL divergence, i.e. that have log-risk close to optimal.
Indeed, all existing consistency theorems for Bayesian inference under mis-
specification express concentration of the posterior around Pθ̃ .
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3.2.2 A special case: The linear model
Fix some pmax ∈ {0, 1, . . .} ∪ {∞}. We observe data Z1, . . . , Zn where Zi =
(Xi, Yi), Yi ∈ R and Xi = (1, Xi1, . . . , Xipmax) ∈ Rpmax+1. Note that this is as in
(3.1) but from now on we adopt the standard convention to take X0i ≡ 1 as a
dummy random variable. We denote byMp = {Pp,β,σ2 | (p, β, σ2) ∈ Θp}
the standard linear model with parameter space Θp := {(p, β, σ2) | β =

(β0, . . . , βp)> ∈ Rp+1, σ2 > 0}, where the entry p in (p, β, σ2) is redundant but
included for notational convenience. We let Θ =

⋃
p=0,...,pmax Θp. Mp states

that for all i, (3.1) holds, where ε1, ε2, . . . ∼ i.i.d. N(0, σ2). When working with
linear modelsMp, we are usually interested in finding parameters β that pre-
dict well in terms of the squared error loss function (henceforth abbreviated to
square-loss): the square-loss on data (Xi, Yi) is (Yi−∑

p
j=0 β jXij)

2 = (Yi−Xiβ)
2.

We thus want to find the distributionminimizing the expected square-loss, i.e.
squared error risk (henceforth abbreviated to ‘square-risk’) relative to the under-
lying P∗:

risksq(p, β) := E(X,Y)∼P∗(Y− Ep,β,σ2 [Y | X])2 = E(X,Y)∼P∗(Y−
p

∑
j=0

β jXj)
2,

(3.3)
where Ep,β,σ2 [Y | X] abbreviates EY∼Pp,β,σ2 |X [Y]. Since this quantity is inde-
pendent of the variance σ2, σ2 is not used as an argument of risksq.

3.2.3 KL-associated prediction tasks for the linear model
Suppose that an optimal P̃ ∈ M exists in the regression model. We denote by
p̃ the smallest p such that P̃ ∈ Mp, and define σ̃2, β̃ such that P̃ = Pp̃,β̃,σ̃2 . A
straightforward computation shows that for all (p, β, σ2) ∈ Θ:

risklog((p, β, σ2)) =
1

2σ2 risksq((p, β)) +
1
2

log(2πσ2), (3.4)

so that the (p, β) achieving minimum log-risk for each fixed σ2 is equal to the
(p, β) with the minimum square-risk. In particular, ( p̃, β̃, σ̃2) must minimize
not just log-risk, but also square-risk. Moreover, the conditional expectation
EP∗ [Y | X] is known as the true regression function. It minimizes the square-
risk among all conditional distributions for Y | X. Together with (3.4) this
implies that, if there is some (p, β) such that E[Y | X] = ∑

p
j=0 β jXj = Xβ, i.e.

(p, β) represents the true regression function, then ( p̃, β̃) also represents the
true regression function. In all our examples, this will be the case: the model
is misspecified only in that the true noise is heteroskedastic; but the model
does invariably contain the true regression function.

Moreover, for each fixed (p, β), the σ2 minimizing risklog is, as follows by
differentiation, given by σ2 = risksq(p, β). In particular, this implies that

σ̃2 = risksq( p̃, β̃), (3.5)
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or in words: the KL-optimal model variance σ̃2 is equal to the true expected
(marginal, not conditioned on X) square-risk obtained if one predicts with the
optimal ( p̃, β̃). This means that the optimal ( p̃, β̃, σ̃2) is reliable in the sense of
Grünwald (1998, 1999): its self-assessment about its square-loss performance
is correct, independently of whether β̃ is equal to the true regression function
or not. In other words, ( p̃, β̃, σ̃2) correctly predicts how well it predicts.

Summarizing, for misspecified models, ( p̃, β̃, σ̃2) is optimal not just in KL/
log-risk sense, but also in terms of square-risk and in terms of reliability; in
our examples, it also represents the true regression function. We say that, for
linear models, square-risk optimality, square-risk reliability and regression-
function consistency are KL-associated prediction tasks: if (as we hope Bayes will
do, but as we will see sometimes does not) we can find the KL-optimal θ̃, we
automatically behave well in these associated tasks as well.

3.3 The generalized posterior

General losses The original generalized posterior is a concept going back
at least to Vovk (1990) and has been developed mainly within the so-called
(frequentist) PAC-Bayesian framework (McAllester, 2003; Seeger, 2002; Catoni,
2007; Audibert, 2004; Zhang, 2006b; see also Bissiri et al. (2013) and the dis-
cussion in Section 4.3). It is defined relative to a prior on predictors rather
than probability distributions. Depending on the decision problem at hand,
predictors can be e.g. classifiers, regression functions or probability densities.
Formally, we are given an abstract space of predictors represented by a set Θ,
which obtains its meaning in terms of a loss function ` : Z ×Θ → R, writing
`θ(z) as shorthand for `(z, θ). Following e.g. Zhang (2006b), for any prior Π on
Θ with density π relative to some underlying measure ρ, we define the gener-
alized Bayesian posterior with learning rate η relative to loss function `, denoted as
Π | Zn, η, as the distribution on Θ with density

π(θ | zn, η) :=
e−η ∑n

i=1 `θ(zi)π(θ)∫
e−η ∑n

i=1 `θ(zi)π(θ)ρ(dθ)
=

e−η ∑n
i=1 `θ(zi)π(θ)

Eθ∼Π[e−η ∑n
i=1 `θ(zi)]

. (3.6)

Thus, if θ1 fits the data better than θ2 by a difference of ε according to loss
function `, then their posterior ratio is larger than their prior ratio by an amount
exponential in ε, where the larger η, the larger the influence of the data as
compared to the prior.

If zi = (xi, yi) with yi ∈ R and xi = (1, xi1, . . . , xip), and the goal is to
predict yi given xi, then we may take as our prediction model e.g. the set of
linear predictors that predict yi by ∑ β jxij = xiβ, and as our loss function the
squared error loss, `β(xi, yi) = (yi − xiβ)

2. We may then study the behaviour
of such a procedure in its own right, irrespective of a Bayesianmisspecification
interpretation; the experiments we perform in Section 5.1.1 can be interpreted
in this manner.
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Log-loss and likelihood Now if the set Θ represents amodel of (conditional)
distributions M = {Pθ | θ ∈ Θ}, we may set, for zi = (xi, yi), `θ(zi) =
− log fθ(yi | xi) to be the log-loss as defined above. In this special case, the
definition of η-generalized posterior specializes to the definition of ‘general-
ized posterior’ as known within the Bayesian literature (Walker and Hjort,
2002; Zhang, 2006a):

π(θ | zn, η) =
( f (yn | xn, θ))ηπ(θ)∫

( f (yn | xn, θ))ηπ(θ)ρ(dθ)
=

( f (yn | xn, θ))ηπ(θ)

Eθ∼Π[( f (yn | xn, θ))η ]
. (3.7)

Again, the larger η, the larger the influence of the likelihood. Obviously η = 1
corresponds to standard Bayesian inference, whereas if η = 0 the posterior is
equal to the prior and nothing is ever learned. Our algorithm for learning η
will usually end up with values in between. It has long been known that in
model selection and nonparametric settings, there is an issue with consistency
proofs for full Bayes, Bayes MAP and MDL if we take the standard η = 1, and
indeed, this is part of the reason why the generalized posterior in the form
(3.7) was derived in the first place: for example, Barron and Cover (1991) give
general consistency theorems for 2-part MDL (closely related to Bayes MAP)
and note that they hold for any η < 1; but for η = 1, additional assumptions
must be made. Zhang (2006a) gives an explicit example in which the posterior
shows anomalous behaviour at η = 1. A connection to misspecification was
first made by Grünwald (2011) (see Section 4.3.1) and Grünwald (2012).

Generalized predictive distribution We also define the predictive distribu-
tion based on the η-generalized posterior (3.7) as a generalization of the stand-
ard definition as follows: for m ≥ 0, m′ ≥ m, we set

f̄ (yi, . . . , yi+m | xi, . . . , xi+m′ , zi−1, η)

:= Eθ∼Π|zi−1,η [ f (yi, . . . , yi+m | xi, . . . , xi+m′ , θ)]

= Eθ∼Π|zi−1,η [ f (yi, . . . , yi+m | xi, . . . , xi+m, θ)]. (3.8)

where the first equality is a definition and the second follows by our i.i.d. as-
sumption. We always use the bar-notation f̄ to indicate marginal and predict-
ive distributions, i.e. distributions on data that are arrived at by integrating out
parameters. If η = 1 then f̄ and π become the standard Bayesian predictive
density and posterior, and if it is clear from the context that we consider η = 1,
we leave out the η in the notation.

The generalized posterior is created by exponentiating the likelihood ac-
cording to individual elements θ ∈ Θ =

⋃
p Θp in the model and renor-

malizing, which is not the same as exponentiating marginal likelihoods
and renormalizing. In particular, π(p | zn, η) as given by (3.10) is in gen-
eral not proportional to ( f̄ (yn | xn, p))ηπ(p). Similarly, for generalized
marginal distributions, as soon as η 6= 1, we have that in general

f̄ (yi, yi+1 | xi, xi+1, zi−1, η) 6= f̄ (yi | xi, zi−1, η) · f̄ (yi+1 | xi+1, zi, η),
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unlike for the standard Bayesian marginal distribution for which equality
holds (in Section 4.2we encounter a furthermodification of the generalized
posterior whose marginals do satisfy this product rule).

3.3.1 Instantiation to linear model selection and averaging
Now consider again a linear modelMp as defined in Section 3.2.3. We instan-
tiate the generalized posterior and its marginals for this model. With prior
π(β, σ2 | p) taken relative to Lebesgue measure, (3.7) specializes to:

π(β, σ | zn, p, η) =
(2πσ2)−nη/2e−

η

2σ2 ∑n
i=1(yi−xi β)

2
π(β, σ | p)∫

(2πσ2)−nη/2e−
η

2σ2 ∑n
i=1(yi−xi β)2

π(β, σ | p) dβ dσ
.

Note that in the numerator 1/σ2 and η are interchangeable in the exponent, but
not in the factor in front: their role is subtly different. For Bayesian inference
with a sequence ofmodelsM =

⋃
p=0,...,pmaxMp, with π(p) a probabilitymass

function on p ∈ {0, . . . , pmax}, we get:

π(θ | zn, η) =
f (yn | xn, θ)ηπ(θ)∫

θ∈Θ f (yn | xn, θ)ηπ(θ)ρ(dθ)
with θ = (β, σ2, p)

=
(2πσ2)−nη/2e−

η

2σ2 ∑n
i=1(yi−xi β)

2
π(β, σ | p)π(p)

∑
pmax
p=0

∫
(2πσ2)−nη/2e−

η

2σ2 ∑n
i=1(yi−xi β)2

π(β, σ | p)π(p) dβ dσ

(3.9)

The total generalized posterior probability of modelMp then becomes:

π(p | zn, η) =
∫

π(β, σ, p | zn, η) dβ dσ. (3.10)

Analogously to (3.8), for given p, we define the η-generalized Bayesian predict-
ive distribution as:

f̄ (yi+m
i | xi+m′

i , zi−1, p, η) := Eβ,σ2∼Π|zi−1,p,η [ f (yi+m
i | xi+m′

i , β, σ2, p)]

= Eβ,σ2∼Π|zi−1,p,η [ f (yi+m
i | xi+m

i , β, σ2, p)] (3.11)

(writing aj
i as shorthand for ai, . . . , aj). The previous displays held for gen-

eral priors. The experiments in this chapter adopt widely used priors (see e.g.
Raftery et al., 1997): normal priors on the β’s and inverse gamma priors on the
variance. These conjugate priors allow explicit analytical formulas for all rele-
vant quantities for arbitrary η, provided below. We only consider the simple
case of a fixedMp here; the more complicated formulas with an additional
prior on p will be given in Appendix 4.A.1 in the next chapter.

Fixed p and σ2 Let Xn = (x>1 , . . . , x>n)> be the design matrix. For a linear
model Mp with fixed variance σ2 and initial Gaussian prior on β given by
N(β̄0, σ2Σ0), the generalized posterior on β is again Gaussian with mean

β̄n,η := Eβ∼Π|zn ,p,η β = Σn,η(Σ−1
0 β̄0 + ηX>nyn) (3.12)
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and covariance matrix σ2Σn,η , where Σn,η = (Σ−1
0 + ηX>nXn)−1.

Fixed p, varying σ2 Now consider linear models with a Gaussian prior on β
conditional on σ2 as above, and a conjugate (inverse gamma) prior on σ2, i.e.
π(σ2) = Inv-gamma(σ2 | a0, b0) for some a0 and b0. Here we use the following
parameterization of the inverse gamma distribution:

Inv-gamma(σ2 | a, b) = σ−2(a+1)e−b/σ2
ba/Γ(a). (3.13)

The posterior π(σ2, zn, p) is then given by Inv-gamma(σ2 | an,η , bn,η) where

an,η = a0 + ηn/2 ; bn,η = b0 +
η

2

n

∑
i=1

(yi − xi β̄n,η)
2. (3.14)

The posterior expectation of σ2 can be calculated as

σ̄2
n,η :=

bn,η

an,η − 1
. (3.15)

Note that the posterior mean of β given σ2 does not depend on σ2.

3.4 The SafeBayesian algorithm

3.4.1 Introducing SafeBayes via the prequential view
We introduce SafeBayes via Dawid’s prequential interpretation of Bayes factor
model selection. As was first noticed by Dawid (1984) and Rissanen (1984),
we can think of Bayes factor model selection as picking the model with in-
dex p that, when used for sequential prediction with a logarithmic scoring
rule, minimizes the cumulative loss. To see this, note that for any distribution
whatsoever, we have that, by definition of conditional probability,

− log f (yn) = − log
n

∏
i=1

f (yi | yi−1) =
n

∑
i=1
− log f (yi | yi−1).

In particular, for the standard Bayesian marginal distribution f̄ (· | p) = f̄ (· |
p, η = 1) as defined above, for each fixed p, we have

− log f̄ (yn | xn, p) =
n

∑
i=1
− log f̄ (yi | xn, yi−1, p) =

n

∑
i=1
− log f̄ (yi | xi, zi−1, p),

(3.16)
where the second equality holds by (3.11). If we assume a uniform prior on
model index p, then Bayes factor model selection picks the model maximiz-
ing π(p | zn), which by Bayes’ theorem coincides with the model minimizing
(3.16), i.e. minimizing cumulative log-loss. Similarly, in ‘empirical Bayes’ ap-
proaches, one picks the value of some nuisance parameter ρ that maximizes
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the marginal Bayesian probability f̄ (yn | xn, ρ) of the data. By (3.16), which
still holds with p replaced by ρ, this is again equivalent to the ρ minimizing
the cumulative log-loss. This is the prequential interpretation of Bayes factor
model selection and empirical Bayes approaches, showing that Bayesian in-
ference can be interpreted as a sort of forward (rather than cross-) validation
(Dawid, 1984; Rissanen, 1984; Hjorth, 1982).

We will now see whether we can use this approach with ρ in the role of
the η for the η-generalized posterior that we want to learn from the data. We
continue to rewrite (3.16) as follows (with ρ instead of p that can either stand for
a continuous-valued parameter or for a model index but not yet for η), using
the fact that the Bayes predictive distribution given ρ and zi−1 can be rewritten
as a posterior-weighted average of fθ :

ρ̆ := arg max
ρ

f̄ (yn | xn, ρ) = arg min
ρ

n

∑
i=1

(
− log f̄ (yi | xi, zi−1, ρ)

)
= arg min

ρ

n

∑
i=1

(
− log Eθ∼Π|zi−1,ρ[ f (yi | xi, θ)]

)
. (3.17)

This choice for ρ̆ being entirely consistent with the Bayesian approach, our first
idea is to choose η̂ in the sameway: we simply pick the η achieving (3.17), with
ρ substituted by η. However as Figure 4.5 will show (the blue line there depicts
(3.17) for one of our experiments), this will tend to pick η close to 1 and does
not improve predictions under misspecification. Indeed, we introduced η to
deal with the case in which the Bayesian model assumptions are violated, so
we cannot expect that learning it in a Bayes-like way such as (3.17) will resolve
the issue. But it turns out that a slightmodification of (3.17) does the trick: we
simply interchange the order of logarithm and expectation in (3.17) and pick
the η minimizing

n

∑
i=1

Eθ∼Π|zi−1,η [− log f (yi | xi, θ)] . (3.18)

Inwords, we pick the η minimizing the Posterior-Expected Posterior-Random-
ized log-loss, i.e. the log-loss we expect to obtain, according to the η-general-
ized posterior, if we actually sample from this posterior. This modified loss
function has also been called Gibbs error (Cuong et al., 2013), and while the
abbreviation PEPR-log-loss would be more correct, we simply call it the η-R-
log-loss from now on.

A detailed explanation of why this works will be given in Sections 4.1.3
and 4.2; for now we just notice that by Jensen’s inequality, for any fixed η, for
every sequence of data we must have

Eθ∼Π|zi−1,η [− log f (yi | xi, θ)] ≥ − log Eθ∼Π|zi−1,η [ f (yi | xi, θ)] , (3.19)

yet, the difference between both sides is small if the posterior is concentrated for
(xi, yi), i.e. for small ε and small positive δ, it puts 1− δ of its mass on distribu-
tions which assign the same density to yi given xi up to a factor 1+ ε —clearly,
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if δ = ε = 0 then both sides are the same. Thus, at values for η at which the
generalized posterior is ‘cumulatively concentrated’, i.e. concentrated at most
sample points, the objective function will be similar to the standard Bayesian
one. This is the clue to further analysis of the algorithm to follow later.

In practice, it is computationally infeasible to try all values of η and we
simply have to try out a number of values. For convenience we give a detailed
description of the resulting algorithm below, copied fromGrünwald (2012). In
this chapter, we will invariably apply it with zi = (xi, yi) as before, and `θ(zi)
set to the (conditional) log-loss as defined before, although it sometimes also
has a second interpretation with `θ as square-loss.

Algorithm 3.1: The (R-)SafeBayesian algorithm
Input: data z1, . . . , zn, modelM = { f (· | θ) | θ ∈ Θ}, prior Π on Θ,

step-size κstep, max. exponent κmax, loss function `θ(z)
Output: Learning rate η̂
Sn := {1, 2−κstep , 2−2κstep , 2−3κstep , . . . , 2−κmax};
for all η ∈ Sn do

sη := 0;
for i = 1 . . . n do

Determine generalized posterior Π(· | zi−1, η) of Bayes with
learning rate η.
Calculate “posterior-expected posterior-randomized loss” of
predicting actual next outcome:

r := `Π|zi−1,η(zi) = Eθ∼Π|zi−1,η [`θ(zi)] (3.20)

sη := sη + r;
end

end
Choose η̂ := arg minη∈Sn

{sη} (if min achieved for several η ∈ Sn, pick
largest);

Variation As we will see in Section 4.1.4, the crucial property to make infer-
ence about η work is that the expression inside the sum in (3.17) is replaced
by

Eθ∼Π′ [− log fθ(Yi | Xi)], (3.21)

where Π′ should be chosen such that the resulting log-loss is as small as pos-
sible. In (3.18) we set Π′ = Π, but Π′ is allowed to be any distribution on θ un-
der which the expected log-loss is small. The heuristic analysis of Section 4.1.4
suggests that the smaller the loss that can be formed thisway (see also the open
problems, Section 4.3.3), the better the resulting method is expected to work.
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Now the η-in-model-log-loss (or just η-I-log-loss), defined as
n

∑
i=1

[
− log f (yi | xi, Eθ∼Π|zi−1,η [θ])

]
, (3.22)

is (by Jensen’s inequality) always smaller than (3.18) for the linear models that
we consider. This means that, instead of finding the η minimizing (3.18), we
may want to find the η minimizing (3.22), which is of the form (3.21) with Π′

equal to a point mass on θ̄i,η := Eθ∼Π|zi−1,η fθ . We call the version of SafeBayes
which minimizes the alternative objective function (3.22) in-model SafeBayes,
abbreviated to I-SafeBayes, and from now on use R-SafeBayes for the original
version based on the R-log-loss. We did not realize the potential benefits of
using in-model SafeBayes at the time of writing Grünwald (2012), and while
the theoretical results of Grünwald can be adjusted to deal with suchmodifica-
tions, we cannot get any better theoretical convergence bounds as yet, but this
may be an artefact of our proof techniques. A secondary goal of the experi-
ments in this chapter is thus to see whether one can really improve SafeBayes
by using the ‘in-model’ version.

3.4.2 Instantiating SafeBayes to the linear model
Our experiments concern four instantiations of SafeBayes: R-SafeBayes and
I-SafeBayes for models with fixed variance, denoted R-square-SafeBayes and I-
square-SafeBayes for reasons that will become clear below, are the topic of ex-
periments in Section 5.1.1. The main text instead investigates, in Section 3.5,
R-SafeBayes and I-SafeBayes for models with varying variance, denoted R-log-
SafeBayes and I-log-SafeBayes. Below we give explicit formulas for each when
conditioned on a fixed modelMp; the case with a posterior on p itself can
easily be derived from these.

Fixed σ2: R-square- and I-square-SafeBayes When conditioned on a fixed
p and σ2 (a situation with which we experiment in Section 5.1.1.2), SafeBayes
tries to minimize the R-log-loss, which, as an easy calculation shows, is just
the sum, from i = 0 to n− 1, of

Eβ∼Π|zi ,p,η

[
− log f (yi+1 | xi+1, β, σ2)

]
=

1
2

log(2πσ2) +
1

2σ2 (yi+1 − xi+1 β̄i,η)
2 +

1
2

xi+1Σi,η x>i+1, (3.23)

where β̄i,η and Σi,η are given as in and below (3.12). Note that β̄i,η depends on
η but not on σ, and note also that, since X>nXn (as in (3.12)) tends to increase
linearly in n and p, the final term is of order p/(nη).

In the corresponding in-model version of SafeBayes, we use the in-model-
loss as given by − log f (yi+1 | xi+1, β̄i,η , σ2), which is equal to (3.23) without
the final term. Since the first term of (3.23) does not depend on the data, this
version of SafeBayes thus amounts to picking the η̂ minimizing just the sum
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of square-loss prediction errors, which does not depend on the chosen σ2. It thus
becomes a standard version of ‘prequential model selection’ as based on the
square-loss, which in turn is similar to (though having different asymptotics
than) leave-one-out cross validation based on the square-loss.

Indeed, the fixed σ2 versions of SafeBayes can be interpreted in two ways:
first, as we did until now, in terms of SafeBayes with `θ in (3.20) set to the
log-loss, i.e. as a tool for dealing with misspecification; and second, with `θ

in (3.20) set proportionally to the square-loss, as a generic tool to learn good
square-loss predictors (not distributions) in a pseudo-Bayesianway. More pre-
cisely, I-SafeBayes with the log-loss for fixed σ2 is equivalent to the version of
I-SafeBayes we would get if we set `β,σ2(x, y) := C(y− xβ)2, for any constant
C > 0. Similarly, R-SafeBayes with the log-loss for fixed σ2 is equivalent to
the version of R-SafeBayes we would get if we set `β,σ2(x, y) := C(y − xβ)2,
although now equivalence only holds if we set C = 1/2σ2. For this reason we
will now refer to themas I-square-SafeBayes and R-square-SafeBayes, respectively.

Varying σ2: R-log- and I-log-SafeBayes Next consider the situation with
fixed p and varying σ2, with posterior on σ2 an inverse gamma distribution
with parameters an,η and bn,η as given by (3.14). Then the R-log-loss is given
by

Eσ2,β∼Π|zi ,p,η

[
− log f (yi+1 | xi+1, β, σ2)

]
=

1
2

log 2πbi,η −
1
2

ψ(ai,η) +
1
2
(yi+1 − xi+1 β̄i,η)

2

bi,η/ai,η
+

1
2

xi+1Σi,η x>i+1

=
1
2

log 2πσ̄2
i,η +

1
2
(yi+1 − xi+1 β̄i,η)

2

σ̄2
i,η

+
1
2

xi+1Σi,η x>i+1 + r(i, η), (3.24)

where ψ is the digamma function, σ̄2
i,η is the η-posterior expectation of σ2 as

given by (3.15) and r(i, η) is a remainder function which is O(1/i) whenever
∑n

i=1(yi − xiβn,η)2 increases linearly in i. This final approximation follows by
(3.15) and because we have ψ(x) ∈ [log(x− 1), log x]. R-SafeBayes for varying
σ2 minimizes (3.24), and, because there is now only a log-loss and not a direct
square-loss interpretation, we will call it R-log-SafeBayes from now on.

To calculate the corresponding in-model version of SafeBayes, I-log-Safe-
Bayes, note that it minimizes the sum of

− log f (yi+1 | xi+1, β̄i,η , σ̄2
i,η) =

1
2

log 2πσ̄2
i,η +

1
2
(yi+1 − xi+1βi,η)

2

σ̄2
i,η

. (3.25)

Comparing the four versions of SafeBayes, we see that both R-SafeBayeses have
an additional term which decreases in η, increases in model dimensionality p
(via the size of the matrix Σi,η), but becomes negligible for n� p.
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3.4.3 SafeBayes learns to predict as well as the optimal distri-
bution

We first define the Cesàro-averaged posterior given data Zn by setting, for any
subset Θ′ ⊂ Θ,

ΠCes(Θ′ | Zn, η) :=
1
n

n

∑
i=1

Π(Θ′ | Zi, η) (3.26)

to be the posterior probability of Θ′ averaged over the n posterior distribu-
tions obtained so far. Predicting based on Cesàro-averaged posteriors was in-
troduced independently by several authors (Barron, 1987; Helmbold andWar-
muth, 1992; Yang, 2000; Catoni, 1997) and has received a lot of attention in the
machine learning literature in recent years, also under the name “on-line to
batch conversion of Bayes” or progressive mixture rule (Audibert, 2007) ormirror
averaging (Juditsky et al., 2008; Dalalyan and Tsybakov, 2012), but is of course
unnatural from a Bayesian perspective.

The main result of Grünwald (2012) essentially states the following: sup-
pose that, under P∗, the density ratios are uniformly bounded, i.e. there is a
finite v such that for all θ, θ′ ∈ Θ, P∗( fθ(Y | X)/ fθ′(Y | X) ≤ v) = 1. Sup-
pose further that the prior Π assigns ‘sufficient mass’ in KL-neighbourhoods
of Pθ̃ . Then ΠCes applied with the η̂ learned by the SafeBayesian algorithm
concentrates on the optimal Pθ̃ . That is, let Θδ be the subset of all θ ∈ Θ
with D(P∗‖Pθ) ≥ D(P∗‖Pθ̃) + δ. Then for all δ > 0, with P∗-probability 1,
as n → ∞, we have that ΠCes(Θδ | Zn, η̂) goes to 0. Grünwald goes on to
show that in several settings, one can design priors such that the rate at which
the posterior concentrates is minimax optimal, i.e. no algorithm can do better
in general. On the negative side, the requirement of bounded density ratio
is strong, and the replacement of the standard posterior by the Cesàro one is
awkward. On the positive side, the theorem has no further conditions and can
be applied to parametric and nonparametric cases alike.

In recent, as yet unpublished work, Grünwald (2014) extends the result to
deal with unbounded density ratios as in the regression setting considered
here, and to the ‘standard’ η-generalized rather than the Cesàro-averaged η-
generalized posterior. In both cases, convergence can still be proved but the
bounds given on the concentration rate worsen by a log n factor. We suspect
that in many situations, this is an artefact of the proof technique, and to see
whether there is any practical difference, below we include experimental res-
ults both for the Cesàro-averaged η-generalized posterior ΠCes(· | Zn, η̂) and
for the standard η-generalized posterior Π(· | Zn, η̂).

3.5 Main experiment: Varying σ2

In this sectionwe provide ourmain experimental results, based on linearmod-
elsMp as defined in Section 3.2.2 with a prior on both the mean and the vari-
ance. Figures 3.3–3.6 depict, and Section 3.5.3 discusses the results of model
selection and averaging experiments, which choose or average between the
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models 0, . . . , pmax, where we consider first an incorrectly and then a correctly
specified model, both with pmax = 50 and later with pmax = 100. Section 3.5.4
contains and interprets additional experiments on Bayesian ridge regression,
with a fixed p; a multitude of additional experiments is provided in Chapter 5.
Section 3.5.5 at the end of this chapter summarizes the relevant findings of
these additional experiments.

3.5.1 Preparing themain experiments: Model, priors, method,
‘truth’

In this subsection we prepare the experiments: Section 3.5.1.1 describes our
priors π; Section 3.5.1.2 concerns the sampling (‘true’) distributions P∗ with
whichwe experiment; and finally, Section 3.5.2 describes the data statistics that
we will report.

3.5.1.1 The priors

Prior on models In our model selection/averaging experiments, we use a
fat-tailed prior on the models given by

π(p) ∝
1

(p + 2)(log(p + 2))2 .

This prior was chosen because it remains well-defined for an infinite collection
of models, even though we only use finitely many in our experiments.

Variation As a sanity check we did repeat some of our experiments with
a uniform prior on 0, . . . , pmax instead; the results were indistinguishable.

Prior on parameters givenmodels Each modelMp has parameters β, σ2, on
which we put the standard conjugate priors as described in Section 3.3.1. We
set the mean of the prior on β to β̄0 = 0, and its covariance matrix to σ2Σ0.
Our main experiments below are based on an informative instantiation of Σ0,
using the identity matrix Σ0 = Ip+1; this prior equals the posterior we would
get by starting with an improper Jeffreys’ prior on β and then observing, for
each coefficient β j, one extra point z = (x, 0) with xj = 1 and xi = 0 for i 6= j.

Variations We also ran experiments with a ‘slightly informative’ Σ0, where
we set Σ0 = 1000 · Ip+1, comparable to observing points z = (x, 0) with xj =

1/
√

1000. Finally, following the standard reference Raftery et al. (1997), we
also used a prior with a level of informativeness depending on the submodel,
described in more detail in Section 5.1.

As to the prior on σ2: Jeffreys’ prior is obtained for the choice a0 = b0 = 0
in (3.13). We do not use this improper prior, because of the well-known issues
with Bayes factors under improper priors (O’Hagan, 1995). Moreover, to calcu-
late the posterior’s reliability (defined in Section 3.5.2 and shown in Figure 3.3)
and also for the I-log-loss, we need to calculate the posterior expectation of the
variance σ2 quantity as given by (3.15), which is onlywell-defined and finite for
an > 1. We want to make π(σ2) as uninformative as possible while ensuring
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that (for any positive learning rate) this variance exists for the posterior based
on at least one sample. This is accomplished by choosing a0 = 1: for standard
Bayes, the posterior after one observation has a1 = a0 + 1/2; for generalized
Bayes, a1 = a0 + η/2. To set b0, we use that b0/a0 represents the sample vari-
ance of a virtual initial data sequence (Gelman et al., 2013, Section 14.8). We
choose b0 = 1/40 so that b0/a0 = 1/40, the true variance of the noise in our
data, as we describe next.

3.5.1.2 The “truth” (sampling distribution)

Our experiments fall into two categories: correct-model and wrong-model ex-
periments.

Correct-model experiments Here X1, X2, . . . are sampled i.i.d., with, for each
individual Xi = (Xi1, . . . , Xipmax), Xi1 . . . , Xipmax i.i.d.∼ N(0, 1). Given each Xi,
Yi is generated as

Yi = .1 · (Xi1 + . . . + Xi4) + εi, (3.27)

where the εi are i.i.d. ∼ N(0, σ∗2) with variance σ∗2 = 1/40.

Wrong-model experiments Now at each time point i, a fair coin is tossed
independently of everything else. If the coin lands heads, then the point is
‘easy’, and (Xi, Yi) := (0, 0). If the coin lands tails, then Xi is generated as
for the correct model, and Yi is generated as (3.27), but now the noise random
variables have variance σ2

0 = 2σ∗2 = 1/20. Thus, Zi = (Xi, Yi) is generated as
in the true model case but with a larger variance; this larger variance has been
chosen so that the marginal variance of each Yi is the same value σ∗2 in both
experiments.

From the results in Section 3.2.3 we immediately see that, for both experi-
ments, the optimal model isM p̃ for p̃ = 4, and the optimal distribution in
M andM p̃ is parameterized by θ̃ = ( p̃, β̃, σ̃2) with p̃ = 4, β̃ = (β̃0, . . . β̃4) =

(0, .1, .1, .1, .1), σ̃2 = 1/40 (in the correct model experiment, σ̃2 = σ∗2; in the
wrong model experiment, since σ̃2 must be reliable, it must be equal to the
square-risk obtained with ( p̃, β̃), which is (1/2) · (1/20) = 1/40). f (x) := xβ̃
is then equal to the true regression function EP∗ [Y | X].

Variations We have already seen a variation of these two experiments de-
picted in Figures 3.1 and 3.2. In the correct-model version of that experiment,
P∗ is defined as follows: set Xj = Pj(S), where Pj is the Legendre polynomial
of degree j and S is uniformly distributed on [−1, 1], and set Y = 0 + ε, where
ε ∼ N(0, σ∗2), with σ∗2 = 1/40; (X1, Y1), . . . are then sampled as i.i.d. copies
of (X, Y). Note that the true regression function is 0 here. In Section 5.3 we
briefly consider this and several other variations of these ground truths.

3.5.2 The statistics we report
Figure 3.3 reports the results of the wrong-model, p = 50 experiment; Fig-
ure 3.4 shows correct-model, p = 50; Figure 3.5 is about wrong-model, p =
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100; and Figure 3.6 depicts the correct-model, p = 100 setting. For all four
experiments we measure three aspects of the performance of Bayes and Safe-
Bayes, each summarized in a separate graph. First, we show the behaviour of
several prediction methods based on SafeBayes relative to square-risk; second,
we measure whether the methods provide a good assessment of their own
predictive capabilities in terms of square-loss, i.e. whether they are reliable
and not ‘overconfident’. Third, we check a form of model identification con-
sistency. Below we explain these three performance measures in detail. We
postpone all experiments with log-loss rather than square-loss to Section 4.1.4.
We also provide a fourth graph in each case indicating what η̂’s are typically
selected by the two versions of SafeBayes.

Square-risk For a given distribution W on (p, β, σ2), the regression function
based on W, a function mapping covariate X to R, abbreviated to EW [Y | X], is
defined as

EW [Y | X] := E(p,β,σ)∼W EY∼Pp,β,σ |X [Y] = E(p,β,σ)∼W

[
p

∑
j=0

β jXj

]
. (3.28)

If we take W to be the η-generalized posterior, then (3.28) is also simply called
the η-posterior regression function. The square-risk relative to P∗ based on pre-
dicting by W is then defined as an extension of (3.3) as

risksq(W) := E(X,Y)∼P∗(Y− EW [Y | X])2. (3.29)

In the experiments below we measure the square-risk relative to P∗ at sample
size i− 1 achieved by, respectively, (1), the η-generalized posterior, (2), the η-
generalized posterior conditioned on theMAP (maximum a posteriori) model,
and, (3), the η-generalized Cesàro-averaged posteriors, i.e.

EZi−1∼P∗ [risksq(W)], with
W = Π | Zi−1, η ; W = Π | Zi−1, η, p̆map(Zi−1,η) ; W = ΠCes | Zi−1, η, (3.30)

respectively, where the MAP model p̆map(Zi−1,η) is defined as the p achieving
maxp∈0,...,pmax π(p | Zi−1, η), with π(p | Zi−1, η) defined as in (3.10), and
ΠCes is the Cesàro-averaged posterior as defined as in (3.26). We do this for
three values of η: (a) η = 1, corresponding to the standard Bayesian pos-
terior, (b) η := η̂(Zi−1) set by the R-log SafeBayesian algorithm run on the
past data Zi−1, and (c) η set by the I-log SafeBayesian algorithm. In the fig-
ures of Section 3.5.3, 1(a) is abbreviated to Bayes, 1(b) is R-log-SafeBayes, 1(c)
is I-log-SafeBayes, 2(a) is Bayes MAP, 2(b) is R-log-SafeBayes MAP, 2(c) is I-log-
SafeBayes MAP, and results with Cesàro-averaging are discussed but not ex-
plicitly shown. In Section 3.5.4, additionally 3(a) is Bayes Cesàro, 3(b) is R-log-
SafeBayes Cesàro, and 3(c) is I-log-SafeBayes Cesàro.

Concerning the three square-risks that we record: The first choice is the
most natural, corresponding to the prediction (regression function) accord-
ing to the ‘standard’ η-generalized posterior; the second corresponds to the
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situation where one first selects a single submodel p̆map and then bases all
predictions on that model; it has been included because such methods are of-
ten adopted in practice. The third choice, the Cesàro-averaged generalized pos-
terior is included because, when η = η̂ is set by SafeBayes, this is the choice
that Grünwald (2012) provides theoretical convergence results for (as we dis-
cussed, Grünwald (2014) provides results for the non-averaged η-generalized
posterior as well, but these are worse by a log-factor). But we are also inter-
ested in the results for the Cesàro-average for η = 1, because this has been
proposed earlier — albeit somewhat implicitly and with different models —
to stabilize Bayesian predictions in adversarial circumstances (Helmbold and
Warmuth, 1992), so we include these as well.

In Figure 3.3 and subsequent figures below, we depict these quantities by
sequentially sampling data Z1, Z2, . . . , Zmax i.i.d. from a P∗ as defined above
in Section 3.5.1.2, where max is some large number. At each i, after the first
i− 1 points Zi−1 have been sampled, we compute the three square-risks given
above. We repeat the whole procedure a number of times (called ‘runs’); the
graphs show the average risks over these runs.

MAP-model identification / Occam’s razor When the goal of inference is
model identification, ‘consistency’ of a method is often defined as its ability
to identify the smallest modelM p̃ containing the ‘pseudo-truth’ (β̃, σ̃2). To
see whether standard Bayes and/or SafeBayes are consistent in this sense, we
check whether the MAP model p̆map(Zi−1,η) is equal to p̃.

Reliability vs. overconfidence Does Bayes learn how good it is in terms of
squared error? To answer this question, we define, for a predictive distribution
W as in (3.29) above, U[W]

i (a function of Xi, Yi and (through W) of Zi−1), as

U[W]
i = (Yi − EW [Yi | Xi])

2.

This is the error we make if we predict Yi using the regression function based
on prediction method W. In the graphs in the next sections we plot the self-
confidence ratio EXi ,Yi∼P∗ [U

[W]
i ]/ EXi∼P∗ EYi∼W|Xi

[U[W]
i ] as a function of i for the

three prediction methods / choices of W defined above. We may think of this
as the ratio between the actual expected prediction error (measured in square-
loss) one gets by using a predictor who based predictions on W and the mar-
ginal (averaged over X) subjectively expected prediction error by this predictor.
We previously, in Section 3.2.3, showed that the KL-optimal ( p̃, β̃, σ̃2) is reliable:
this means that, if we would take W the point mass on ( p̃, β̃, σ̃2) and thus, ir-
respective of past data Zi−1, would predict by E( p̃,β̃,σ̃2)[Yi | Xi] = ∑

p̃
j=0 β̃ jXij,

then the ratio would be 1. For the W learned from data considered above, a
value larger than 1 indicates that W does not implement a ‘reliable’ method in
the sense of Section 3.2.3, but rather overconfident: it predicts its predictions
to be better than they actually are, in terms of square-risk.
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3.5.3 Main model selection/averaging experiment
We run the SafeBayesian algorithmof Section 3.4with zi = (xi, yi) and `θ(zi) =
− log fθ(yi | xi) is the (conditional) log-loss as described in that section. As
to the parameters of the algorithm (page 52), in all experiments we set the
step-size κstep = 1/3 and κmax := 8, i.e. we tried the following values of η:
1, 2−1/3, 2−2/3, . . . , 2−8. The result of the wrong-model and correct-model ex-
periment as described above with pmax = 50 and pmax = 100, respectively, are
given in Figures 3.3–3.6.

Conclusion 1: Bayes performswell inmodel-correct, and dismally inmodel-
incorrect experiment The four figures show that standard Bayes behaves ex-
cellently in terms of all quality measures (square-risk, MAP model identific-
ation and reliability) when the model is correct, and dismally if the model is
incorrect.

Conclusion 2: If (and only if) model incorrect, then the higher pmax, the
worse Bayes gets We see from Figures 3.4 and 3.6 that standard Bayes be-
haves excellently in terms of all quality measures (square-risk, MAP model
identification and reliability) when the model is correct, both if pmax = 50 and
if pmax = 100, the behaviour at pmax = 100 being essentially indistinguish-
able from the case with pmax = 50. These and other (unreported) experiments
strongly suggests that, when the data are sampled from a low-dimensional
model, then, when the model is correct, standard Bayes is unaffected (does
not get confused) by adding additional high-dimensional models to the model
space. Indeed, the same is suggested by various existing Bayesian consistency
theorems, such as those by Doob (1949); Ghosal et al. (2000); Zhang (2006a).

At the same time, from Figures 3.3 and 3.5 we infer that standard Bayes be-
haves very badly in all three quality measures in our (admittedly very ‘evilly
chosen’) model-wrong experiment. At very large sample sizes, Bayes eventu-
ally recovers, but the main point here to notice is that the n at which a given
level of recovery (measured in, say, square-loss) takes place is much higher for
the case pmax = 100 (Figure 3.5) than for the case pmax = 50 (Figure 3.3). This
strongly suggests that, when the model is incorrect but the best approxima-
tion lies in a low-dimensional submodel, then standard Bayes gets confused
by adding additional high-dimensional models to the model space — recov-
ery takes place at a sample size that increases with pmax. Indeed, the graphs
strongly suggest that in the case that pmax = ∞ (with which we cannot ex-
periment), Bayes will be inconsistent in the sense that the risk of the posterior
predictive will never ever reach the risk attainable with the best submodel.
Grünwald and Langford (2007) showed that this can indeed happen with a
simple, but much more unnatural classification model; the present result in-
dicates (but does not prove) that it can happen with our standard model as
well.

Conclusion 3: R-log-SafeBayes and I-log-SafeBayes generally perform well
Comparing the four graphs for SafeBayes and I-log-SafeBayes, we see that
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they behave quite well for both themodel-correct and themodel-wrong experi-
ments, being slightly worse than, though still competitive to, standard Bayes
when the model is correct and incomparably better when the model is wrong.
Indeed, in the wrong-model experiments, about half of the data points are
identical and therefore do not provide very much information, so one would
expect that if a ‘good’ method achieves a given level of square-risk at sample
size n in the correct-model experiment, it achieves the same level at about 2n
in the incorrect-model experiment, and this is indeed what happens. Also, we
see from comparing Figures 3.5 and 3.6 on the one hand to Figures 3.3 and 3.4
on the other that adding additional high-dimensional models to the model
space hardly affects the results — like standard Bayes when the model is cor-
rect, SafeBayes does not get confused by the additional, larger model space.

Secondary conclusions We see that both types of SafeBayes converge quickly
to the right (pseudo-true) model order, which is pleasing since they were not
specifically designed to achieve this. Whether this is an artefact of our setting
or holdsmore generallywould, of course, require further experimentation. We
note that at small sample sizes, when both types of SafeBayes still tend to se-
lect an overly simple model, I-log-SafeBayes has significantly more variability
in the model chosen-on-average; it is not clear though whether this is ‘good’
or ‘bad’. We also note that the η’s chosen by both versions are very similar for
all but the smallest sample sizes, and are consistently smaller than 1. When
instead of the full η-generalized posteriors, the η-generalized posterior con-
ditioned on the MAP p̆map is used, the behaviour of all method consistently
deteriorates a little, but never by much.

For lack of space in the graphs, we did not show the Cesàro-versions of
Bayes, R-log-SafeBayes and I-log-SafeBayes (methods 3(a), 3(b), 3(c) in Sec-
tion 3.5.2). Briefly, the curves look as follows: Cesàro-Bayes performs signifi-
cantly better than standard Bayes in all three quality measures in the wrong-
model experiments, but is still far from competitive with the two (full-pos-
terior) SafeBayes versions. When Cesàroified, the SafeBayes methods become
a bit smoother but not necessarily better. Very similar behaviour of Cesàro
(making bad methods significantly better but still not competitive, and good
methods smoother, sometimes a bit worse and sometimes a bit better) has been
explicitly depicted in the ridge regression with varying σ2 in Section 3.5.4 be-
low.

3.5.4 Second experiment: Ridge regression, varying σ2

We repeat the model-wrong andmodel-correct experiments of Figures 3.3 and
3.4, with just one major difference: all posteriors are conditioned on p :=
pmax = 50. Thus, we effectively consider just a fixed, high-dimensional model,
whereas the best approximation θ̃ = (50, β̃, σ̃2) viewed as an element ofMp
is ‘sparse’ in that it has only β1, . . . , β4 not equal to 0. We note that the MAP
model index graphs of Figures 3.3 and 3.4 aremeaningless in this context (they
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Figure 3.3: Four graphs showing respectively the square-risk, MAP model or-
der, overconfidence (lack of reliability), and selected η̂ at each sample size, each
averaged over 30 runs, for the wrong-model experiment with pmax = 50, for
the methods indicated in Section 3.5.2. For the selected-η̂ graph, the pale lines
are one standard deviation apart from the average; all lines in this graph were
computed over η̂ indices (so that the lines depict the geometric mean over the
values of η̂ themselves).
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Figure 3.4: Same graphs as in Figure 3.3 for the correct-model experiment with
pmax = 50
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Figure 3.5: Same four graphs as in Figure 3.3, for the wrong-model experiment
with pmax = 100
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Figure 3.6: Same graphs as in Figure 3.3 for the correct-model experiment with
pmax = 100



66 Chapter 3. Bayesian Inconsistency under Misspecification

would be equal to the constant 50) so they are left out of the new Figures 3.7
and 3.8.

Instantiating SafeBayes Since we noticed in preliminary experiments that
some versions of SafeBayes now have a tendency to select much smaller values
of η than in the previous experiments, we now set κmax = 16 (large enough so
that in no experiment the optimal η < 2−κmax ); for computational reasons we
also increased the step size and set κstep = 1.

Connection to Bayesian (b)ridge regression From (3.12) we see that the pos-
terior mean parameter β̄i,η is equal to the posterior MAP parameter and de-
pends on η but not on σ2, since σ2 enters the prior in the same way as the like-
lihood. Therefore, the square-loss obtained when using the generalized pos-
terior for prediction is always given by (yi− xi β̄i,η)

2 irrespective ofwhetherwe
use the posterior mean, orMAP, or the value of σ2. Interestingly, if we fix some
λ and perform standard (nongeneralized) Bayeswith amodified prior, propor-
tional to the original prior raised to the power λ := η−1, then the prior becomes
normal N(β̄0, σ2Σ′0) where Σ′0 = ηΣ0 and the standard posterior given zi is
then (by (3.12)) Gaussian with mean((

Σ′0
)−1

+ X>nX
)−1
·
((

Σ′0
)−1

β̄0 + X>nyn
)
= β̄i,η . (3.31)

Thus we see that in this special case, the (square-risk of the) η-generalized
Bayes posterior mean coincides with the (square-risk of the) standard Bayes
posterior mean with prior N(β̄0, σ2ηΣ0). But this means that the square-loss
obtained by η-generalized Bayes on a data sequence is precisely equal to the
square-loss obtained by Bayesian ridge regression with penalty parameter λ =
η−1, as defined, by, e.g., Park and Casella (2008) (to be precise, they call this
method Bayesian ‘bridge’ regression with q = 2; the choice of q = 1 in their
formula gives their celebrated ‘Bayesian Lasso’). It is thus of interest to see
what happens if η (equivalently, λ) is determined by empirical Bayes, which is
one of the methods Park and Casella (2008) suggest. In addition to the graphs
discussed earlier in Section 3.5.2, we thus also show the results for η set in this
alternative way. Whereas this empirical-Bayesian ridge regression is usually a
very competitive method (indeed in our model-correct experiment, Figure 3.8,
it performs best in all respects), we will see in Figure 3.7 (the green line) that,
just like other versions of Bayes, it breaks down under our type of misspecifi-
cation.

We hasten to add that the correspondence between the η-generalized pos-
terior means and the standard posterior means with prior raised to power 1/η
only holds for the β̄i,η parameters. It does not hold for the σ̄2

i,η parameters,
and thus, for fixed η, the self-confidence ratio of both methods may be quite
different.

Conclusions for model-wrong experiment For most curves, the overall pic-
ture of Figure 3.7 is comparable to the corresponding model averaging experi-
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Figure 3.7: Bayesian ridge regression: Model-wrong experiment conditioned
on p := pmax = 50. The graphs (square-risk, self-confidence ratio and chosen
η as function of sample size) are as in Figures 3.3–3.6, except for the third
graph there (MAP model order), which has no meaning here. The meaning
of the curves is given in Section 3.5.2 except for empirical Bayes, explained in
Section 3.5.4.

ment, Figure 3.3: when the model is wrong, standard Bayes shows dismal
performance in terms of risk and reliability up to a certain sample size and
then very slowly recovers, whereas both versions of SafeBayes perform quite
well even for small sample sizes. We do not show variations of the graph for
p = pmax = 100 (i.e. the analogue of Figure 3.5), since it relates to Figure 3.7
in exactly the same way as Figure 3.5 relates to Figure 3.3: with p = 100, bad
square-risk and reliability behaviour of Bayes goes on for much longer (recov-
ery takes place at much larger sample size) and remains equally good as for
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Figure 3.8: Bayesian ridge regression: Same graphs as in Figure 3.7, but for the
model-correct experiment conditioned on p := pmax = 50.

p = 50 with the two versions of SafeBayes.
The results for the Cesàro-versions of our methods are exactly as discussed

at the end of Section 3.5.3.
We also see that, as we already indicated in the introduction, choosing the

learning rate by empirical Bayes (thus implementing one version of Bayesian
bridge regression) behaves terribly. This complieswith our general theme that,
to ‘save Bayes’ in general misspecification problems, the parameter η cannot be
chosen in a standard Bayesian manner.

Conclusions for model-correct experiment The model-correct experiment
for ridge regression (Figure 3.8) offers a surprise: we had expected Bayes to
perform best, andwere surprised to find that the SafeBayeses obtained smaller
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risk. Some followup experiments (not shown here), with different true regres-
sion functions and different priors, shed more light on the situation. Consider
the setting in which the coefficients of the true function are drawn randomly
according to the prior. In this setting standard Bayes performs at least as good
in expectation as any othermethod including SafeBayes (the Bayesian posterior
now represents exactly what an experimenter might ideally know). SafeBayes
(still in this setting) usually chooses η = 1/2 or 1/4, and the difference in
risks compared to Bayes is small. On the other hand, if the true coefficients
are drawn from a distribution with substantially smaller variance than a pri-
ori expected by the prior (a factor 1000 in the ‘correct’-model experiment of
Figure 3.8), then SafeBayes performs much better than Bayes. Here Bayes can
no longer necessarily be expected to have the best performance (the model is
correct, but the prior is “wrong”), and it is possible that a slightly reduced
learning rate gives (significantly) better results. It seems that this situation,
where the variance of the true function is much smaller than its prior expect-
ation, is not exceptional: for example, Raftery et al. (1997) suggest choosing
the variance of the prior in such a way that a large region of parameter values
receives substantial prior mass. Following that suggestion in our experiments
already gives a variance that is large enough compared to the true coefficients
that SafeBayes performs better than Bayes even if the model is correct.

A joint observation for the model-wrong and model-correct experiments
Finally we note that we see an interesting difference between the two Safe-
Bayes versions here: I-log-SafeBayes seems better for risk, giving a smooth de-
creasing curve in both experiments. R-log-SafeBayes inherits a trace of stand-
ard Bayes’ bad behaviour in both experiments, with a nonmonotonicity in the
learning curve. On the other hand, in terms of reliability, R-log-SafeBayes is
consistently better than I-log-SafeBayes (but note that the latter is undercon-
fident, which is arguably preferable over being overconfident, as Bayes is). All
in all, there is no clear winner between the two methods.

3.5.5 Executive summary: Joint conclusions from main and
additional experiments

Standard Bayes In almost all our experiments (both here and in Chapter 5),
standard Bayesian inference fails in its KL-associated prediction tasks (squared
error risk, reliability) when the model is wrong. Adopting a different prior
(such as the g-prior) does not help, with two exceptions in model averaging:
(a) when Raftery’s prior (Section 5.1.3) is used, then Bayes works quite well,
but there it fails dramatically again (in contrast to SafeBayes) once the percent-
age of easy points is increased; (b) when it is run with a fixed variance that
is significantly larger than the ‘best’ (pseudo-true) variance σ̃2. Moreover, in
the ridge regression experiment with fixed σ2, we find that standard Bayes can
even performmuchworse than SafeBayeswhen themodel is correct— so all in
all we tentatively conclude that SafeBayes is safer to use for linear regression.
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SafeBayes R-square-SafeBayes is not competitive with the other SafeBayes
methods and can even get worse than Bayes sometimes; this is due to an un-
wanted dependence on the specified scale σ2 as explained in Section 5.1. The
other three SafeBayes methods behave reasonably well in all our experiments,
and there is no clear winner among them. I-square-SafeBayes usually behaves
excellently for the square-risk, but cannot directly be used to assess its ownper-
formance. I-log-SafeBayes usually behaves excellently in terms of square-risk
as well but is underconfident about its own performance (which is perhaps
acceptable, overconfidence being a lot more dangerous). R-log-SafeBayes is
usually good in terms of square-risk though not as good as I-log-SafeBayes,
yet it is highly reliable. However, in Section 5.2.1, we describe an initial idea
for discounting the importance of the first few outcomes and explain why this
might improve performance. When combined with this discounting idea, R-
log-SafeBayes may actually always be competitive with the other twomethods
in terms of square-risk as well.

Learning η in Bayes- or likelihood way fails Despite its intuitive appeal,
fitting η to the data by e.g. empirical Bayes fails both in the model-wrong ridge
experiment with a prior on σ2, where it amounts to Bayesian ridge regression
(Figure 3.7) and in the model-wrong fixed-variance ridge experiment (where
it amounts to a method for learning the variance, see Section 5.1.1.2).

Robustness of experiments It does not matter whether the Xi1, Xi2, . . . are
independent Gaussian, uniform or represent polynomial basis functions: all
phenomena reported here persist for all choices. If the ‘easy’ points are not
precisely (0, 0), but have themselves a small variance in both dimensions, then
all phenomena reported here persist, but on a smaller scale.

Centring We repeated several of our experiments with centred data, i.e. pre-
processed data so that the empirical average of the Yi is exactly 0 (Raftery et al.,
1997; Hastie et al., 2001). In none of our experiments did this affect any results.
We also looked at the case where the true regression function has an intercept
far from 0, and data are not centred. This hardly affected the SafeBayes meth-
ods.

Other methods We also repeated the wrong-model experiment for several
other model selection methods: AIC, BIC, and various forms of cross-valid-
ation. Briefly, we found that all these have severe problems with our data as
well. experiments, the mentioned methods were used to identify a model in-
dex p and η played no role, but in our final experiment we used leave-one-out
cross-validation to learn η itself. With the squared error loss it worked fine,
which is not too surprising given its close similarity to I-square-SafeBayes.
However, when we tried it with log-loss (as a likelihoodist or information-
theorist might be tempted to do), it behaved terribly.


