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Chapter 1

Introduction

More than 30 years after its formulation quantum chromodynamics is still not solved, yet
there is overwhelming evidence for its correctness. One of the most important phenom-
ena of QCD is quark confinement. It is poorly understood in terms of first principles
and yet this phenomenon is vital for our understanding of basic properties of hadronic
matter and its interactions. The primary reason for the lack of understanding for this
non-perturbative phenomenon is the fact that we do not know how to describe the true
vacuum of QCD, i.e. we do not know which are the “good” degrees of freedom to study
the dynamics in the strongly coupled infrared regime.

On the other hand perturbative calculations work reliably for short distances due to
asymptotic freedom. In fact non-abelian gauge theories are the only known examples of
asymptotically free quantum field theories in four dimensions. In this regime the free
fields serve as “good” degrees of freedom and quantum fluctuations around the unique
perturbative vacuum are under precise calculational control.

Quark confinement is a phenomenon that is present in QCD for small enough tem-
peratures. As the temperature is increased a phase transition occurs at a critical value
which separates the confined and deconfined phases. Above the critical temperature the
quarks are liberated — deconfined — and together with the gluons form a quark-gluon
plasma. The actual mechanism that causes the quarks to confine below the phase tran-
sition is believed to be the same as the mechanism at zero temperature. Even though
it is not directly obvious how the limit of zero temperature affects the microscopic de-
scription, robust phenomena such as confinement ought to survive the limit. For this
very reason, if the presence of finite temperature in QCD made it easier to address some
non-perturbative effects present at zero temperature as well, there is no reason not to
formulate the theory at non-vanishing temperature.



1. Introduction

1.1  Gauge theories

Not only QCD but essentially all the fundamental interactions, as we know them at
present, are successfully described by gauge theories. Despite their simple formulation
there are several inherent puzzling features. The basic field of a gauge theory is not ob-
servable and does not have any physical meaning. If one wants to correct for this and use
variables which have clear physical meaning and in particular are gauge invariant then
the theory quickly becomes utterly complicated. Being forced to use gauge dependent
variables leads to a whole zoo of possible computational schemes each corresponding to
different gauges. However, as gauge invariance is important and any physical answer
should refer to only gauge invariant quantities, additional computations are neccessary
to check the gauge independence of the results.

The seemingly innocent looking Lagrangian — presented below — hides the complexi-
ties underlying non-abelian gauge theories. The innocent look is partly due to the fact that
if some reasonable assumptions, such as gauge invariance, locality and Lorentz invariance
are imposed on a theory describing spin 1 fields then the Lagrangian is essentially unique
and natural.

For gauge group SU(n) the dynamical variables are the 4 components of an 1 x 1 anti-
hermitian matrix valued field A,(x), the gauge potential. In terms of the field strength
Fy = 0,A, —9vAy, + [Ay, Ay] the Lagrangian of pure Yang-Mills theory is

1
Y =———TrF?, (1.1)
283

where gyy is the dimensionless coupling constant and for simplicity we assume a metric
of Euclidean signature. Note that the minus sign is included in order to make the action
non-negative. The equations of motion that follow from the Lagrangian are

DVP]’”/ — O, (1.2)

where D, = d,, + A, acts in the adjoint representation. Here we are considering a theory
without matter, which would otherwise give a source term to the right hand side.

The action, or equivalently the equations of motion, are invariant under gauge trans-
formations. A gauge group valued field g(x) acts on the gauge potential and correspond-
ingly on the field strength as

Ay — gAug —dugg™!
Pyv — gpyvgil . (1.3)

Another invariance of classical Yang-Mills theory in 4 dimensions is conformal sym-
metry. If the metric is rescaled by an arbitrary spacetime dependent factor, the action



1.1. Gauge theories

does not change. This is because the Lagrangian in the presence of an arbitrary — but still
of Euclidean signature — metric g, is

1
L == 242 v/ detg " g"Tr Fyy Foor, (1.4)
™

and if the metric is rescaled by any local factor A(x) as gy — Agyuv then the inverses
change according to ¢ — A~1¢H, which is exactly cancelled by the change in the volume
factor \/detg — A%,/detg.

The above analysis was classical and conformal symmetry is destroyed by quantum
fluctuations, it is even broken on the perturbative level. Physics is not the same on all
scales. The coupling constant changes with the energy scale with which the system is
probed, more specifically with the momentum transfer involved

d
= Blan), (1.5)

where y is the renormalization scale. For non-abelian gauge theories the B-function is
negative at small coupling, resulting in a decrease of the coupling constant at large ener-
gies. This phenomenon is called asymptotic freedom and is a direct consequence of the
self-interaction of the gluons, that is of the non-abelian nature of the theory [1, 2].

The Lagrangian of non-abelian gauge theories we have presented is not the full La-
grangian of QCD, only of its bosonic sector. The Dirac fermion fields ¢ are in the fun-
damental representation of the gauge group and come in 7y flavours. Each flavour f
transforms as Yy — ¢¢r under gauge transformations and it is easy to see that the full
Lagrangian

£ = —%TI‘F;%V—{—;IPJ((ID—MJ()I/)J( (1.6)

is also gauge invariant. The parameters m are giving bare masses to each flavour and
D is the hermitian covariant Dirac operator. As long as the number of flavours is small
enough the anti-screening of charge due to the self-interaction of the gluons is over com-
pensating the usual screening present also in abelian theories and the B-function remains
negative for small coupling.

In the massless limit a new symmetry emerges — at least classically. The infinitesimal
transformation by an 7 X 1y anti-hermitian matrix w,

&'Pf = (Uff/ Y5 le/ (17)

leaves the action (1.6) invariant if m; = 0. This chiral U(ns) symmetry is, however,
broken as a result of the quantum dynamics. More precisely, the axial U(1) of U(ny)

3



1. Introduction

is broken by instantons through an anomaly as we will see in the next section and the
remaining SU(ns) group is broken spontaneously. The order parameter of the phase
transition associated to the spontaneous breaking is the chiral condensate (¢), where
an averaging over flavour is implicit. Even though classically and to every finite order of
perturbation theory it remains zero, in the full quantum theory (Py) # 0. A formula due
to Banks and Casher relates the chiral condensate to the spectral density p(A) of the Dirac
operator around zero eigenvalue,

() = 7 lim Jim £, (18)

if the theory is formulated in finite volume V and with non-vanishing masses m for each
flavour [3]. The order of the two limits is important, first the thermodynamic limit should
be taken, followed by the chiral limit. The spectral density p(A)dA counts the average
number of eigenvalues of ) between A and A 4 dA and thus the Banks-Casher formula
relates the chiral condensate to the low-lying spectrum of the Dirac operator. We will see
in the next section that instantons dramatically affect the spectrum of the Dirac operator,
in particular they give rise to zero-modes and hence are of significant importance for the
phenomenology of chiral symmetry breaking.

Due to the running of the coupling constant a dimensionful parameter, Agcp, has
to emerge in the theory. This new parameter is essentially the constant of integration
that naturally appears when solving (1.5) and fixing Agcp fully specifies the theory with
no adjustable parameters. In particular the coupling constant will also be fixed by the
B-function equation (1.5). This fashion of trading a dimensionless coupling for a dimen-
sionful one is called dimensional transmutation.

As we will be concerned with certain classical solutions of Yang-Mills theory, dimen-
sional transmutation does not play a role and we will put gy = 1.

1.2 Instantons

Topological excitations are special gauge configurations in Yang-Mills theory [4, 5]. They
are required to have finite action and be stable minima of the action functional. As a result
they are solutions of the equations of motion. However, the requirement of stability puts

further constraints on them besides eq. (1.2) and a quick inspection of the following trick
provides us with such a constraint

1 1 N | -
§ = -3 / d'xTr By, = = / d'xTr (Fyy & Fu)” & 5 / d*xTr Fy By =

- [T (Fu & Fu)? 4 87%, (1.9)

4



1.2. Instantons

where I':“W = %SWWFPU stands for the dual field strength and we have introduced the
topological charge

1 -
k = 62 /d4xTrFWFW. (1.10)

For the prototypical example of spacetime being R* it is an integer once the action is
required to be finite. In this case the field strength must go to zero at infinity and hence
the gauge field must be a pure gauge A, = U 19,U, where U is only defined on the
boundary S3. Such S® — SU(n) mappings are classified up to homotopy by an integer
which is exactly given by (1.10).

It follows from the above trick that 87t%|k| < S, and equality is achieved if and only if

P],“/ — :i:ﬁ]/“/, (1.11)

which are the celebrated (anti)self-duality equations depending on the & sign. They are
really three equations,

Fo1 = +h3, Fop = +F3, Foz3 = +Fp;. (1.12)

If a configuration is (anti)self-dual then it automatically satisfies the equations of motion,
however the converse is in general not true. Self-dual configurations are called instantons
if k > 0 and anti-instantons if k < 0. For reviews, see [6, 7, 8, 9].

There is an alternative definition in terms of chiral fermions that is useful. Using the

representation
T = ( 0, 0 ) : (1.13)

for the Dirac y-matrices the covariant Dirac operator becomes

: 0 D
D - Z')’],[D],{ — ( D-|- O ) ’ (1'14)
where we have introduced the chiral and anti-chiral Dirac operators (also called Weyl
operators) D = 0,D, and Dt = —0,D,. Here the o, are the basic quaternions; our
notation is summarized at the beginning of chapter 2. In this representation the chirality
operator is
-1 0
752( 0 1), (1.15)
where the blocks are 2 x 2. It is easy to check that
1_
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with the familiar anti-self-dual "t Hooft tensor 7, = 17;'41,(71-. Since the contraction of a self-
dual and an anti-self-dual tensor vanishes, we have the following alternative definition: a
gauge field is self-dual if and only if the corresponding D'D operator is a real quaternion
and in particular commutes with the quaternions. In this case it equals the negative of
the covariant Laplacian. For anti-self-dual fields the definition is similar with the role of
D and D' interchanged.

Whether or not a gauge field is (anti)self-dual, its topological charge is always given
by the formula (1.10) and is always an integer as long as the field strength falls off faster
than 1/x2 for large x. A non-vanishing topological charge has dramatic effect on the
spectrum of the Dirac operator and will be described below.

Since the Dirac operator anti-commutes with the chirality operator, { D,vs} = 0, it
follows that its real non-zero eigenvalues come in pairs. If A is an eigenvalue with eigen-
mode ¢ then 59 is an eigenmode with eigenvalue —A. Also we see that if i is a zero-
mode then so is 5y and then the combinations %(1 + 75)¢ are also zero-modes and are
eigenmodes of 75 as well with eigenvalue 1. Thus in the space of normalizable zero-
modes the basis vectors can be chosen with definite chirality. Denote by n4 the number
of normalizable zero-modes with chirality £. It follows from the explicit forms (1.14-
1.15) that in terms of the chiral and anti-chiral Dirac operators, n(n_) is the number of
normalizable zero-modes of D (D).

We now wish to demonstrate the sum rule k = n_ — n,.. To this end we consider the
quantum field theory of a massive fermion coupled to a classical gauge field [6]. The
action is,

5= [dxg(p-my, (117)

where the gauge field in D is treated classically, thus only ¢(x) and (x) are integrated
over to compute expectation values. The simplest chiral Ward identity in this theory states
that

95 () = ~m{Fysp(x)) — 1oy TrFE(x), (1.18)

where ]5 = Py, sy is the current associated to the axial U(1) transformation, see (1.7).
The first term on the right hand side is due to explicit chiral symmetry breaking by non-
zero mass and the second term is the famous Adler-Bell-Jackiw anomaly [10, 11] present
even in the massless limit. Integrating the Ward identity over all of spacetime gives

m( [ dix fysy) = —k, (1.19)

because the left hand side in (1.18) is a total derivative and since we are dealing with a
massive theory no contribution can come from the boundary. The vacuum expectation

6
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value — or more precisely the expectation value in the presence of a classical gauge field
— on the left hand side can be computed using the fact that

_ 1
PEPW) =~ (=) (1.20)
is the known propagator, which gives immediately
. 1
</ A4y Pysyp) = —Tr (75 D_ m) ) (1.21)

Now we have seen that for non-zero eigenvalues the eigenmodes ¢ and <51 belong to
different eigenvalues, hence are orthogonal. As a result the evaluation of the trace is
conveniently done in the basis of eigenmodes and only the zero-modes contribute. Due
to 5 in the trace those with chirality (+) contribute 1, those with chirality (—) contribute
—1 leading to

ny —n-—

</ d*x Prsp) = ———, (1.22)

m

which together with (1.19) is the desired result k = n_ —n_, also called the Atiyah-Singer
index theorem [12, 13]. It holds for any gauge field, whether or not it is a solution. We
now specialize to instantons.

We have seen that for instantons the covariant Laplacian factorizes,

D'D = -D,D, (1.23)

and that the number of normalizable zero-modes of D (D%) is n, (n_). Suppose that
ny > 0. In this case there is a normalizable zero-mode ¢ for D, Dy = 0. Applying D" to
both sides, multiplying by ¢" and then integrating over spacetime gives

0= /d4x p'D'Dy = /d4x pt(~DuD,)yp = /d4x D' Dy, (1.24)

which is only possible if ¢ is covariantly constant, contradicting its normalizability. Hence
ny = 0 and the index theorem for instantons states that D has no normalizable zero-
modes whereas D' has as many as the topological charge of the underlying gauge field.
This result will be heavily used.

The Banks-Casher formula (1.8) relates the chiral condensate to the low-lying spectrum
of the Dirac operator hence it is not surprising that instantons play a crucial role in the
dynamics of chiral symmetry breaking.

The nature of the fermionic zero-modes can be illustrated by the plots of the exact
solutions. The field strength square of a generic charge k instanton looks like k lumps.
The k zero-mode densities 'y are such that — after choosing an appropriate basis — they
peak roughly at the location of the lumps. This harmony between the fermionic and
bosonic degrees of freedom is expressed by saying that each basic charge 1 instanton
carries its own zero-mode.
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1.3 Finite temperature

In the previous section spacetime was R* and had Euclidean signature. This is appro-
priate for a Wick rotated Minkowski spacetime or for a finite temperature system in the
limit of zero temperature. For truly finite temperature one has to consider the imagi-
nary time being periodic with period 1/kgT where kg is Boltzmann’s constant and T is
the temperature. Hence the manifold will be S! x R3 over which the (anti)self-duality
equations will be studied and (anti)self-dual configurations will be called calorons. For a
comprehensive discussion of instantons in finite temperature QCD, see [14], for a review
of caloron solutions, see [15].

The motivation is the desire to understand or at least be able to say something about
the phase transition of QCD. The order parameter is the vacuum expectation value (p(x))
of the trace of the Polyakov loop

1/kgT

p(x):%TrPexp / Ap(t, x)dt. (1.25)
0

For high enough temperatures — in the deconfined phase — (p(x)) is close to one of
the n'" roots of unity, each representing a vacuum. Clearly, the choice of any specific one
out of the n possibilities breaks the Z, symmetry associated to cyclically permuting the n
vacua. If p(x) is close to a root of unity then its length is fluctuating around its maximal
value |p(x)| ~ 1, which is only possible if the eigenvalues of p(x) are all close to being
the same.

On the other hand for low temperatures (p(x)) = 0 and the Z,-symmetry is restored.
The fact that p(x) is fluctuating around zero means that the length of the Polyakov loop
is minimal. A simple exercise reveals that this is only possible if the eigenvalues are close
to being as different as possible. Let us denote the eigenvalues by exp (27iji4 ), ordered
as p1 < pa < -+ < py, then

PP = 5 ¥ cos2mlua—pp) + (1.26)
" A<B n
Clearly, two coinciding eigenvalues give a large contribution to |p(x)|? as cos 27t (4 — up)
attains its maximum for u 4 = pp. The fluctuations in the Z,-symmetric — or confined —
phase are such that the eigenvalues repel each other.

This is our motivation for studying topological excitations — calorons — in a Polyakov
loop background with no coincident eigenvalues. Since the path ordered exponential
around a closed loop is also called a holonomy, such a Polyakov loop is also referred to
as having non-trivial holonomy.

The mechanism of confinement at zero temperature should be the same as at finite
temperature T as long as T < T,. In addition in the real world definitely T > 0 and in

8



1.3. Finite temperature

most circumstances T < T¢, except maybe at RHIC or in the early universe. Hence under-
standing confinement for finite temperature is perhaps not enough to collect $1.000.000,
but is sufficient to understand confinement in the real world [16]. Undoubtedly, studying
topologically non-trivial solutions of classical Yang-Mills theory at finite temperature will
not solve or in any way explain this non-perturbative phenomenon as for large coupling
or low temperature semi-classical arguments are insufficient. Our motivation is solely
to reveal the true degrees of freedom in the topologically non-trivial sector of QCD at
non-zero temperature. We find that in the confined phase instantons dissociate into mag-
netic monopoles changing the character of the basic topological object present in the QCD
vacuum.

Just as instantons play a crucial non-perturbative role at zero temperature, we believe
that a similar role is played by the constituent monopoles that take the place of instantons
at finite temperature and especially in the confined phase. The true quantum dynamics
of these monopoles or the quantum dynamics of any degree of freedom for that matter is
beyond our considerations as we are working in the semi-classical regime, but we would
like to stress that isolating the “good” variables is the first step in formulating a dynamical
model.

Having non-trivial holonomy is essential for arriving at massive constituent monopoles
and the arguments presented above are in favour of such a scenario. One note, however,
is in order when discussing the dynamical importance of configurations with non-trivial
holonomy. It was observed that the one-loop correction to the action of configurations
with a non-trivial asymptotic value of the Polyakov loop gives rise to an infinite action
barrier and hence these configurations were considered irrelevant [14]. However, the
infinity simply arises due to the integration over the finite energy density induced by
the perturbative fluctuations in the background of a non-trivial Polyakov loop [17]. The
proper setting would therefore rather be to calculate the non-perturbative contribution of
calorons — with a given asymptotic value of the Polyakov loop — to this energy density,
as was first successfully implemented in supersymmetric theories [18], where the pertur-
bative contribution vanishes. The resulting effective potential has a minimum where the
trace of the Polyakov loop vanishes, i.e. at maximal non-trivial holonomy.

In a recent study at high temperatures, where one presumably can trust the semi-
classical approximation, the non-perturbative contribution of the monopole constituents
was computed [19]. More precisely, the effective potential due to the one-loop determi-
nant in a caloron background was computed. When added to the perturbative contribu-
tion with its minima at center elements, a local minimum develops where the trace of the
Polyakov loop vanishes, deepening further for decreasing temperature. This gives sup-
port for a phase in which the center symmetry, broken in the high temperature phase, is
restored and provides an indication that the monopole constituents might be the relevant
degrees of freedom in the confined phase.

Monopole based models in the spirit of a dual superconductor that are conjectured
to lead to confinement were introduced long ago [20, 21]. Traditionally, monopoles are

9



1. Introduction

static objects in non-abelian Higgs models, but such a Higgs field is absent in QCD. An-
other possibility is abelian projection [22, 23] but in this approach magnetic monopoles
enter essentially as gauge singularities and their physical interpretation — i.e. gauge in-
dependence — is not so clear. The alternative we offer to introduce monopoles into QCD,
through the constituents of finite temperature instantons, is gauge invariant and physi-
cally appealing.

1.4 Collective coordinates

The set of collective coordinates that may enter the most general instanton or caloron
solution carries important information about their physical interpretation. Some of the
parameters are interpreted as gauge orientations or phases, some others as scales and
locations [24]. Exploring the whole moduli space is necessary to identify the role of every
parameter.

What we find is that the 4nk dimensional moduli space of instantons which consists
of (4n — 5)k gauge orientations, k 4-dimensional locations and k scales is traded at finite
temperature for nk 3-dimensional locations and nk phases. The interpreation of these
parameters is clear, they describe nk magnetic monopoles. A more detailed analysis of
the moduli space confirms that this is not just an arbitrary juggling with the possible
ways of factoring the number 4nk, but really a physically sensible reorganization of the
collective coordinates takes place. In particular a charge k object is not an approximate
superposition of k charge 1 basic objects, but rather an approximate superposition of nk
objects each with fractional topological charge.

There is an apparent puzzle that seems unavoidable following our discussion of the
chiral fermion zero-modes in the instanton background. We have seen that a generic
charge k instanton can be thought of as an approximate superposition of k charge 1
instantons each carrying a fermion zero-mode. If at finite temperature we have nk basic
objects in a charge k configuration then how can chiral zero-modes be supported on all of
them if the index theorem still dictates that only k zero-modes exist? The answer is that
the nk monopoles come in n distinct types, each corresponding to a U(1) subgroup. In
addition, the presence of finite temperature necessitates a choice of boundary condition
for the zero-modes in the compact time direction, they can be chosen to be periodic up to
an arbitrary phase, exp(—27iz). According to the Callias index theorem [25], for a given
choice of this phase, say pg < z < pg+1, the k zero-modes localize to the k monopoles of
type A only. Whenever exp(27iz) passes an eigenvalue of the Polyakov loop, the zero-
modes hop from one type of monopole to the next, eventually visiting all of them. For
z = y 4 the zero-modes delocalize or spread over both types A — 1 and A.

It should also be noted that for finite temperature field theory there is a canonical
choice, namely that the fermions are anti-periodic. Thus from a physical point of view
n — 1 out of the n possible boundary conditions are non-physical and perhaps this was

10



1.5. Outline

part of the reason why constituent monopoles were not seen in lattice gauge theoretical
studies in the past. If one, however, performs simulations with the non-physical boundary
conditions as well, the behaviour predicted by the exact solutions is revealed. In this sense
the zero-modes are used as probes of the underlying gauge configuration rather than as
dynamical, physical fermions.

The same comment applies to supersymmetric gauge theory compactified on S* x R3.
There is also a canonical choice of boundary condition in this case, the (adjoint or fun-
damental) fermions should be periodic in order to preserve supersymmetry. This is the
right choice for computing the caloron contribution to the gluino condensate for instance
in .4/ = 1 super Yang-Mills theory [18]. The non-physical fermions are nevertheless still
there and can be used for diagnostic purposes but do not play a role dynamically.

1.5 Outline

In the following chapter we will present the well-known results on self-dual Yang-Mills
fields over flat spaces T? x R7 for p + g < 4. The organizing principle is Nahm’s duality
on the 4-torus that maps U(n) instantons of topological charge k on T* to U(k) instantons
of charge n on the dual torus T* with periods inverted. By sending some of the periods
to infinity or shrinking them to zero this approach puts the ADHM construction, BPS
monopoles, vortices, calorons, etc. into a common framework. This will be discussed in
section 2.2.

Chapter 3 deals with the application of Nahm’s transform for calorons with arbitrary
topological charge. Our rather general results are specialized to various limiting cases in
section 3.4 that include BPS monopoles and the abelian limit when the non-abelian cores
of the massive monopoles are shrunk to zero size. Both the general formulae and the
limiting behaviour are exlicitly spelled out for SU(2) and charge 2 in section 3.5.

The fermionic sector, concretely the zero-modes of the Dirac operator in the caloron
background, is investigated in chapter 4. It is shown how the zero-modes can be used to
probe the monopole content of the caloron field by varying their boundary condition in
the compact temperature direction. The abelian limit of the previous chapter is employed
to achieve maximal localization for the zero-modes. Again, our general results are made
explicit for charge 2.

We also show that upon large separation between the constituents the zero-modes
“see” point-like monopoles. The exact results from the previous chapter are used to
resolve the singularity structure of the abelian limit and we obtain the exact zero-modes
as well.

Chapter 5 explores the moduli space of multi-calorons. The essential tool is Euclidean
twistor theory as applied to hyperkdhler geometry. We derive an explicit parametriza-
tion in terms of finite dimensional matrices. Using this a correspondence is established
between the caloron moduli space and the moduli space of stable holomorphic bundles

11



1. Introduction

over the projective plane which are trivial on two projective lines. We also construct the
corresponding twistor space which encodes the hyperkéhler metric of the moduli. We
show that upon large separation the moduli space becomes nk copies of S! x R® each
describing a charge 1 BPS monopole. This observation lends support for our constituent
monopole picture for arbitrary rank and charge from a geometrical point of view.

Lattice gauge theory is the natural framework to study non-perturbative phenomena
in QCD and should be decisive on dynamical questions such as the dynamical importance
of our caloron solutions. Lattice aspects of our analytical work is presented in chapter 6.
Monte-Carlo simulations are performed to demonstrate the confinement — deconfinement
phase transition for SU(2) and exploratory investigations are done in the confined phase
in search of calorons.

Finally, in chapter 7 we end with a number of concluding remarks.

12



Chapter 2
Self-dual Yang-Mills fields

This chapter will outline the general structure of the self-duality equation F,, = F,, and
its various limits. Starting with Nahm’s tranformation on the 4-torus we show how to
obtain a whole web of interrelated systems by shrinking some of the periods to zero or by
sending them to infinity. The most general form of Nahm’s duality considered here will
relate self-duality on R” x T7 and R*P~7 x T4 for p + g < 4 where T9 is the dual torus
with periods inverted. In particular this includes the algebraic ADHM construction of
instantons on R*, BPS monopoles on IR® and their relation to Nahm'’s equation, calorons
on S! x R3 and their relation to Nahm'’s equation with periodic boundary conditions,
vortices on IR?, etc. For more detailed geometrical aspects see chapter 5.

The gauge group is limited to be SU(n) (or U(n)), generalization to other classical
groups are possible. In fact some of the computations will be done in the Sp(n) series for
Su(2) = Sp(1).

Our conventions are that for the quaternions ¢, we use (0p,0;) = (1, —iT;) as well
as (0p,0;) = (1,itj) where 7; are the usual Pauli matrices, for 't Hooft’s self-dual and
anti-self-dual tensors we define

j 1 _ _
M = w0 =35 (ou0y — 0v0)
_ _i 1, _
T = Twoj = 5 (Ouov — voy) - (2.1)
We have the identities
Uﬂa—y + 0—1/5-]/[ — 25],”/
5-‘1,[0-1/ + 5’1/0’;,[ — 25],[1/

For a quaternion Re/Im will always mean the quaternionic real/imaginary part, that is
for g = g,0,, we have Req = gp and Imq = g,0;. If a quantity, say A, has 4 components

13



2. Self-dual Yang-Mills fields

then without the y index we will always mean the corresponding quaternion A = A,0y,.
Spatial vectors x;,e;,... with 3 indices will be bold, x,e,... and their dot product will
simply be written xu, 32, etc.

The various indices will be such that «, B, ... have values 1, 2 and are used for chiral
spinors, a,b,c, ... are the dual gauge indices and are running from 1 to k, and A, B,C, ...
are the indices for SU(n) and are running from 1 to 7.

2.1 Nahm duality on the 4-torus

When formulated on T* the Nahm transform [26, 27] assigns to every generic U(n) in-
stanton of topological charge k, another instanton with topological charge n and gauge
group U (k) but living on the dual 4-torus T* whose periods are inverted [28]. A nice
feature of this duality is the constructive nature of it. Once the U(n) instanton is given
with charge k, there is a recipe to construct the corresponding U (k) instanton of charge n
although the actual computations can be cumbersome. Another property is that applying
it twice gives back the original instanton, in other words the Nahm transform squares to
one. In addition, since the moduli space of instantons on T* carries a natural hyperkahler
structure, one can show that the transformation is a hyperkahler isometry [28].

Considering various limits of the periods of T* one ends up with correspondences
between objects in a variety of dimensions and it is hoped that the magical properties
of the Nahm transform survive these limits. Maybe it is worth a note that some of the
analytical properties have not been rigorously proved for all cases, but from a physical
point of view the principle is clear. The particular case of the caloron has actually been
dealt with in a mathematically sound way in [29, 30] and henceforth we will not bother
with rigorous proofs.

Let us start with a U(n) instanton gauge field A, (x) of charge k on the 4-torus T*
with 4 periods 27tL,. One can modify the gauge field in such a way that self-duality is
not violated by adding a flat factor, A,(x) — A, (x) — 2miz, where the z;, are numbers.
Indeed, such a shift does not affect the curvature. It is possible to change z;, to z, +n, /L,
for any integers 1, by applying a periodic U(1) gauge transformation, so it is best to think
of the z;, variables as parametrizing the dual torus T4 with periods ﬁy =1/Ly.

Now consider the chiral and anti-chiral Dirac operators in the fundamental representa-
tion D, = 0 (D, — 2mizy,) and D} = —a,, (D, — 2miz,) with D, = 9, + A,,. Generically
D, will have no normalizable zero-modes, whereas D} will have k of them according to
the index theorem. * Denote by 1, (x) the 21 x k matrix of linearly independent orthonor-

"Naturally, there is an obvious symmetry between D, and D! once the gauge field is changed from
self-dual to anti-self-dual.
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2.1. Nahm duality on the 4-torus

mal zero-modes of D,

D;¢Z =0, /d4x 1/)21/)2 =1, (2.3)
T4

with a k X k identity matrix on the right hand side. The ¢,(x) parametrically depend on
the z, variables and it is possible to define

N 0
A = d4 ;— z .
u(2) T/ Wyl (24)

as a k x k gauge field on the dual torus which will be referred to as the dual gauge field.
Gauge transformations arise because there is a z-dependent U (k) choice in the ¢, matrix
of zero-modes. The transformation 1, (x) — 1,(x)g~!(z) for unitary g(z) induces

A ~ _ a _
Ay — gA g - gt (2.5)

It is easy to see through integration by parts that Aﬂ is anti-hermitian and it is in fact
also self-dual. In order to see this notice that

. . 1 . .
D!D, = —(D,, — 2miz,,) (D, — 27iz,) — STuFuw = —(Dy = 27z, ) (Dy = 27tizy.) , - (2.6)

because the original field strength is self-dual and drops out when contracted with the
anti-self-dual 't Hooft tensor. This argument is the same as our fermionic characterisation
of instantons in (1.16). Thus D,'D; is a real quaternionic operator and one can introduce
its Green function or inverse as an n X n matrix f;(x,y) by

D;szz(x,y) =d6(x—y), (2.7)

where 6(x —Ay) is the periodic Dirac delta on T*. In terms of the Green function the field
strength of A, is [28]

A

Fu(z) = 8 / d*x d4y IP;(x)fz(x/y)ﬂylez(y) ’ (2.8)
T4x T4

which is clearly self-dual. X
It can be shown that the topological charge of A, is n and also that if A, (x) is gauge

A

transformed then Aﬂ (z) does not change. This means that the map A, — A, is a map
between gauge equivalence classes of U(n) instantons of charge k on T* and U (k) instan-
tons of charge n on T4, which happens to be a hyperkahler isometry. Also it holds that
applying it twice gives back the original instanton, hence the Nahm transformation is an
involution.
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2. Self-dual Yang-Mills fields

2.2 Decompactification and dimensional reduction

The Nahm transformation on the 4-torus serves as a rich source for a whole web of
interrelated models. One way of obtaining them is decompactifying some of the periods
or shrinking them to zero. In the current section we will review self-duality over flat
spaces that can be obtained as such limits of T*.

If a period tends to infinity then the dual period shrinks to zero and the dual torus is
dimensionally reduced. In addition the dual field strength will not be exactly self-dual, its
anti-self-dual part will not equal zero but to some source term coming from the boundary
which will be non-trivial in the presence of non-compact directions. More specifically,
the formula (2.8) will have an additional contribution coming from integration over the
boundary which is absent for the compact case T* and this extra contribution will violate
self-duality. One can show that these source terms are singularities as a function of the
dual variables z,, hence self-duality will hold almost everywhere. These singularities
amount to special boundary conditions for the dual gauge field.

On the other hand if some of the periods are reduced to zero, that is the original torus
is dimensionally reduced then the dual torus will develop non-compact directions.

From the above it is clear that the Nahm transform relates self-duality on IRP x T17
to self-duality on R*P~9 x T4 for p + g < 4, hence the dimensionality of the problem
goes from p + g to 4 — p, which in our case of the caloron — as well as in some other
applications — is a considerable simplification. Instead of solving a four dimensional
problem directly we can achieve the same by solving a problem in one dimension.

If all four periods are sent to infinity the dual torus is reduced to a single point, and
self-duality with source terms over this point will give the ADHM equations. In this
way it is possible to derive the whole ADHM construction from Nahm duality and this
point of view may help clarify the mysterious fact that self-duality on IR* is solved by an
algebraic construction [31, 32].

If three periods are sent to infinity and one is reduced to zero, then the original setup
becomes the BPS monopole problem on RR® [33, 34]. The dual description is then on R,
that is Nahm’s equation with specific boundary conditions. This is the original Nahm
construction of magnetic monopoles [26, 27].

If two periods are decompactified and two are reduced to zero, then we obtain an
interesting case where the duality is between the same type of objects, both descriptions
correspond to vortices.

If we only send some of the periods to infinity but keep the remaining finite, then we
obtain flat 4-dimensional spaces. Calorons on S! x R3 will be related to Nahm’s equation
on the dual circle with periodic boundary conditions with some singularities, doubly-
periodic instantons on R? x T? will have a description in terms of vortex equations on 1?2
and instantons in a finite box, that is on R x T® will correspond to singular monopoles
on 13 [35, 36, 37, 38].

It is amusing to note that the manifolds R?, R x T? and T* are mapped topologically
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2.2. Decompactification and dimensional reduction

to themselves and if the periods are chosen the self-dual value L =1/ V27 then even the
metrics stay the same.

A more detailed presentation of the several variants of Nahm's transform is presented
in the rest of this section.

2.2.1  ADHM construction

Atiyah, Drinfeld, Hitchin and Manin have given a complete recipe to construct all self-
dual gauge fields on R* with gauge group SU(n) and arbitrary topological charge k [31,
32]. For comprehensive reviews see [39, 40]. Even though this was the first construction
of its kind we will interpret it in the light of Nahm'’s duality, which appeared later.

In our notation we will follow the literature and construct the instanton gauge field
Ay (x) from some auxiliary data. In our exposition of the Nahm transform on T - again
following the literature — we have constructed an auxiliary instanton out of the physical
Ay (x). In this sense the ADHM construction is the analog of the inverse Nahm transform.
This is the reason for shifting the physical gauge field A, (x) by the auxiliary z, variables
for Nahm’s transform and - as we will see — shifting the auxiliary gauge field B, by
the physical x, variables for the ADHM construction. We hope this remark will make it
easier to relate the two constructions and clarify the logic behind the notation.

One starts with four k x k hermitian matrices B, combined into a matrix of quaternions
B = B0, and an 1 x k matrix of 2-component spinors assembled into an 7 X 2k matrix A.

The analog of the D, and D] operators is the (1 + 2k) x 2k matrix

A(x) = ( 2 ) (2.9)

and its adjoint. We see the appearance of A in A(x) due to the boundary which is absent
for the Nahm transform on T#. For R* the A-dependent terms will play the role of a
source term as already alluded to in the previous section.

An instanton solution corresponds to the matrices (B, A) if AT(x)A(x) is a real quater-
nion, compare with (2.6). This condition is independent of x and is in fact equivalent to
B'B + ATA being a real quaternion,

Im (B'B+ATA) = 0. (2.10)
This gives 3 quadratic matrix equations for the algebraic data (B, A),

1

[Bo, Bl] - [BZ/ B3] = 2—1 </\'1P/\2 + /\E/\l)
1

[Bo, B2 - [Bs,Bi] = > (A;Al - A{Az) (2.11)
Lot

[BO’ B3] - [Bll BZ] = Z </\1/\1 - /\2/\2)



2. Self-dual Yang-Mills fields

An additional constraint is that B — x = o0y, (B, — x) should only be degenerate for k
points, which is an open condition so will generically hold. Once such a data is given,
the gauge field, field strength and a number of other quantities of physical interest can
be reconstructed explicitly.

To this end let us look for the kernel of A'(x) which generically will be n dimensional.
Choosing n normalized basis vectors gives an (1 + 2k) x n matrix v(x) of zero-modes for
which

At(x)o(x) =0, oT(x)v(x) =1. (2.12)

The zero-mode matrix v(x) is the analog of ¥, as defined by (2.3). The gauge field corre-
sponding to the data (B, A) can be written as

Au(x) =o' (x)9,0(x). (2.13)

It is worth pointing out that the above formula defines a gauge field for any (B, A) ma-
trices, however it will only be self-dual if (B, A) satisfies the quadratic ADHM equations
(2.10).

Once (B, A) does satisfy (2.10) it is clear that the transformation

B — g¢Bg !, A — Ag! (2.14)

for ¢ € U(k) leads to a new set of data satisfying (2.10). The form of the gauge field shows
that such a transformation does not change A,. Thus it is appropriate to associate a gauge
field to equivalence classes of ADHM data where equivalence is understood with respect
to the transformations (2.14). We conclude that the moduli space of instantons can be
explicitly parametrized by matrices (B, A) satisfying (2.10) modulo the equivalence (2.14).

Obviously if v(x) is a solution to (2.12) then so is v(x)g(x) ! as long as g(x) is unitary
and this will induce a gauge transformation on the gauge field (2.13).

It is possible to solve for v(x) explicitly in terms of (B, A). Substituting directly into
(2.12) shows that

o(x) = ( LE) ) V1+ ui(x)u(x) o= <B+ B er) S (2.15)

is a normalized solution, where the square root of the positive n x n matrix,

¢(x) =1+ u'(x)u(x) (2.16)

is well defined and u(x) is 2k x n. In terms of these new variables the gauge potential
becomes

AP, = 4)‘1/2 u+8yu 4)—1/2 + (/)1/2 8,44)_1/2 . (2.17)
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2.2. Decompactification and dimensional reduction

The analog of the Green function is the inverse of the real quaternion AT (x)A(x) which
is an ordinary k x k matrix yielding the definition

fx = (AT(x)A(x))7L. (2.18)

Note that on T* the Green function f,(x,y) is a bona fide Green function for the second
order differential operator DID,, whereas in the ADHM construction it is the ordinary
inverse of the matrix AT(x)A(x). We will still call it the Green function and in terms of
this hermitian k x k matrix we have [39, 41, 42]

¢l = 1-AfAl
1 _j 17

2 2
TrF> = —0O0Ologdet fy (2.19)
1 1/2 =
Py = Egb/ Ay frx0ye
1
Py = —Rmfxz

where 1(x) is the 2n x k matrix of k normalized fundamental zero-modes of the chiral
Dirac operator in the instanton background, 7, D, = 0, whose existence is guaranteed by
the index theorem, [ is the four dimensional Laplacian, ¢ = 05 is the charge conjugation
matrix and we have also introduced the n x n matrices

pj(x) = Aoj fr AT (2.20)

We see that ¢ and ¢; completely determine the instanton gauge field.

It is a useful excercise to check the value of the total action and normalization of
the fermion zero-modes. Both the action and zero-mode densities are given as the four
dimensional Laplacian of an expression, hence the integral over 4-space can be evaluated
from the asymptotics. The definition (2.18) yields for the Green function fy = 1/x? + - - -
which indeed leads to S = 87%k and [ d*xyTy = 1 as it should.

Formulae (2.19) show that in order to perform actual calculations the Green function
is a useful instrument. Its analog for the caloron will be used extensively for finding the
new exact multi-caloron solutions.

The above construction is valid for unitary gauge groups. Other classical groups such
as Sp(n) or O(n) can be encorporated by considering their embeddings in higher dimen-
sional unitary groups [40]. These embeddings are of the form that the generators should
preserve some additional structure, along with the hermitian metric preserved by the
unitary group. Invoking the ADHM construction and approriately imposing these condi-
tions one can arrive at explicit instanton solutions for any compact semisimple Lie group.
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2. Self-dual Yang-Mills fields

Since SU(2) = Sp(1) one can apply in this case two forms of the ADHM construction
and in practice we will find it convenient to use the Sp(1) realization.

In this variant of the ADHM construction the B, matrices are taken to be real, sym-
metric. The initially n X k matrix of chiral spinors, or equivalently the n x 2k matrix A is
taken to be a quaternionic k-component row vector with real coefficients, A" = Aj0y,. The
symmetries of the ADHM data are modified accordingly, one has the same transforma-
tions as in (2.14) but only ¢ € O(k) are allowed. The main advantage of using the Sp(1)
construction instead of the SU(2) is that some of the formulae simplify considerably. The
quantity ¢ in this case is proportional to the identity matrix, hence a scalar function of x.
This makes it possible to simplify the formula for the gauge field to

1
Ay = E‘P 77;41/ av‘f’j . (2.21)

To summarize, the initial problem of finding solutions to the self-duality equations,
which are partial differential equations in four variables for the gauge field, is turned into
an algebraic problem of finding roots in a system of quadratic equations and finding the
eigenvectors of a matrix corresponding to zero eigenvalue. In this sense the 4 dimensional
problem is reduced to a zero dimensional one.

2.2.2 BPS monopoles

Assuming that the gauge field is invariant under translations in one of the directions of
IR* one arrives at the Bogomolny equation for magnetic monopoles. Indeed, if ¢ = Ay is
introduced as a Higgs field and assuming that neither ¢ nor A; for i = 1,2,3 depend on
xo then the self-duality equation will reduce to

B; = —D;¢, (2.22)

where D; = 9; + A; acts in the adjoint representation and B; = %siij]-k is the magnetic
field. The xp-independent gauge transformations descend to the 3 dimensional gauge
symmetry of (2.22),

¢ — gpg!
A — gA,-g’l—al-ggfl. (2.23)

As BPS monopoles are closely related to our central object — the caloron — we will sum-
marize some of the well-known facts; for a review and more details see [43, 44]. All of
these facts will be rederived in subsequent sections from the caloron point of view.

The finiteness of the 3-dimensional action implies that at infinity the Higgs field
should tend to a constant. The appropriate boundary condition at infinity is then

¢aB(r) =idaB (VA_ZZ_/;JFW) ;o Yma=)la=0, (2.24)
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2.2. Decompactification and dimensional reduction

or any gauge transform of the above, where the [4 are integers. The magnetic charge
of the monopole is then (ki,kp, ..., ky,—1) with kg = 2?21 Ig. The numbers iy are the
eigenvalues of the Higgs field at infinity.

It turns out that the fields (¢, A;) are not the most convenient objects to describe a
monopole. One can define so-called spectral data instead, which are in a one-to-one corre-
spondence with gauge equivalence classes of monopoles [43, 45]. For gauge group SU(2)
the spectral data consists of a spectral curve which for our present introductory purposes
is simply a complex polynomial p(7) of order k = k; = —k, > 0 with leading coefficient
1 and another polynomial g(#) of order k — 1 such that they have no common root. These
two polynomials can be combined into a rational function, r(17) = g(17)/p(#), and the re-
markable fact is that the rational function r completely determines the monopole solution
up to gauge transformations. If it can be written in the form

Ca
r(n) = 2.2
(17) a:Zl — (2.25)
for non-zero complex numbers ¢, = exp(v, + it;) and arbitrary z, then such an r repre-
sents an approximate superposition of k charge 1 monopoles with U(1) phases exp(it,)
and locations (—%va,za) e R xC =R provided the separation between the locations is
large enough and the choice 1 = —u = 1 is made [43].

If the polynomials have expansions p(y) = 7%+ YX"Lp,n® and q(y) = Y521 q.9°
then the complex coefficients po, p1,..., Pk—1,90,91,- - -,qk—1 parametrize the 4k real di-
mensional moduli space. The requirement that the two polynomials should not have a
common root is expressible as A(p, q) # 0, where

q0 91 --- qk-1
G 91 -+ Gk
Ap,q) = q0 cee k=1 26
P =1p b . pey 1 (2.26)
po Pl pk,1 1
o o P 1

isa (2k — 1) x (2k — 1) determinant, the so-called resultant of the two polynomials. This
description of the moduli space of monopoles as the complement of the algebraic variety
A(p,q) = 0 in C?* is useful as it provides an explicit holomorphic parametrization and
with some extra work the hyperkédhler metric can also be derived [43].

If the rank of the gauge group is larger than one then one has a similar picture with
spectral data for each SU(2) embedding with constraints on the polynomials. We will
revisit these questions in chapter 5 in more detail and will also show how the spectral
data of monopoles arises from our construction of caloron solutions and their moduli
spaces.
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2. Self-dual Yang-Mills fields

2.2.3 Vortices

If the gauge field on R* is assumed to depend only on xy and x;, equations relevant for
the study of doubly periodic instantons and vortices are obtained [46, 47, 48, 49]. In this
case there are 2 Higgs fields, ¢; = Ay, ¢o = A3 and a 2 dimensional gauge field Aj; both
of which can be combined into complexified fields ¢ = ¢; +i¢pp and A = Ay —iA;. Also,
it is convenient to work in complex coordinates z = xy + ixj. The self-duality equations
reduce to

B = —[¢,9] (2.27)
D¢ = 0 (2.28)

where B = [D, D] = A —0A + [A, A] is the curvature of A and D = 9 + A is in the adjoint
representation. The symmetry becomes ¢ — g¢p¢~1and A — g A g~ —9gg~! for SU(n)
valued gauge transformations but note that eq. (2.28) is invariant under the complexified
gauge group SL(n,C) whereas (2.27) only under the original compact group. This feature
is a general phenomenon also occuring in the other dimensionally reduced examples but
perhaps is most transparent in the present case. It will be explained and exploited in
chapter 5 in the general context of hyperkihler geometry.

2.2.4 Nahm equation

The most important case for our purposes — for calorons — is the dimensional reduction to
1 dimension. Assuming that the gauge field only depends on xg = t self-duality becomes

1
Aj +[Ag, A = Eeijk[AjzAk] , (2.29)

the celebrated Nahm equation, where prime denotes differentiation with respect to t. It is
an ordinary non-linear differential equation and also plays an important role in the study
of rotating rigid bodies. Gauge transformations only depend on t and act as >

Ap — gAg g’
A — gAl-g_1 . (2.30)

The detailed analysis of Nahm’s equation will be done in the next chapter where we use
it to construct new multiply charged caloron solutions.

?An interesting observation is that if the range of ¢ is compact and periodic boundary conditions are
imposed — as for the caloron — then the transformation of Ay is the same as the coadjoint action of the
centrally extended loop group familiar from WZNW models [50].
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2.3. Existence and obstruction

2.2.5 Reduction to zero dimension

There is still a fourth possibility, namely to reduce to zero dimensions and assume that the
gauge field does not depend on any of the coordinates. In this case only the commutator
terms in the field strength survive and we obtain

[Ao, A1] = [Az, As)
[Ao, A2] = [As, A4 (2.31)
[Ag, As] = [A1, Az,

recognizing immediately the ADHM equations as introduced in section 2.2.1. More pre-
cisely, the ADHM equations are the above equations in the precence of a source given by
the A-dependent terms. The conclusion is then clear; the ADHM construction — or from
our point of view the Nahm transform — relates the four dimensional self-duality equa-
tion and its moduli space to self-duality in zero dimensions, hence supplying an algebraic
solution to the former.

2.3 Existence and obstruction

Nahm'’s duality transformation states that if a U(n) instanton of charge k exists on T*, so
does a U(k) instanton of charge #, if we identify T* with the toplogically identical T4. It
follows then immediately that there can not exist a charge one instanton on the 4-torus
[28]. If it existed, the Nahm transform would produce a U(1) instanton of charge n, which
is clearly impossible as U (1) gauge theory is linear.

One can show that no such obstruction exists for higher charge on T* [51]. It is strongly
believed that on T° x R unit charge instantons exist, although it is not proved. For the
remaining cases, T? x R?, S! x R3 and R? it is known that instanton solutions exist with
any topological charge. Those for S! x R? will be discussed in the next chapter, with an
emphasis on higher topological charge.
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Chapter 3

Multi-caloron solutions

Nahm duality — see section 2.1 — tells us that in order to construct multi-caloron solu-
tions one should study Nahm’s equation on the dual circle [52]. This method transforms
a solution of a non-linear 4 dimensional partial differential equation to a solution of an or-
dinary but still non-linear equation. The precise boundary conditions for the dual gauge
field, formulae for physically interesting quantities and other details of the construction
can be obtained in a number of ways. One could start from the Nahm transform on T*,
then carefully perform the limit of 3 periods tending to infinity and trace what terms arise
as sources that violate self-duality, see the comments after eq. (2.8). Another possibility
is first let T* tend to R* thereby ending up with the ADHM setup and then compactify
one direction a la Fourier, resulting in S' x IR®. Yet another option is to start from BPS
monopoles on R3 with corresponding dual discription on R and compactify this R in
order to have S! x R? in the original setup [53]. The compactification will introduce the
time dependence that is absent in the pure monopole situation. These approaches are
equivalent and we will use mainly the second.

Calorons interpolate between instantons on IR* and BPS monopoles on IR? by varying
the radius of the circle corresponding to finite temperature. Because of this it is not
surprising that calorons share features with both objects and for the actual construction
one can use a mixture of the ADHM and BPS monopole methods.

We will be seeking solutions of multiple topological charge for which the asymptotic
Polyakov loop, or holonomy, defined as the path ordered exponential at spatial infinity,

P

P = lim Pexp/Ao(t,x)dt (3.1)
| X[ =00 .

is a generic element with all eigenvalues exp(ifyu ) distinct. In addition, we assume an

ordering 3 < pp < --- < py. This requirement means that the SU(n) symmetry is

maximally broken to U(1)"~! by the holonomy or equivalently that all the monopoles

inside the caloron will have non-vanishing masses, 8712 4/ B, where v4 = pas1 — Ha.
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The massless limit giving rise to so-called non-abelian clouds [54, 55] can be taken in a
more or less straightforward way but we will not be concerned with it here.

The solutions we obtain will have one special feature though, they will have vanishing
over-all magnetic charge. Including an arbitrary magnetic charge (k1,kp, ..., k,—1), as
mentioned in section 2.2.2, would mean that the rank of the dual gauge field as defined on
different invervals is not a constant but jumps according to the differences k 411 — k4 [56].
The boundary conditions for these cases are also known but for the sake of simplicity we
will limit ourselves to vanishing over-all magnetic charge. We will see that the monopole
constituents come in n distinguished types each being associated with a pair of adjacent
eigenvalues (pa, pa+1). Each of these types has a magnetic charge in the corresponding
U(1) subgroup, but the total magnetic charge of the sum of all constituents will be zero
however.

Lattice gauge theory considerations also justify the interest in only zero over-all mag-
netic charge as the simulations are performed in a finite box. Clearly, in finite volume
with periodic boundary conditions there can be no net magnetic charge.

Without loss of generality we set the radius of the circle to unity, i.e. B = 271 which
results in the period of the dual circle to be 1.

3.1 Dual description of calorons

Nahm duality tells us that we should consider the chiral and anti-chiral Dirac operators
on the dual circle parametrized by z in the background of a U(k) dual gauge field A,

D = % + O'P,AV(Z) , Dt = —% — G'P,AV(Z) (3-2)
and the requirement of self-duality for A is equivalent to DD being a real quaternion.
We have also seen that since S! x R? is not compact, the dual gauge field is only self-dual
up to singularities and the precise form of the singularities can be obtained by Fourier
transforming the ADHM equations [57, 58]. The source term in the ADHM equations
was Im A*A. Adding the Fourier transform of this term to the self-duality equations for A
yields the dual description of SU (1) calorons in terms of the U (k) dual gauge field A(z)
and an n x k matrix of 2-component spinors or equivalently a 21 x k matrix A,

A A ~ 1 ~ ~ . .
Al + Ao, Aj] — ESijk[Aj/ Al = 12(5(2 - yA)pZA, pfaj =iImATP4A, (3-3)
A

where the prime stands for the derivative with respect to z, the triplet of k x k hermitian
matrices p]A at each jumping point z = 14 are the source terms and P, is the projection to

the eigenvector corresponding to the eigenvalue exp(27ip 4 ) of the holonomy. A factor of
i in the definition of p]A is included in order to make them hermitian. It is useful to fix the
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3. Multi-caloron solutions

gauge such that the asymptotic Polyakov loop is diagonal, in this case p#lo; = iIm A4A4
with A4 meaning the A" row of A, although this will not be always assumed.

Since (3.3) is a first order equation, the Dirac deltas on the right hand side give rise to
finite jumps,

Aj(pa+0) = Aj(pa —0) = ip? (3.4)

in the dual gauge field at z = p 4. For this reason the p-matrices are called the jumps.
Along with the imaginary part, the real part of ATP4A will also play a role and for
future use we define the hermitian k x k matrices

Sy =ReATP4A. (3.5)

The similarity between eq. (2.11) and (3.3) should be clear by now and we recall the
essential point once more. They express the fact that the dual gauge field, B, for in-
stantons and A, (z) for calorons, satisfies the dimensionally reduced self-duality equation
with source terms, or equivalently the fact that the appropriate DYD operators are real
quaternions. For instantons the reduction leaves only a point and the source is simply the
imaginary part of A'A whereas for calorons the reduction leaves a circle and the source is
given as the imaginary part of ATY 4 Pa6(z — pia)A.

It is worth pointing out that the Nahm equation (3.3) also appears in the study of BPS
monopoles on R? but in that case the range of z is an open interval [26, 27, 59]. This
follows from Nahm’s duality as three periods of T* have to tend to infinity and one has
to shrink to zero in order to have R3. In the dual description this means that the dual
torus reduces to R, as we have seen in section 2.2. The finite jumps in the dual gauge field
are the same for BPS monopoles if the rank of the dual gauge group is the same before
and after the jumping point. Having only finite jumps for the caloron corresponds to
having no over-all magnetic charge, but for pure monopoles this is of course impossible,
hence in this case the boundary conditions are different and in particular involve poles
for A,-(z). When we discuss in sections 3.4.2 and 3.4.3 how BPS monopoles are embedded
in calorons we will show how these poles arise as boundary conditions from the caloron
point of view.

We have seen that a simplified variant of the ADHM construction exists for the sym-
plectic series which for SU(2) = Sp(1) makes practical computations swifter. The re-
quirement of B, being real and symmetric translates into

Ay(_z) = AV(Z)T- (3.6)

The A matrix in this case is a k-vector of quaternions, thus can be written A = Aj 0, with
real coefficients Aj,. There are only 2 jumping points and we have the following restriction

on p/t and S 4,

T
pi = —pi, S =65. (3.7)
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3.1. Dual description of calorons

The condition on the jumps is easily seen to be consistent with (3.6).

The first step in constructing the caloron solution is to solve eq. (3.3). The solutions
in the bulk of the intervals (y 4, 14 +1) are solutions to the homogenous Nahm equation
(2.29) and the Dirac deltas give finite jumps across z = p 4. First we will investigate the
general structure of Nahm'’s equation in the bulk of a fixed interval and then the structure
of the matching conditions.

3.1.1 Nahm’s equation

On each interval (pa, piat1) the dual U(k) gauge field satisfies the homogenous Nahm
equation [27]

~ ~ A 1 ~ A
A +[Ag, Aj] = Esz’jk[Aj/ Agl, (3-8)

which is the dimensional reduction of the self-duality equations to 1 dimension as we
have seen in chapter 2. It follows that Tr A; is a constant. Furthermore, taking derivatives
explicitly it is easy to see that Tr A;A; — §;;Tr Ay Ay /3 is also constant. More generally,

A~

TrA; ... A;, is conserved as long as it is made totally symmetric and traceless in the
indices iy, ..., 1y, giving rise to constant tensors

N

i = Tr A;, ... A;, + (permutations) — (traces), (3.9)

where the factor of (—i)” was introduced to make them real. Note that only the first k
of them are independent. Since they are totally symmetric and traceless, C;,_;  is in the
spin m irreducible representation of SO(3) and has 2m + 1 independent components.

Totally symmetric and traceless combinations can be simply encoded using a complex
null vector y; for which y?> = 0. The conservation laws are then equivalent to the state-
ment that y;, ...y;, Tr Ail e A,-m is conserved for any null vector y because the monomials
Yi, - - - Yi, project on precisely the totally symmetric and traceless part. Obviously scaling
y with an arbitrary non-zero complex number is irrelevant so it is best to think of y as
living in a conic of CP? defined by y2 + y3 + y3 = 0. Such a complex submanifold is nec-
essarily a CP!. The simplest way to see this is by the explicit parametrization of complex
null vectors — up to an over-all factor — as

_ 72 2
v=(c 155 055, (3.10)

2

Here { is a complex number which naturally lives on the Riemann sphere.

The conservation laws thus can be expressed in a very compact form by saying that
det (7 +yA) is conserved for any complex # and null vector y since expanding the deter-
minant in 7 will reproduce the trace of any power of yA up to k. As a result the algebraic
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3. Multi-caloron solutions

curve in the variables (7, {)

A LA

Ay +iA . Ay —iA
det <17 + % + A1 — gzlea> =0 (3.11)

is independent of z. This is called the spectral curve and has genus (k—1)2

Let us count the number of degrees of freedom. Locally Ay can always be gauged
away. There are 3k? remaining real variables in the 3 anti-hermitian k x k matrices A;.
The conserved quantities with m indices we have found have 2m + 1 independent com-
ponents and summing them from 1 to k gives a total of k? + 2k conservation laws. After
gauging away Ay, constant gauge transformations are still allowed, giving k2> — 1 gauge
parameters. Thus we are left with 3k?> — (k* + 2k) — (k> — 1) = (k — 1)? gauge invariant
degrees of freedom to be determined. They are related to the (k — 1)? globally defined
holomorphic 1-forms of the spectral curve [60].

We will see that the conserved tensors (3.9) determine the long-range or abelian prop-
erties of the caloron and the remaining constants of integration are responsible for the
short-range or non-abelian behaviour.

The case k = 1 is special because U(1) is abelian. There are no commutator terms
and the Nahm equation simply says that A; is (covariantly) constant. Based on constant
Nahm data the complete construction of the most general charge 1 caloron for unitary
gauge group has been derived in [57, 61, 62, 63]. For an extension to arbitrary simple
groups, see [64].

Even if the topological charge is greater than unity one can look for special solutions
which have constant Nahm data. Such an ansatz requires the constant A; to mutually
commute leading to axially symmetric solutions for any charge [58]. Here, however, we
will be concerned with generic solutions with topological charge k > 1.

3.1.2 Structure of the jumps

There are 1 jumps in the dual gauge field for gauge group SU(n) and these will be related
to locations of the constituent monopoles. More precisely, the jump in Tr Ajatz = y Als
zTrp and since the x-dependence always enters as A; — ix; on both intervals, Trp can
be interpreted as the shift between the center of masses of monopoles of type A — 1 and
A. For this reason these traces carry a clear physical interpretation.

Solution of eq. (3.3) proceeds with solving the homogenous Nahm equation in the
bulk of the intervals giving independent Nahm data on each. Then the differences at
each jumping point, A;(a +0) — A;(ua —0), should equal ip#:. However, the p#* are not
arbitrary matrices, but are of a special form

pflo; =ilmATPAA, (3.12)
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3.1. Dual description of calorons

and any 3 differences A;(pi4 +0) — A;(1a — 0) in general can not be written in this form.
This fact is in contrast with the situation for unit topological charge in which case arbi-
trary — and necessarily constant — Nahm solutions on the two sides of the jump can be
matched.

In this section we will analyse in detail what the constraints are on the jumps p#! for
arbitrary topological charge — and consequently on the differences A;(yua+0)—A;(pa—0)
— and what their most general form is for fixed Trps!. This will be of great practical
help for the actual construction of the caloron because with prescribed center of mass
locations we will be in a position to constrain the various moduli present in the most
general solution of the homogeneous Nahm equation on each interval.

We will be concerned with a fixed jumping point p4 only, and the A index will be
dropped in the remainder of this section. A diagonal holonomy will be assumed and the
A™ row of A will be denoted by ¢. So & is a k-vector of chiral spinors.

There are 4k real parameters in ¢ and 3k? real parameters in the three k x k hermitian
matrices p;. There is a U(1) symmetry & — ¢/°Z that rotates the & but does not change
the jumps p;, hence there are 4k — 1 moduli entering a jump at each jumping point. We
know already that 3 of these moduli, Tr p;, are associated to constituent locations and our
analysis will reveal the physical interpretation of the remaining 4k — 4 parameters.

Before doing so, let us mention a constraint that holds for the p; matrices as a direct
consequence of their definition. For a complex null vector (3.10) we have det (y;7;) = 0.
This means that y;7; is of rank 1, thus can be written as the product of two chiral spinors.
Concretely,

wi=y (S0 (e a0, (.13)

where the fact that the two spinors are linear in ¢ will become important in chapter 5.
Now we only wish to point out that as a result, y;p; has also rank 1 and can be written
as the product of two k-vectors. This constrains the jumps and they must satisfy the
following quadratic equation,

(vip:)* = yiy;ai p;, (3.14)

where we have introduced a; = Trp;. To keep a; fixed, we seek the most general form
allowed by the constraints for the traceless part p; — a4;/k and in particular its dependence
on a;.

Spelling out all the indices in (3.12) for diagonal holonomy yields

stboth — pitat = Eagt, (3.15)

where the real part S was introduced in (3.5). It is clear that if the above equation is
viewed as an identity for 2k x 2k matrices, then the requirement is that the left hand
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3. Multi-caloron solutions

side should be a hermitian rank 1 projector. Hermiticity is guaranteed by S and p; being
hermitian as 7; is hermitian. A necessary and sufficient condition for a hermitian matrix
My, to be of rank 1 is that MysMys = MpsM,,. Imposing this condition on the left hand
side of (3.15) and then decomposing the answer into its real and imaginary quaternion
parts gives

zsabscd _ Scbsad + pcbpad (3 16)
i Vi :
Sadpk + pk Scb pcdsab — lgl]kplcbp;zd )

Further decomposition of the second equation with respect to symmetric and antisym-
metric (cb) — (ad) indexpairs leads to

5™ + 5% = 5%t 4 5pt (3-17)
St —5"pt = iegpftot?. (3.18)

Equations (3.16-3.18) are the necessary and sufficient conditions for the p; and S matrices
to have the special form (3.15) with some ¢. Now taking the trace in (3.18) with respect to
indices ad and ab gives two conditions that resemble a u(2) algebra,

(S, k] = ieioia;,  [pi, 0] = ieijk (sox — aS) , (3-19)

where s = TrS. In order to really see this introduce the normalized traceless part of p;
and S as well as their normalized traces,

R S
Ei = a k'’ =
S e S
Ey = T EO—E/ (3.20)

where a is the length of 4;. Then changing variables from Ey, E; to Cy, C; by
1 e e;

C = @i (6ij — eiej) Ej + e%%le,-ejEj — %on,
Co = e(z)e%lEO — e(z)%leiEi (3.21)
translates (3.19) to
[Ci, G| =ieipCr,  [Co,Ci] =0, (3.22)

which indeed shows that the Cp, C; matrices constitute a k dimensional representation of
u(2). Contracting the indices ab in (3.15) shows that ¢y > 1. We have assumed for a
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3.1. Dual description of calorons

moment that ey > 1, but we will see that the limit ¢y — 1 is smooth and is relevant for the
axially symmetric solutions [58].

So far we have imposed condition (3.18) but not yet (3.16) and (3.17). A lengthy but
straightforward calculation of what these two conditions mean for the new C; and Cj
matrices leads to the simple result for the Casimir operator

3
TrGCi=5, (3-23)

which means that the k dimensional representation is the sum of a spin 3 and k — 2 trivial
representations, hence there exists a unitary matrix U such that

G = Hunu, (3.24)
where 7 is a k x k matrix with the usual Pauli matrices 7; in the upper left 2 x 2 block and
zero elsewhere. Because it is so sparse only the first two rows of U will contribute to C;.
Let us denote these two rows by the two k-vectors u, for & = 1,2 and assemble them into
a k x 2 matrix u. The index & can be thought of as a chiral spinor index. Since U is unitary
the u, vectors are orthonormal, uu = 1. The lengthy but straightforward calculation we
have referred to above also determines Cp and after putting everything together for the
original variables p; and S we have

+

pi = % (sinh H(&,] — €i€j) + cosh He,-e]-) uTiZ/lJr + a; %
1 t
S = Ea,-ur,-bﬁ +a cosh H% , (3.25)

where we have introduced the new variable H > 0 through cosh H = ey. These are our
final formulae for the jumps p; and S, they must have these special forms. One can easily
show by direct substitution that once p; is given, S is completely fixed as well,
20i0; 1 aip;

S NN (3.26)
Let us count the parameters. We have a; and H as 4 real moduli, in the u, orthonormal
vectors 2k — 2 complex moduli but multiplication by a phase does not change p; nor S,
leaving 4k — 5 real parameters, all together 4k — 1 moduli as it should be.

Let us elaborate on our result. The 1 matrix is clearly a dual gauge moduli and apart
from this and the already familiar 4; there is only one more parameter, H. This means
that once a; is fixed by putting the center of mass of the given type of monopoles to a
prescribed location there is only the H parameter to be determined up to U (k) dual gauge
transformations.
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3. Multi-caloron solutions

Setting H = 0 we obtain — after gauging away u — the simple expressions

aj

pi = 5 (¢T+7%)
a - -
S = S(eT+), (327)

where T is the 2 x 2 identity matrix in the upper left block and zero elsewhere, similarly
to 7. This shows that the matrix structure of p; is the same for all i, namely ¢;Tj + T, and in
particular they mutually commute. This is precisly the situation of the axially symmetric
solutions found in [58]. However, mutually commuting jumps do not necessarily imply
axial symmetry.

We also see that the jump in the dual gauge field A is limited essentially to a u(2)
subgroup. Most of the components do not change across a jumping point if k is large.
Another way of seeing this is by noticing that the number of parameters in the jumps
grows linearly in k whereas the number of components in A grows quadratically.

Above we have assumed that 2 # 0. The case of vanishing relative separation that
corresponds to 2 = 0 can be obtained by taking the limit 2 — 0 and H — oo while
keeping saexp H = s fixed. In this case we have — again after gauging away u — the
simple forms

S = 1. (3.28)

These are the most general forms for the jumps and S up to dual gauge transformations
for Trp; = 0.

Once A is found over the dual circle, the n normalizable zero-modes of the anti-chiral
Dirac operator in the background of Ay(z) — ix, have to be determined, from which
Ay (x) can be computed according to the general prescription of the Nahm transform.
Alternatively, as we have seen for the ADHM construction, the Green function can be
used and in the next section we proceed with its construction.

3.2 Green function

The Green function is the inverse of AT(x)A(x) for the ADHM construction. Compactifi-
cation from R* to S! x R? by the Fourier transform turns eq. (2.18) into [27, 57, 58, 63]

2
[_ <%+Ao—it) — (A—ix)" + Y 6(z— pa)Sa| frlz2') =8z —2"),  (3.29)
A
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3.2. Green function

where the k x k matrices S4 are defined by (3.5) for each jumping point z = p4. The
above form of the Green function equation should not come as a surprise following our
extensive discussion of Nahm duality. On the 4-torus eq. (2.7) defined the Green function
and we recognize the operator DIDy of the (inverse) Nahm transform in the first two
terms of eq. (3.29). The S-dependent — and consequently A-dependent — third term is
the real quaternionic part of the source ATY. 4 P46(z — p4)A and comes from the Fourier
transformation of Re A*A. Naturally, fy(z,z’) is periodic in z,z’ just as the Dirac delta on
the right hand side in eq. (3.29).

By applying a dual gauge transformation if necessary, Ag(z) can be assumed to be
a constant without loss of generality. Using subsequently the non-periodic gauge trans-
formation g(z) = exp (Ag — it)z it is possible to gauge away Ay — it completely and we
define

fi(zz") = g(2)fx(z,2")8(z") ", (3:30)

however doing so introduces periodicity only up to gauge transformation by the dual
holonomy h = g(1) = exp (Ao — it),

fx(z—i-l,Z/):hfx(Z,Z/), fx(Z,Z/+1) :fx(zrzl)hfl- (3-31)

Along with f, one has to gauge transform accordingly all other quantities in the Green
function equation (3.29) and we introduce

Ai(z) = g(2)Ai(2)g(2) ™" = exp(Apz) Ai(z) exp(—Aoz)
Sa = 8(ra)Sag(ua)™" = exp(Aopa) Sa exp(—Aopa) (3.32)

thus A; is only periodic up to gauge transformation by / similarly to fy. Note that the
above adjoint transformation introduces time dependence neither into A; nor S4. Clearly,
since A; satisfies Nahm'’s equation (3.8) with an Aj term, A; will satisfy one without it,

~ 1 U
Al = SeilAj Ail, (333)
which we will call the gauge fixed Nahm equation.
The construction of f, follows the same methodology as the solution of Nahm's equa-
tion on the full dual cirle. First we construct solutions on the bulk of each interval and
then take into account the boundary conditions given by the matching conditions.

3.2.1 Bulk
After gauging away Ag — it every column w of f satisfies the equation
d? Y
{E + (A —ix) } w=0 (3.34)
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in the bulk of each interval. As noted earlier, the operator on the left hand side — the
covariant Laplacian in one dimension — can be written also as —DID, with

d o d .
Di = —+0j(4j—ix) = ——7(idj+x)
d . . d .
Dy = —o =0 (Aj—ix) = —— -7 (i4 +x) , (335)

again invoking our general argument (1.16). Thus it is natural to look for solutions of
D,y = 0. To avoid confusion we note that the global operator D, including the jumping
data on the whole circle as boundary conditions has no normalizable zero-modes as stated
in section 2.1. However, now we are seeking local solutions to eq. (3.34) and these are
the same as local solutions to D,y = 0. Although it may seem to imply the existence
of zero-modes with the wrong chirality, these local solutions do not give rise to global,
normalizable zero-modes.

To solve D,y = 0 we use the ansatz ¥(z) = (1 + u;7;)w(z) where u; is a z-independent
unit vector and both # and w(z) may depend on x [60]. In fact the spinor part 1 + u;T; is
a 2 x 2 matrix and hence represents 2 chiral spinors but one may take any column of it as
they are linearly dependent as a result of |u| = 1. It is straightforward to show that once
P(z) is annihilated by Dy then the corresponding w(z) in the ansatz will satisfy the bulk
Green function equation (3.34).

The D,y = 0 equation for the ansatz leads to

{i — (iA+ x)u} w = 0 (3.36)

dz
y(iA+x)w = 0, (3.37)

where we have introduced the complex vector y = n(1) 4 in® with 1), n(?) and n®) = u
forming a right-handed orthonormal basis of R®, in other words n(!) x nl) = sijkn(k) and
nDpl) = 5ij.

Obviously there is a U(1) ambiguity in defining y from u but this ambiguity y — ey
leaves (3.37) invariant. Scaling y with an arbitrary non-zero complex number also leaves
(3.37) invariant, so it is best to think of y as an element in CP2. Once y is given, u can
be reconstructed and the fact that n(!), n(2) and u are orthonormal is translated into the
properties

u—1 __, uxy=—iy, uy =0, 2=0, (3.38)
vy y y y y

so y is null. It already appeared in the context of the spectral curve (3.11). Its reappearance
here is not an accident, eq. (3.37) is an algebraic equation for w and implies

dety(iA +x)=0 (3-39)
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for non-trivial solutions, which is exactly the equation of the spectral curve (3.11) with
the identification 7 = —iyx. It shows that the ansatz is self-consistent, the assumed
z-independence of u and consequently of y is justified, since we have shown that the
spectral curve is z-independent.

The algebraic constraint (3.39) is a polynomial equation of order 2k for { if we use the
parametrization (3.10) and will generically have 2k roots. Taking its complex conjugate we
see immediately that if y is a solution, so is §. This means that the 2k roots for { naturally
come in pairs. The transformation y — ¥ induces the anti-podal map { — —1/{ on CP!
and the transformation # — —u for u. We note in passing that the anti-podal map will be
an important ingredient in the twistor construction of the moduli space in chapter 5.

The polynomial (3.39) depends on x and this will specify the x-dependence of the
roots ¢ and the corresponding y and u. Let us label the roots as (@), glathk) = _1/7()
and accordingly y(@), y(@tk) = 4(@) as well as u(®), u(*+%) = —4(?) Restricting u and y to
these special values makes eq. (3.37) solvable for non-zero w which as a result has to lie
in the kernel of y(iA + x). The matrix

M(z) = adjy(iA(z) + x) (3.40)

projects exactly to the kernel, where adj stands for the adjoint — or matrix of subdeter-
minants — defined by MadjM = det M. Thus the solution for w is proportional to any
column of M,

wa(z) = @(2)M(2)ad , (3.41)

for arbitrary d and with ¢(z) a scalar function that is to be determined. This completely
solves eq. (3.37) and now we turn to eq. (3.36).
As a result of A satistfying the gauge fixed Nahm equation, it follows that*

M'(2) = [u(iA(z) +x), M(z)) . (3.42)

Using this result in the substitution of (3.41) into (3.36) gives for the function ¢(z) the
differential equation

¢'Mey = ¢ (Mu(iA +x)), , (3-43)
where on both sides arbitrary cd components can be taken as M has rank 1. Now using

o 1 ~ 1 ~
Mu(iA+x) = E[M,u(iA+x)]+§{M,u(iA—|—x)} =
1 1 ~
= _EM/ + E{M' iuA} + uxM (3-44)

In fact for any holomorphic function h, the matrix H(z) = h(yA(z)) satisfies the differential equation
H'(z) = [uA(z), H(z)].
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where {, } is the anti-commutator, we see that ¢(z) can be factorized as

(2) = exp(zux + x(z)) .

¢(z (3-45)
M (Z)cd
This defines the function x(z) which satisfies the rather simple equation
’ {M, iuﬁ}cd
=L Ja 46
M (3.46)

which encodes all the information about the non-abelian cores as we will see shortly.

The parity transformation { — —1/ or equivalently y — # or u — —u can be char-
acterized by inspecting the large-x behaviour of the roots. For |x| — co the polynomial
equation (3.39) becomes (yx)* = 0 which has a k-fold degeneracy and has roots y that are
orthogonal to x. The vector u is orthogonal to y by definition thus we conclude that the
solution for # in this limit is

x

u==+—, .

%] (3-47)
and due to the parity # — —u exactly k roots are # = x/|x| and the k others are
u = —x/|x|. This analysis of the asymptotics gives us a natural characterization of the
grouping of the 2k roots into two sets of k elements, one corresponding to ux > 0, the
other to ux < 0, at least for large enough |x|. We will arrange the 2k roots in such a way
that u®x > 0 and u(®*x < 0 for large enough |x|.

This asymptotic region has a transparent meaning also on the level of the bulk Green
function equation (3.34). For large |x| the equation and its solutions tend to

dZ
(—@ + xz) w=0, w(z) = et ¥, (3-48)
whereas eq. (3.36) and its solution tend to
d
(E — ux) w=0, w(z) = ey, (3.49)

for some constant k-vector wy. This serves as a cross check that the roots u = +x/|x| are
indeed correct for large |x|. Also, we have established that the roots u = x/|x| correspond
to exponentially growing and the roots u = —x/|x| to exponentially decaying solutions
of the bulk Green function equation in the large |x| limit.

To package all the solutions, introduce the two k x k matrices f*(z) with f~ containing
as columns the k exponentially decaying and f* containing as columns the exponentially
growing solutions w. Explicitly,

2 = W MY(2)
fa@) = ¢ ML (2), (3.50)
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3.2. Green function

where the column c can be arbitrary and the superscripts (b) and (b + k) mean that the
corresponding roots should be plugged into ¢(z) and M(z).

Let us summarize what has been done. We started off looking for solutions of the
bulk Green function equation (3.34) which is a second order differential equation for k
variables so we expect 2k solutions. We have produced exactly 2k solutions packaged in
f*(z), where ¢ satisfies (3.43), M is defined by (3.40) and the number 2k comes from
the 2k possible choices for y and u. In particular the z-dependence of the solutions are
quite similar but one should resist the temptation to think that they are — as solutions —
the same or linearly dependent. Formulae (3.50) represent 2k linearly independent, and
as such the full set of solutions. The problem of solving (3.34) in full generality is thus
reduced to finding roots of a polynomial and solving the first order differential equation
(3.46) in a single variable.

For the subsequent discussion on various asymptotic regions it will be useful to intro-
duce [58]

R*(z) = £ (2)f*(2) 7, (3.51)

which is easily seen to be independent of the initial condition for f*. As a result of f*
satisfying (3.34) a Riccati type of equation holds for R,

+R*'(2) + RT(2)? = (iA(z) + x)2. (3.52)

From the large |x| behaviour of the columns of f* given in (3.48) one can deduce that
R*(z) — |x| for large |x|, which is indeed consistent with the above Riccati equation.

The reason the quantities R* are useful is that they only contain algebraic dependence
on x and when isolating exponential terms from algebraic ones they will naturally arise.
The roots y are certainly algebraic in x, so is the matrix M = adjy(iA + x) and all the
exponential dependence is contained in ¢.

Let us introduce yet two more matrices F¥(z) that take this into account by leaving
out the ¢ factors from f, thus F* are simply columns of M(®)(z),

Fiz) = MP(2)
(b+k)

E, (z) = Mac '(z), (3-53)
which are clearly algebraic in x [65]. Again, the index c is arbitrary. The definitions (3.51),
the fact that the ¢ factors drop out and the labelling convention #("*%) = —4(®) Jead to
X -1
RE = u) (A + x)0 FEFE (3-54)

(note that the index b appears 3 times and is summed over from 1 to k) which shows
directly that R* has only an algebraic dependence on x as well as on A. This means that
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3. Multi-caloron solutions

once A is known no further integration is needed to determine R*. It is also clear that as
a result of u(®)x — |x| for all b in the |x| — oo limit the above formula leads to R* — |x]|
as it should.

After this short intermezzo on R¥, to be used later in section 3.4, we continue with
the construction of the Green function.

3.2.2 Matching at the jumping points

The boundary conditions — periodicity in z, jumps at z = j4 and the behaviour of fx(z,z")
as z — z' dictated by 6(z — z') in (3.29) — have not been taken into account yet.

In order to incorporate them properly note first that the terms §(z — y4)S4 give jumps
in the derivative of fy(z,z’) as the equation is second order. It will prove useful to switch
to a first order equation in the standard way by assembling f(z,z’) and 4 f,(z,z') into a
2k x k matrix. It satisfies the equation

{% - ( —(Aj—ixj)2+02A 8(z—pa)Sa (1) H ( ;if;‘a(jzz;)’) ) == ( 5(222’) )(3'55)

and as a result has jumps in its second component. As this equation is first order, the
solution is a path ordered exponential with known evolution between the jumps, this
we have computed in the previous section giving matrices f} (z) for each interval. This
evolution for py < z,z’ < payq is given by the 2k x 2k matrix

o (i@ f2@ ([ fiE) faE) N
we= (200 e ) (e ) o5

For the full evolution from 4 to pa,q we write Wa = W(pay1,1a). Due to fy being
only periodic up to a dual gauge transformation, we have W4, = hW,h~1. Here and
henceforth the products of the type hWW4 where a k x k matrix multiplies a 2k x 2k matrix
is understood k x k blockwise.

As z reaches any of the jumping points u4 one has to insert into the evolution the

2k x 2k matrix
0 0 1 0
]A—eXp(gA 0)—(5~A 1), (3:57)

responsible for the jump in d% fx(z,z"). Thus the full evolution from up < z’ < upiq to
Ha < z < pay1, which range may now contain any number of jumping points, is given

by
W(z,z') =W(z,4a) JaWa-1]Ja-1-  Wpi1Jg+1W (41, 2") (3.58)
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3.2. Green function

Incorporating the inhomogenous right hand side proportional to 6(z — z”) is easy, it gives

( fo’))):W(Z,ZO)c<zO,z’>—W<z,z’>(9( ’ ) (3:59)

%fx(z,z’ z—2z')

with an arbitrary 2k x k matrix C(zo,z’), arbitrary initial point zy and the step function
6(z — z") whose derivative is 6(z — z').

All what is left is taking into account the periodicity of fy(z,z’) under z — z+1
and z’ — z’ + 1. This requires a little care as we have gauged away Ay — it completely
which introduced into fy(z,z’) periodicity only up to gauge transformation by the dual
holonomy #, see (3.31). This requirement determines C(zg,z’) to be

-1

n_
Clz0,2) = 1—h=1Wi(zo+1,20)

W Wi(zo+1,2") ( (1) ) : (3.60)

Substitution into (3.30) and (3.59) leads to the final solution for the full, periodic and
continous Green function

frlz,2') = g(2) N [~ # (2 2) + 0 — )W (zz)] (), (361

where ¢(z) = exp (Ag — it)z, the subscript 12 means that from the 2k x 2k matrix the
upper right k x k block should be taken and we have defined the important contribution,

1
1-— h71W(ZO +1, Zo)

W (z,2') = W(z,2) ( ) W(zo,2"). (3.62)

The choice of z is arbitrary, different choices are convenient for different applications of
formula (3.61). The factor W(zg + 1,z) is the evolution operator over a full period and,
just as any other W factor, is known explicitly in terms of f*(z)’s which we constructed
in the previous section for each interval. All the t-dependence of the Green function is in
the dual holonomy h = exp(Ag — it) and the factors g(z) !, g(z").

Generally the Green function is hermitian, however, if we use the variant of the con-
struction specific to the symplectic series for SU(2) = Sp(1) the restriction (3.6) implies
in addition that

frz2)! = fu(=2, —2), (3.63)

which, since yp = —pq, means
Fe(ua, )" = felp, ), fe(um2)" = felpa, ), fe(pa, i)' = fe(pa, 1) - (3.64)
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3. Multi-caloron solutions

3.3 Gauge field

One of the advantages of calculating the Green function is that the gauge field and its
field strength can be expressed entirely in terms of fy and A. The general SU(n) ADHM
formulae (2.19 - 2.20) can be directly used for the caloron and the Fourier transform gives

¢p(x)"' =1—Y" PaA fi(pa, up)A" Py, ¢i(x) = Y PaAoj fu(pa, up)A' Py, (3.65)
AB AB

which shows that we only need to know the Green function evaluated at the jumping
points. Fourier transforming the ADHM formula (2.19) of the action density yields [58]

—%Tr Fﬁv = —%DD logdet # (z9,20) Y, #(z0,20) ' =1—h"'W(zg+1,29), (3.66)
which expression is easily seen to be independent of zp due to the determinant.

We have noted that for Sp(1) the matrix ¢ is proportional to the identity hence a
scalar function of x and that A in this case is a k-vector of quaternions, thus can be
written A" = Aj 0y, with real coefficients Aj. The quantities ¢; are arbitrary quaternions.
Furthermore, we have properties (3.63 - 3.64). Now the following combinations appear in

¢ and ¢,
AAE = ASAL A+ (ASAD)

MaAb = AL, + %(Aaajxf’ + APgiA?), (3.67)
where the identity (2.2) has been used. The decomposition into symmetric and anti-
symmetric parts with respect to ab is useful because fx (1, y2) and fy(pp, y1) are symmet-
ric and thus give zero when contracted with the anti-symmetric parts. If the asymptotic
holonomy is parametrized by w; as P = exp(27iw;T;), then we have y; = —p; = |w| = w
and we obtain

S 1) Trfe(pa pa)Sa =1—2Tr fr(w,w)Sy, (3.68)
A

where we have used the definition (3.5) of S4 and the fact that SlT = Sy as well as (3.64).
Similarly we can calculate ¢; using the decompositions (3.67) together with (3.7) and
the orthogonal projections

1 WiT 1 WiT
P1_§<1_ w)' P2_2<1+ w)' (3-69)
to obtain
1 ab a_3b b_73a Wi0j 2
;= S (—w,w)Py(A'0jA” + A70jA") P, — hee. + 2 » Tr fx(w, w)pj - (3.70)
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3.4. Asymptotic regions

The usefulness of these quantities is that the gauge field assumes the simple form,

1
AV = Egb ;7{/!1/ ay¢j, (371)

in exactly the same way as (2.21) for the ADHM construction.

3.4 Asymptotic regions

In order to demonstrate the physical content of formula (3.61) we define 4 sensible limits.
First, the zero-mode limit in which all but one type of monopoles are far away from x. In
this limit we drop all exponential corrections coming from monopoles not of the preferred
type but still keep algebraic corrections. All contributions from the preferred type of
monopoles will be kept fully. Second, we define the SU(2) monopole limit in which case
also the algebraic corrections from the non-preferred types will be dropped. This leads
to quantities being sensitive exclusively to the preferred type, thus we should recover the
known results for SU(2) BPS monopoles. Third, the SU(n) monopole limit, when only
one type of monopoles is assumed to be far and all contributions — both algebraic and
exponential — are dropped, but everything is kept from the remaining n — 1 types. This
setting is the same as for SU(n) BPS monopoles. The forth kind of limit we consider is the
abelian — or far field — limit in which case x is assumed to be far from every monopole.
Exponential corrections coming from any of the non-abelian cores will be dropped and
only algebraic tails will be kept.

We emphasize that maximal symmetry breaking leads to all monopoles being massive
and as a result to exponentially decaying cores thus justifying our procedures regarding
these contributions.

The structure of the Nahm formalism tells us that there is a notion of a nearest neigh-
bour for the various types of monopoles. This is given by the ordering in group space
originating from the ordering of the eigenvalues y; < pp < -+ < py. Both in the Nahm
and Green function equation only quantities from neighbouring intervals are directly in-
teracting through the jumping conditions. Hence one may suspect that monopoles of type
A are interacting with types A — 1 and A + 1 differently than with all other types. Since in
our analysis we carefully separate algebraic and exponential contributions coming from
the various types of monopoles, we will be able to determine in a precise way how the
interation between the monopole types varies.

3.4.1 Zero-mode limit

We have chosen the name “zero-mode limit” because this case will be relevant for the be-
haviour of fermion zero-modes which are only sensitive to one type of monopoles, see
chapter 4. In this limit all types but one are assumed to be far away and we neglect all
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3. Multi-caloron solutions

exponentially small contributions coming from these, but still keep all algebraic contribu-
tions [66]. Let the preferred type be associated to the interval (pa, pa+1)-

The basic ingredient is the evolution operator W(z,z') defined by (3.56). It can be
written

)= (wf e ) (67wt ) (riter i ) 6

for ua < z,z' < uy 1, where we have introduced

Uy (zz') = fxz)faz") " (3.73)

Since we have seen in (3.54) that R* is algebraic, it is clear that only Uj (z,z") contains
exponential terms in W(z,z'). In particular U (z,z') ~ exp £|x|(z — z') for large |x|. Let
us introduce furthermore Uj without arguments to mean U+ = Uj(y A+1,Ha) and also
Ra(z) = 2(R}(z) + R, (z)). For the Green function (3.61) we will need the full evolution
operator W(zy + 1,zp) where we are free to make the choice zg = p4 + 0. In this case it
becomes

W(pa+1,14) = JasuaWasn-—1Ja+n—1- - JaxoWas1Ja+1Wa, (3-74)

where J4,, = hJ4h~!. The crucial simplification comes from the fact that for B # A we
drop all Uy terms as they are exponentially small, which leads to

1 1
W, - = U+R -1 Ry ’ 1 s .
B = 5 ( R (1ms1) ) s Re(us)” (Rg(ps), 1) (375)
1 1 _ _ _
WelgWp-1 = ( RE (par) ) UfRg(pup) ' ZaUf_Rp_1(up—1)"" ( Rg_q(pp-1), 1),

where we have introduced X5 = Sp + Ry (i) + R _{(ug). Note that while R4(z) only
carries information about the interval (y4, pa+1), the term Xp involves quantities from
both (yp—1,18) and (s, pp+1)-

Upon multiplying more and more terms in order to form (3.74) the pattern in (3.75)
continues with more and more U™’s in the middle. Eventually for the Green function
(3.61) the term (1 —h ™ 'W(pus +1,14)) ! is needed in the limit of large U} matrices for
B # A. Evaluation of the limit is done using the following formula which can be checked
directly,

I}ﬂ(p(‘é)K(c d))lzl—(g)(cu+db)_l(c d ) (3.76)

for k x k matrices 4, b, c,d in the limit of a large and generic k x k matrix K. Applying this
formula for the evaluation of (1 —h W (ua +1,u4)) ! with all U7 for B # A contained
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3.4. Asymptotic regions

in K and

a 1 & -
( b ) - ( Sa+Ri_1(pa) ) o (e d)=(San+Ryy(Haa), 1)Wa (3:77)
leads to

W(z,2') = (3.78)

= W(z,pa) (WAl— < ! ) {( ca+1 1 )WA( ! )]_1( ca+1 1 )) W(pat1,z').

bA_1 bA—l

Here we introduced by_1 = Sp+ R} (pa) and cap1 = Sapq + R, 1(pat1) which
contain data from the neighbouring intervals. Using another identity that can be checked
directly to hold for any matrices involved,

WA1—< 1 )[(CA_H 1)WA< 1 )]_1(cA+1 1) =

bA_1 bA—l

:wAl( -1 ){( baq —1)WA1( -1 )]1(bA1 -1 )w,t, (3-79)

CA+1 CA+1
we arrive at the final expressions for 4 < z' <z < UA+1

faz) = (1 0)Wem (] )

CA+1

X {( ba-1, _1)WA1< - )Tlx (3-80)

CA+1
n{ O
X (ba-1, —1) W(pa,z') ( 1 )
or writing out explicitly,

fr(z2') = (Uy(z pas1) — Ui (z pas1)Zlyq) X

X (uZ(VA/MAH)—ZQ_1UX(VA/MA+1)ZT4+1) X (3.81)

1
— AN + !
x (Ux(ea) = Zoal i) sy

where
Zh 1 =1-25"Ra(pa), Zh 1 =1-251 Ra(pa). (3.82)
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3. Multi-caloron solutions

Let us analyse the final formulae (3.80-3.81) in more detail. We have started off with
the approximation that any exponentially small contribution from monopoles not of type
A are neglected. This means that the non-abelian cores of all monopoles except the
preferred type are pushed far away and may only contribute through their algebraic
— or abelian - tails. The non-abelian core of the preferred type should of course be
visible as no approximation was made regarding that. Hence the expectation could have
been that the monopoles of type A will be present fully in the final formula whereas
all other monopoles contribute algebraically. The terms W(z, pay1), W(pa, pasr1) and
W(uga,z') in (3.80) contain data only from the monopoles of type A and the interaction
with neighbouring monopoles of type A —1 and A + 1 enter only through b4_; and c4 in
(3.80) or through Z!, | and Z’, 41 In (3.81) and are algebraic. Thus monopoles not of type
A —1, A or A+ 1 contribute nothing at all in this limit, their effect is purely exponential,
once these are dropped not even algebraic tails survive.

3.4.2 SU(2) monopole limit

In the SU(2) monopole limit we neglect all contributions coming from monopoles not
of type A. In the zero-mode limit we have neglected the exponential corrections, now
we have to drop the algebraic ones as well. These — as we have seen — only come from
monopoles of type A —1 and A +1. We have also seen that these contributions are
controlled by by 1 = Sa + ijl(y,q) and cgy1 = Sai1 + RZH(;LAH) in (3.80) and
Z!, 1,77, in (3.81). We have also established that R%(z) — |x| for large |¥| and thus
R% ,(z) — |y4_| for large center of mass location |y4_1| of monopoles of type A — 1,
and similarly R +1(z) = |ya+1| for monopoles of type A + 1. Hence pushing the two
types A —1 and A + 1 to infinity means that

bA*l —_— IYAfl‘ — 00, Ziq_l — 1
Cat1 — |yat1| — oo, Zhyy — 1. (3.83)
Inspection of (3.80) or (3.81) gives in this limit for ps <z’ <z < sy

- 1
fr(z,2") = —Ua(z, pas1) Ua(pa, pass) " Ua(pa, z') s (3-84)

2R A (Z /) ’
where we have introduced Ux(z,z') = U} (z,z’) — U, (z,z'). This Green function can
be computed from data on the interval (14, 4 a+1) only as appropriate for an SU(2) BPS
monopole.
We note that the quantity U,(z,z’) in terms of which the Green function is expressed
may also be defined as the solution to the bulk Green function equation (3.34) with the
boundary conditions

— d / — / —
UA(Z,Z) - 0/ EUA(Z/Z ) 5 - dz/u(zlz ) - RA(Z) : (385)

—2Z zZ
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3.4. Asymptotic regions

The boundary conditions for the monopole Green function can easily be obtained as
well. Since U 4(z,z) = 0 for coinciding arguments, formula (3.84) implies

felpas1,2") = fx(zpa) =0, (3.86)

that is, the Green function vanishes at both ends of the interval (y4,#4+1), which are
precisely the right conditions for BPS monopoles [26].

Let us now derive the energy density, €4(x), of monopoles. This will be calculated
from the caloron action density (3.66) in a similar manner as the Green function above. In
approximating det (1 — h'W(ua + 1, 1u4)) we first keep exponentially large terms Uy to
highest order only and drop exponentially small U, terms for B # A. Similarly to (3.76)
the following formula may be checked directly to hold to highest order in a large matrix
K,

det (1 — ( Z )K( c d )) — det (—K(ac +bd)) , (3.87)
which we will use with the same substitution as in (3.77). This leads to
det# (g, 1)t — det(—K)det (( cat1 1 )Wy < bAl 1 )) , (3.88)

which, upon applying the logarithm, shows that the action density is a sum of two terms,
the energy density of monopoles of type A and another term that tends to zero alge-
braically as the monopoles not of type A are pushed to infinity. Thus we arrive at

ealx) = —%AA log det[Wx]12 = —%AAlog det (UA(yAH, yA)RA(yA)*l) ,  (3.89)
where again the subscript 12 indicates that the upper right k x k block should be taken
from the 2k x 2k matrix W 4. Since no approximation is made with respect to the monopoles
of type A, formula (3.89) is the exact energy density of SU(2) BPS monopoles of charge
k. It is a generalization of the well-known formula e(x) = —1/2 AAlog (sinh(v|x|)/|x]|)
for a charge 1 monopole of mass 47tv, located at the origin.

The asymptotic behaviour

Ua(pat pa) = UL (Has1, pa) — Ug(Haga, pa) ~ expualx|, (3.90)

for large |x| assures the mass formula [ d®xe4(x) = 47kv,4, which, when summed over
all monopoles and integrated over the S! of unit radius gives the correct action for the
caloron, S = 872k Y v, = 87k.

We note in passing that it follows from our discussion of the general structure of

the jumps in section 3.1.2. that once |y 41| tends to infinity, the corresponding plA,plAH
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3. Multi-caloron solutions

matrices also tend to infinity. And since they determine the boundary conditions for
the dual gauge field on the interval (p4,pa+1) a diverging jump will ultimately mean
a pole for A;(z) at z = ys and z = pay;. Dimensional analysis shows that since plA
and p/'*1 diverge linearly in |y 4+1| the divergence in A;(z) will be linear in (z — ps)~!
and (z — pa11)" ! thus it must develop simple poles at both ends of the interval [26].
This is how the appropriate boundary conditions for Nahm’s equation describing BPS
monopoles are recovered from the caloron. In this sense a full caloron configuration acts
as a regulator for monopoles because with every type at a finite distance no poles are
present anywhere in the computations, only in the limit of pushing some of them to
infinity.

3.4.3 SU(n) monopole limit

In the previous section we made a detour to SU(2) monopoles because they were swiftly
obtained from the zero-mode limit which was actually our primary interest. Making a
similar detour to general SU(n) monopoles is also possible by moving the n'* type to
infinity resulting in rather compact and explicit expressions for the energy density.

A caloron has net vanishing magnetic charge and removing the n'" type — which,
essentially, was neutralizing the caloron — leaves a configuration with magnetic charge
(k,k, ..., k). The moduli space of such BPS monopoles and its metric for k = 1 has been
fully described in [67].

Since the n'* type of monopoles to be pushed to infinity are associated to the interval
(#n, 11 + 1) it is convenient to choose zy = u; for the evaluation of the Green function
(3.61). Exponentially small U, terms are dropped as usual, as well as algebraic ones in
order to have no effect at all from the removed n*" type.

Going through the same steps as before — using the key formula (3.76) to perform
the limit of dropping exponentially small term with algebraic corrections still kept, then
rewriting fy(z,z’) analogously to (3.80) and finally dropping the algebraic b, ! and c;;
terms as well — we conclude that the Green function for SU(n) BPS monopoles of arbi-
trary charge is

Fe(z,2") = Wiz, w112 [W(pn, pin)12] " W(pn, 212, (3.91)

where y; < z/ <z < u, and again the 12 subscript means that the upper right k x k
block should be taken from the 2k x 2k matrices W. The term W (p1, ptn) = W(pn, u1) "
is the inverse of the full evolution operator over the full range of z from y; to p,. In this
way we see precisely how the dual circle of calorons opens up into R appropriate to BPS
monopoles. In the original setup this of course means that S! x R3 reduces to IR? and our
Green function (3.91) is indeed static.

Regarding the boundary conditions for Nahm’s equation and the Green function the
same comment applies as for the SU(2) case. The jumps p} and p! at y1 and y,, diverge as
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3.4. Asymptotic regions

aresult of b, = S; + R\ (11) — |yn| — o and ¢, = S + R;, (4n) — |yn| — oo, where y,
is the center of mass location associated to the pushed away monopoles of type n leading
to a simple pole for the dual gauge field, A;(z) ~ (z —u1) "' and A;(z) ~ (z — un) " as
z — 1 and z — y,. The jumps at py, ..., 4,—1 remain finite.

Since W (1, 1) = W(pn, pn) = 1, the resulting Green function (3.91) has the property
fr(p1,z") = fx(z,un) = 0 as appropriate for magnetic monopoles. Now this Green func-
tion is essentially given in terms of the ff (z) matrices computed in section 3.2.1 with the
matching at z = py, ..., jt,—1 being taken care of by our general formalism.

The energy density of a general SU(n) monopole of charge k can be obtained analo-

gously to the SU(2) case in the previous section. We arrive at

1
e(x) = _EAA log det W (pp, p1)12 - (3.92)

This concludes our detour to BPS monopoles and we continue with the abelian limit
of the caloron Green function that will be used in the context of fermion zero-modes in
chapter 4.

3.4.4 Abelian limit

In this limit — also called far field limit — all exponential contributions are neglected and
only algebraic tails are kept. Since in the zero-mode limit we have dropped already all but
one type of exponential contributions, only one type is left corresponding to the interval
(ma mas1).

For jig <z’ <z < ppiq theterms U} (2, piat1) and U (yi4,2") are both exponentially
decaying in (3.81), leading to

fr(z,2") = Uy, (z,z')ﬁ(zl). (3.93)

If z' < z this result itself is exponentially decaying so we obtain a non-vanishing Green
function only if z = z’ in which case it is

fr(z,2) = L (3-94)

2Ra(z)
Recall that R4 (z) = (R} (z) + R (z)) is purely algebraic in terms of solutions of Nahm's
equation. Once A is known so is the Green function, no further integration is needed.

It is also possible to determine the Green function for z =z’ = py orz = z/ = py
in the abelian limit. Following the same logic as before, U} (114, }ia+1) is exponentially
decaying hence can be dropped, U (44, pa) = U (fia+1, #ar1) = 1, and the remaining
growing terms cancel identically in (3.81), which leads to the simple results

1 1

- . 1
X ’ =1~ ZZ “1)3p .. N - X s = v .
felbarpa) = =Zaa)gpe s =5 hlbanipan) = o (3.95)
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3. Multi-caloron solutions

with £4 = S4 4+ R, (#a) + R};_{(4a). Note that the Green function is not continuous
at the jumping points. We have seen that fy(ya — 0,44 —0) = (2R4_1(pa —0))~! and
Felpa, na) = 2;11 whereas fi(tia +0,pa +0) = (2R441(pa +0))~L. Naturally, the full
Green function is continuous but in the limit we are taking — which can be considered
to be the high temperature limit as well — it develops a discontinuity. The width of the
transition from one side of y4 to the other is inversely proportional to the temperature
and in the limit of infinite temperature it becomes a finite discontinuity.

In order to construct the gauge field the Green function evaluated at different jump-
ing points is also needed. For z/ = p4 and z = pa41, however, the only remaining
exponential term is U, (44, pia+1) " which is exponentially small, hence

fx(VA+1z pa)=0. (3-96)

As a result, the matrices ¢, ¢; in (3.65) simplify considerably in the abelian limit,
¢l =1-Y PAAS ' ATP4, ;=) PaAoiT ' ATP,. (3.97)
A A

These can be used directly to compute the gauge field as in (2.19).

The action density (3.66) simplifies as well. For this the choice zy = y; is a convenient
one and then we need to approximate det # (11, 1) ~!. Using the expressions (3.74 - 3.75)
leads to

W ()" = (3-98)
1 _ _ _
= (s R g ) SR B U R (R () 1)

where all U} terms are exponentially growing. Approximation of the determinant is
done in the same way as in formula (3.87) using the substitutions,

a 1
— ~ d — R_ 1 .
(b) (Sl—i—R,f[(ynl))’ (c d)=(R(m)1), (3.99)
yielding
det ZA
detW ]/ll,‘ul Hd tuAdetTA(‘uA) (3.100)
finally leading to the following formula for the action density in the abelian limit,
1 1 det ZA
—=Tr Fy, = —-001 _detsa .
2 r wv 2 0g H det uA detR,4 (,”A) (3 101)
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3.5. Solutions for SU(2) and charge 2

3.5 Solutions for SU(2) and charge 2

For k = 2 the spectral curve is a torus and as a result elliptic functions appear in the
solution of Nahm’s equation, which are quite manageable for practical calculations [65].
The complication for k > 2 is partly due to the fact that the genus of the spectral curve
is greater than 4 and the generalization of elliptic functions to higher genus are not so
elementary [60]. It should be stressed that conceptually — and qualitatively — there is no
major difference between k = 2 and k > 2, except for writing explicit formulae. Thus our
detailed analysis of double topological charge is illustrative of the general multi-charge
case and henceforth we set k = 2.

The general strategy has been outlined before and we will use the symplectic formu-
lation. First we solve Nahm'’s equation on a fixed interval, then deal with the matching at
the jumping points and finally solve for the Green function. As the gauge group in this
section is SU(2), the asymptotic Polyakov loop will be parametrized as P = exp (27tiw; T;).
There will be two intervals and we have y; = —w and y; = w, where w = |w|.

3.5.1 Bulk

We have seen that the traces Tr A; are conserved and essentially decouple from the su(2)
traceless part. They parametrize the center of mass and henceforth Tr A; = 0 will be
assumed without loss of generality. We have also seen that the traceless part (in the i,
indices) of Tr A;A; is conserved, so introducing F(z) = —#Tr A;(z) A;(z) for the trace part
we can write
1. - ~

_ETI Ai(2)Aj(z) = Ci; + F(2)djj, (3.102)
with the constant, symmetric and traceless 3 x 3 matrix C. Using the basis o; for su(2)
the dual gauge field can be written as A;(z) = —Xji(z)0j and the above relation translates
into XTX = C + F. It follows from the gauge fixed Nahm equation (3.33) that

1 -

- s 2
P/ = gsi]'le' [Ai/ A]]Ak = 581']']( Emnp Xmanjka =4 det X, (3103)

which together with XX = C + F leads to

12

F'"=16(F +c1)(F+c2)(F+¢c3), (3.104)

where the c; are the eigenvalues of C ordered as ¢ < ¢; < c3. In addition we have
c1 + c2 + ¢3 = 0. Now recall that the Weierstrass elliptic function Z(z; ¢», ¢3) satisfies the
differential equation [68]

PP=4P ) (P —er) (P —e3), (3.105)
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3. Multi-caloron solutions

where the elliptic invariants are go = —4(e1e2 + e1e3 + eze3) and g3 = 4ejezes. Thus the
most general solution for F(z) is

1
F(z) = Z@(z —20;92,83), 82 = —64(c1co +c1c3+cac3), g3 = —256¢102¢3, (3.106)

with an arbitrary zg. This completely determines the z-dependence of the dual gauge
field which we now reconstruct.

It is possible to diagonalize C by an orthogonal matrix R and then it follows from
XTX = C+F that

X(z) = R diag (\/F(z) +cy, \/F(z) + ¢y, \/F(z) + c3) RT, (3.107)

with another orthogonal matrix R. Clearly, R corresponds to spatial rotations while R is
coming from a global SU(2) dual gauge rotation U. Let us parametrize the eigenvalues
of the traceless C as

1—2K? SkZ—2 k2 +1

o =D T =D o (3.108)
with a so-called shape parameter 0 < k < 1 (not to be confused with the topological
charge k which is 2 in this section) and scale parameter D > 0. In terms of these the
elliptic invariants are

DZ

4

©=3D1-KR4K), = oD@ - - +1).  (3109)
It is useful to express the result in terms of Jacobi elliptic functions,
K _ Sk (z) _ dmy(z)
fl(z) - m/ fZ(Z) =k an(Z) s f3(Z) - an(Z) s (3'110)

which were used in [69] in the BPS monopole context. Note that f; and f3 are symmetric
functions of z whereas f, is anti-symmetric in accordance with the symmetry properties
of 0;, hence the restriction (3.6) is fulfilled. We refer to standard definitions [68],

V1-Ksin?t’
sny(z) =sing(z), cng(z) =cosp(z), dng(z) =4/1—-Kk%n(z). (3.111)

A useful identity is f{ = fofs and its cyclic permutations. Then — using the relations
F(z) + ¢; = D?f?(Dz)/4, which follow from an identity between the Jacobi and Weier-
strass elliptic functions [68] — we obtain

7 2 dt
/ . KK = / K =V1_k
) 1-— k2 sin? t )

) D
Ai(z) = —ia; + ER,-]-fj(D(z - Zo))UO'jqu , (3.112)
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3.5. Solutions for SU(2) and charge 2

where we have added the arbitrary trace part a;. The arbitrary constant zy will be fixed
by the condition (3.6). We see that in order to fully specify a solution to Nahm’s equation
on a fixed interval we have to specify its location a, spatial orientation R, dual gauge
orientation U, scale D and shape k, as well as zy. The condition (3.6) further restricts U
to be generated by the symmetric o5.

A special case is of interest. Taking k = 1 we see from (3.110) that f1(z) =0, f2(z) =0
and f3(z) = 1 which gives, up to spatial and gauge rotations,

—ia1
Ai(z) = —iay |, (3.113)
%0’3 — ia3

i.e. constant Nahm data used in [58] to construct axially symmetric solutions. Thus we
see that the shape parameter k controls how much the configuration deviates from the
axially symmetric arrangement.

3.5.2 Matching at the jumps

Having found the solutions for Nahm'’s equation in the bulk of both intervals one has
to impose the matching conditions at the jumping points z = +w. For definiteness we
take the choice of equal mass constituents and set w = 1/4 as most appropriate for
the confined phase where on average the trace of the Polyakov loop vanishes and we
have 1/2Tr P = cos2rmw = 0. The jumping conditions will restrict the pair of moduli
(a;,R,U,D,k,zp)12 found in the previous section for each interval. For charge 2 and
gauge group SU(2) we expect 4 constituent monopoles with arbitrary locations.

We have found two sets of non-trivial solutions that interpolate between overlapping
and well-separated constituents. It should be stressed that solving the matching condi-
tions for the various moduli is, from a numerical point of view, a not very difficult task.
One has to solve a finite number of equations — although transcendental — for a finite
number of variables. In the present section we present exact solutions in order to illus-
trate in a controlled way how typical configurations behave. This investigation makes it
clear how the jumping conditions restrict the moduli, which parameter controls which
behaviour of the solution, etc. After all this is understood one can generate any number
of numerical solutions essentially in a straightforward way.

We will see in section 4.1 when we discuss the behaviour of fermionic zero-modes that
in the abelian limit they localize to ellipses. For large separation between the constituents
these 2 ellipses collapse to 2 finite segments and the support for the zero-modes become 4
points at the ends of these 2 segments. Since in this case the singularity structure given by
the 4 Dirac deltas clearly signals 4 point-like objects with well-defined locations we will
introduce the extremal points of the major axis of the ellipses as approximate constituent
locations for arbitrary finite separation.
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3. Multi-caloron solutions

For the first particularly simple parametrization — which we call 'rectangular” — the
two disks are parallel and separated in height by a distance d. The asymptotic Polyakov
loop is chosen not to be diagonal but rather P = exp (2iw,).

The parameters entering the Nahm solutions on the two intervals are D; = D, = D,
ki=k=kRi=R=1LU=U=102A;=a—a =(0,-d,0)and z} =0, z5 = 1/2.
We take Ag = 0, thus A;(z) = A;(z). Then the Nahm data on the first interval (—1/4,1/4)
is

) 1 [ Df (%z) 01
Ai(z) = 5 Df, (%z)on—id |, (3.114)
Df3 (%Z) 03

whereas on the second interval (1/4,3/4) we have

Dfi (2 (z—3)) o
1 .
Aiz) =5 | DR(Z(z-1%))m+id |. (3.115)
Df3 % zZ— % 03

Now the matching condition at z = 1/4 gives the following jumps (remembering that for

SU(2) the requirements for z = —w follow from z = w, see (3.7))
0 0
?=d| 1+m |, of=d| -1+n |, (3.116)
0 0

provided we impose d = Df,(D/4). This is an example of how the matching conditions
constrain the various Nahm moduli entering the two intervals. The jumps above are seen
to be of the allowed general form derived in section 3.1.2. In fact the constraints discussed
in that section were used to find these — and subsequent — solutions. All parameters, and
in particular the separations between constituents, are determined by D and k.

The configuration is characterized by the 4 approximate constituent locations

0
y§ = J(-1rd ) (3.117)
L—1)D

In order to see how the point-like constituents of the axially symmetric solutions are
deformed by the generic non-constant dual gauge fields, we have considered a second
family that interpolate between axially symmetric and generic solutions. These we called
‘crossed” configurations because in the abelian limit the two ellipses are in the same plane
and form a shape of an X as shown in figure 4.1. The interpolation is indicated by the
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3.5. Solutions for SU(2) and charge 2

arrows from the configuration of 4 constituents forming a cross to all being alined along
the z axis.

The moduli corresponding to this family of solutions is D, = D1 = D, k, = k; =k,
Aa; =a? —a} = (0,0,—dcosa), z} =0,23 =1/2, Ay = 0 and

. cos¢p 0 sing
Uy = Uy ! = exp 72 Ry =R;!= o 1 0 |. (3.118)
—sin¢g 0 cos¢
The jumps are taken to be
—T3sin« T3sinu
p2 =d| —msina , pl =d| —msina , (3.119)
71 + cosa —T1 —COos &

again in accordance with our results in section 3.1.2 for the most general allowed form.
These data are subject to the matching condition A;(1/4 +0) — A;(1/4 — 0) = ip? which
means that the following constraints should hold,

psine—9) (£ () -4 (3)) = da-sinw)

Dsin(6 + ¢) (f3 (%)—f—fl (%)) = d(1+sina) (3.120)
o (D) = asne.

The 4 constituent monopoles for this family of solutions are located at the approximate
positions

w 1 (—1)"Dsin¢
- L 0 . (3121
(=1)***Dcos ¢ — (—1)Ad cos

In order to have exactly point-like constituents in the abelian limit we need to impose
k = 1, implying sina = 0 and cosfsin¢ = 0. The first possibility is cos@ = 0 for
which |cos¢|D = d. Such parameter values lead to two constituents of opposite charge
to coincide as can be read off from (3.121). A solution of this type describes a singular
(zero-size) instanton on top of a smooth caloron. Excluding this singular case we are left
with the choice sin¢ = 0 for which |sinf|D = d, implying D > d. We now find axially
symmetric solutions with constituent locations at

0
YE;) = i% ((_1)Ad+ (_1)aD) ( 0 ) , (3.122)
1

53



3. Multi-caloron solutions

where the overall sign comes from the fact that cosa = +1. For cos 0 # 0 all constituents
are now separated from each other, giving a regular solution. The jumps (3.119) become
in this case one dimensional and it can be shown that for SU(2) exactly point-like con-
stituents, that is k; = kp = 1, forces the jumps to be one dimensional for any choice of
the remaining parameters.

Figure 3.1: The locations of the monopoles and antimonopoles (fat vs. thin curves) in the 1-3 plane for
what we called "crossed” configuration. The arrows indicate that by varying « from 7t to 0 the configuration
interpolates between the 4 constituents forming a cross and all being alined along the z axis.

Nevertheless for k # 1, or sina # 0, insisting as before that equal charge constituents
are well separated while keeping the centers of mass of these pairs at a fixed distance
dcosua, forces k — 1 for increasing D. Thus this setting also tends to point-like con-
stituents. We will illustrate this behaviour for 6 = 71/4. In figure 3.1 we plot for a typical
value of d the constituent locations as given by (3.121), varying « from 7t to 0. Note that
for a given d,« and 6 the constraints (3.120) can be used to solve for ¢, D and k. The
asymptotic behaviour for &« = 71/2 is determined by

/ 4exp(—2) ! !
k' = ﬁ (1 + O(k 2)) , D =2v2d (1 +O(k 2)) : (3.123)

It is also interesting to inspect A;(z) in the limit k — 1 (or D — o) in order to under-
stand to which extent we retrieve the piecewise constant solutions of Nahm’s equation as
these give rise to exactly point-like constituents. To this end we plot f;(D(k)z) in figure
3.2, which up to an overall scale and rotation represent the constituent locations. The
plotted cases are for k = 1 —107* and k = 1 — 1078, clearly showing how in the bulk
of the interval f;, — 0 and fz3 — 1 which is the characteristic behaviour of the axially
symmetric and hence exactly point-like constituents. We also see, however, that at the
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3.5. Solutions for SU(2) and charge 2

Figure 3.2: The three functions fj(D(k)z) for —1/4 <z < 1/4,atk =1— 10~* (leftyand k = 1 — 108
(right), illustrating the approach to the point-like limit k — 1.

jumping points z = £1/4 all three functions deviate from their near constant bulk value
and develop a pole that scales as D~!. This behaviour is in fact in perfect agreement with
the general construction of BPS monopoles in which case poles are imposed on the Nahm
data as opposed to finite discontinuities.

3.5.3 Green function

Having found complete solutions for Nahm’s equation including the jumping conditions,
the next step in constructing SU(2) calorons for topological charge 2 is to obtain the Green
function. The general method was described in section 3.2. and now we will apply the
results to the present case.

One of the ingredients were the zeros of the spectral curve. In terms of the parametriza-
tion (3.10) one has to solve a 4" order polynomial equation for . However — using a
simple trick that is specific to charge 2 — one can solve directly for y. The spectral curve
condition dety(iA + x) = 0 and the fact that y is null yields

O:s
yiyi=0,  (xxj— %xz —GCij)yiy; =0, (3.124)

where the symmetric, traceless, conserved tensor C;; = —%Tr A,-A]- + %Tr A A, surfaced
again.

Let us denote the eigenvalues of the symmetric, traceless matrix x;x; — ;; x%/3 — Cij by
Ai = Aj(x) ordered as A1 < A3 < A, and the orthogonal transformation that brings it into
diagonal form by O = O(x). Introducing §# = OTy and &t = O"u for the corresponding
quantities in the new frame, the equations (3.124) reduce to

H+B+73=0, MRE+MHB+A55=0. (3.125)
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3. Multi-caloron solutions

These are easily solved and we obtain

VA2 — A3 -
()L |, g =g, (3.126)
ivVAy — A
in accordance with our general discussion on the parity transformation y — # in section
3.2.1. For the subsequent formulae we set zo = 0,4; = 0, R =1, U =1and D =1 all
of which can be reinstated at the end by appropriate scaling, spatial rotation and gauge
rotation. In this case we have M(z) = adjy(iA(z) + x) = y(x —iA(z)), from which the
explicit expressions for the matrices F* in (3.53) are
f2(2) )
(2)
2

Fra) = _1<y§”f<> () v A i)
2\ 2y -yl fa( ) 2xy< )f
(3)
P = - ( A E) - 10 nAG )~ i (2 ) )
2xy® y3 f3( ) 2xy y3 f3( )
with the choice ¢ = 2 for the arbitrary index. Next we address solving (3.46), which for
charge 2 can be written as

y(ﬂ) —

20;u; Ciibog — 1 A
X/ _ Yilj LijOcd Z.(yi‘:) (uA)q ’ (3.128)
Yxdeg — 1Y Acq

reducing with the choicec =1,d =2 to
/ urf1 — iz fr

:—x .12
X yy1f1 fs (3-129)

This equation was actually considered and solved in terms of ¢-functions in the BPS 2-
monopole context in [70] but we found it more convenient to express the solution in terms
of elliptic integrals. One only has to use the properties (3.38), the facts that f; = f>f3 and
cyclically as well as f?(z) — f]-2 (z) = 4(ci — ¢j) to show by direct substitution that the
solution of (3.129) with the initial condition x(0) = 0 is

us 1 (ny f3(z)y3)
z) = —xy—z+ —log| —— "< .130
e Y T B 2y S (5:130)
o () K Y12 1
isign (2) - [T (2),m) = T(1m) + 2l
where the elliptic integral of the third kind is defined as
S
dt (xy)*
I (s,m :/ , m=4 . 131
k(5 m) | 0= m) /T RB)([ - P) 2 G139
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3.5. Solutions for SU(2) and charge 2

This solution for x determines ¢ through the definition (3.45), which in turn specifies the
solution for the bulk Green function equation, see (3.41), and we obtain,

M(Z)az
VM@

Finally combining our results we have the following exact solution for the bulk Green
function equation,

wa(2) = ¢(2)M(2)a2 = exp(zux + x(2)) (3.132)

Y3 4xy ys3

—y1fi(z) = (=% fo(2)\ 2 22y + (=13 f3(2) \/*
><< 2 ) (ny—(—l)“y3f3(z)) '

)
wa(z) = exp (izM — isign (z)k Y192 [Hk(fgl(z),m) —IT (1, m) + |z|}) X

(3-133)

These can be packaged into f(z) = w") and fop(2) = w" ) where, again, the super-
script (b) means that the explicit solutions (3.126) for y = Oj should be plugged into
w.

3.5.4 Gauge field

Now that we have the exact Green function for topological charge 2 we are in a position
to construct the gauge field, field strength and action density in a straightforward manner
using the general formulae of section 3.3.

To illustrate our exact solutions we have plotted the action density for two sets of
parameters for what was called the "crossed’ configuration. The plots are in the 1-3 plane
at t = 0 with holonomy w = 1/4.

In figure 3.3 the parameters determining the solution are k = 0.997, D = 8.753,
o« =7m/2,0 =rm/4, and ¢ = —7m/4, see section 3.5.2. As k is sufficiently close the unity,
corresponding to the point-like limit, the constituents are clearly visible.

For an example of strongly overlapping constituents, see figure 3.4. This configuration
has parameters k = 0.962, D = 3.894 and for the rest the same as in the previous case.
Since monopole constituents of opposite charge are closer to each other then in the pre-
vious case, the time dependence is also stronger. They are overlapping so much, that the
action density does not even show 4 separate peaks. The plot is similar to the well-known
doughnut shape [71] of coinciding static charge 2 monopoles, however, here we have a
combination of 2 pairs of monopoles, and the caloron configuration is time dependent.

We will see in section 4.2 that using the zero-modes, it is possible to isolate the con-
stituents, even though the action density blurs them.

The exact results from the previous section can be used for BPS monopoles too, this
was shown in section 3.4.2 where we derived the monopole limit of calorons. In figure 3.5
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3. Multi-caloron solutions

Figure 3.3: Field strength squared of an SU(2) caloron of charge 2.

we plotted the energy density (3.89) of a typical charge 2 configuration with parameter
values k = 0.57 and D = 6.915, somewhere between the known doughnut shape [71]
corresponding to k = 0 and well-separeted monopoles at k = 1.

3.5.5 Abelian limit

In this section we make some comments on the gauge field in the abelian limit. We have
seen in section 3.4.4 that upon dropping all exponential contributions coming from the
non-abelian cores of the constituent monopoles — essentially shrinking them to zero — the
gauge field becomes abelian. Let us focus on the temporal component. It can be written
in this limit as

Ao(x) = So(x), (G134)

which is clearly abelian and defines the field ®(x) (remember that in the present gauge
the asymptotic value iw;7; is gauged away). Using our results on the Green function we
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Figure 3.4: Field strength squared of an SU(2) caloron of charge 2 with considerably overlapping con-
stituents.

can compute ®, which we know in any case to depend algebraically on x. Let us recall
the Green function evaluated at the jumping points in the abelian limit (3.95),

1 1 ~

M) =g = iR @ R @) T =0 5:135)

in terms of which we can calculate the quantities ¢ and ¢; (3.68-3.70) to obtain,

= L i ¢i= 2t
1—2Tr 5,55 w

9 Tz, (3.136)

where ﬁ]z = exp(4yw) p]z exp(—Agw), see (3.32). Now using (3.71) to express the gauge
field by ¢ and ¢; we arrive at
2Tr 29,5, !

D = = . 1
1-2TrS$%,! G-137)
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3. Multi-caloron solutions

Figure 3.5: Energy density of an SU(2) monopole of charge 2.

Let us emphasize that in this formula for the asymptotic Higgs field of the caloron we
know every term explicitly. Since for abelian fields linear superposition preserves self-
duality we expect that ® can be written as a difference ® = ®; — ®,, with each contri-
bution &4 coming from monopoles of type A. The minus sign is due to the sign change
in magnetic charge. Such a factorization is not at all obvious from (3.137). In [72] it was
shown, using the twistor correspondence, that for BPS monopoles the algebraic tail of the
Higgs field — in other words in our abelian limit — is harmonic almost everywhere with
peculiar support on extended disks. If we indeed wish to identify the two parts ® 4 with
contributions of the two types of monopoles, then we should recover this result. We will
come back to this question in section 4.1 where we discuss the abelian limit of the fermion
zero-mode densities.
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Chapter 4

Dirac operator and zero-modes

The index theorem states that the anti-chiral Dirac operator Dt = —0,(9; + Ay) has k
zero-modes for charge k calorons and D = 0,,(9, + A;) has none. The zero-modes of the
former are used in this chapter as probes for constituent monopoles.

The circle corresponding to finite temperature necessitates a choice of boundary con-
dition. We seek normalizable solutions of D'y, = 0 which are perodic up to an arbitrary
phase factor,

P (t+ 27, x) = exp(—2miz) P, (¢, x), /d4x Wiy, =1, (4.1)

in the gauge where the gauge field is periodic. The choice z = 0 corresponds to periodic
zero-modes most relevant for supersymmetric gauge theory, whereas z = 1/2 is the
canonical choice for the anti-periodic fermions of finite temperature field theory.

It is well-known for instantons on IR* that if the k lumps making up the instanton are
sufficiently well separated then a zero-mode density ¢'¢ will peak roughly at each lump.
It is also well-known that for instantons both the gauge field and the zero-modes have
algebraic dependence on the coordinate whereas for monopoles — due to their mass — the
dependence in the vicinity of the non-abelian core is exponential. The same behaviour
applies to calorons in the vicinity of each constituent monopole. Zero-modes localize
exponentially for z # 4 as stated by the Callias index theorem [25] and they delocalize —
or spread — for z = 4 with only algebraic dependence. Localization of the zero-modes
for z # ua will be used as a tool to identify the constituents in a full caloron solution.
In particular we will show to what extent can the constituents be identified as point-like
objects.

The k zero-modes may be packaged into a 2n x k matrix ¢, and the straightforward
generalization of the corresponding ADHM formula in (2.19) states that the densities can
be computed from the Green function,

PHEOP:() = 5 0fz2), 42)
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with fy(z,z) given by formula (3.61). Here [J is the 4-dimensional Laplacian. We have
computed the Green function in several asymptotic regions — including the one relevant
for exact BPS monopoles — in section 3.4 and now will use these results for the zero-
modes. Exact solutions will be presented for SU(2) and charge 2.

4.1 Abelian limit

We have seen in section 3.4.4 that in the abelian limit the Green function becomes static
and accordingly the zero-modes will be static too. The abelian limit can be thought of as
the high temperature limit as well. Since the masses of the monopoles are proportional to
the temperature, the non-abelian cores shrink to zero size in this limit. This gives rise to
an infinite localization for the zero-modes, hence they can be used to trace the cores [66].

Quite remarkably the full zero-mode density — that is the sum over all k zero-modes
— in the abelian limit will not depend on z as long as it is in the bulk of an interval to
allow for exponential localization. It can then be expressed by the conserved quantities of
the Nahm equation. For z = 4 the zero-modes do not localize exponentially, but spread
algebraically over both A —1 and A types of monopoles to allow for the hopping between
the two types.

Let us recall the result for the Green function in the abelian limit for y4 < z < pa41,

. 1
fx(Z,Z) = ZRA(Z) / (43)

where R4(z) = (R}(z) + R, (z)) /2 and the quantities R%(z) have been computed in
section 3.2.1 and have been shown to have only algebraic dependence on x and Ay, the
solution for Nahm's equation on (p 4, pa+1). Thus for the zero-mode density we have

, 11
P2 (x)¢z(x) = —WAW/ (4.4)

where the 3 dimensional Laplacian A was used as we have shown that the Green function
is static in this limit. A z-dependent dual gauge transformation may rotate the individual
zero-modes, thus in order not to have this ambiguity let us sum over the k zero-modes
and define #4(x) = Tr R4(z)~!. Now we may interpret p4(x) = 27t Tr ¢} (x),(x) as an
electrostatic charge distribution with potential ¥4 (x),

AVy(x) = —4mpa(x). (4-5)

We have seen for |x| — oo that R4(z) — |x| which gives ¥4(x) — k/|x| (k coming from
the trace of the identity matrix) implying that the total integral of p4(x) over 3-space is
the topological charge k. This can also be seen from the normalization of the zero-modes,
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4.1. Abelian limit

[ d*xyip, = 1, which when summed over all k of them and remembering that 8 = 27
also gives [d®xpa(x) = k.

Following our discussion on the infinite localization of the zero-modes we expect
¥4(x) to be harmonic as a function of x almost everywhere. In addition we expect it
not to depend on z since the cores on which p4(x) is supported are determined by the
gauge field, which clearly does not depend on z.

The zero-modes of a class of axially symmetric solutions with arbitrary charge [58] and
the most general charge 1 solution [61, 62, 63] can be obtained easily and will illustrate
most of what we have said above. These cases are special in the sense that they can
be described by a constant dual gauge field on each interval. Consequently the constant
matrices A; must mutually commute on each interval and hence can be diagonalized
simultaneously, yielding on (ya, pa+1),

A = idiag <y}1,...,yﬁ) , (4.6)

defining all together nk vectors y4. From these, k are associated to each each interval
(ua, ay1), representing the locations of the k monopoles of type A. In this case the
matrices ff (z) solving the bulk Green function equation (3.34) are particularly simple,

fi(z) = diag (exp (j:z ’x—y}l)) S, EXP (j:z ’x—yﬁ’)) : (4.7)

resulting in similarly simple expressions for R% (z) = &£ () f_l,

R} (z) = diag ()x—y}x x—yii)), (4.8)

which are also constant, but nevertheless satisfy the Riccati equation (3.52) as they should.
Now taking Ra(z) = (R} (z) + R (2))/2 yields,

B0 =L s pa) = D vA) @9)

a ’x —Ya a

We see that 74 is independent of z, also that it is harmonic almost everywhere and the
localization of the zero-modes for A fixed is on the k monopoles of type A. This is a clear
signal that the constituents can be described as point-like objects for arbitrary separations
between them in the present case.

For generic higher charge solutions it is not directly obvious that the zero-modes fol-
low a similar point-like behaviour. Due to their infinite localization we expect in any case
a singular behaviour that is almost everywhere zero with a distributional support on the
cores. In general we will find an extended disk-like structure, which, however becomes
point-like for large separation between the constituents. The singularity is of course a
byproduct of the abelian limit, in a full non-abelian solution everything is smooth. We
have calculated the exact Green function in section 3.5 for charge 2 so we will see in this
case how the singularity structure is resolved by the exact solution.

Jee ey
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4. Dirac operator and zero-modes

4.1.1 Multipole expansion

In this section we will study in detail — for generic caloron solutions — the potential ¥4 (x)
and the charge distribution p 4 (x) it gives rise to. Since we will be focusing on one given
type, the index A will be dropped.

In principle our formula (3.54) can be used to calculate R(z) = (R"(z) + R (z))/2
exactly and hence 7 as well. However, this way of analysing 7" is a bit awkward as
the position x is hidden in the roots { or null vector y of the algebraic curve in a rather
complicated fashion. It is much more practical to use the Riccati equation (3.52) and the
asymptotic conditions R *(z) — r = |x| for large r we have found earier,

+R¥'(2) + R¥(2)? = (iA(z) + x)? = —A(2)? + 2ireA(z) + 12, (4.10)

where we have introduced the unit vector e; = x;/r. One can assume that Tr A; = 0 since
any trace part can be incorporated by a shift in x;. Solving (4.10) for a general solution
of Nahm'’s equation on the right hand side is very difficult but an efficient expansion is
possible in powers of r, furthermore one does not need to solve any differential equation
in doing so. The reason is that in terms of the variable Y *(z) = R*(z)/r the Riccati
equation (4.10) becomes

1 ~ 1 = 1
YE(z)? + Yi/(z); =1+ 2iAe; - A(z)zr—2 , (4.11)

and the term containing the derivative is only subleading in 1/r, resulting in purely
algebraic recursion relations. The asymptotic condition for the new variable is Y * — 1
for large r.

It is a simple excercise to extract the first few terms of Y= from (4.11). Let us introduce

the useful combinations U = —iAe and V = —A’, in terms of which the expansion of Y *
becomes
+ L1 e nL 1 s 2/ L
Y==1- U; + E(—U +VxUu )r—2 + Z(—ZU -u"+{u,vix2u- Vv )r_3 +...(4.12)

where {, } stands for the anti-commutator. Wherever the derivatives U’ or V' appear one
has to use the Nahm equation to substitute some polynomial of A; into the expressions.
From the above expansion one can compute Y(z) = 1(Y*(z) + Y~ (z)) and the expansion
of its inverse, the trace of which finally becomes,

11 » 11 ; 1
Tr v = k+ 2Tr (3U V)r2 + 2Tr (5U° —3UV) BT (4.13)

Two important observations are in order. First, all the potentially z-dependent terms are
actually constants as a result of A; satisfying Nahm’s equation. For example,

Tr (3U2 — V) = (—i)z Tr (AIA])(3€1€] - 51])
Tr (5U3 - 3UV) = (—i)3 Tr (AiAjAk)(5eiejek - el-(S]-k - ejdik - ekéjk) ’ (4.14)
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4.1. Abelian limit

with tensors built out of ¢; in such a way that they are totally symmetric and traceless.
We have seen in section 3.1.1 that if Tr fl,-l . fl,-m is contracted with such a tensor then the
result is conserved. Thus, with the help of the constant, totally symmetric and traceless
Ci,..i,, tensors defined in eq. (3.9) the expansion for 7" = r~ITrY~! can be written as,

k  Cijeie;j Cijkeiejex
”//(x):;+3 3 +15T+.... (4.15)
The dipole term is absent because we have chosen Tr A =0 by shifting x; appropri-

ately. The second very important observation we wish to make is that 7" is harmonic.
It is well-known that if C;, ; is a totally symmetric and traceless constant tensor then
the monomials C;, ;.e;, ...e;, defined on S? are spherical harmonics with eigenvalues
—m(m + 1) for the Laplacian. Therefore each term C;,_; e;, ...¢;, /r™ ! is harmonic and
so is #/(x), at least to this order of the multipole expansion.

In fact one can continue the expansion to any given order, compute first Y *(z) from
the Riccati equation (this is quite tedious, but only amounts to algebraic recursion re-
lations), then Y(z) as well as its inverse (also a very tedious expansion) and finally its
trace at which point everything simplifies considerably. The pattern observed above will
continue to hold and for definiteness we give the term with coefficient of = in 7,

¥, = %Tr (35u4 L1ouu’ —30vu? +3v2— v 4+ 5u’2> — 105 Cjjeiciece; . (4.16)
As mentioned above, the pattern continues to hold for higher orders as well and the
coefficient #;, of "1 will be proportional to (—i)" Tr (4, ... A;,), contracted with a
tensor with first term e;, ...¢; and remaining terms that are exactly such that they make
it totally symmetric and traceless. Hence instead of (—i)" Tr (4;, ... 4;,) one can use the
conserved tensors C;, ; , leading to ¥, ~ C;, ;. e ...e;, . The constant of proportionality
is a trivial symmetry factor, the number of ways 2m indices can be contracted pairwise,
yielding the remarkable formula

1
(TR e,-mm . (4.17)

+
gk
~
S

0

L iy i1.ed
Here we have included an arbitrary dipole term Cje;/r? that was assumed zero by an
appropriate choice of the coordinate system. Thus we conclude that the multipole mo-
ments of the total zero-mode density in the abelian limit are the conserved quantities of
the Nahm equation.

Let us summarize what has been done. We are not even close to solving Nahm’s
equation for arbitrary topological charge, but it turned out that only the conserved tensors
are needed in the abelian limit. The more complicated remaining (k — 1)? constants of
integration we have described in section 3.1.1 are solely responsible for the non-abelian
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4. Dirac operator and zero-modes

cores. We are not able to solve the Riccati equation (4.10) either, yet we were able to
derive an exact multipole series for ¥'(x) in terms of the conserved tensors. This series is
manifestly harmonic almost everywhere and independent of z.

Let us repeat that the relevance of #'(x) is that it determines the total zero-mode
density in the abelian limit through

1
Tr ¢ (1)a(x) = —5 507 (x). (4.18)
Now let us check our formula against the special case of constant Nahm data where

we did not need to resort to the multipole expansion. In this case, the diagonal A; given
in (4.6) leads to

O Ay Ay = = ye Ly (4.19)
m! I+ Zm_m! an"'Ylm’ 4.19
which means that the conserved tensors are just the above monomials made totally sym-
metric and traceless. Using one of the standard definitions of the Legendre polynomials,
P,,, leads to

2m)! 1

%Cilmimeil N ;%Pm (cos6?) |y*|", (4.20)

where 6 is the angle between y? and e. Substitution into formula (4.17) indeed gives the
well-known expansion of ¥, |x — y“?|~! in terms of spherical harmonics.

Naturally, one would wish to sum the series (4.17) into a closed expression in the
general case of non-constant Nahm data as well. One would then analyse its singularity
structure in order to determine what set the zero-modes are supported on. We will per-
form this analysis for charge 2, although by a different method, rather then by summing
the multipole series.

A final note about formula (4.17). For general charge k only the conserved tensors
with at most k indices are independent, the others can be expressed in terms of these in
a polynomial way. This relationship between the multipole coefficients of ¥ results in a
polynomial equation,

Zam(x)”/m =0, (4.21)

where the coefficients a,,(x) are polynomials in x; and the independent conserved quan-
tities. For example, in the particularly simple charge 1 case the only invariant is C; = y;,
all further tensors are polynomials of y; and we have

(x—y)*7?—1=0. (4.22)

For charge 2 the only invariant is C;; if we assume C; = 0 and all higher rank C tensors can
be expressed by Cj;. In the next section we will derive the polynomial equation satisfied
by 7 in this case.
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4.1. Abelian limit

4.1.2 Charge 2

First note that the shape parameter k = 1 corresponds to constant Nahm data on the two
intervals, resulting in

1 1

54 = ,
)=y T REoy

p(x) =d(x+y)+d(x—y), (4.23)

with y = (0,0,D/2). Now observe that the interchange ¢, < c3 induces D — iD and
k — k' as can be seen from their definition (3.108). Thus if we interchange the axis x, and
x3 and at the same time transform both D and k then 7" will stay invariant. Therefore,
from eq. (4.23) we can immediately obtain the corresponding result for k = 0. Strangely,
the constituents moved to complex locations, something that has been observed already in
the BPS monopole context [59]. Nevertheless a manifestly real expression for the analytic
continuation of (4.23) is

\/4r2 — D2+ \/(4r2 — D?)2 4 16D2x3
V8 :

YV (x) =
\/ (472 = D2)2 +16D233

(4.24)

This function is singular on the circle of radius D/2 in the 1-3 plane, furthermore the
xp derivative is discontinous on the disk bounded by the circle. This can be seen by
expanding around small x,, but for 4(x3 + x3) < D?,

8D|XZ|
(D% — 4(x% + x2))3/2

7 (x) = +0(x3), (4-25)

which indeed reveals a discontinuity in the x; derivative. We conclude that the charge
distribution p(x) is singular on the whole disk, elsewhere it is smooth. This behaviour
is very far from the exactly point-like situation and in order to understand how that is
approached as k — 1 we now analyse the intermediate cases 0 < k < 1.

We know that R* (z) satisfies the Riccati equation (3.52). However, not every solution
of (3.52) will have the property that Tr R(z) ~! is independent of z. This means that R* (z)
are very special solutions and since the equation is first order the whole solution is de-
termined by the initial condition, which in turn has to be very special. Expanding R*(z)
and A;(z) in Taylor series around z = 0, eq. (3.52) will determine all Taylor coefficients
of R*(z) as a polynomial function of R*(0) and the Taylor coefficients of A;(z), which
are polynomials in D and k. Now one can compute the Taylor series of Tr R(z)~! and
impose the constraints that all coefficients should vanish except for the constant term.
This gives an infinite system of equations for R*(0) — of coure it is infinitely redundant
— which actually fixes it as an algebraic function of x, D and k. We immediately obtain
¥ (x) since, by construction, ¥ (x) = TrR(z)~' = Tr R(0)~!. Note that the choice z = 0
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4. Dirac operator and zero-modes

corresponds to the interval (—w, w), hence to monopoles of type A = 1, but by shifting z
appropriately one can do the same for the interval (w,1 — w), that is for type A = 2.

Let us illustrate this method for unit topological charge. In this case A(z) = iy, a
constant. The Taylor expansion of R*(z) — which is now a scalar, not a matrix — is taken
to be

Ri(z) =ay +byz+ciz?+.... (4.26)

Substitution into the Riccati equation (3.52) determines the coefficients b+, c, ... as func-
tions of R*(0) = a4 and we obtain,

ot (ot oR), emw(doGoy), . G
giving rise to the following expansion of R(z) !,

2 2 ay —a_ (x—y)?—asa_ ,
= 2 2
Rt (z) + R (z) a++a,+ a++a,z+ ar+a_ z

+.... (4.28)

The requirement of z-independence implies 2, = a_ and (x — y)?> = aa_, resulting in all
further coefficients to vanish as well. Clearly, this leads to the correct result as it should,
V(%)= |x -yl

This rather cumbersome way of obtaining 7" should in principle work for any topolog-
ical charge, however, in practice we could only make use of it for charge 2 (apart from the
trivial charge 1 case above). Even in this case it is very complicated as the first 11 Taylor
coefficients in z are needed to constrain R*(0) unambigously. Leaving technicalities aside
we only present the result of this procedure. Let us parametrize the initial conditions for
the Riccati equation (3.52) by dimensionless quantities X, and Y},

RT(0) +R™(0) = D(Xo+ X;T;),  R"(0) =R (0) = D(Yo +Yi1y), (4-29)
and measure x; in units of D /2. Then we have

2X,

V= (4-30)
Xz X2

The constraints from the first 11 terms in the Taylor expansion imply that Yo = Y] = Y3 =
X, = 0 and that the variable Q = X2 — X? — X3 — Y7 satisfies the polynomial equation

Q%+ (kz —2+r2) Q- (k4+21<2(x§ ) +4x§+r4) Q-1+ (2 KK+
+42(d - od) — KB —d - ) + (- K)(Bx — G+ ) —4xF) 2 =0, (431)
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4.1. Abelian limit

whereas V] = X7/ Xy, V3 = X3/ X and Y) can be solved for in terms of Q,
= Q2 2(k*(Q—2x3) + 23+ 23 —23) + (2 - KK

o= 4x1k'K2
v - QP4 2(Q -2 - k(3 — 23 —xd) — 2 KK (032
4X3k2
Y, — rt— Q% + 2K (xF — 23 — x3) +4x3 + K .
4ka/
Thus we obtain from (4.30) the explicit expression for #" as an algebraic function of x,
V= 1 (433)

2/(Q+v3)(1-vi-vd)

and the proper root of the cubic equation for Q is fixed by the asymptotic condition
¥V — 2/r, singling out the one with
2 0 12(x2 _ 42 _ 42

Q=r"+ Pk (x;z 2%, O(1). (4-34)
This completes our derivation of the electrostatic potential #* for the most general charge
2 solution. We have checked that the first 21 orders in the multipole expansion (4.17)
agree with the closed form given above. In addition, we have checked numerically that
the evaluation of ¥ using formulae (3.53-3.54) also agrees with (4.33).

An alternative form for 7 can be given as the root of a 6" order polynomial with
coefficients themselves polynomials in x and k. This is because Q is a root of a cubic
polynomial and #? is a rational function of Q, hence also fulfills a cubic equation. The
coefficients of this polynomial are rather lengthy and are given in an appendix.

Yet another way of writing #', which turns out to be the most useful, is the following.
Expanding it for small x, yields,

8k/DIX2‘

V(x) = (DZkfz . (x% N k’2x§))3/2

+0(x3), (435)

for D2k’* — 4 <x% +k’ 2x§> > 0, generalizing the corresponding expansion for k = 0
in (4.25). In particular the cirlce of diameter D is deformed into an ellipse with major
axis D and minor axis k’D. The singularity structure is similar to the k = 0 case, the
xp derivative jumps at the disk bounded by the ellipse. It is useful to introduce polar
coordinates (p, ¢) suited for the ellipse in the 1-3 plane by (x1,x3) = (k’pcos ¢, psin ¢).
Taking the Laplacian then gives the following distribution,

D o 6(D-2p)

nk/p % /D2 _4p2 )

o(x) = ——= AV (x) = —8(x2)

in (4.36)
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4. Dirac operator and zero-modes

We see that due to the step function, #" is harmonic almost everywhere with support on
the disk, including its boundary ellipse. We also see that there is a radially symmetric —
in an elliptical sense — charge distribution on the disk. Further inspection of (4.36) shows
that the total charge on the disk excluding its boundary is —oo, the total charge on the
boundary ellipse is +-co such that the overall total charge is 2 as it should be.

In section 3.5.2 we have found two families of exact solutions of the matching condi-
tions. In figure 4.1 we show the arrangement of the two disks for these families. The light
and dark shading corresponds to constituents of plus and minus magnetic charge. One
example of what we called the "rectangular’ configuration is on the left, a ‘crossed” config-
uration is on the right, with the curves indicating the approximate constituent locations
as « is varied from 7t to 0, see section 3.5.2 for more details.

Figure 4.1: Two examples to illustrate the location of the disk singularities of the zero-modes for SU(2)
and charge 2. What we called 'rectangular’ configuration is shown on the left, the ‘crossed” configuration
on the right.

The expression (4.36) allows for the integral representation,

1

27T 7
2 D dp d
”f/(x)=—+—/d¢/ = , (4-37)
2 _ A2 )
r 710 ) /D2 —4p ap\/(xl_k, 2, .2 2

pcos @)+ x5+ (x3 — psin @)

which can be used to check the k — 1 or equivalently k’ — 0 limit. For an arbitrary test
function f(x) we have

[ dxo(x)f(x) = 07

0
k’ ,0, 38
4P 8pf( pcos,0,psing) ,  (4.38)

O\NIU
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4.1. Abelian limit

which is smooth in k' and for f(x) = 1 verifies the proper normalization, [ d3xp(x) = 2.
Evaluation at k/ = 0 gives,

D
2
/ Pp(x)f(x) = 2£(0) + = / dx; / dx;  x393£(0,0,%3)
T 2422 M2 a2 2
B g YRR
V473

—2£(0) + dx3sign<x3>agf<o,o,x3>=f(o,o,§)+f(o,o,—§), (439)

\N|U

S~

which is indeed the expected result from (4.23). We conclude that the rather peculiar
distribution of zero-modes that for generic k values is supported on an exteded disk
smoothly tends to the point-like limit for k — 1. In this limit the minor axis of the
ellipse shrinks to zero while the major axis stays D, eventually tending to a segment of
length D, with support for the zero-modes at its two ends. We recall from (3.123) that for
large separation D between the constituents k tends to unity, i.e. for large separation the
constituents indeed become point-like.

4.1.3 Higgs field and zero-modes

We have derived a formula for the Higgs field ®(x) of charge 2 calorons in the abelian
limit in section 3.5.5. Its form that naturally emerged from the Nahm transform entangles
the contributions from the 2 types of monopoles. Nevertheless, since linear superposition
preserves self-duality for abelian fields, we expect that it can be factorized into two parts,
each carrying Nahm data specific to one type of monopole. Now it was shown in [72]
that the algebraic tail of the Higgs field is harmonic almost everywhere and has the same
kind of extended support on disks as the one we have found for the zero-modes. This
makes us conjecture that the potential ¥4 (x) for monopoles of type A actually equals the
Higgs field of these monopoles in the abelian limit. Since we did compute the Higgs field
for the caloron, see (3.134) and (3.137), we have verified the relation

®(x) = 71(x) = 72(x) (4-40)

numerically and found agreement to high precision. This results in the exact identity

Tr (%) 2 (x) = _#A‘DA(X) , (4.41)

for yy < z < ppa41. In other words, the fermion zero-mode density equals the abelian
charge distribution of the monopole gauge field. Such a relation is at the heart of using
chiral fermion zero-modes as filters to isolate the underlying topological lumps from
rough lattice Monte Carlo configurations [73, 74, 75, 76].
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4. Dirac operator and zero-modes

4.2 Exact results

In the previous section we have seen that in the abelian limit, where exponential con-
tributions coming from the non-abelian cores of the massive constituent monopoles are
dropped, the zero-modes of the Dirac operator develop a singularity structure. In a
full non-abelian solution, naturally, everything is smooth. We have computed the Green
function for charge 2 exactly, and using (4.2) we can now inspect how the singularity
is resolved in the full solution. Exact zero-modes for unit topological charge have been
computed in [77, 78].

We have plotted the action densities in section 3.5.4 for two particular cases. Now we
will compare these with the behaviour of the zero-modes. The parameter values for figure
4.2 are the same as for 3.3, but the scale of the zero-modes is enhanced by a factor of 5
relative to the action density. The zero-modes are seen to follow the action density, with
approximately coinciding peaks. This is due to having a k value close to unity, however,
the configuration is not static, monopoles of opposite charge are close enough to produce
time dependence.
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Figure 4.2: An SU(2) caloron of topological charge 2, with the 2 periodic zero-modes on the left, the 2
anti-periodic zero-modes on the right and the action density in the middle.
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4.2. Exact results

It is instructive to plot the configuration with strongly overlapping constituents as
well, where the action density does not show the 4 constituent peaks. Nevertheless, the
zero-modes reveal the presence of constituents. Since monopoles of opposite magnetic
charge are closer than in the previous example, this configuration shows a stronger time
dependence. The parameter values for figure 4.3 are the same as for 3.4.
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Figure 4.3: An SU(2) caloron of topological charge 2, with considerably overlapping constituents. Even
though the action density in the middle does not show the constituents separately, the zero-modes do. The
2 periodic zero-modes are on the left, the 2 anti-periodic are on the right.

We have derived in section 3.4.2 the Green function for pure magnetic monopoles as
well and have plotted the action density of a typical charge 2 monopole in figure 3.5.
In figure 4.4 the 2 zero-modes are shown together with the action density for the same
configuration.
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Figure 4.4: A charge 2 monopole for SU(2) as obtained from a caloron solution in an appropriate limit.
The action density is in the middle and the two zero-modes on the sides.
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Chapter 5

Twistors and moduli

The moduli space of self-dual fields over various flat spaces (monopoles over R3, in-
stantons over R?*, calorons over S! x R3 or Nahm-solutions over S!, etc.) carry natural
metrics. These are inherited from the L2-norm of the corresponding gauge field, restricted
to modes transverse to the moduli space. The geometrical properties of the spaces over
which the equations are defined are reflected by geometrical properties of the moduli
space. In particular, both R* and S' x R3 are hyperkihler and as a result the moduli
spaces will carry a hyperkdhler metric. In the following section the main ingredients
of the apparatus needed will be summarized, followed by an elementary account of the
hyperkéhler quotient method. For a review on hyperkahler geometry see [79, 80].

We will be concerned with the moduli space .# of SU(n) calorons of arbitrary topolog-
ical charge k and vanishing over-all magnetic charge with maximal symmetry breaking,
or equivalently with non-trivial holonomy at spatial infinity, and its twistor space.

As to the algebraic geometry of the moduli space we will derive a correspondence
with stable holomorphic bundles over the projective plane CP? that are trivial on two
lines as opposed to one line as in the case of instantons. The difference is due to the
different way R* and S' x R3 compactify to CP2. This correspondence is very much
along the lines of geometric invariant theory as applied to instantons [81]. We arrive at it
from an explicit parametrization of the moduli space by a number of finite dimensional
complex matrices subject to a constraint, similarly to the quadratic ADHM equations for
instantons. As this correspondence both for instantons and calorons is independent of
the twistor construction, it is perhaps more fundamental than the usual correspondence
between the moduli spaces and stable holomorphic bundles over the twistor space of the
base manifold (or compactifications thereof).

In general the (framed) caloron moduli space® will be of real dimension 4nk. This
moduli space, just by naive counting of dimensions, can incorporate nk BPS monopoles
of unit charge as every such monopole has 4 parameters, 3 for the location and 1 for a

*We will be only concerned with the framed moduli space that includes the moduli corresponding to a
constant gauge rotation.
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phase. We show that this is indeed the case, as in the limit of large separations the moduli
space factorizes into nk copies of S! x IR3. For calorons of unit charge the exact metric
was first conjectured in [53] based on string theoretic arguments and later proved in [57]
for gauge group SU(2) with extension to SU(n) in [67].

5.1 Hyperkdhler geometry and twistor theory

Through the prototypical example of R* one can motivate twistorial ideas as follows [40].
In two dimensions one can introduce complex coordinates z = x + iy thereby identifying
R? ~ C. Since SO(2) ~ U(1) there is essentially a unique way to do this in a manner
compatible with the metric. Studying two dimensional problems in a single complex
coordinate is a useful thing and one wants to study four dimensional problems using
two complex coordinates. However, the situation in four dimensions is different because
SO(4) is much bigger than U(2), in fact SO(4)/U(2) ~ S?, which we will parametrize by
{. There is a whole family of choices to identify R* with C?, one of which is z; = x; +ixp,
zp = x3 + ixy. However, one does not want to single this out, for example any other
choice with the coordinates permuted is just as good. Singling out a particular choice
might spoil some symmetry of the problem or hide some features which are manifest in
the formulation with 4 real coordinates.

Thus one is lead to study problems in four dimensions by 3 complex coordinates
(z1(0),22(0), ) where z; and z, themselves depend on { because they are the complex
coordinates obtained by the identification that corresponds to the choice . If the original
problem really lives on S* then the above description gives a parametrization of its twistor
space CP? as a fibration over CP! with fibre S*. This will be the general pattern as we
will see.

The idea of twistors originates from Penrose [82] and was invented in the Lorentzian
signature context but has proved useful for the study of self-dual Yang-Mills fields in
Euclidean signature too, as developed by Atiyah and Hitchin. The general idea is that
differential geometric structures on a smooth manifold are encoded in holomorphic data
on its twistor space. For example in the case of Yang-Mills theory, an instanton solution
on R* or S* is encoded in a stable holomorphic bundle over CP® with some certain ex-
tra properties. In general for a hyperkdhler manifold its twistor space will encode the
hyperkdhler metric itself. Here we will describe only this aspect of twistor theory and
neglect the original motivation of Penrose — general relativity.

A Riemannian manifold is said to be hyperkédhler if it is Kdhler with respect to 3
complex structures and these satisfy the multiplicative relations of the quaternions. Thus
such manifolds come with a metric g, 3 integrable complex structures I, ] and K and the
corresponding 3 Kahler-forms w; = g(I-,-), w2 = g(J-,-) and w3 = g(K-,-). The complex
structures I, | and K obey I 2=]2=K?=]JK=—1and are covariantly constant. It is an
elementary fact that the dimension of such manifolds is a multiple of 4.
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5.1. Hyperkédhler geometry and twistor theory

An equivalent characterisation can be given in terms of holonomy groups. Since par-
allel transport preserves I, | and K the holonomy group of a 4n dimensional hyperkéahler
manifold lies in the intersection of O(4n) and GL(n,H). The maximal such intersection
is Sp(n) the group of n x n quaternionic unitary matrices, which group is one of the
possible holonomy groups on Berger’s list [83]. The group Sp(n) is also the intersection
of U(2n) and Sp(2n,C) hence a hyperkdhler manifold is naturally a complex manifold
with a holomorphic symplectic form. This observation will be heavily used in the con-
struction of the twistor space and in practice will mean that many quantities will have a
holomorphic dependence simplifying their study considerably.

If M is hyperkahler and (e1,ep,e3) is a unit vector in R3, then I; = e;l +e2] +e3K
is again an integrable complex structure, if { € CP! corresponds to e € S?. Thus a
hyperkahler manifold is endowed with a whole S? = CP! family of complex structures.
It is advantageous to study all members of the family at once just as in the introductory
example of R*.

The twistor space of a 4m real dimensional hyperkéhler manifold is defined to be
a 2m + 1 complex dimensional manifold Z together with a projection Z — CP! such
that the fiber above ( is, as a complex manifold, M endowed with the complex structure
I;. Topologically Z = M x CP! but its complex structure is non-trivial and encodes
all 3 complex structures of M. At a point (p,{) € Z the tangent space decomposes as
TyM & TgCP1 and the complex structure is I; & i, where i denotes the standard complex
structure of CP!. The projection Z — CP! is in fact holomorphic. The 3 Kéhler-forms
combine into w = w; + iwz + 2lw; — {?(wy — iws), a holomorphic symplectic form with
respect to Iy on each fibre of Z. Because of the quadratic dependence on { (compare with
(3.10 - 3.11)) it takes values in €(2). Here we use the same symbol ¢(2) for the bundle
over CP! and its pull back to Z. Following standard notation, we denote by (k) the
bundle on CP! with transition function 1/ @k .

On CP! there is the antipodal map { — —1/{, which induces an antiholomorphic
involution, or real structure on Z. Let us see how points in M are represented in Z.
One can think of any point p € M as a holomorphic section {p} x CP! of the projection
Z — CPL. They are obviously real, that is are left invariant by the real structure. One can
show that the normal bundle of such sections is C?*(1). Here and henceforth we use the
standard notation .% (k) for any bundle .# twisted by ¢'(k) and for the trivial bundle with
fibre V twisted by k we also simply write V (k).

The crucial fact is that the above construction can be reversed. Suppose that the fol-
lowing are given,

e a holomorphic projection Z — CP! where Z has complex dimension 2m + 1,
e a holomorphic symplectic form on each fibre with values in €(2),

e a family of holomorphic sections each with normal bundle C?"(1),
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5. Twistors and moduli

e a real structure on Z which induces the antipodal map on CP!,

and the projection, holomorphic symplectic form and the family of sections are compati-
ble with the real structure. Then the parameter space of real sections of Z is a hyperkahler
manifold of real dimension 4m whose twistor space is Z. This is the precise statement
how holomorphic data on Z encodes the hyperkdhler metric of M.

We will make use of the following result that is a direct consequence of the definition.
If Q) is a flat hyperkéhler manifold, then its twistor space is Z = Q)(1).

5.2 Self-duality and hyperkahler quotient

The self-duality equations — which are 3 independent equations — can be written as the
3 components of a hyperkdhler moment map set to zero. In this section we first review
briefly the hyperkdhler quotient construction and then demonstrate how it applies to
self-duality.

If G is a compact Lie group acting freely on a hyperkdhler manifold M preserving the
3 complex structures I, | and K, then it also preserves the 3 Kdhler forms w;. Thus it is
possible to define 3 moments maps, m; : M — g*, for each in the standard way [84]. We
will usually identify the dual g* with g. One can show that the induced metric on the
quotient

Q m;1(0) / G (5.1)

is then also hyperkédhler. This manifold is called the hyperkdhler quotient of M with
respect to G.

Focusing first on the complex structure I, let us combine m, and mj3 into the complex
moment map m = my + im3. It can be shown to be a holomorphic function with respect
to I and furthermore to be preserved by the complexified group G¢. The corresponding
complex symplectic form, w = wy + iw3, can also be shown to be holomorphic with
respect to I. In fact, m is the holomorphic moment map with respect to the action of
Gc and holomorphic symplectic form w. Then the quotient in (5.1) can equivalently be
constructed as

m1(0)/ Ge, (5:2)

in other words a hyperkdhler quotient can be realized as an ordinary symplectic — or
Marsden-Weinstein — quotient but in a holomorphic setting [79]. The equation m; = 0 is
called the real equation, whereas m = 0 is called the complex equation.

It is easy to see explicitly how the two descriptions are equivalent. Setting m = 0 is
the same as setting mp = m3 = 0. In the holomorphic setting we solve m = 0 up to G,
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5.2. Self-duality and hyperkéhler quotient

whereas G¢ /G can be used to solve m; = 0 as well, since m is not invariant with respect
to Gc only to G. Thus solving m = 0 up to G¢ is the same as solving m; = my = m3 =0
up to G.

Let us count the dimensions. Setting the 3 real moment maps to zero reduces the
dimension of M by 3dim G, factoring by G then reduces the dimension by dim G, leaving
over-all a manifold of dimension dim M — 4dim G. In the holomorphic description setting
m = 0 reduced the dimension by dim G¢ = 2dim G, factoring by G¢ further reduces the
dimesion by 2dim G, resulting in again a dim M — 4dim G dimensional manifold, as it
should.

What we have done above was specific to singling out I. In the previous section we
have seen that it is advantageous to combine the 3 complex structures and study them
all at once. Let us now describe the hyperkihler quotient construction for any choice
of complex structure Ig, in other words we will consider it on the level of the twistor
space. We have mentioned that wy; = wy + iws + 2{w; — {?(wy — iw3) is holomorphic
with respect to I; on each fiber of Z and we now analogously define

my = my + ims + 20my — {*(my — im3) : Z — gc(2), (5.3)

as a gc(2)-valued function on the twistor space of M. This complex moment map is
holomorphic on Z and we see that the choice { = 0 corresponds to the discussion above
when we have singled out I.

Just as before, wz is preserved by the complexified group G¢ and we are led to the
following description of the twistor space of the hyperkdhler quotient of M,

mzl(o)/ Ge .- (5.4)

Clearly, (5.4) is a generalization of (5.2) which was valid in the fiber of Z over { = 0 and
now we have a description for the whole of Z.

This concludes our brief review and now we turn to the (anti)self-duality equations
on IR*. First note that R* is flat and hyperkahler with hyperkahler structure

1 .
wj = Eiﬁwdxy Adx, . (5.5)

By the same token the set of gauge potentials A, is also hyperkidhler and flat, although
infinite dimensional. Gauge transformations with gauge group G act as given in (1.3)
and preserve the hyperkéhler structure. Thus we can invoke the hyperkédhler quotient
construction. The 3 moment maps are easily seen to be

1 ; 1
mi = Sk = —Foi — e (5.6)

Thus setting m; = 0 is equivalent to the anti-self-duality equations. The reason for being
interested in anti-self-duality now, rather then self-duality, is simply that — following the
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5. Twistors and moduli

literature — we want to arrive at holomorphic quantities, rather then anti-holomorphic.
The choice is a matter of convention and in this chapter we will stick to anti-self-duality
and calorons will be anti-self-dual gauge fields on S! x R3. Time reversal interchanges
self-dual and anti-self-dual gauge fields and leaves the moduli space metric invariant.

First let us introduce fixed complex coordinates z; = x¢p —ix; and z; = x, —ix3 as well
as &« = Ag + 1A and B = Aj + iA3. The moment maps in terms of these coordinates can
be written,

) 0 0
m = mp—+imz= —E,B— [zx,ﬁ]+%a
d

. d d d
2imy = " + a—zloﬁ + [, '] + Eﬁ + %E +18,B"]. (5.7)
Clearly, m is holomorphic in & and B and the set m = 0 is preserved by G¢-valued gauge
transformations. On the other hand m; is not holomorphic and the set m; = 0 is only
preserved by the original G-valued gauge transformations.

This completes our review of the hyperkdhler geometry of the anti-self-duality equa-
tions on R*. These ingredients will be used for the construction of the moduli space of
calorons and its twistor space in the next section where we discuss more details specific
to our application.

5.3 Moduli of calorons

We have seen that the gauge equivalence class of caloron solutions is in a one-to-one
correspondence with Nahm data (Ay, A) satisfying Nahm'’s equation on the dual circle,
modulo dual gauge transformations. Let us recall how these dual gauge transformations
¢ = g(z) act on the Nahm data,

Ay — ghAig'-g'st, A — gAig! (5.8)
M — g(pa)At, (5.9)

where A% is the A" row of the n x k matrix of 2-component spinors A. Simply dimen-
sionally reducing to one dimension the formulae in the previous section we obtain a flat
hyperkahler description for the dual gauge field A,. The space of all A is C2"* which is
also hyperkahler and flat. It is easy to see that the jumps ipf, which are quadratic in A,
are the hyperkdhler moment maps with respect to the action (5.9) at z = p 4.

From the previous section it then follows that the moduli space of calorons is the
hyperkdhler quotient of the space of all Nahm data (Aﬂ,)\) with respect to the action
(5.8-5.9). This moduli space .# will be our main object of study.

Let us set G = U(k), G¢ = GL(k,C) for its complexification and g = u(k) and
gc = gl(k,C) for the corresponding Lie algebras.
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5.3. Moduli of calorons

The above quotient construction can be performed in two stages. First quotienting out
by gauge transformations which are the identity at the jumping points z = y 4, followed
by quotienting out by the remnant gauge transformations located at the jumping points.
In the first stage the jumping data does not play a role as it is left invariant, hence one can
concentrate on the dual gauge field A alone. On each (pa, 1a41) interval it satisfies the
homogeneous Nahm equation subject to the boundary condition that at the endpoints
A(ua) and A(payp) are finite. Henceforth we will restrict our attention to this fixed
interval only.

This situation was analyzed in [85], see also [86]; we will follow the same argument.
Using the complex coordinates & and B introduced in the previous section, dimensional
reduction to one dimension of (5.7) leads to

<¢x + (x+> / + [a, oc+] + B, ﬁ+] =0 (5.10)
B +[x,B] = 0. (5.11)

We have seen that the space of solutions of equations (5.10-5.11) modulo gauge transfor-
mations by G is the same as the space of solutions of the complex equation (5.11) alone,
modulo G¢ gauge transformations [87]. This general principle of hyperkdhler geometry
can be shown explicitly to hold in this setting as follows. The complex equation (5.11) can
be solved by

§ = _,Y/,Y—l
B = By (5.12)

with a constant B = B(u4) € gc and Gc¢-valued 7(z) on which we impose y(pu4) = 1
for definiteness. G¢ gauge transformations act on 7y as y(z) — g(z)y(z), hence the
only gauge invariant quantity is # = y(pa+1) (remember that we only quotient at this
stage with gauge transformations which are the identity at the endpoints of the interval).
Plugging this form into the real equation (5.10) gives for V = 77,

/
(V’V—1> +[BY, VBV =0, (5.13)

subject to the boundary condition V(p4) = 1 and V(puas1) = h'h. Such a solution? for
V on the interval [p4, p4+1] is unique and we can reconstruct v from V up to a G gauge
transformation. In fact, V can be thought of as being G¢/G-valued, in accordance with
the general discussion in the previous section. Hence indeed the moduli space for egs.
(5.10-5.11) with G invariance is the same as the moduli space for the complex equation
alone with G¢ invariance.

*Note that eq. (5.13) is the Euler-Lagrange equation for S = f;’:“ Tr (% (V’V’l)2 + B*VBV’l) dz, that
is a 1-dimensional WZNW-like model with a potential.
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H g2 o Hn Pnt1 =p1+1
| —_— | |
By B, By Byy1 =B
hy hy h, 1 h,
ul uz ..... u]’l un+1 = ul
wl w2 ..... wn wn+1 = wl

Figure 5.1: Reduced Nahm data on the dual circle.

In addition we have also obtained that this moduli space can be parametrized by
(h,B) € Ge¢ X gc ~ T*Gg, the cotangent bundle of G¢. In terms of « and B they are given
by

HA+1
h = Pexp | — / a(z)dz
KA
B = B(pa). (5.14)

The above discussion applies to each of the n intervals separately, giving reduced
Nahm data (4, Ba) for each interval labelled by A. Now we have to incorporate the
jumping data. At each z = 4 these are 2-component spinors in the fundamental rep-
resentation of G, which can be cast into a k dimensional column vector u 4, and k di-
mensional row vector wy, in such a way that p5' +ip5 = us ® wys. This is because we
have seen in section (3.1.2) that whenever y is null, yl-plA is of rank 1 and now we take
y = (0,1,0).

These vectors make up the flat quaternionic space H"*. In figure 5.1 the reduced
Nahm data is summarized showing that the matrices B4 and vectors u 4, w4 are located
at the jumping points with /14 giving the propagation in between.

Now we proceed to the second stage of the reduction, namely quotienting out with
the constant gauge transformations at the jumping points. These remnant complexified
gauge transformations g4 € G¢ act as

By — gABAgA_1, ha — 8A+1hAgA71z Up — AUA, Wa — wAg,le (5.15)

with associated complex moment map equations
Bas1—haBah' = a1 @wayq . (5.16)
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5.3. Moduli of calorons

At this point the moduli space .# consists of elements in (T*Gc)" x H"* subject to eq.
(5.16) modulo the action of G¢ given by (5.15), with
(T*Gc)n = I*GC X X T*G(;

-~

n

ng :gcx"'XGc. (517)

n

However, we can explicitly solve for n — 1 of the B4 variables using (5.16) and can
gauge away the corresponding h,4 variables using the gauge transformations at i, p3,
..., Un. The remaining variables are B = By, h = h,h,,_1 - - - h; and some gauge transforms
of the original u4 and w, vectors which we will continue to label by u4 and w, and
assemble into a k X n and an n X k matrix u = (u,4) and w = (wy,). The remaining
symmetry by Gc is

B — g¢Bg™ 1, h —s ghg™1, u — gu, w — wg !, (5.18)
where ¢ = ¢7. This action gives the complex moment map equation
B—hBh ! =uw. (5.19)

The result of the present section is that the moduli space of SU(n) calorons of topo-
logical charge k and zero overall magnetic charge with maximal symmetry breaking can
be parametrized by matrices (, B, u, w) subject to eq. (5.19) modulo the G¢-action (5.18).

Now recall that the ADHM construction gives the moduli space of SU(n) instantons
on IR* (or 5%) of topological charge k as the space of four k x k hermitian matrices By, and
a 2-component spinor of n X k matrices A,, subject to the quadratic equations

1

[Bo, B1] + [B2, B3] = 5 </\1r/\2 + /\5/\1)
1

[BO/ BZ] + [B3/ Bl] = E <A;/\1 — /\-{/\2) (5,20)
1

[Bo, B3] + [B1,Bz] = % </\]L/\1 — /\;/\2) ,

modulo a natural U(k) action. Note a sign change relative to (2.11) as we are now de-
scribing anti-self-dual, rather then self-dual fields.

It follows from (5.7) by dimensional reduction to zero dimension that the ADHM
equations (2.11) can also be seen as setting a hyperkdhler moment map to zero. In terms
of the complex coordinates

/\T /\T
a= 1:/;2, x = By +1iBq
A —A
h="12 p = B> +1iBs, (5.21)

\/E v
83



5. Twistors and moduli

where a is k x n and b is n X k, they turn into,

a,B] +ab = 0 (5.22)
[, a"] + (B, 7] +aa” —bb" = 0, (523)

where again (5.22) is called the complex, (5.23) the real equation. Applying the general
principle of hyperkéhler geometry to this case implies that the moduli space of instantons
can be identified with the space of matrices («,f,a,b) subject to the complex equation
[a, B] + ab = 0 alone, modulo the complexified group GL(k,C) [81].

What we have found is that the moduli space of calorons on S! x R? is almost the
same space upon the identification

x=nh, B =B, a=u, b = wh (5.24)

except for the condition that one of the two k X k matrices should be non-degenerate
as deth # 0. Hence we have found an embedding of the caloron moduli space into the
instanton moduli space as an open subset. The identification (5.24) gives a dictionary how
to translate the 4nk instanton moduli consisting of k scales and 4-dimensional locations
plus some gauge orientations into the same number of caloron moduli consisting of nk
3-dimensional locations and phases characterizing the nk constituent monopoles.

5.3.1 Stable bundles on the projective plane

Based on the above result a description in terms of stable holomorphic bundles on CP?
is possible. The relationship between stable bundles on projective space and instantons
goes back to [31, 32, 88, 89]. The original construction gave a correspondence between
instantons and bundles on the twistor space of S*, which is CP3. The analogous corre-
spondence for calorons was described in [56] giving bundles over the twistor space of
St x R3.

Later it was found in [81] that compactifying the Euclidean 4-space to the projective
plane CP? instead of S* gives the instanton moduli spaces an interpretation in terms of
bundles on CP? without reference to twistor methods. In some sense this relationship is
more fundamental than the twistor theoretic one. Our construction is a simple extension
of [81] and we summarize its essential ingredients below, for more details see [90].

As said above, R* is compactified to CP? by adding a “line at infinity”. For any
X € CP? let [z1 : z : z3] denote its homogeneous coordinates. Then a monad is a
sequence,

ck &, g2kn Dx, ok (5.25)

where the linear maps Cx and Dx depend linearly on z;, Cx is injective, Dy is surjective
and in addition DxCx = 0. Because of the linear dependence on the coordinates we can
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write Dx = z;D;, Cx = z;C; and the DxCx = 0 condition gives six quadratic equations
D;C; + D;C; = 0. Every such monad defines a rank-n holomorphic bundle on CP? by
assigning to each point X € CP? the fibre kerDy/imCyx and this bundle will have second
Chern class k. Conversely, it can be shown that any bundle on CP?, that is trivial on a
line comes from a monad.

The condition of triviality on a fixed line, say [z; : zp : 0], means for the matrices C;
and D; that D1C; = —D;C; is non-degenerate. In this case by an appropriate choice of
bases for the three vector spaces in (5.25) one can achieve that D;C, = 1 and also that

1 0 o
Ci=10 C = 1 Ci=1| B
0 0 b

(5.26)
D;=(010) D = (-1 00) Dy=(-B a a)

for some «, B, a and b matrices where the first two components of the C; and D; are
k x k, the last component of C; is n X k and the last component of D; is k X n. From the
six quadratic constraints only one remains, namely [«, B] +ab = 0. This is the same as
the complex ADHM equation (5.22) hence showing the aforementioned correspondence
between instantons on IR* and holomorphic bundles on the projective plane.

Now we are in a position to determine what the extra condition det/ # 0 means in
terms of holomorphic bundles. Upon the identification (5.24) we obtain the following
monad data

h
Cy3 = B
wh

(5-27)
D3 = (—B h Ll)

with C; 5 and Dj , as before. Using that D3C; = —D,C3 = h and the same argument [81]
that led to the conclusion that triviality on the line [z; : z; : 0] means that D1Cy, = —D,Cy
is non-degenerate, we conclude that the bundle has to be trivial on the line [0 : z5 : z3] as
well.

This is the result of the present section; there is a one-to-one correspondence between
the moduli space of SU(n) calorons of charge k with maximal symmetry breaking and
zero magnetic charge and the moduli space of stable rank-n holomorphic bundles on the
projective plane having second Chern class k which are trivial on two distinct lines.

A simple geometric picture clarifies how triviality on two distinct lines in the holo-
morphic language and the base manifold S! x R? in the gauge theory language are re-
lated. Two lines in the projective plane intersect in a single point. Our holomorphic
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bundle is trivial on both hence we can decompactify by removing them. The first re-
moval gives CP? — CP! ~ C2 just as in the original instanton construction but now we
have to remove the other CP! as well. They intersect in a point that has been removed
already by the first CP! leaving a CP! — {*} ~ C behind from the second line. Now if
we parametrize C? by (z1,z;) and remove the remaining plane (0,z;) as well, we obtain
C2-C~C*xC~S' xR

Thus, what we have shown is essentially that the gauge potential A,(x), defined on
S! x R3 ~ C* x C, extends holomorphically to CP2. An analogous extension was proved
for calorons in the twistor theoretic correspondence in [56]. We would like to emphasize

again, that our construction — just as Donaldson’s construction for instantons — does not
rely on the twistor correspondence.

5.3.2 Twistor space and spectral data

So far we have identified the caloron moduli space .# as a complex manifold but we
have not said anything about the induced hyperkédhler metric on it. This is encoded in
its twistor space and has a convenient description in terms of spectral data, similarly to
SU(2) BPS monopoles as mentioned in secion 2.2.2. The spectral data will be derived
from the twistor construction [79] which will be the subject of the present section.

In order to find the twistor space 2 one has to redo most of the first part of section
5.3 with an arbitrary choice of complex structure labelled by { € CP! and trace the
dependence on {. This dependence can be expressed by transition functions from the
patch U = {{ € CP!| # o} to the patch V = {¢ € CP!|{ # 0} under { — { = % since
there exist holomorphic trivializations over both U and V. Quantities defined over V will
be denoted by a tilde.

It turns out that for this purpose the parametrization (5.18) is not very useful, it is
better to go back to eq. (5.16) with variables in (T*G¢)" x H"* and symmetry G!. First
we will describe the twistor space of T*G¢ that corresponds to a given interval, then take
n copies together with the jumping data H"* and carry out the reduction by G¢- The
hyperkédhler structure on T*G¢ and its twistor space have been described in [85], below
we will reproduce the ingredients we need.

To identify the twistor space of T*G¢ recall that it came from an infinite dimensional
hyperkéhler reduction of Nahm data on an interval with regular endpoints. The vector
space Q) of («, B) pairs is flat, hence its twistor space is Q(1) — CP.

The fact that the twistor space is (}(1) means that one can pick the complex structure
corresponding to { in such a way that («, 8) change on the overlap of U and V according
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to

Q
=N
Il

l

B (5.28)

N N R

Complexified gauge transformations (which are the identity at the endpoints of the inter-
val) act over U as

a — gagl—g'g7!

B — gBs !l —ig's! (5.29)
and over V as
i — gig ' —{g'g™!
B — gps-g's". (530)

The corresponding complex moment map equation (generalizations of eq. (5.11)) are eas-
ily computed over U and V to be

B +lwpl+in’ =0

&'+ & B+ B = 0. (5.31)
Their solution (generalization of eq. (5.12)) over U is

§ = _,Y/,Y—l

B = By '+, (532)

and over V

& o= By -7y
B = 37", (5.33)

with constant matrices B, B and G¢-valued functions 7(z),§(z) subject to the initial con-
ditions y(ua) = 4(pa) = 1. From the latter we define the gauge invariant variables
h=9(tas1), h = ¥(nasr1), both in Ge, analogously to section 5.3.

To specify the twistor space of T*Gc the transition function (h, B) — (I, B) is needed.

Substituting (&, B) from (5.28) and (a, B) from (5.32) into (5.33) gives

Ho) = v(z)exp ((z - m)?) (534)
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where the factor of 4 appeared in order to maintain §(p4) = 1, once y(pta) = 1. From
(5.34) we obtain the desired transition function for (k, B),

(h,B) = (hexp (VAg),g) (5.35)

where v4 = pay1 — pa is the length of the interval and is related to the masses of the
constitutent monopoles of type A. Now we are able to identify the twistor space of T*G¢
as

Z — gc(2) — CP!, (5.36)

where the first arrow is a principal G¢ bundle over the total space of g¢(2) with transition
function exp (v4B/{) and h is a section of this principal bundle, while B is a section of
gc(2).

The holomorphic symplectic form on each fibre of Z is the natural invariant 2-form
w = dTr (Bh~dh). Its transformation rule is

w = dTr <]§ffldfz> =dTr (C*2B exp <—1/AC*1B> hld <hexp <1/AC*1B))) =
= 2T (Bh—ldh) LI 2T <exp (—VAC_lB) dexp (vAc‘lB) B) = (537
— ATy (Bh—ldh) + 0 3vadTr (BAB) = {2 Tr (Bh—ldh) = 2w,

hence it is a globally defined &'(2) valued 2-form along the fibres, as it should be.

The above discussion applies to every interval labelled by A separately and we obtain
twistor spaces Z 4 for each. Note that they are not identical, they have different transition
functions as the masses of the constituent monopoles may vary.

Now, parallel to section 5.3, we can incorporate the u4 and w, jumping data that
makes up the flat H"* space. Again, because of flatness its twistor space is H"*(1) — CP?.

The action of G¢ on the reduced Nahm data is the same as in (5.15) giving gc(2)
valued moment maps which when set to zero give eq. (5.16) just as before.

Upon quotienting with G¢ we recover the well-known spectral data of calorons [56, 60]
in the following way. Part of the gauge invariant quantities are the spectral curves S 4 in
0'(2) associated to each interval defined by Sy = {({,174) € 0(2) | det(ya —Ba(()) = 0},
where B, is a section of g¢(2) and 774 is a section of ¢/(2). These curves have genus
(k —1)2. Also gauge invariant are the sections over '(2)

Y =wayrhaadj (na —Ba)ua. (5-38)

Since ((hha, Ba), (s, w,)) is a section of Z4 x H¥(1) with known transition functions, the
transformation of ¢4 under { — % is

Pa =7 Fexp (m%‘) Ya, (5-39)
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5.3. Moduli of calorons

once the 14 is restricted to the curve S4. In other words the 4 are sections of the line
bundle L"4(2k)|s, first introduced in [44] in the context of magnetic monopoles, see also
[60]. The transition function in (5.39) can actually be taken as the definition of the line
bundle L4 (2k) over 0(2).

The invariants 14 do not exhaust the list of gauge invariant quantities, the combina-
tions

pac = wasahaadj (14 — Ba) - - -headj (¢ —Bc)uc, A=C (5.40)

are all gauge invariant and obviously 4 = Pa4. One can think of the ¢4¢ as being
associated to the interval (yc, pa+1) which for A — C > 1 contains several jumping points,
while the ¢4 invariants are associated to a basic interval (p4, p411). Again, the transition
functions for the invariants 1 4¢ follow from eq. (5.35),

- Co(A_ 1y v +---+v
Pac = (AT zeXP( clic 7 MA) Yac, (5-41)

once they are restricted to Sp in each variable #p for D = C, ..., A. Here and throughout
A — C stands for the difference modulo n.
The jumping conditions (5.16) impose constraints on the sections 4. Specifically,

Yar1Pa = (Mas1 —14) Yat1,A4, (5-42)

where we have used the fact that ¢4 is a section over Sy, thus det(y4 — B4) = 0 and
similarly for A 4 1. This means that over the intersection of neighbouring spectral curves
S4 and Sp4q, where 714 = 1441, either P4 or P41 vanishes. Analogously to eq. (5.42)
the jumping conditions (5.16) give

Ya,p1¥pc = (Mp+1 —1D) Yac (no sum). (5-43)

for A — C > 1. From the relations (5.42-5.43) it follows directly that

A A-1
H ¥p = Pac H (1p+1—1D) , (5.44)
D=C D=C

in other words, if the interval (yc, pa11) contains several jumping points and hence can be
broken into A — C + 1 basic intervals (yc, pic+1), (Hct1, pc+2),- -+, (Ha, asr1) then there
is a relation between the invariant  4¢ and its “constituents” ¢p associated to (yp, ¥p+1)
for D =C,..., A. In fact once (5.44) holds the relations (5.42-5.43) follow. It is clear from
eq. (5.44) that locally the invariants 1 4c can be expressed by the 14, which implies that
the spectral curves S 4 and the sections 14 over them can be used as local coordinates for
the twistor space Z.
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5. Twistors and moduli

More concretely, each spectral curve S, is given by a polynomial of order k with
leading coefficient 1, which may be parametrized by its roots #4,. The sections 14 are
restricted to these curves, thus can always be written as a polynomial of order k — 1,

k
Yo=Y Caatty ', (5.45)
a=1

with nk coefficents ¢4,. Then the parameters ({,744,{aq) are local coordinates for the
2nk 4 1 complex dimensional twistor space 2.

These serve only as local coordinates because there is an additional set of invariants,
specific to the fact that for calorons the Nahm equation has periodic boundary conditions,
namely the k invariants of the dual holonomy h = h,h,_1 - - - hy. For these invariants
there are additional constraints, which can be solved locally in terms of (174,,¢4,) but not
globally.

The spectral data we have obtained from the Nahm transform recovers the spectral
data of magnetic monopoles, as described in section 2.2.2. The n rational functions are
simply

Walna)
(74 — Ba

raiia) = 3 = war1ha(a —Ba) lua. (5.46)
et )

These rational functions involve all independent local coordinates, thus invoking the same

argument as in section 2.2.2 for large separations between the constituent monopoles, we

obtain a parametrization of .# in terms of nk 3-dimensional locations and nk phases,

describing all together nk monopoles.

Although above we have obtained only a local parametrization of the twistor space,
the spectral data that emerged is sufficient to calculate the exact hyperkéhler metric on
A . This is done using the generalized Legendre transform [79] and is work in progress,
close to completion.
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Chapter 6

Lattice aspects

Lattice gauge theory provides a non-perturbative framework to investigate the relevance
of calorons in a dynamical context. This is necessary, because the mere existence of our
new solutions does not guarantee that they play any role dynamically. Nevertheless, the
non-trivial constituent nature of the solutions is intimately tied to the average Polyakov
loop, which is set dynamically as discussed in section 1.3. Also a semi-classical calcu-
lation, based on the 1-loop determinant in a caloron background, provides evidence in
favour of their dynamical relevance [19].

There are several lattice methods to investigate the low-energy behaviour of a gauge
ensemble. Two main methods are cooling and the study of the zero-modes of the im-
proved chiral Dirac operator. The first, cooling, only deals with the bosonic sector and
probes the long range correlation in the gauge fields, their topological content in partic-
ular [92, 93, 94]. Our exact results on the caloron gauge field may be compared with the
lattice findings.

The second method probes the fermionic sector and uses the same philosophy as we
have for motivating our study of the fermion zero-modes. That is, the low lying spectrum
of the Dirac operator carries information on the topological content of the underlying
gauge field and is responsible for several non-perturbative aspects of QCD. We have
shown how continously changing the boundary condition in the compact time direction
for a zero-mode makes it hop between constituent monopoles. The surprising fact is that
on the background of Monte Carlo generated configurations — which are usually very
rough — the zero-modes of the improved chiral lattice Dirac operator show very similar
behaviour. This property can be used to probe the monopole content of the gauge fields
[99, 100].

The results of our exploratory lattice investigations — which nicely show how numer-
ical simulations complement the study of the formal structures — is summarized in this
chapter. The computations were done with modest computer resources and are suffi-
ciently accurate for our purposes. For dedicated large scale Monte Carlo simulations we
refer to the works mentioned above.
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6. Lattice aspects

6.1 Lattice gauge theory

In order to simulate SU(n) Yang-Mills theory on a computer first and foremost spacetime
and the gauge fields must be discretized. This is usually done by replacing spacetime by
a 4-dimensional square lattice with 4 group valued fields defined on each oriented link.
These U, (x) link variables represent parallel transport — or path ordered exponential —
from x to x 4 i where x is a site and x + fI is the next site in the u direction. The distance
between x and x + i is the lattice spaceing a. The gauge potential of the continuum theory
is encoded in the link variables. In order to make the continuum limit more explicit one
can define a lattice gauge potential by

Uy (x) = exp(agymAu(x)) . (6.1)

Gauge transformations g(x) are defined at each site and act on the link variables by

Uu(x) — g(x +p)Uy(x)g(x), (6-2)

the form one would expect from a path ordered exponential from x to x + fi of a con-
tinuum gauge field A, (x). The assignment that the inverse is associated to a link with
opposite orientation is also quite natural.

From the transformation property above it is clear that the trace of any ordered prod-
uct of link variables along a closed loop is gauge invariant in exactly the same way as a
Wilson or Polyakov loop is gauge invariant in the continuum. In particular the trace of a
basic plaquette of sides g,

Uy (x) = U, (U (x4 0) Uy (x + ) U (x), (6.3)

is also gauge invariant. The action proposed by Wilson [101] is then defined to be

S=p)_ (1 - %ReTr Uw(x)) , (6.4)

where the sum is taken over every possible basic plaquette in the lattice and B is the
bare coupling, not to be confused with 1/kgT as it was used in previous chapters. One
can show that in the classical continuum limit, 2 — 0, the Wilson action agrees with the
continuum action corresponding to (1.1) if one sets f = 2n/g%,,. Here gyy is the bare
coupling, which is subject to renormalization in the quantum theory. The above matching
is purely a classical one.

Since we are dealing with finitely many degrees of freedom the Feynman integral is
an ordinary — yet multiple — integral over SU(n). The number of integration variables
grows with the volume and quickly becomes too large for explicit evaluation. Instead, a
Monte Carlo method is employed to compute observables.
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6.2. Phase transition

Simulations at zero temperature are done in a 4-dimensional box with the same num-
ber of lattice points on each side, provided the lattice spacing is the same in every direc-
tion. Non-zero temperature is implemented by choosing less number of points in the time
direction than the spatial directions (assuming a homogeneous coupling in all 4 dimen-
sions). Once the number of lattice sites is fixed, the lattice spacing and hence the physical
temperature is controlled by B = 2n/g%,,. Increasing B, i.e. lowering gym, reduces the
lattice spacing as dictated by the running of the coupling,

adeM . 11n g@M

da 3 1672’ (6.5)

at 1-loop order.

We have already met interesting lattice observables, the Wilson or Polyakov loops, but
one can easily construct many more. For our purposes an important one, apart from the
Lagrangian, is the topological charge density. A widely used lattice version is

1

6.2 Phase transition

The order parameter of the confinement — deconfinement phase transition is (p(x)), the
vacuum expectation value of the trace of the Polyakov loop (1.25). For SU(2) it behaves
as

[0 for B< B
and the phase transition is second order. For high temperatures g > B, in the deconfined
phase, the center Z,; symmetry which interchanges the vacua p = 1 and p = —1 is

spontaneously broken. In the confined phase, < B, this symmetry is restored; see
section 1.3.

We will demonstrate the phase transition on a 4 x 16 x 16 x 16 lattice with periodic
boundary conditions using a simple heatbath Monte Carlo algorithm [102]. The appro-
priate quantity to be measured is the average (p) of (p(x)) over the spatial lattice. This is
plotted in figure 6.1 against B. We see that the phase transition occurs around the critical
point . ~ 2.3.

6.3 Cooling

In the process of cooling, the link variables are altered such that the total action is low-
ered. Updating every link variable over the lattice is called a sweep. Sweeping through
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Figure 6.1: Phase diagram of SU(2) gauge theory. The vacuum expectation value (p), half the trace of
the average Polyakov loop, is plotted as a function of .

the lattice many times, one is necessarily ending up with self-dual solutions as these
are minima of the action. However, due to the finite discretization, instantons can “fall
through” the lattice if their size becomes smaller then the lattice spacing. Following our
remark on the classical continuum limit, a — 0, this effect can only be O(a?). Concretely,

the discretized 1-instanton solution of size p has lattice action [91]

2 4
S(instanton) = 271°8 <1 —é (%) — 7l0 (%) +.. ) (6.8)

for gauge group SU(2), which will be assumed throughout. Indeed, the leading term is
the continuum 1-instanton action 872/g%,, and the correction is such that a decreasing
size decreases the action. Thus in the process of cooling, where the action is always
lowered, instantons will tend to shrink. Their size will eventually reach the lattice spacing
and assuming a location in between lattice sites, they disappear.

This is illustrated in figure 6.2 for a 16 x 16 x 16 x 16 lattice with periodic boundary
conditions. An initially random — or hot — configuration was cooled to reach a configura-
tion with roughly 6 instantons, after which we have plotted both the action (measured in
units of 871%/¢%,,) and the topological charge against the number of cooling sweeps. Each
sharp drop by one unit corresponds to one instanton falling through the lattice. Between
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6.3. Cooling
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Figure 6.2: Instantons falling through the lattice one by one. The action in units of 8712/g%,, and the
toplogical charge is plotted against the number of cooling sweeps. The action is always slightly higher then
the topological charge.

the falls the topological stability is reflected by long plateaus, where the action and the
topological charge roughly agree, indicating a self-dual configuration. At the final stage
the last remaining instanton disappears as well, leaving the trivial vacuum behind with
each plaquette being the identity of SU(2).

If one is to investigate stable self-dual solutions on the lattice, the above shrinking
phenomenon must be eliminated. The following action serves this purpose,

Sg:ﬁ4;82(1—%TrD)+,384_812<1—%Tr ) (6.9)

where the first term represents the Wilson action (6.4), while the second means a sum over
every 2 x 2 plaquette. Note that for SU(2) all traces are real. Clearly, S; is the Wilson
action. The usefulness of S; is that the discretized 1-instanton will have an action

2 4
12 -1
S (instanton) = 27 (1 -z (%) + —21058 (g) . ) , (6.10)

which shows that once a negative value is picked for ¢, an instanton will be stable against
shrinking [91]. The value ¢ = 0 minimizes the lattice artefacts to this order — thus Sy is
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6. Lattice aspects

called the improved action — and also leads to stable instantons, but the stabilizing force
is greater with a negative value of ¢. The choice ¢ = —1 is called over-improvement.

Over-improved cooling stabilizes instantons so well, that starting from a random initial
configuration with very high action, one can easily get stuck at multi-instanton configu-
rations with high topological charge. Thus in order to investigate self-dual configurations
with charge 1, 2 or 3, it is most useful to first apply Wilson cooling and only switch to
¢ = —1 when the action is already below 2, 3 or 4, in units of 87t%/ g%{M.
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Figure 6.3: An SU(2) caloron of unit charge on the lattice, obtained by over-improved cooling. The
topological charge density is on the left, half the trace of the Polyakov loop on the right, showing that the
lump to the left is a monopole of charge -1 and the lump to the right is a monopole of charge +1.

At finite temperature the situation is the same as at zero temperature. Over-improved
cooling, however, will have an additional advantageous feature, it will tend to separate
the constituent monopoles of opposite charge. Thus not only the calorons will be sta-
ble against falling through the lattice, but also their constituent nature will be revealed.
We have performed simulations on a 4 x 16 x 16 x 16 lattice, with periodic boundary
conditions in all 4 directions.

In figure 6.3 a charge 1 caloron is shown. The action density is summed in one di-
rection and plotted in the remaining plain at a fixed time slice. It was obtained by first
Wilson cooling a random initial configuration for 665 sweeps until the action decreased
below 1.8 x 872/g%,,. Then it was followed by 1200 over-improved cooling sweeps and
the improved action Sy became 1.014 in units of 8712/ g%, ,, whereas the topological charge
0.877. The reason for the topological charge only being an integer up to 12% is that we
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Figure 6.4: An SU(2) caloron of charge 2 with well-separated constituents on the lattice, obtained by
over-improved cooling. The topological charge density is on the left, half the trace of the Polyakov loop on
the right, which shows that the two smaller lumps are monopoles of charge -1 and the two higher lumps
are monopoles of charge +1.

used the simple operator (6.6) which has O(a?) lattice artefacts, whereas the improved
action Sy was deliberately chosen such, that only O(a*) artefacts are present.

Higher charge calorons — discussed in great detail in the previous chapters — can be
illustrated as well. Figure 6.4 shows a charge 2 caloron. The topological charge of this
configuration is 1.82, and has improved action 2.001 in units of 8712/g%,,. It was obtained
by first Wilson cooling for 580 sweeps until the action dropped below 2.8 x 8712/ g%, and
then switching to over-improved cooling for 2150 sweeps.

This concludes the presentation of our numerical studies, complementing the exact
results of the preceding chapters. For more extensive investigations, see [95, 96, 98].
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Chapter 7

Concluding remarks

We have discussed the explicit construction of multiply charged caloron solutions with
non-trivial holonomy. For gauge group SU(n) and topological charge k, the non-trivial
Polyakov loop causes the caloron to dissociate into nk massive magnetic monopoles. Thus
a caloron of charge k should not be seen as an approximate superposition of k charge 1
calorons, but rather as the approximate superposition of nk constituent monopoles, each
carrying fractional topological charge. The constituents have their own identity, they do
not know to which charge 1 caloron they belong, the non-linear superposition of all of
them gives rise to the full 4 dimensional gauge configuration. The action density clearly
shows nk lumps, once the constituents are separated far enough from each other. The nk
monopoles come in 7 distinct types, each being charged under a different U (1) subgroup.

Along with the bosonic sector we have investigated the fermionic sector as well, and
have found the zero-modes of the Dirac operator in the caloron background. The compact
time direction corresponding to finite temperature necessitates a choice of boundary con-
dition for the fermions and the index theorem dictates the existence of k zero-modes for
every such choice. In order to describe the correct partition function, physical fermions
are required to be anti-periodic, however, for diagnostic purposes one may impose for
the zero-modes periodicity up to an arbitrary phase. The usefulness of employing zero-
modes to identify the constituent monopoles lies in the fact that by fixing this phase,
the zero-modes localize to only one type of monopole and are blind to the remaining
n — 1 types. By continously changing this phase one can detect all the nk constituent
monopoles, where the k zero-modes jump from one type to the other whenever the phase
passes through one of the eigenvalues of the asymptotic Polyakov loop. In this way one
can analyse each monopole separately, effectively deconstructing the caloron into its bare
constituents.

An important tool we have employed to clearly see to what extent the constituents can
be described as point-like objects, is the abelian limit. In this limit all exponential contri-
butions originating from the non-abelian cores are neglected, only algebraic tails survive,
giving rise to abelian fields. The masses of the monopoles in this limit are effectively
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infinite, and the zero-modes localize to the non-abelian cores. These collapse to zero size,
thus the zero-mode density exhibits a singular behaviour with singularity structure trac-
ing the cores. The remnants of the cores in the abelian limit are in general extended as
seen by the zero-modes, however, we have established that once the separation between
constituents is large, they become point-like.

The moduli space of calorons factorizes into 1k copies of S* x IR® for large separation,
confirming the right description in terms of nk phases and nk 3-dimensional locations.
This is in contrast with instantons on R* where the correct description is in terms of k scale
parameters, k 4-dimensional locations and relative gauge orientations. As to the algebraic
geometry of the caloron moduli space we have established a correspondence with stable
holomorphic bundles on the projective plane that are trivial on two complex lines. This
was derived from a similar correspondence between instantons on R* and bundles that
are trivial on one complex line, which ultimately is a result of the compactification of
R* ~ C? to CP2. This implies that the appropriate way of approaching the problem
is not through the factorization R*/Z ~ S! x R?, but rather through the embeddings
S! x R® ~ C* x C C C? C CP?, at least from a holomorphic point of view.

This observation may turn out to be relevant for the study of doubly periodic instan-
tons as well [46, 47]. They are defined on T? x R? and traditionally — especially in the
Nahm context — are studied through the factorization R*/Z? ~ T2 x R?. Now since
T? x R? ~ C* x C* which again can be compactified to CP? by the sequence of embed-
dings C* x C* C C* x C C C? C CP?, we suspect the existence of a correspondence
between the moduli space of doubly periodic instantons and stable holomorphic bundles
over CP? with some additional triviality constraints.

We believe that our results on the moduli space of calorons may be useful for com-
pactified supersymmetric gauge theories as well [18]. Similarly to the formulation on R4,
a number of correlation functions are saturated by instantons — or calorons in the com-
pactified case. The computation of these correlation functions involve integration over
the moduli space of instantons, which in fact can be performed by localization techniques
[103]. Understanding the metric on the caloron moduli space is a necessary ingredient
to compute these correlation functions for the compactified theories. If one wishes to
compute the contribution from every topological sector, a summation over charge is nec-
essary, thus the metric is needed for the moduli space of calorons with arbitrary charge.
This is where we believe our results on the twistor description of the moduli space may
turn out to be useful.

We have saved our primary motivation to the end. Understanding permanent quark
confinement in QCD remains to be a challenging task. What we have set out to investigate
was the nature of the fundamental topological excitations in the confined phase. We have
found that instantons are composites and are made up of monopoles due to the non-
trivial Polyakov loop background that is present in the confined phase. The instanton
liquid model [104] has been very successful in demonstrating chiral symmetry breaking
and we believe that a similar model, but now with the constituent monopoles taking
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the place of instantons, holds considerable promise for the future. Especially, because
the presence of magnetic monopoles in the QCD vacuum is in fact required for the dual
superconductor picture to emerge [20, 21]. In the 3 dimensional Yang-Mills-Higgs model
monopoles have been shown to be responsible for confinement long ago [105].

It is well-known that the dilute gas assumption of the instanton liquid model breaks
down for large instantons and also that small instantons are not sufficient for explaining
confinement. In our constituent monopole picture the scale parameter of large instantons
is converted to the separation between monopoles. It is not unlikely that the density of
constituents at low temperature is so high that they form a coherent background and as
such will no longer be recognized as separate lumps. With high quark density leading to
deconfinement, it may perhaps be that a high constituent monopole density will result in
confinement.

Whether or not constituent monopoles play a role in a dynamical context, remains a
difficult non-perturbative question. The natural testing ground is the lattice, which shows
growing evidence in favour. Simulations were performed very much along the lines of
our investigations, first identifying the semi-classical gauge structure [93], followed by
studying the localization properties of chiral fermion zero-modes [73, 74]. These studies
— some of which we have also touched in an exploratory fashion — seem to imply that
constituent monopoles are the relevant degrees of freedom in the confined phase.

Could it be that the non-perturbative dynamics of constituent monopoles is such, that
it causes the quarks to confine? At present, we do not have an answer to this question.

It should be noted that the idea of instantons having more fundamental building
blocks is by no means new. The moduli space of k-instantons in the 2-dimensional CP"~!
model can be parametrized by nk complex numbers (the remaining moduli are not rele-
vant for what follows). All of these have an interpretation as 2-dimensional locations for
so-called instanton quarks [106], or in our terminology, constituents. The 1-loop deter-
minant in the instanton background defines a statistical ensemble for these nk instanton
quarks which may be mapped to a 2-dimensional Coulomb gas [107, 108]. Since the topo-
logical charge is k and there are nk constituents, the topological charge carried by each
Coulomb particle is fractional.

Despite the fact that the 2-dimensional CP"~! model shares some features with QCD,
such as confinement, a similar picture is difficult to arrive at in gauge theories. Neverthe-
less, the results presented in this thesis further suggest that the description in terms of
instanton quarks is indeed the relevant one. It has been argued recently that in the con-
fined phase of QCD the effective low energy theory is of a Sine-Gordon type [109, 110],
which also has a Coulomb gas representation[111, 112]. Just as for the CP"~! model, but
now in four dimensions, the Coulomb particles carry fractional topological charge [113].

We are hopeful that our results and related work mentioned above will ultimately tie
together into a consistent picture of a confining QCD vacuum.
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Appendix

We present below the polynomial whose root is ¥ for charge 2. It follows from our
discussion that this funcion #'(x) is harmonic almost everywhere, see section 4.1.2 for
details. We have

a0+a1”//2+a2”//4—1—a37620,

with

as = (ngx%k4 — 6xgx%k2 + 4x§x§k4 + x‘zlx‘llk4 + élyc‘zlx‘llk2 + 8x%x§k4 + 6x§‘x§k6—
4x§x§k6 — 4k2x§x% + 6x‘11k4 — 2x%x%k4 —2ko +k* + K8 — 6x‘1*1<2 + 2x%k2 — 6k4x%+
4kOx2 + 4x0K? + 4x2k?* — 6x3k* + x3K8 + x8Kk* — 2KkOx8 + 4x8k* + 2x2Kk8 — 6x2KO—

1 1 2 2 2 2 2 2 2 2
6k6x% + 2x‘11x§ + 2x§x?kz + 2x%k6x‘2L + 6x§x‘111<4 + 6x%x%k6 + x%x‘llk‘1 + 2xgk4x%—
6x§x‘1}k4 — 4k4x%x§ + 2x§k6x% + 8k4x§x% + 61<4x‘3fx‘21 — Zx%xgks — 6x§k6x§ — 6x§x§kz—
10x§x§x%k2 + 6x§x§x%k4 + 6x‘21x§x%k4 — 2x§x§x‘11k2 + 2x§x§x‘11k4 — x‘ll — Zx? + x%—
6x3x3k? + 2x5x3k? — 2x7k?x3 + 10k*xdx? + 6x5x7k? + 2x6xF + xfx] — 6x3x3 — 223K+
2x2k* + 2x5K2 4 2KkOxZ + 2Kk2x§ + 2k*x§ — 2x3K3 — 2x8k8 — 63kt + x5KE + KAad+
2x3K0 — 20%x8 + 2x2x3 — 6xFxd + 4x§x? + 4x0xF + 6x7x] + 2x3xF + 2x3x§ + ¥jxi+
4x3x2x3K0 — 2x3x5x3k? — 6K2x3x3x% — 6x5xdxatkt — 2x8 + 2§ + 2§ — 8xdxIK2—
2x3x8k? — 6xx3k? + 10xTx3k? + 4x3x3k? + 2x§x3k? — 6k2x3x5 + 10x5x3k* —

2,212 4,2.2 4,412 2,42 4,2,2 2,252 4,2,2)2
6x3x5k? + 8k*x3x5 — 6x5x5k? + 6x3x3x% + 2x5x5x7 + 4xfxsx5 + 6x7x5x3)
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a = —4 (ngx%k‘1 — 6x§x%k2 + 4x§x§k4 + x‘zlx‘llk‘L + 4x‘21x‘11k2 + 8x§x§k4 + x§k4—
6x§x%k6 + 4x§’x§k4 — 6x‘21x§k6 — 4x§x§k6 — 4k2x§x% + 6x‘1*1<4 — 2x‘21x%1<4 — 2kb+

k* + k8 — 6x‘111<2 + 2x%k2 — 6k4x% + 4k6x% + 4x?k2 + 4x§k4 + 6x‘21k4 + x‘zlks—

2KOx§ + 4x§k* + 2x3k8 — 6x3k8 — 6kOxF 4 2x1x3 + 2x3xSk? + 2x2x3K® + 6x3x 7kt +
6x5x7KE + x3xik? + 2x§x3k? — 6x3x 1kt — 4k*x2x] + 2x5x2KC + 8kAx3x? + 6kixfai+
2x3x3k8 — 63323k — 6x3x5k? — 10x3x5x7K? + 2x3x3 + 2x3x8 + 6x5x5x7 kA +

6x5x3x2kt — 2x3x3x1k? + 2x3x3xFkt + x] — 228 + a8 + 8x3xFK® + 6x3x7K? + 2x§x7k? —
2x7x3k? — 10k*x3x? 4 6x5x3K? + 2x§x3 + x}x5 — 6x3x3 — 2x3k% + 2x3k*+

2x3K2 + 2Kk8xF + 2Kk2x§ + 2k*x§ — 2x3kB — 2x§Kk6 — 63kt + xJK8 + ktxd + 2x5kO—
2K2x§ + 2x3x3 — 6x7x3 + 4x§xd 4 4x§xd + 6x1x] + x3x5 + 43 a3k — 2xFxj a3k —
6k>x3x3x3 — 6x3x3x3k?t — 2x§ + x§ + x5 — 2xZx0k? — 6x7x3k? + 10xFxZk>—

4x%x%k2 — ZxS’x%kz — 6k2x%x‘2L + 103(‘213%1(4 — 6x%x%k2 + 8k4x§x§ — 6x‘21x§k2+

6x3x3x7 + 2x5x3x7 + 4xFadx3 + 6x7x5x3) (Bxdxjkt — 2x3x3k6 — 4k?x3x3 + xjxikt+
Zx‘llk2 — x%k2 + k4x% + x%k4 + 2x‘21k4 + xgk4 — x§k6 — k6x% + xi‘x% + k4x%x§ — k4x§x%—
x‘f + x? + x%x%kz + 2x‘1*x§k2 + k4x§x% + 2x§x%k2 + 3x%x§ + x%k2 — 2x§k4 + x%kz—i—
k6x§ — 2k2xg + k4x§ + xék4 — x%k(’ — Zx%xg + 3x‘11x§ + x%xé — 2k2x§x%x%+

2x3x3x3kt + x§ — x§ — 4xja2k? — 2x$adk? + 3x3x3k? — 2k2x3 x5 4 3x5x3kt—

x3x3K% + 3k*xdx3 + 2x3x3x3)
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1 = —48x7x§

1x2k4 + 16 8.21.6
192x7x3k® — 96k°x] , 53K° — 144x325k* — 9613
48x6 21.8 1X3 — 16k12 2 9 XyXq k4_4 5 4
0x3k® 4 48x0xik? X322 + 48x3x2K° 824kt + 4812126
48x0 x4k Oxjk* + 48k10x2x3 2 4+ 48K10,4 x3x3KO+

1% k - 16x x . 2x3+16x2 k6 2x3 96x3 k4_
48x2x6K2 8x3 — 16x3x§ — 48 26 — 144232218

2x0k? + 96k8x2x5 — 4 g X833k + 96033k 33K8 + 16x3x5K6 —
16k10x2x1 48k101 2 — 487 K° + 192x] 3k fxak* +32x9x3k? — 96kSxtx
16x2x2Kk6 x3x2 — 48x2xjk? — x5KkO — 48x5x2K° — -

2x2K6 — 48x6x2k6 — 211 4818124 211 16x8x2K10
96x0x2Kk8 172 1682k x4 96x5x3K0 — 1

8x2k8 — 48x8x1k8 ®x2k? + 96xx5K° + 1 48x8x4Kk2—
96 x4 y4 14 271 — 48x2x 6k10_ 32k8x2x 2

3X k —48k10x4 X 16x8 k6 2 1+32x2x k8_|_
96k x4 $x2 — 144x8x2K8 + 96x§x3k*

1x3 48x6x k4 3X1K° + 144x62K6 _ 1* 4+ 48K105252
48x4x0Lk8 §aik* + 16k10x7 31 9624 x5KS 2%3

1X k + 48k4x 1X3 + 48x k4 1X + 144k8x
48Kk10y 75 + 48x0x k6 15k* + 48x3x] k4 - Tx3—

g 1x3+48k8x3x 4 1 48x3 k6 144ty 16x3 %k10+
48x5x4Kk6 175 +48x8x2k2 i 161<4x N

Ox4k® — 48x5x3Kk® 96k4x A 3 1+48x§ kg_
48x2x0K>? 0x3k8 4 48x3x5K6 — 35 — 48x5x3kt —

2 3k +48x2x kz 4 é 3 4:8_x2x§k8 9% i 96x3 4k8+
9622xxt — 64x2 2 , 48x8x2K6 + 1922336 kS 4 144322016
240x1x k2 2x3x1+32x1x2 2K 96 k +144x2x3k6 642 +

3 48 x x2 10 xOx2y2
112x%x %k6 64x§x3 Ak + 1442333k —l—11 G - 96xi s k4+1 23
— 062X 61,1 7
112x%x k4 zx 3k ’ _96X4x x2K6 6x2x1 x5k5 — 96x
3742 + 32x2x x k4 1 + 240X4 g 1x2x3k6
48x1x2x2k4+ 174273 64x2x klo 2x1x3k +96x4 A

) 3 144x1x 2,212 1 48x4x R 1x3x2k
48x2x4x2K2 23 + 192 1 2x3k i .

2% xlk 14402544214 x2x1x§k6+48x ; 1763539523(1k2
48 §01 3k +96xe1 226 X33 + 484 x3atkS — X1x3x2k4 i

k xlxzx +96 8 48X1x2 k8 9 14273 14418 x2x2 4
3 k xlx x + 6x2x X k6 1 2x3_

523 + 48x3x3x3kt — 2x2K® + 48k8x]
x5x3x7k? + 96x3x3x7k?
3Xx

ay = 64x3
2x3 k4(k C1)2(k 4+ 1)
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Samenvatting

We hebben de expliciete constructie van caloron-oplossingen met een topologische lading
groter dan één en met niet-triviale holonomie bediscussieerd. Voor ijkgroep SU(n) en
topologische lading k zorgt de niet-triviale Polyakov-lus er voor dat het caloron samenge-
steld is uit nk massieve magnetische monopolen. Een caloron van lading k moet dus niet
in benadering gezien worden als een superpositie van k caloronen van lading 1, maar
eerder in benadering als een superpositie van nk monopolen, waarvan elk een fractionele
topologische lading draagt. De bouwstenen van het caloron, de monopolen, ook wel
monopoolbouwstenen genoemd, hebben hun eigen identiteit. De actie-dichtheid vertoont
duidelijk nk maxima zodra de bouwstenen ver genoeg van elkaar verwijderd zijn. De nk
monopolen zijn er in n verschillende types, elk geladen onder een andere U(1) ijkgroep.

Gelijk met de bosonische sector hebben we ook de fermionische sector onderzocht,
en we hebben de oplossingen van de Dirac operator met eigenwaarde nul, de zoge-
heten nultoestanden, in de caloron-achtergrond gevonden. De compacte tijdrichting,
overeenkomend met eindige temperatuur, maakt een keuze van randvoorwaarden voor
de fermionen noodzakelijk, en de indexstelling dicteert het bestaan van k nultoestanden
voor elke keuze van randvoorwaarden. Om de correcte partitiefunctie te beschrijven,
moeten fysische fermionen anti-periodiek zijn, hoewel men voor de nultoestanden pe-
riodiciteit tot op een willekeurige fasefactor mag opleggen. Het nut van het gebruiken
van de nultoestanden om de monopoolbouwstenen te identificeren ligt besloten in het
feit dat de nultoestanden op slechts één type monopool localiseren, en blind zijn voor
de overgebleven n — 1 typen. Door continu de fasefactor te veranderen kan men alle nk
monopoolbouwstenen detecteren. De k nultoestanden van het ene type monopoolbouw-
steen verspringen naar het andere, wanneer de fase door een van de eigenwaarden van
de asymptotische Polyakov-lus heengaat. Op deze manier kan men elk type monopool
apart analyseren en de configuraties effectief uit elkaar halen in zijn kale bouwstenen.

Een belangrijk gereedschap dat we hebben gebruikt om duidelijk te kunnen zien in
welke mate de bouwstenen beschreven kunnen worden als puntvormige objecten, is de
abelse limiet. In deze limiet worden alle exponentiéle bijdragen die voortkomen uit de
niet-abelse kernen genegeerd, alleen algebraische termen blijven over, welke leiden tot
de abelse velden. In deze limiet localiseren de nultoestanden op de niet-abelse kernen,
welke ineenschrompelen. De dichtheid van de oplossingen met eigenwaarde nul ver-
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toont daarbij singulier gedrag. Uit de aard van de singulariteiten kan de kernstructuur
getraceerd worden. Zoals gezien door de ogen van de nultoestanden, hebben de restanten
van de kernen in de abelse limiet desalniettemin een uitgebreidheid. Echter, we hebben
vastgesteld dat zodra de afstand tussen de bouwstenen voldoende groot is, deze kernen
puntvormig worden.

Voor grote onderlingen afstanden factoriseert de moduliruimte van caloronen in nk
kopieén van S! x R3, wat de correctheid van de beschrijving in termen van nk fasen en
nk 3-dimensionale posities bevestigt. Dit in tegenstelling tot instantonen op R* waar-
van de correcte beschrijving is in termen van k schaalparameters, k 4-dimensionale posi-
ties en relatieve ijkoriéntaties. Betreffende de algebraische meetkunde van de caloron-
moduliruimte, hebben we een correspondentie vastgesteld met stabiele holomorfe bun-
dels op het projectieve vlak die triviaal zijn op twee complexe lijnen, analoog aan de
correspondentie tussen instantonen op R* en bundels die triviaal zijn op één lijn. Dit
impliceert, tenminste vanuit een holomorf gezichtspunt, dat de geschikte manier om het
probleem te benaderen niet via de factorisatie R*/Z ~ S! x R® loopt, maar eerder via de
inbedding S' x R® ~ C* x C ¢ C? C CP2.

Deze observatie kan relevant blijken te zijn voor de studie van dubbel periodieke
instantonen [46, 47]. Zij zijn gedefinieerd op T? x IR? en worden traditioneel - zeker in de
Nahm context - bestudeerd via de factorisatie R*/Z2 ~ T? x R2. Aangezien T? x R?2 ~
C* x C*, welke ook gecompactificeerd kan worden tot CP? via de reeks inbeddingen
C* x C* C C* x C C C? C CP?, verwachten we dat er een correspondentie bestaat tussen
de moduliruimten van dubbel-periodieke instantonen en stabiele holomorfe bundels over
CP?, met een aantal extra trivialiteitscondities.

We zijn van mening dat onze resultaten betreffende de moduliruimte van caloro-
nen ook nuttig kunnen zijn voor gecompactificeerde supersymmetrische ijktheorién [18].
Vergelijkbaar met de formulering op R, worden een aantal correlatiefuncties verzadigd
door caloronen. In de berekening van deze correlatiefuncties moet er geintegreerd wor-
den over de moduliruimte van instantonen, wat in feite uitgevoerd kan worden door mid-
del van localisatietechnieken [103]. Om deze correlatiefuncties in het geval van gecom-
pactificeerde theorién te kunnen berekenen is een goed begrip van de metriek op de
caloron-moduliruimte een vereiste. Als men de bijdrage van elke topologische sector wil
berekenen, is een sommatie over de lading noodzakelijk, dus de metriek van de modu-
liruimte van een caloron met willekeurige lading moet bekend zijn. Het is met betrekking
tot dit punt dat wij van mening zijn dat onze resultaten betreffende de twistorbeschrijving
van de moduliruimte nuttig zijn.

We hebben onze voornaamste motivatie tot het laatst bewaard. Het begrijpen van
permanente quark-opsluiting in QCD blijft een uitdagende taak. De eigenschappen van
de fundamentele topologische excitaties werden bepaald in de situatie waarin quark-
opsluiting optreedt. Instantonen blijken samengestelde objecten te zijn, opgebouwd uit
monopolen ten gevolge van de niet-triviale Polyakov-lus die de opsluitingsfase karak-
teriseert. Het instantonvloeistofmodel [104] is erg succesvol geweest om chirale symmetrie-
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breking aan te tonen, en we geloven dat een vergelijkbaar model, waarbij de monopool-
bouwstenen de plaats in nemen van de instantonen, een aanzienlijke belofte voor de
toekomst in zich houdt. Zeker gezien de aanwezigheid van magnetische monopolen
in het QCD vacuiim een vereiste is voor het duale supergeleidingsbeeld van quark-
opsluiting [20, 21]. Lang geleden is al aangetoond dat monopolen verantwoordelijk zijn
voor quark-opsluiting in het 3-dimensionale Yang-Mills-Higgs model [105].

Het is bekend dat de voornaamste aanname van het instantonvloeistofmodel, namelijk
dat de instantonen zich als een verdund gas gedragen, niet meer opgaat voor grote instan-
tonen, en ook dat kleine instantonen niet voldoende zijn om quark-opsluiting te verklaren.
In ons beeld van monopoolbouwstenen wordt de schaalparameter van grote instantonen
vervangen door de afstand tussen de monopolen. Het is niet onwaarschijnlijk dat de
dichtheid van de bouwstenen bij lage temperatuur zo hoog is dat ze een coherente achter-
grond vormen en zodoende niet langer te onderscheiden zijn als afzonderlijke quasideel-
tes.

Of de monopoolbouwstenen nu wel of niet een rol spelen in een dynamische context
blijft een moeilijke niet-perturbatieve vraag. De natuurlijke arena om dit te toetsen is het
rooster, waarmee in toenemende mate een bewijs voor de rol van monopoolbouwstenen is
bevestigd. Er zijn op basis van onze onderzoekingen simulaties uitgevoerd waarbij zowel
de semi-klassieke ijkstructuur geidentificeerd wordt [93], als de localisatie-eigenschappen
van chirale fermionische nultoestanden [73, 74]. Deze onderzoekingen lijken te impliceren
dat de monopoolbouwstenen de relevante vrijheidsgraden in de opsluitingsfase zijn.

Het moet opgemerkt worden dat het idee dat instantonen opgebouwd gedacht moeten
worden uit meer fundamentele bouwstenen geen nieuw idee is. De moduliruimte van k-
instantonen in het 2-dimensionale CP"~!-model kan geparametriseerd worden door nk
complexe getallen (voor het volgende zijn de overige moduli niet relevant). Elk van
deze heeft een interpretatie als een 2-dimensionale positie voor de zogeheten instanton-
quarks [106], ofwel in onze terminologie, bouwstenen. De 1-lus determinant in de instan-
tonachtergrond definieert een toestandssom voor deze nk instantonquarks welke afge-
beeld kan worden op een 2-dimensionaal Coulombgas [107, 108]. Aangezien de topolo-
gische lading k is, en er nk bouwstenen zijn, is de topologische lading die gedragen wordt
door elk Coulombdeeltje, fractioneel.

Ondanks het feit dat het 2-dimensionale CP"~!-model enkele eigenschappen, zoals
quark-opsluiting, gemeen heeft met QCD, is het moeilijk om een vergelijkbaar beeld
te krijgen in ijktheorién. Desondanks suggereren de resultaten die in dit proefschrift
gepresenteerd worden dat de beschrijving in termen van instantonquarks inderdaad de
relevante is. Het is recentelijk beargumenteerd dat in de opsluitingsfase van QCD de
effectieve lage energie theorie van het Sine-Gordon type is [109, 110], welke ook een
Coulombgas representatie heeft [111, 112]. Net zoals voor het CP"~!-model, maar nu in
vier dimensies, dragen de Coulombdeeltjes fractionele topologische lading [113].

Wij zijn ervan overtuigd dat onze resultaten en gerelateerd werk uiteindelijk tezamen
een consistent beeld van een quark opsluitend QCD vacuiim zullen geven.
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