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Appendix A

The Mathematics of
Correspondence Analysis

In the following we give the computational details and rationale of correspondence

analysis (CA) of item response data. The formulation is adapted from Greenacre

(1993).

Let Z denote the original data matrix, where the entries zij indicate the observed

response of subject i (i = 1, ..., n) to item j (j = 1, ..., k). The responses are

considered measures of association strength between the row entry (here: subject

i) and column entry (here: item j). The association measure is assumed to be

some non-negative quantity, where lack of association (for instance a strongly

disagree response to an attitude item with a graded response scale) is indicated

by a zero entry.

It is algebraically simpler to work with the so-called correspondence matrix P, with

elements pij = zij/z++, where the index + indicates the sum over the omitted

index. From P we compute the matrix D, with standardized deviations from

independence, dij , where

dij = (pij − pi+p+j)/
√
pi+p+j . (A.1)

Note that if the subjects and items are independent (which means that the sub-

jects’ ratings of the various items cannot be explained from their mutual distances

on one or only a few latent scales(s)), an element pij equals the product pi+p+j .

By weighing the deviations from independence with the respective marginals pi+

and p+j as in (A.1), we obtain the matrix D of standardized deviations from

independence. A rationale for this approach is that the weighing is “variance-

standardizing”, which compensates for the larger variance in relatively popular

items and the smaller variance in relatively “rare” items. If no such standardiza-

tion is performed, the differences between larger proportions, would tend to be

large compared to the differences between smaller proportions, and hence domi-

nate the solution. The weighing factors are used to equalize these differences.
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A. The Mathematics of Correspondence Analysis

For D we compute the singular value decomposition: D = U∆VT , where U is

the matrix of left singular vectors, with elements uis, s = 1,...,q, with q = min(n-

1,k-1); ∆ is a diagonal matrix with positive singular values ls, in descending order

along the diagonal; and V is the matrix with right singular vectors, with elements

vjs.

The aim of CA is to find a lower-dimensional representation of D. The CA esti-

mated subject location θ̂is and estimated item location δ̂js on dimension s can be

expressed as, respectively,

θ̂is = l1−as · uis/
√
pi+, (A.2)

and

δ̂js = las · vjs/
√
p+j . (A.3)

There are three choices for a in (A.2) and (A.3) in common usage, namely a =

0, 1, or 1/2 (also referred to as, respectively, row principal, column principal,

and symmetrical normalization). With a=0 the subject locations θ̂i are weighted

averages of the sample locations δ̂j (which is called by Benzécri, 1973, “le principe

barycentrique”), which is the choice of normalization in the current thesis, as it

corresponds to the notion of the subject scaling in Thurstone’s (1928) method

(where each subject’s scale score is the weighted average of the item scale scores,

with the ratings used as weights). In the unfolding literature this representation

of subject locations is also referred to as the ideal point representation (cf. Heiser,

1981).

Note that the current thesis focuses on one-dimensional data, in which case

only the first left and right singular vectors and the first singular value are used

to determine respectively, the subject and item location estimates.

The quality of the lower-dimensional representation of the data is derived from

the singular values ls and is expressed as the percentage of the total inertia that is

explained by each dimension. The total inertia of the data table is the chi-square

statistic divided by n, which can be written as

χ2/n =

n∑
i=1

pi+

k∑
j=1

(zij/zi+ − p+j)2/p+j . (A.4)

The total inertia of the data table can be regarded as the weighted average of the

squared deviations between the subjects’ profiles (the subjects’ scores proportional
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A. The Mathematics of Correspondence Analysis

to their total score) and the average score profile. Hence, it can be thought of the

amount of variation among the subjects’ score patterns (See Greenacre, 1993, p.

28-29, for a more thorough explanation of the concept of inertia).

The total inertia of the data table is identical to

q∑
s=1

l2s , (A.5)

where l2s (which equals the eigenvalue λs) is referred to as the principal inertia of

dimension s. The percentage of inertia explained by dimension s is

100× l2s/
q∑
s=1

l2s . (A.6)

The contribution of item point δ̂js to the inertia of dimension s is

p+j δ̂
2
js/l

2
s , (A.7)

or, equivalently, of subject point θ̂is, the contribution to the inertia of dimension

s is

pi+θ̂
2
is/l

2
s . (A.8)
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Schőneman, P. H. (1970). On metric multidimensional unfolding. Psychometrika,

35 , 349-366.

Sijtsma, K. (2006). Psychometrics in psychological research: Role model or

partner in science? Psychometrika, 71 , 451-455.

Sijtsma, K. (2009a). On the use, the misuse, and the very limited usefulness and

Cronbach’s alpha. Psychometrika, 74 , 107-120.

Sijtsma, K. (2009b). Reliability beyond theory and into practice. Psychometrika,

74 , 169-173.

Sijtsma, K., & Meijer, R. R. (2001). The person response function as a tool in

person-fit research. Psychometrika, 66 , 191-208.

Stevens, J. S. (1996). Applied Multivariate Statistics for the Social Sciences (3rd

ed). Mahwah, NJ: Erlbaum.

Streiner, D. L. (2003). Starting at the beginning: An introduction to coefficient

alpha and internal consistency. Journal of Personality Assessment , 80 , 99-

103.

Svartberg, T. C., M.and Stiles, & Seltzer, M. H. (2004). Randomized, controlled

trial of the effectiveness of short-term dynamic psychotherapy and cognitive

therapy for cluster C personality disorders. American Journal of Psychiatry ,

161 , 810-817.

Swan, J. M. A. (1970). An examination of some ordination problems by use of

simulated vegetational data. Ecology , 51 , 89-102.

Tabachnick, B. G., & Fidell, L. S. (2001). Using Multivariate Statistics. Boston,

MA: Allyn & Bacon.

Takane, Y., & Hwang, H. (2002). Generalized constrained canonical correlation

analysis. Multivariate Behavioral Research, 37 , 163-195.

Takane, Y., & Yanai, S., H. Mayekawa. (1991). Relationships among several

methods of linearly constrained correspondence analysis. Psychometrika,

56 , 667-684.

Ter Braak, C. J. F. (1985). Correspondence analysis of incidence and abundance

data: Properties in terms of a unimodal response model. Biometrics, 41 ,

859-873.

Ter Braak, C. J. F. (1986). Canonical correspondence analysis: A new eigenvector

technique for multivariate direct gradient analysis. Ecology , 67 , 1167-1179.

Ter Braak, C. J. F. (1987a). The analysis of vegetation-environment relationships

by canonical correspondence analysis. Vegetatio, 69 , 69-77.

155



References

Ter Braak, C. J. F. (1987b). Unimodal models to relate species to environment. Un-

published doctoral dissertation, Wageningen University, The Netherlands.

Ter Braak, C. J. F. (1988). Partial canonical correspondence analysis. In H. H.

Bock (Ed.), Classification and related methods of data analysis (p. 551-558).

Amsterdam: North-Holland.

Ter Braak, C. J. F., & Prentice, I. C. (1988). A theory of gradient analysis.

Advances in ecological research, 18 , 271-317.

Ter Braak, C. J. F., & Prentice, I. C. (2004). A theory of gradient analysis.

Advances in ecological research, 34 , 235-282.

Ter Braak, C. J. F., & Verdonschot, P. F. M. (1995). Canonical correspondence

analysis and related multivariate methods in aquatic ecology. Aquatic Sci-

ences, 57 , 256288.

Thurstone, L. L. (1927). A law of comparative judgement. Psychological Review ,

34 , 273286.

Thurstone, L. L. (1928). Attitudes can be measured. American Journal of

Sociology , 33 , 529-554.

Thurstone, L. L. (1931). Multiple factor analysis. Psychological Review , 38 ,

406-427.

Thurstone, L. L. (1932). Motion pictures and attitudes of children. Chicago:

University of Chicago Press.

Thurstone, L. L. (1934). Vectors of the mind. Psychological Review , 41 , 1-32.

Thurstone, L. L., & Chave, E. J. (1929). The measurement of attitude: A psy-

chophysical method and some experiments with a scale for measuring attitude

toward the church. Chicago: University of Chicago Press.

Vaillant, G. E. (1993). The Wisdom of the Ego. Cambridge, MA: Harvard

University Press.

Vaillant, G. E., & Drake, R. E. (1985). Maturity of ego defenses in relation

to DSM-axis II personality disorder. Archives of General Psychiatry , 42 ,

597-601.

Van, H. L., Dekker, J., Peen, J., Abraham, R. E., & Schoevers, R. A. (2009). Pre-

dictive value of self-reported and observer rated defense style in depression

treatment: An exploratory study. American Journal of Psychotherapy , 63 ,

25-41.

Van, H. L., Hendriksen, M., Schoevers, R. A., Peen, J., Abraham, R. E., & Dekker,

J. (2008). Predictive value of object relations for therapeutic alliance and

outcome in psychotherapy for depression: An exploratory study. Journal of

Nervous and Mental Disease, 196 , 655-662.

156



References

Van, H. L., Ingenhoven, T. J. M., Van Foeken, I., Van ’t Spijker, A., Spinhoven,

P., & Abraham, R. E. (2000). The Developmental Profile: Preliminary

results on interrater reliability and construct validity. Journal of Personality

Disorders, 14 , 360-365.

Van, H. L., Polak, M. G., Abraham, R. E., Overeem-Seldenrijk, J., & Van

Keulen, A. (2005). De interbeoordelaarsbetrouwbaarheid van het Ont-

wikkelingsprofiel (The interrater reliability of the Developmental Profile).

In R. E. Abraham (Ed.), Het Ontwikkelingsprofiel. (the Developmental Pro-

file) (p. 267-274). Assen, the Netherlands: Van Gorcum.

Van de Velden, M. (2004). Optimal scaling of paired comparison data. Journal

of Classification, 21 , 89-109.

Van de Velden, M., & Kiers, H. A. L. (2005). Rotation in correspondence analysis.

Journal of Classification, 22 , 251-271.

Van Marle, H., & Abraham, R. E. (2005). Dynamisch persoonlijkheidsonder-

zoek in de forensische psychiatrie: Het Ontwikkelingsprofiel. (Dynamic per-

sonality assessment in forensic reporting: The Developmental Profile). In

R. E. Abraham (Ed.), Het Ontwikkelingsprofiel. (the Developmental Profile)

(p. 241-252). Assen, the Netherlands: Van Gorcum.

Van Schuur, W. H. (1984). Structure in political beliefs: A new model for stochastic

unfolding with application to European party activists. Unpublished doctoral

dissertation, University of Groningen, Groningen, The Netherlands.

Van Schuur, W. H. (1992). Nonparametric unidimensional unfolding for multi-

category data. Political Analysis, 4 , 41-74.

Van Schuur, W. H., & Kiers, H. A. L. (1994). Why factor analysis often is the

wrong model for analysing bipolar concepts and what model to use instead.

Applied Psychological Measurement , 18 , 97-110.

Van Schuur, W. H., & Kruijtbosch, M. (1995). Measuring subjective well-being:

Unfolding the Bradburn affect balance scale. Social Indicators Research, 36 ,

49-74.

Van Schuur, W. H., & Post, W. J. (1998). MUDFOLD Users Manual. Groningen,

The Netherlands: iec. ProGamma.

Verheul, R. (2005). Taxonomic implications of three prospective studies on the

course and outcome of personality disorders. Journal of Personality Disor-

ders, 19 , 581-858.

Weekers, A. M., & Meijer, R. R. (2008). Scaling response processes on personality

items. European Journal of Psychological Assessment , 24 , 65-77.

Widiger, T. A., Simonson, P. J., E.and Sirovatka, & Regier, D. A. E. (2006).

157



References

Dimensional models of personality disorders. Refining the research agenda

for DSM-V. Arlington, VA: American Psychiatric Association.

Wilson, A., & Gedo, J. (1993). Hierarchical concepts in psychoanalysis. New

York: Guilford Press.

Wright, B. D., & Masters, G. N. (1982). Rating scale analysis. Chicago: MESA

Press.

Zhu, M., Hastie, T. J., & Walther, G. (2005). Constrained ordination analysis

with flexible response functions. Ecological Modelling , 187 , 524-536.

Zimmerman, M., & Coryell, W. (1989). DSM-III personality diagnosis in a nonpa-

tient sample. Demographic correlates and comorbidity. Archives of General

Psychiatry , 46 , 682-689.

158


