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Measurement of the complex dielectric constant down to helium
temperatures. I. Reflection method from 1 MHz to 20 GHz using
an open ended coaxial line

H. C. F. Martens,a) J. A. Reedijk, and H. B. Brom
Kamerlingh Onnes Laboratory, Leiden University, P.O. Box 9504, 2300 RA Leiden, The Netherlands

~Received 25 June 1999; accepted for publication 11 November 1999!

The reflection off an open ended coaxial probe pressed against a material under test is used to
determine the complex microwave~1 MHz–20 GHz! dielectric response of the material. A
full-wave analysis of the aperture admittance of the probe, in terms of the dielectric properties of the
backing material and the dimensions of the experimental geometry, is given. We discuss the
calibration procedure of the setup and present the complex dielectric response of several materials
determined from the measured reflection coefficient. The results obtained with the open ended coax
interpolate well between data taken at lower and higher frequency bands using different
experimental methods. We demonstrate that this method can be applied to perform dielectric
measurements at cryogenic temperatures. ©2000 American Institute of Physics.
@S0034-6748~00!04802-4#

I. INTRODUCTION

The study of the dielectric function,ē5e82 i e9, of a
given material provides valuable insight in charge-carrier
transport and relaxation processes involved.1–6 For instance,
the frequency dependence of the dielectric properties of
carbon-black/polymer composites elucidate the morphology
of the conductive carbon-black network.3 Below the optical
regime (f ,1 THz), many features ofē are smeared out over
decades in frequency, therefore a broadband study is indis-
pensable to extract the electronic and structural information
present in the complex permittivity.

At low frequencies, f 5v/2p,100 MHz, the wave-
length of an applied electromagnetic~EM! signal is generally
much larger than any length scale in the experiment. In this
case the applied electric field is constant over the size of the
sample, and the dielectric properties can be obtained through
multiplication of the measured impedance with an appropri-
ate geometrical factor. At higher frequencies, this assump-
tion is no longer valid and the explicit wave character of the
applied stimulus must be taken into account. Up to 20 GHz,
coaxial lines are suited to transport the EM waves onto a
sample. The upper limit results from damping of the signal
and higher-mode interference. In the range 10–100 GHz,
hollow waveguides are suitable to guide EM waves and to
perform dielectric experiments in a narrow band.7,8 At even
higher frequencies~up to 1 THz! quasioptical techniques, as
discussed in the subsequent paper9 ~referred to as paper II!,
are convenient. Cavity perturbation methods work well to
obtain the complex permittivity of a sample around a single
frequency.10,11

The present article focuses on the microwave~MHz–
GHz! regime, where several broadband coaxial techniques
exist to study the dielectric response of a specimen.12–14Of-

ten used is the reflection off an open ended coaxial line
which is pressed against a sample.15–20 Since the material
under study must be in close contact with the aperture plane
of the probe, the open ended coax~OEC! is most suited for
dielectric measurements on liquids and soft condensed mat-
ter ~i.e., polymers, biological tissue!. Advantages of this
technique are~i! it requires no machining of the sample to fit
a measurement cell,~ii ! after calibration the dielectric prop-
erties of a large number of samples can be routinely mea-
sured in a relatively short time span, and~iii ! measurements
can be performed in a temperature controlled environment.

In the analysis of OEC data, the sample is commonly
assumed to be infinitely thick,17 or the effect of a finite thick-
ness is taken into account by approximate expressions.18

Here, a full-wave analysis of the aperture admittance of a
coaxial line terminated with a medium of finite thickness is
given. Dielectric data from 1 MHz to 20 GHz, at room tem-
perature and down to 4 K, obtained with the OEC are pre-
sented. The results compare well with dielectric data derived
from impedance measurements (f ,10 MHz), filled wave-
guide experiments (f 540 GHz) and quasioptical experi-
ments (f 5100– 500 GHz).

II. DERIVATION OF THE APERTURE ADMITTANCE

To derive an analytical expression for the aperture ad-
mittance of the OEC, we will consider the idealized structure
shown in Fig. 1. The configuration consists of a circular
coaxial transmission line with inner and outer conductor ra-
dii a andb, respectively. The inner and outer conductor are
separated by a dielectric having relative dielectric constant
ec . The line is terminated atz50 in a perfectly conducting
flange fitted to the outer conductor. The probe is backed by
two layers of nonmagnetic media. Medium 1 terminating the
line has thicknessd and relative permittivityē1 , while the
second medium with dielectric constantē2 extends to infin-a!Electronic mail: martens@phys.leidenuniv.nl
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ity. Both the ground plane and the terminating media are
assumed to be laterally unbounded. The natural choice to
make for this geometry is to work with cylindrical coordi-
nates, which we denote as (r8,f8,z<0) for the coaxial re-
gion and (r,f,z>0) for the layered half-space. The aperture
admittance can be obtained by matching the electromagnetic
fields at the interface (z50) between the coaxial line and the
infinite layered half-spacez>0.15–17

We assume that the coaxial line is excited in its principal
transverse electromagnetic~TEM! mode, then the fields in-
side the coaxial region (z<0) consist of a superposition of
forward traveling and reflected TEM waves and a series of
evanescent TM modes stemming from the discontinuity at
z50. Due to the azimuthal symmetry of the problem,Hf is
the only nonvanishing magnetic component of the EM
fields:15

Hf5
A0

r8
~egcz2G0e2gcz!1 (

m51

`

AmZm~r8!e2gmz

a<r8<b, z<0 ~1!

with gc5 i (v/c)Aec the TEM-propagation constant in the
coaxial line andG0 the reflection coefficient of the principal
TEM mode,A0 and Am are measures for the amplitudes of
the TEM, respectively, TM modes. The functionsZm(r8)
~denoting a linear combination ofmth-order Bessel functions
of the first and second kind! are the orthonormal eigenfunc-
tions of a Bessel differential equation at eigenvaluelm

2 and
represent the radial distribution of the TM modes. The
propagation constant of the damped TM modes is given by
gm5Alm

2 1gc
2. The mathematical properties of these higher

order modes are discussed in detail in Refs. 15 and 16. The
electrical components of the EM fields follow by application
of the Maxwell equation“3H5ec]E/]t.

In the case thatd→` the field in the half-spacez>0
resulting from the excitation atz50 is given by15–17

Hf~r,z!52
ivē1e0

2p E
a

b

Er8~r8,0!r8dr8

3E
0

2p eg1r

r
cosf9df9, ~2!

where f95f2f8 and r 5Ar21r8222rr8 cosf91z2 the
distance to the source andg15 i (v/c)Aē1.

In general, the material under study will have a finite
thicknessd. The layered geometry will change the EM fields

in the regionz.0 and therefore the aperture admittance. The
effect of finite sample thickness has been first examined by
Fan and co-workers,18 who derived the~v independent!
fringing field capacitance of an OEC backed by a layered
medium. Jianget al.19 applied an empirical formulation to
take into account the finite thickness of a sample.

The additional interface atz5d partially reflects the EM
wave, which is on its turn reflected in the perfectly conduct-
ing flange. Repeated application of the image theorem gives
a full-wave equation of the EM fields in the regionz.0:

Hf8 ~r,z!5 (
n50

`
1

11d0n
S ē22 ē1

ē21 ē1
D n

3@Hf~r,z12nd!

1Hf~r,z22nd!#. ~3!

This expression is essentially a sum of the fields generated
by the stimulus atz50 plus all its induced images atz5
62dn; the Kronecker delta symbold0n prevents double
counting of the original stimulus.

Matching the EM fields Eqs.~1! and ~3! at z50 and
assuming that the aperture electric field strength is given by
the principal TEM mode,17 the normalized aperture admit-
tanceY5(12G0)/(11G0) evaluates to

Y5
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aD G2 (
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`
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ē21 ē1
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a

bE
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0
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r n
cosf9df9dr8dr ~4!

with r n5Ar21r8214n2d222rr8 cosf9. This integral ex-
pression for the aperture admittance can be approximated by
making a series expansion of the termeg1r n,17 giving
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FIG. 1. Configuration of the open ended coax setup. The coaxial line is
terminated atz50 in a perfectly conducting flange~ground plane!. The
probe is backed by two nonmagnetic media with permittivitiesē1 and ē2 ,
respectively. Both the flange and terminating media are laterally unbounded.
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SinceY1 is essentially a product ofv, a combination ofē1

and ē2 , and geometrical factors, it corresponds to the~fre-
quency independent! fringing field capacitance as was also
calculated by Fanet al.,18 and which is a good approxima-
tion for the low frequency admittance. The second term is
only dependent on the integration variables through cosf9
and consequently goes to zero upon angular integration. The
third term is av dependent correction to the fringing field
capacitance;Y4 can be associated with radiation loss and
does not depend ond. The threefold integrals in Eq.~5! only
depend on the geometry of the problem and can be evaluated
numerically; depending on the dielectric constants of sample
and backing medium the sums can be truncated at a finiten.
In the present study, the integrals were determined to an
accuracy of 1024, and the sums could be truncated above
n510. When the dielectric properties of the backing layer
( ē2) are known, the sample permittivityē1 can be derived
from the measured aperture admittance.

III. CALIBRATION PROCEDURE

Experimentally, the aperture admittance is derived from
the measured reflection coefficientGm at the analyzer port. In
general,Gm will differ from the reflection coefficient at the
aperture plane,G0 , due to imperfection and finite length of
the connections between the probe and measurement appara-
tus. At a single frequency, the relationship between the mea-
sured reflection coefficient and aperture admittance can be
expressed as

Y5
aGm1b

cGm11
. ~6!

The coefficientsa, b, and c can be determined from the
measurement of three reference materials with accurately
known dielectric properties. Commonly, two of these refer-
ences are an open and a short circuit, while the third refer-
ence should preferably be chosen in the expectedē range of
the sample. However, as the parametersa, b, andc ~which
actually describe the impedance transformation occuring be-
tween the analyzer port and measurement plane! are indepen-
dent of the aperture admittance, the use of any three well
defined standards suffices to extrapolate a measured reflec-
tion coefficient to the experimental~sample! aperture admit-
tance.

Unfortunately, it is widely recognized that materials hav-
ing their dielectric response characterized to the degree nec-
essary for calibration purposes are rare. By taking more stan-
dards, this problem can be circumvented and an improved
calibration of the probe can be obtained; here we follow the
suggestions of Evans and Michelson.20 Since the admittance
of a short circuitYsh is always orders of magnitude larger
than any other available standard, the calibration procedure
can be simplified by takingYsh→` from which it follows
that c521/Gsh . The remaining two parameters can be ob-
tained from a linear regression procedure. Using a variety of
dielectric standards an accurate calibration of the OEC is
possible.

For the open calibration the OEC is kept in air; a slab of
indium was found to give a good and reproducible short

circuit. For the remaining calibration measurements we have
several highly purified reference liquids at our disposal, to-
gether with well characterized solids like teflon, sapphire,
and quartz. In our opinion, the dispersion-less~up to GHz
frequencies! standards toluene, quartz, teflon, and sapphire
are more reliable. Among the most accurately defined polar
liquids are water21 and the primary alcohols22,23 ~see Ref. 20
for a more extensive list of reference liquids!. However, di-
electric data of sufficient accuracy are scarce. Therefore ex-
tensive measurements were carried out to obtain a satisfac-
tory description of the standards employed in our study. To
describe the response of the polar liquids, the Cole–Cole
formula24 ē5e`1(es2e`)/@11( ivt)a# is used, wherees

and e` represent the static, respectively, high frequency di-
electric constant,t is the average dipolar relaxation time and
a is a measure for the distribution in relaxation times. The
parameters used to characterize the standards in the present
study are listed in Table I, and compare well with literature
values.

Due to the relatively simple configuration of the OEC,
the measurements can be easily extended to a temperature-
controlled environment. However, several experimental
problems arise that must be paid attention to. First, when
cooling, care must be taken to keep physical contact between
the sample and measurement plane of the probe down to the
lowest temperatures. This can be achieved by pressing the
sample very tight by to the probe using for instance a clamp-
ing construction. A problem that can be encountered with the
semirigid lines is shrinkage of the inner conductor compared
to the outer conductor due to which the electrical contact
with the sample gets lost. We circumvented this problem by
building a small rigid probe supplied with a~SMA! connec-
tor which is attached to the end of a rigid coax by means of
a counter connector, see Fig. 2. We encountered no difficul-
ties in cooling these connections down to 4 K. Another point
of concern is the calibration of the setup. Due to thermal
shrinkage of the coaxial line the electric delay of the experi-
mental setup changes. Furthermore, line loss due to skin re-
sistance decreases upon cooling, giving a higher absolute
value of the reflected signal. To correct for these effects, it is
necessary to perform at least one three-point calibration at
the desired temperature. Using short, open, and quartz stan-

TABLE I. Empirical parameters describing the dielectric repsonse$using
the Cole-Cole formula~Ref. 24! ē5e`1(es2e`)/@11( ivt)a#% at 293 K
of the reference materials used in the calibration of the OEC probe.

Reference material es e` t @ps# a

methanol 34.3 4.86 55.3 0.01
ethanol 25.6 4.33 173.0 0.00

2-propanol 19.5 3.33 382.0 0.02
1-octanola 10.71 3.31 1495.0 0.00

3.31 2.54 64.6 0.00
quartz 3.81 ¯ ¯ ¯

toluene 2.39 ¯ ¯ ¯

teflon 2.06 ¯ ¯ ¯

sapphire 9.4 ¯ ¯ ¯

aThe dielectric data of 1-octanol are fitted with two overlapping Debye
dispersions.
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dards dielectric measurements at GHz frequencies were
made down to 4 K.

IV. EXPERIMENTAL RESULTS

For the experiments presented here a probe was con-
structed based on a teflon-filled coaxial line with 2a
51.27 mm and 2b54.13 mm, fitted with a flange of 3 cm
diameter. The backing material consists of a teflon cylinder
( ē252.0610.00i ). The dimensions~30 mm diameter and a
length of at least 30 mm! were sufficiently large to mimic an
infinite medium. The teflon cylinder also serves to press the
sample against the OEC. Typical dimensions of solid
samples studied ared;0.5– 5 mm and diameter of the order
of 1–2 cm.

The low temperature data were taken with a similar
probe with a somewhat smaller flange attached to a 0.141 in.
cryogenic semirigid coaxial cable as is shown in Fig. 2. A
clamping construction was used to ensure good electrical
contact between the probe and sample; no contact problems
occured down to 4 K. Temperature variation between 4 and
300 K was achieved in an Oxford-Instruments flow cryostat.
The temperature was measured using a RhFe thermometer
mounted close to the sample, during a single measurement
the temperature remained stable within 0.5 K. Reflection
data were taken with a HP4291A in the range 1 MHz–1.8

GHz, between 50 MHz and 13.5 GHz a HP8719D was used,
and from 8 to 18 GHz the experiments were performed with
an ABmm MVNA.

In Fig. 3, room temperature dielectric data obtained with
the OEC on 1-octanol, 2-propanol, ethanol, and methanol are
plotted. Data taken with different analyzers are in excellent
mutual agreement. The solid lines represent the theoretical
curves according to the values listed in Table I. An example
of a measurement on a solid material is shown in Fig. 4. The
real part of the dielectric permittivitye8 and the alternating-
current~ac! conductivitys85ve0e9 of an agglomeration of
dielectric spheres coated with a conducting layer was mea-
sured over a broad frequency range.6 The data taken with the
OEC~black dots! interpolate well with the results of standard
impedance measurements in a sandwich configuration (f
,10 MHz) and data obtained from measurements in a rect-
angular waveguide~40 GHz! and quasioptical measurements
~100–500 GHz! on the same sample. The same is true for the
OEC measurements on a carbon-black/polymer composite in
the range 4–300 K, see Fig. 5 and paper II. Using open,
short, and quartz calibration standards accurate dielectric
measurements at GHz frequencies can be performed down to
the lowest temperatures.

V. DISCUSSION

In the frequency range 1 MHz–20 GHz, accurate and
reproducible dielectric measurements can be performed with

FIG. 2. Schematic drawing of the insert designed for the low temperature
OEC measurements. The probe is attached by means of a SMA connection
to a cryogenic semirigid coaxial line which transports the signal to the
analyzer. The outer diameter of the probe is 16.0 mm, while the inner and
outer conductor dimensions are 2a51.27 and 2b54.13 mm, respectively.
The probe is pressed against the sample which is placed on a thick piece of
teflon. A clamping construction was used to affirm good contact between the
measurement plane and sample down to the lowest temperatures.

FIG. 3. Real and imaginary part of the dielectric function in the range 10
MHz–20 GHz of methanol~open triangles!, ethanol ~dots!, 2-propanol
~open circles!, and 1-octanol~closed triangles! obtained with an open ended
coaxial probe. The solid lines are fits to the empirical Cole-Cole equation,
see Table I.

FIG. 4. Dielectric constante8 and conductivitys85ve0e9 of an agglom-
eration of dielectric spheres coated with a conducting layer~Ref. 6!. The
dots are data obtained with the OEC. The results overlap well with data
taken at low frequency~impedance measurement, drawn line! and high fre-
quency~filled waveguide and quasioptical method, circles!.
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the open ended coax technique. At the low frequency side
the technique is limited due to the vanishingly small differ-
ences in the measured reflection coefficient for different ma-
terials or standards. Especially for low-loss samples, the un-
certainty ine9 becomes large below 100 MHz. In the range
0.1–20 GHz the complex dielectric constant can be obtained
within an absolute accuracyDē,0.1. At high frequencies
the technique is limited due to the limitations of the coaxial
guides.

When measuring solid samples in some cases at low
frequencies,f ,100 MHz, contact problems lead to severe
systematic errors: an apparently too highe8 and too lowe9.
These problems can be overcome by application of suitable
metallic contacts on the specimen. Surface roughness of the
probe interface can yield small air gaps between the sample
and coaxial line resulting in similar systematic errors. When
measuring liquids such imperfectness is usually less signifi-
cant.

Another important source of error can be the calibration
procedure. Specifically, inaccurate characterization of polar
standards can lead to large systematic errors. For instance, a
too low estimate of the relaxation timet of a polar standard
gives rise to systematic deviations ofe19 : too low ~or even
negative! at v,t21 and too high forv.t21. These errors
are easily recognized due to the resulting peculiar ‘‘wavy’’
shape in the derivede18(v) and e19(v). Typically, we find
that uncertainties int of the order 10%–50% and ines and
e` of the order of 10% of the polar standards~which are
common discrepancies found in the literature values! can
lead touDēu'1, hence these errors are most severe for lowē
samples. By using a variety of well characterized reference
materials~uncertainty no more than a few percent! the cali-
bration parametersa, b, andc can be accurately determined
and these systematic errors can be reduced to a few percent.
A related problem is contamination of the reference liquids
which can also yield significant errors. Therefore, the highly
purified liquids were only used a few times for calibration
purposes. Furthermore, only after careful cleaning the probe
was immersed in the reference liquids.

Finally, attention must be given to the rigidity of the
experimental setup. Changes in the~position of the! connect-

ing lines, connectors or probe and drift in the measurement
apparatus can render a previously performed calibration use-
less. These problems are circumvented by using a rigid ex-
perimental setup and performing the sample measurements
directly after the calibration procedure. Flexing of the lines
during measurement and calibration procedure is avoided,
and care is taken to tightly fit all connectors. As a check up,
several open circuits are taken during a measurement cycle
which are afterwards inspected for mutual correspondence.

In summary, over the full frequency range 1 MHz–20
GHz e8 can be accurately determined. Below 100 MHz for
smalle9 values the OEC is not accurate and impedance mea-
surements are more suited to determinee9.
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