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Scattering theory of plasmon-assisted entanglement transfer and distillation
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We analyze the quantum-mechanical limits to the plasmon-assisted entanglement transfer observed by Al-
tewischer, van Exter, and Woerdmiasature418 304 (2002 ]. The maximal violatiorS of Bell's inequality at
the photodetectors behind two linear medsaich as the perforated metal films in the experimean be
described by two ratio’s;, 7, of polarization-dependent transmission probabilities. A fully entangled incident
state is transferred without degradation far=r,, but a relatively large mismatch of, and 7, can be
tolerated with a small reduction & We predict that fully entangled Bell pairs can be distilled out of partially
entangled radiation if, and 7, satisfy a pair of inequalities.

DOI: 10.1103/PhysRevA.68.043807 PACS nuntber42.50.Dv, 03.67.Mn, 03.65.Ud, 73.20.Mf

The motivation for this work came from the recent re- tudes to other modgsThe extension to a multimode theory
markable demonstration by Altewischer, van Exter, andneeded to describe some aspects of the experifiignis
Woerdman of the transfer of quantum-mechanical entangldeft for a future investigatiofi10]. We do not require that the
ment from photons to surface plasmons and back to photorggattering matrix be unitary, so our results remain valid if the
[1]. Since entanglement is a highly fragile property of a two-Objects absorb part of the incident radiation.
photon state, it came as a surprise that this property could The radiation incident on the two objects is in a known,

survive, with little degradation, the conversion to and frompartially entangled state and we wish to determine the degree
the macroscopic degrees of freedom in a mg2al of entanglement of the detected radiation. It is convenient to

We present a quantitative description of the finding ofuse a matrix notation. The incident two-photon state has the
Ref.[1] that the entanglement is lost if it is measured duringgeneral form
transfer, that is to say, if the medium through which the pair i - ~ -
of polarization-entangled photons is passed acts as a “which- |Win) =ayiy|HH) +ajiy[HV) +ayy VH) +agy | VV).
way” detector for polarization. Our analysis explains why a
few percent degradation of entanglement could be realize
without requiring a highly symmetric medium. We predict
that the experimental setup of Rgf] could be used to “dis- (

1)

?he four complex numbera'gg, form a matrix

till” [3,4] fully entangled Bell pairs out of partially entangled A=
incident radiation, and we identify the region in parameter
space where this distillation is possible.

We assume that the mediumliisear, so that its effect on 3 ' | - | -
the radiation can be described by a scattering matrix. The - .
assumption of linearity of the interaction of radiation with 2v2
surface plasmons is central to the literature on this topic
[5-9]. We will not make any specific assumptions on the
mode and frequency dependence of the scattering matrix, but
extract the smallest number of independently measurable pa-
rameters needed to describe the experiment. By concentrat-
ing on model-independent results we can isolate the funda-
mental quantum-mechanical limitations on the entanglement
transfer, from the limitations specific to any particular trans-
fer mechanism. 2

The system considered is shown schematically in Fig. 1. 0
Polarization-entangled radiation is scattered by two objects T/ Ts
and detected by a pair of detectors behind the objects in the
far field. The objects used in Rdfl] are metal films perfo-
rated by a square array of subwavelength holes. The tran
mISSIOH_ampIItuqew/yi Of_ ObJ_eCt' =12 relates the _tra_nsm't' a function of the ratiary / 7,=T,, T,_ /T, _T,, of the polarization-
ted radiation(with polarization o=H,V) to the incident  gependent transmission probabilities. The inset shows schematically
radiation(polarizations’ =H,V). We assume a single-mode the geometry of the experiment of RéL]. A pair of polarization-
incident beam and a single-mode detedtmaller than the  entangled photons is incident from the left on two perforated metal
coherence argao that we require a set of eight transmissionfilms. The photodetectors at the right, connected by a coincidence
amplitudest,, ; out of the entire scattering matrixvhich  counter, measure the degree of entanglement of the transmitted ra-
also contains reflection amplitudes and transmission amplidiation.

(2

in in
apn aHV)

n n "
Ay Ayy

2.5

Smax

FIG. 1. Main plot: efficiency of the entanglement transfer for a
fully entangled incident state, as given by E#4). The maximal
Violation Shax Of Bell’'s inequality at the photodetectors is plotted as
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Normalization of|W;,) requires TrAinAiTnz 1, with “Tr” be- [ us u_
ing the trace of a matrix. UA V= e'¢’( . )

The four transmission amplitudes,,. ; of objecti=1,2 —u- Uy
form the matrix

ol

* * |
—v> v}

tuni tav. The phasep is real andu.. ,v. are complex numbers con-

Wl )| . .

Tiz( ) (3 strained by |u.|=(3+u)? |v.|=(3*0v)Y? with real
tyni  tyvi 11

u,v e (—3,3). These numbers can be varied by local unitary
The transmitted two-photon stat# ) has matrix of coef- transformations, so later on we will want to choose values
ficients which maximize the detected entanglement.
With these parametrizations a calculation of the determi-
Aou=Z YT ATS, (4)  nant of A, leads to the following relation betwed®, and
Pout:
with normalization factor o

PinV7172

= Tt Tyt =
Z_Tr(TlAmTz)(TlAlnTz) . (5) Pout (7_1_1)(7_2_1)

AoQi+HN_Q_—2 N N

(The superscript t” denotes the transpose of a matjix. 1 12/ 1 1/2 -1

We quantify the degree of entanglement in terms of the X ——uz) (——vz) cosd| 9
Clauser-Horne-Shimony-Holt parame®f11], which mea- 4 4
sures the maximum violation of Bell’s inequality and was
used in the experiment of Reffl]. This parameter can be Q.= u+1 ntl v+1 T2t1 (10)
obtained from a decomposition ¢¥) into a superposition - T27n-1)\7 T2 0p-1)
of a fully entangled statéwith weight \/P) and a factorized )
state orthogonal to {t12,13. The relation is The phaseb equals the argument of, u*v ,v _ . To maxi-

mize P,,; we should choosé& =0.
S=2\1+P2 P2=4DetAA', (6) We first analyze this expression for the case of a fully

entangled incident state, as in the experiment of Raf.For
with “Det” being the determinant and € P<1. (The con- P;,=1 one has\ . =\_=1/2, and Eq(9) simplifies to

currence[14] is identical toP.) A fully entangled state has

P=1, S=2./2, while a factorized state ha8=0, S=2. Y NEE
The fully entangled state could be the Bell pajHY) Pout:(7_1+1)(72+1)+4a(71_1)(7_2_1)y (13)

— |VH>)/J§, or any state derived from it by a local unitary

transformation A—UAV with U,V arbitrary unitary matri- 1 121

ces. The degree of entanglemeRt,=2|DetA;,| of the in- a=u:;—(——u2) ——v
: e 4 4

cident state is given and we seek the degree of entanglement

Pou=2|DetA,,{ of the transmitted state. We are particularly Sincer;=1 and|a|<% we conclude that the degree of en-

interested in the large$, that can be reached by applying ; :
) : Co ) tanglement is bounded B9,,in<Pou= Pmax, With
local unitary transformations to the incident state. This 9 minT= T out= T max

wo.uld.correspond to Fhe expenmental situation tha_t the po- 2@ 2\/%

larizations of the two incoming photons are rotated indepen- Phin=7"—

dently, in order to maximize the violation of Bell's inequality

of the detected photon pair. The maximumP,,, can always be reached by a proper
Before proceeding with the calculation we introduce someChoice of thelfull en%zjtl;n led inci)éent state. So theymagimgl

parametrizations. The Hermitian matrix prodfr(i:TiT has the Y g '

. . . violation of Bell’s inequality is given b
eigenvalue-eigenvector decomposition q yi1sg y

1/2

2] cosd. (12)

Trrr, ™ Thry/n, (13

47'1/7'2

Tiv O Toe O
Tyt toyt Sma=2\/ 1+ ——————. 14)
T,T} u( 0 Tl)u, T,T} v( o T, |V ax EEyy (

The dependence &,,,, on 7, /7, is plotted in Fig. 1. Full
The matrices of eigenvectots$,V are unitary and the trans- entanglement is obtained for;=r,, hence forT,,T,_
mission eigenvalue$; .. are real numbers between 0 and 1. =T, _T,, . Generically, this requires either identical objects
We order them such thatQT,_<T;, <1 for eachi=1,2. (T1+=T,.) or nonidentical objects witl;, =T,_. If 7,
We will see that the maximal entanglement transfer depends: r, there are no which-way labels and entanglement fully
only on the ratiosr;=T,;, /T;_ . This parametrization there- survives with no degradation.
fore extracts the two significant real numberts 7, out of Small deviations ofr; / 7, from unity only reduce the en-
eight complex transmission amplitudes. The Hermitian matanglement to second order:
trix product A,Al has eigenvalues . =3+ (1—P2)¥2
These appear in the polar decomposition Srac=2V2[1— & (11 /7p—1)2+0(7,/7,—1)%]. (15)
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So for a small reduction of the entanglement one can tolerate S5 L s
a large mismatch of the transmission probabilities. In par- -
ticular, the experimental resui=2.71 for plasmon-assisted 4 b
entanglement transf¢d| can be reached with more than a I
factor two of mismatch $=2.71 for 7,/ 7,=2.4). 5l
As a simple example we calculate the symmetry param- o
eter r, /7, for a Lorentzian transmission probability, appro- E
priate for plasmon-assisted entanglement trarj&ef]. We 2 N
take - 1
1 {[ -
- TrI? 16 L i
© (wom i) e

InT
wherewy is the frequency of the incident radiatiol,is the '

linewidth, and7 is the transmission probability at the reso-  FIG. 2. The shaded strips indicate the values of;land Inr,
nance frequencw;.. . (For simplicity we take polarization- for which P,,=1 can be reached witP;,=0.5 (horizontally
independent” and7.) The transmission is through an opti- shadedl and P;,=0.9 (vertically shadeyj in accordance with Eqg.
cally thick metal film with a rectangular array of (18.

subwavelength hole@attice constant;.). The dispersion

relation of the surface plasmons iswi-=(1  gmple of distillation of entanglemer]. The distillation

+1/e) 2L, . [9], wheree is the real part of the dielec- method used here is the Procrustean method of Beahatt
tric constant anah is the order of the resonance, equal to the[3]' It requires only local linear filter&he metal films in our

number of plasmon-field oscillations in a lattice constant. Wecase and classical communicatidthe coincidence counter

break the symmetry by taki'ng one square array of holes angee Ref[15] for an experimental realization and Reff$6—
(;nLe rzzt(?fgilﬁr ?rr'lgilr):(;.alglt(t:iece ((;:(z)?]ssttaa_rrlftSLigzcl’l;cl)g e:anchh 20] for other distillation schemes. As it should, no entangle-
T A 0 ment is created in this operation. OutMfincoming photon-

that the incident radiation is at resonance. The Symmet%airs with entanglemenP,, one detectsNZ pairs with
arameter becomes in

P entanglement Py,=Pi,Z }VT,.T,_T,.T,_, so that

nl nl\2 c e+l NZPy=NPj,.

R | = T pa 17 In conclusion, we have shown that optical entanglement
0 1 transfer and distillation through a pair of linear media can be

.
—=1+(2m)?
72

The length is the propagation length of the surface plasmon d€scribed by two ratios, and 7, of polarization-dependent

[We have takere(1+ 1/€) 2 for the plasmon group velocity. transmission probabilities. For fully entangled incident radia-
valid if w is not close to the plasma frequen@j.] Com- " tion, the maximal violation of Bell's inequality at the detec-

bining Eqs.(15) and (17) we see that the deviation &,  (©°rS iS given by function14) of 7,/7, which decays only

from 242 (the degradation of the entanglemeist propor- slowly around the optlr_nal value1/7-2=1. Dlstlllatlon_ of_a

tional to thefourth power of the difference between the num- fully e_nta_ngled Bell pair out of partially enta_n_g_led incident

ber of oscillations of the plasmon field along the two Iatticeradlatlon |s.p033|ble no matter hQW low the |n[t|al entgngle—

vectors. ment, provided that; and 7, satisfy the two inequalities
Turning now to the more general case of a partially en-(18)'

tangled incident state, we ask the following question: Is it O;Jrfrel:zsuflt[sl]prowdle a simple _Wta% to ?esclrlbe thtet exp?n-
possible to achiev®,,=1 even ifP;;<<1? In other words, ment of Ret.L1] on plasmon-assisted entangiement transter,

can one detect a 2 violation of Bell's inequality after in terms of two separately measurable parameters. By chang-

transmission even if the original state was only partially en"9 the square array of holes used in Rdf] into a rectan-

tangled? Examination of Eq9) shows that the answer to gular array(c_)r, _equivalently, by tilting the square array rela-
this question isYes providedr; and r, satisfy tive to t_he deent beam one can move away frpm the

1 2 point 7;= 7,=1 and search for the entanglement distillation
, predicted here. The possibility of extracting Bell pairs by
In—l <2 arcoskP;,!) and Inr,7,=2 arcoskP;;?). manipulating surface plasmons may have interesting applica-
T2 18) tions in quantum information processing.
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