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Chapter 1

Introduction

Mesoscopic systems are intermediate between the macroscopic world of classical
mechanics and the microscopic world of quantum mechanics. These two worlds
come together in the study of quantum chaos, which is the search for quantum me-
chanical signatures of classically chaotic dynamics. In this thesis we investigate
the quantum-to-classical crossover in a class of chaotic systems called “quantum
dots”, using a numerical method called “stroboscopic”. In the introduction we
will explain what these words mean and give some background information.

1.1 Classical chaos in billiards

Chaos in classical mechanics refers to the sensitivity on initial conditions of the
time dependence of a dynamical system. No matter how precisely you measure
the initial conditions, your prediction of its subsequent motion goes radically
wrong after a short time. Characteristically, the predictability horizon grows only
logarithmically with the precision of measurement.

A dynamical system need not be complicated to exhibit chaotic dynamics.
One of the simplest examples is the ballistic motion of a particle in a box. The
two-dimensional version can be thought of as game of snooker (see Fig. 1.1). Ona
rectangular, pocketless table, the ball follows a trajectory that depends on its initial
location and how it gets hit. If there is no friction, it continues bouncing around
the table forever. After a slight change in the ball’s starting position, a similar hit
produces a similar trajectory. The square billiard exhibits linear divergence, which
means that the distance that separates the two trajectories increases proportionally
to the amount of time that passes. No shot on this table behaves chaotically.
Now imagine adding another rail, a circular one placed right in the center of



2 CHAPTER 1. INTRODUCTION

Figure 1.1: Two trajectories of a billiard ball launched with similar initial con-
ditions. In the square billiard (left), these two trajectories do not diverge signifi-
cantly. In contrast, the two trajectories rapidly diverge in the Sinai billiard (right).

the table. You now have what is called a Sinai billiard [1]. A first shot hits
the round rail and then bounces back and forth between the side and center rails
a few times. Again, displace the ball slightly from its original position. This
time the second trajectory is entirely different from the first. The Sinai billiard
exhibits exponential divergence; the two trajectories separate from one another
exponentially fast.

The dynamics in a square billiard (with linear, or more generally, power law
divergence) is called regular or integrable, while the dynamics in the Sinai billiard
(with exponential divergence) is called chaotic [2-6]. In Fig. 1.2 we contrast three
shapes of billiards that give rise to regular dynamics with three shapes in which
the dynamics is chaotic. A regular billiard has a spatial symmetry that provides
a second constant of the motion (in addition to the energy). Since there are two
degrees of freedom as well, the dynamics is integrable. A chaotic billiard has no
constant of the motion other than the energy.

In the chaotic case, the exponential divergence of initially nearby trajectories,
A(t) = A(0) e, is measured by the Lyapunov exponent A (see Fig. 1.3). Since
the volume of a region in phase space (x, p) is conserved (Liouville’s theorem), an
exponential divergence o ¢’ in one direction is compensated by an exponential
convergence o e in the orthogonal direction. There is only a single exponent A
in a two-dimensional billiard, while in three dimensions there are two Lyapunov
exponents Aq,A;. (The number of independent positive Lyapunov exponents is
one less than the number of dimensions, because the conserved energy fixes one

exponent at zero.)
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Regular billiards

circle square ellipse

Chaotic billiards

X

i\

Sinai stadium cardioid

Figure 1.2: A single trajectory in regular and chaotic billiards. Adapted from
Ref. [6]

Because it is difficult to visualize the four-dimensional phase space (x, y, px,
py) of abilliard, it is convenient keep track only of the collisions with the bound-
aries. The trajectory can now be described by just two coordinates, the position
s € (0,1) along the boundary of the billiard (normalized by the total circumfer-
ence) and the angle of incidence ¢ € (—m/2,7/2). The section of phase space
(s,sing) is called the Poincaré surface of section. The map

F : (s,sing) — (s',sin¢’) (1.1)

that relates subsequent collisions is called the Poincaré map. It is area preserving
because of Liouville’s theorem.
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If the Poincaré map follows a smooth curve in the surface of section, then the
system is integrable. If, on the other hand, the Poincaré map reveals an apparently
random series of points, then the system is chaotic. Fig. 1.4 shows the Poincaré
map of a billiard in which some initial conditions give rise to a regular dynamics
and some to a chaotic dynamics. The surface of section shows islands of stability
in a chaotic sea.

Maps have been studied independently of billiards as simple examples of non-
linear systems [3-5, 8,9]. The iteration of a nonlinear map amounts to a strobo-
scopic description of the linear equations of motion. In the billiard the strobo-
scopic time interval varies from one collision to the next, but there still is a typical
period 7 set by the typical linear dimension of the billiard. Ease of visualization is
one advantage of the stroboscopic description. Also, the numerical computations
can be much faster, since part of the dynamics is effectively done analytically in
obtaining the map itself. What we lose is information on the dynamics in between
collisions with the boundary, which is in general irrelevant on time scales > .

Every area preserving map F can be associated with a time-dependent Hamil-
tonian H(t). The stroboscopic period is determined by the periodicity H(t) =
H(t + 10) of the Hamiltonian. The phase space of H is two-dimensional, but the
dynamics is not integrable because energy is not a constant of the motion. For
example, the so-called standard (Chirikov) map [8], transforms the canonically
conjugate variables (8, J) on a cylinder to (6, J'), where

0 = [9 +(ro/IO)J’] modulo 27 , (1.2a)
J ' =J+(KIy/t)sinf . (1.2b)

This area preserving map, describing a free angular rotation and a kick in momen-

Figure 1.3: Exponential divergence of chaotic trajectories, A(¢) = A(0)e*, with
a rate set by the Lyapunov exponent A.
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tum, is associated with the time-dependent Hamiltonian

2 o
i =2+ KL cog > 8(t—n1), (1.3)
210 70 s

known as the kicked rotator. It describes a particle moving freely along a circle,
with moment of inertia Iy, being subjected periodically (with period 1) to a kick
whose strength depends on the angular coordinate 6 and a fixed parameter K. By
introducing the rescaled variables x = 6/2x and p = J19/27 Iy, we can write the
dimensionless Hamiltonian

00
H= p;+ 7 cos(2nx)n;oo8(t —n), (1.4)

and its associated map
Xn41 = [Xn + Pus1] modulo 1, (1.5a)
D+l = Pn+ % sin(2m x,) . (1.5b)

We denote by x, the coordinate at the kick # = n (measured in units of 7), and
we denote the momentum just before and after the kick by p, and p,;.

B 2
.00 0.05 0.10 0.15 0.20 0.25

8IS oy

Figure 1.4: The clover geometry (left), an example of a billiard with a mixed
regular and chaotic dynamics, as is clearly visible in the Poincaré map (right).
After Brodier et al. [7]
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Figure 1.5: Poincaré surface of section of the standard (Chirikov) map (1.5). The
dynamics crosses over from regular to mixed to fully chaotic with increasing kick-
ing strength K.
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The dynamics of this map takes place on the cylinder0 <x < 1, —co < p <
oo. For K = 0 the system is integrable and all trajectories lie on one-dimensional
tori in phase space. For K > 0 the system undergoes a transition to chaos, in
the way described by Kolmogorov, Arnold, and Moser (KAM) [8, 10-13]. For
sufficiently small K, the Poincaré map follows simple smooth curves. As K
increases, more and more of these curves disappear. At the golden number K, =
(14+/5)/2 = 0.9716 the last KAM curve becomes unstable and breaks up. The
phase space for K > K, is not yet fully chaotic, some islands of stability remain.
These disappear for K > 5, when the whole of phase space is characterized by
the Lyapunov exponent A =~ In(K/2) [8]. In this regime, the momentum of a
typical trajectory grows diffusively, with diffusion constant D = ([ p, — po]*)/n ~
K?/8m?%. Here n is measured in units of 7y and the average is over a distribution
of initial conditions [3,8, 14,15]. Fig. 1.5 shows the iteration of the Chirikov map
(1.5) for a small number of initial points. The map is periodic in x and p (with
unit period), so only the torus {x, p € [0, 1)} is shown. One clearly sees how the
system crosses over from the fully integrable regime to the fully chaotic regime
as the kicking strength K increases.

1.2 Quantum chaos in quantum dots

Structures with a geometry similar to those shown in Figs. 1.1 and 1.2 can be fab-
ricated in the two-dimensional electron gas (2DEG) which forms at the interface
of a GaAs/AlGaAs heterostructure (see Fig. 1.6) [16, 17]. Such electron bil-
liards have dimensions L of the order of 1 — 10 ;wm, while the Fermi wave length
Ar =~ 60 nm is much smaller than L. These are mesoscopic systems intermediate
between the macroscopic world of classical mechanics and the microscopic world
of quantum mechanics [18, 19].

An electron moving in a quantum dot obeys the Schrodinger wave equation,
which approaches Newton’s equation of particle motion in the limit that Ap /L —
0. This limit has been studied since the early days of quantum mechanics, mostly
in integrable systems. The field of quantum chaos studies this limit in chaotic
systems [20,21].

An early result of the quantum-to-classical crossover, due to Ehrenfest [23],
is that quantum mechanical expectation values of position and momentum fol-
low Newton’s equation of motion in the limit 2~ — 0 at fixed time interval. In
the billiard the ratio Ap/L = heg is the effective Planck constant, which is ex-
perimentally tunable. If both the observation time ¢ and he}fl are sent to infinity,
then Ehrenfest’s correspondence principle breaks down unless ¢ < tg(hesr). The
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Ehrenfest time 7z goes itself to infinity when A.g¢ — 0, but it does so very slowly
in a chaotic system [24],

tp=—In(hy) . (1.6)

The argument leading to the Ehrenfest time (1.6) goes as follows (see Fig. 1.7).
A wave packet with minimal uncertainty in both position and momentum has a
width of order A in real space. This initial width increases exponentially in time,
A(t) = Ap €. The time tz is the time at which A(f) = L. Thus, before the
Ehrenfest time the wave packet can be well described by a particle trajectory,

Figure 1.6: Perspective view of a quantum dot, fabricated in the 2DEG of a
GaAs/AlGaAs heterostructure, with a blowup of the central region. The 2D elec-
tron gas lies 90 nm under the surface. The dot area is about 2 um?, and the
Fermi wave length is about 60 nm. Electrons can enter and exit the quantum dot
through point contacts. The elements labeled G,G,---,Gs are gate electrodes
that can vary the shape of the billiard. A four-terminal resistance measurement at
the contacts V., I; gives information on the transmission probability through the
quantum dot. After Huibers [22].
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pt t=0 t=1,

Figure 1.7: Schematic diagram of how a minimal uncertainty wave packet spreads
over the whole phase space, while conserving its area.

whereas for times longer than 7z the concept of a trajectory loses its meaning.

The phenomenology of electrical conduction through a quantum dot will thus
be different in the two regimes 7p < g and 7p > T, where 7p is the mean
dwell time of an electron inside the quantum dot. The time 7 is independent of
hegr, given by Tp >~ L?/wvp (with vy the Fermi velocity and w the width of the
openings through which an electron enters or leaves the quantum dot).

For tp > ¢ quantum interference effects can be observed in the conductance
of the quantum dot, such as weak localization and universal conductance fluctu-
ations [18, 19]. These all require the splitting of wave packets into partial waves
that then interfere constructively or destructively. The same splitting of wave
packets leads to time-dependent current fluctuations (shot noise) [25]. Random-
matrix theory (RMT) provides a universal theoretical description of these phe-
nomena [26]. All of this will be modified in some way in the opposite regime
g > Tp, when the wave packet no longer splits but stays together on a single
trajectory.

To investigate the quantum-to-classical crossover when L/Ar — 00, one can
perform computer simulations. For such simulations one can choose two alterna-
tive approaches:

e One can solve numerically the Schrodinger equation in the particular ge-
ometry of a quantum billiard. This approach is appropriate for studying
both the specific and generic properties of a quantum dot. Because it is
restricted to small system sizes (L/Ar < 100 — 1000), it is difficult to vary
the Ehrenfest time 7z o< In(L /A f) by a substantial amount.
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e One can quantize the stroboscopic map. Using this approach one loses in-
formation about specific characteristics of the quantum dot (pertaining to
time scales below the time between subsequent collisions with the bound-
ary). The computational efficiency of the map allows to study very big
system sizes (L/Ar ~ 10°) and makes it possible to vary the logarithmic
Ehrenfest time scale by an order of magnitude.

1.3 Stroboscopic model of a closed quantum dot

Quantization of the Chirikov standard map can be done by imposing the quanti-
zation rule

[X.p ] =il (1.7)
on the Hamiltonian (1.4) of the kicked rotator. The effective Planck constant of

the problem is i = hty/ (27)? Iy =27 hesr. The resulting quantum kicked rotator
has Hamiltonian [20,21,27,28]

hsz 52 o
_ e 2 :
H= _Tﬁ + (27‘[)2 COS(ZT[X)n:7008(t —n) s (18)

where ¢ is measured in units of the stroboscopic time .
The wave function y¥(¢) at multiples of the stroboscopic time is given by
Y (n) = F"(0) in terms of the Floquet operator

. 1
?:{exp[—hl—ﬁ/(; dt/H(t/)]} . (1.9)
e +

Here + denotes the positive time ordering. In the Heisenberg picture, the corre-
sponding quantum map is defined as

e+ =FTk0) F, (1.10a)
P+ =Fpt) F, (1.10b)

where 7 = F~! is the inverse of the unitary Floquet operator. The Floquet op-
erator has orthonormal eigenvectors |) and unimodular eigenvalues exp(—ie,.),

Flu)=e " |p) . (1.11)

The real numbers ¢, are called the quasienergies. In the Schrodinger picture, a
wave function evolves as

YOt n) =Y e (i) (x| . (1.12)

n
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Because the interaction with the external force is instantaneous, one can fac-
torize the total Floquet operator into the product of evolution operators corre-
sponding to the free rotation and the interaction,

F =BX) G(p), (1.13a)
i K .

B(x)=-exp <—— ) cosan) , (1.13b)
i p?

G(p)_exp(—a 7) (1.13¢)

The periodicity of the angle variable gives rise to a discrete set of momentum
eigenvalues defined by

p lm) =2mheg m |m) m==+1,4£2,---, (1.14a)
(x|m) =exp(i2nrmx ). (1.14b)

In the momentum representation, the free rotation operator G has a diagonal form
with matrix elements

G = €Xp (—i2n2heffm2) Smm’ - (1.15)

In the same basis the matrix elements of the kick operator B are given in terms of

a Bessel function,
/ K
By =" Ty | —— ] . 1.16
’ <<2n>2heff) (110

The Bessel function decreases rapidly with increasing difference between indices
and argument ( Q) hee Im —m'| > K ) It means that the unitary matrix ¥ has
the form of a band matrix [29, 30] with negligible matrix elements outside a band
of width ~ K/Z]Tzheff.

For a special choice of parameters 1/2mh. = M an even integer, the Floquet
operator reduces to an M x M unitary matrix. This choice is known as a resonance
condition [27]. In this finite-dimensional space the basis states of position and

momentum are the vectors |x,),|p,),n =0,1,--- ,M — 1. They obey
£ |xn) = (/M) |xn) , (1.17a)
P lpn) = /M) |pn) . (1.17b)

and are related by the discrete Fourier transform

(x| )—— |:12—nmn:| (1.18)
nlPm _«/_ . .
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P
heﬂ
1 TM
0 1 ‘x

Figure 1.8: The phase space of unit area contains M Planck cells of area hg. The
connection to electron reservoirs is modeled by imposing absorbing boundary
conditions inside two rectangular areas of width w, each containing N Planck
cells.

The classical phase space consists of the torus {x € (0,1), p € (0, 1)}, with periodic
boundary conditions in the x and p directions. The number M is the number of
Planck cells (of area 27 fi.fr) that are contained within the torus.

1.4 Stroboscopic model of an open quantum dot

So far we have discussed the stroboscopic description of a closed quantum dot.
To study electrical conduction one needs to open it up and connect it to a pair of
electron reservoirs.

The open kicked rotator was introduced in Refs. [31-33]. We impose ab-
sorbing boundary conditions inside a pair of rectangular areas in the phase space,
which are assumed to be connected to electron reservoirs (see Fig. 1.8). If the
particle enters one of these areas it is taken out of the system. We assume that the
two absorbing regions contain a total of 2N Planck cells. The 2N x 2N scattering
matrix S of the open quantum dot is related to the M x M Floquet matrix of the
closed dot by [31-33]

S=P[1-F(1-P"P)] ' FPT. (1.19)
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The 2N x M matrix P is the projection matrix which obeys

1 f Ly<n<L{+N-1,
= 8um X 1 if Ly<n<L,+N-1, (1.20)
0 otherwise,

(P'P),

m

where L, L, denotes the left edge of the absorbing areas. The expression (1.19)
can be easily understood if it is written out as a geometric series,

S=PFP T+ PFQFPT+P(FQPFPT+..., (1.21)

where Q =1 — PTP is the M x M matrix that projects onto the non-absorbing
part of phase space. Each subsequent term in this series describes evolution over
one more period 7y. The evolution continues if the particle is not absorbed (Q)
and stops if it is absorbed (P). One can verify that unitarity of ¥ implies unitarity
of S, as it should.

The scattering matrix (1.19) does not yet depend on the quasienergy. Such
a dependence can be introduced by accounting for the phase shift ¢’*™ incurred
during one stroboscopic period 7o = 1. Hence the energy dependent scattering
matrix becomes

S(e)=Pe*F P + Pe* F Qe * F P + P(* F Q)*“F PT +...
1 .
=P _ et FPT. 1.22
1—¢*F (1-PTP) (122

1.5 This thesis

Chapter 2: Quantum-to-classical crossover of shot noise

The current /(¢) flowing through a device exhibits fluctuations Al = I(¢t) — I in
time around the mean current /. At zero temperature these fluctuations, known
as shot noise, are caused by the discreteness of the electrical charge. If the cur-
rent can be described by uncorrelated current pulses containing a single charge
e, then the spectral density P; of the current fluctuations has the Poissonian
form Ppyisson = 2eI. Correlations imposed by fermionic statistics as well as by
Coulomb interaction cause deviations of the shot noise from the Poisson value.
These deviations are quantified by the Fano factor F' = P/ Ppoisson- In diffusive
wires with non-interacting electrons F = 1/3, while in quantum dots F = 1/4
[34,35]. These Fano factors are universal in the sense that they are independent
of the details of the system.
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Beenakker and van Houten predicted that shot noise in ballistic conductors
should vanish when L/Ar — oo, due to the crossover from stochastic quantum
dynamics to deterministic classical dynamics [36]. The analytical calculation of
Agam, Aleiner, and Larkin [37] led to the exponential suppression

F=Ltexp (—r—E) . (1.23)

This result was consistent with a recent experiment where the dwell time 7p of
an electron billiard created in a 2D electron gas was varied by changing the num-
ber of modes N transmitted through each of the two openings [38]. Since the
Ehrenfest time 7z depends only logarithmically on N, it remains approximately
constant in the experiment.

A deficiency of the experiment, which is difficult to avoid, is that changing
the width of the openings also changes the classical transport properties of the
billiard. The contribution of relatively short, nonchaotic trajectories is reduced
upon reducing N, and this modifies the Fano factor in a way that has nothing to
do with the classical-to-quantum crossover. For a reliable test of the theory one
would need to change all dimensions of the billiard relative to the wave length,
not just the width of the openings. This is very problematic in an experiment, but
is something that we can do easily in a computer simulation.

In this chapter we use the stroboscopic model to test the theoretical predic-
tion (1.23), by increasing tg at constant tp. In this way all classical properties of
the billiard remain unaffected and any variation in F must be of a quantum me-
chanical origin. We find that the simple exponential decay (1.23) is qualitatively
correct but does not contain sufficient microscopic information to quantitatively
describe our numerical data. A much better agreement is provided by the effective
random-matrix theory of Ref. [39].

Chapter 3: Quantum-to-classical crossover of mesoscopic conductance fluc-
tuations

We now turn from time dependent fluctuations to mesoscopic fluctuations, mean-
ing fluctuations in the time-averaged current I from one sample to another sam-
ple of an ensemble of chaotic billiards. The quantity of interest is the variance
Var G of the sample-to-sample conductance fluctuations. Random-matrix theory
(RMT) [35,40] predicts the universal values

\Y G—i<2—ez) (1.24)
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Figure 1.9: Variance of the conductance of a quantum dot as a function of mag-
netic field. The inset shows an electron micrograph of the device, fabricated in
the two-dimensional electron gas of a GaAs/AlGaAs heterostructure. After Chan
et al. [43].

where 8 = 1(2) in the absence (presence) of a time-reversal symmetry-breaking
magnetic field. This is the ballistic analogue of universal conductance fluctuations
in disordered metals [41,42].

Eq. (1.24) was observed in experiments by Chan et al. [43] (see Fig. 1.9) in
which the shape-dependent fluctuations were measured as a function of magnetic
field B. These experiments were in the regime 7z < Tp in which no deviations
from RMT are observed.

In our computer simulation we can access the regime of comparable tg and
Tp, to search for deviations from the RMT prediction (1.24). We find that such de-
viations are present if the ensemble is generated by varing the shape of the billiard
or the positions of the leads, but we find no deviations if the ensemble is gener-
ated by varying the quasienergy. Jacquod and Sukhorukov [44] have explained
this unexpected finding in terms of the effective random-matrix theory [39].

Chapter 4: Search for the tp dependence of weak localization

The argument of Jacquod and Sukhorukov implies not only that the conductance
fluctuations as a function of energy or magnetic field should be tz-independent,
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Figure 1.10: The reduced conductance in zero magnetic field is a result of the
constructive interference of the closed trajectory shown with its time reversed
partner. The picture of the device has been adapted from Ref. [22].

but also that other quantum interference effects should be tz-independent. This
contradicts previous theories by Aleiner and Larkin [45] and Adagideli [46],
which predicted a exp(—tg/tp) suppression of weak localization. In this chap-
ter we will use the open kicked rotator to search numerically for the effect of
increasing tg on weak localization.

Weak localization is the constructive interference of a pair of time-reversed
trajectories. The resulting enhancement of the probability to return to the point
of departure reduces the conductance, see Fig. 1.10. The reduced conductance
disappears if a magnetic field breaks the time reversal symmetry. The prediction
of RMT for the reduction § G of the conductance is [35,40]

s6=_Ls, (2 (1.25)
— ) ‘

We have introduced a magnetic field into our model for the open kicked rota-
tor, to search for the predicted exp(—tg/7p) suppression of the weak localization
correction. No effect is found, in support of the effective random-matrix theory.

Chapter 5: Search for the ty dependence of dephasing

Our search for the Ehrenfest time dependence of quantum interference effects has
so far been quite unsuccessful. No effect was found on the conductance fluctua-
tions nor on the weak localization effect. In these studies we assumed full phase
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Figure 1.11: Series of doubly-clamped AIN beams, with lengths ranging from
3.9 to 5.6 um and with widths ranging from 0.2 to 2.4 um (left, adapted from
Ref. [50]). Nanoscale InAs cantilevers (right, adapted from Ref. [51]).

coherence, as if the system was at zero temperature. In any realistic system there
will be a finite dephasing time 7.

According to random-matrix theory, interference effects in the conductance
of a ballistic chaotic quantum dot should vanish o (74/7p)” when the dephasing
time 74 becomes small compared to the mean dwell time 7p. Aleiner and Larkin
have predicted that the power law crosses over to an exponential suppression
exp(—1e/74) when 14 drops below the Ehrenfest time t¢ [45].

This chapter addresses the first observation of this crossover in a computer
simulation of universal conductance fluctuations. As discussed in chapter 3 their
theory also predicts an exponential suppression & exp(—7g/tp) in the absence of
dephasing — which is not observed. We show that the effective random-matrix
theory proposed previously for quantum dots without dephasing [39] can be ex-
tended to explain both observations.

Chapter 6: Momentum noise in a quantum point contact

This chapter falls outside of the main theme of this thesis. It addresses a topic
in nanoelectromechanics, which is the study of the interplay of electrical and
mechanical properties of mesoscopic systems [47,48].

Mechanically suspended beams incorporating a two-dimensional electron gas,
either in the form of a cantilever or a doubly-clamped beam (see Fig. 1.11), form
a basic element in nanomechanical structures. The vibration is excited by the
current because electrons transfer momentum to the lattice via elastic collisions
with impurities and boundaries and thereby exert a fluctuating force on the lattice.
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This fluctuating electromechanical force can be distinguished from thermal noise
because of the linear dependence of the mean squared fluctuation on the applied
voltage [49].

This chapter is devoted to an investigating of the electromechanical force in
ballistic transport, where electrons collide with boundaries but not with impuri-
ties. We study the excitation of the transverse and longitudinal oscillator modes
in a quantum point contact, which is a narrow constriction between two wide
electron reservoirs. The conductance of the constriction is quantized in units of
2¢?/h [52]. While the electrical noise vanishes on the plateaus of quantized con-
ductance, the force noise does not. We identify a regime in which the force noise
has a stepwise increase as a function of the width of the constriction, similar to
the conductance.
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Chapter 2

Dynamical model for the quantum-
to-classical crossover of shot noise

2.1 Introduction

The problem of a quantum-to-classical crossover has been hotly debated since
the early days of quantum mechanics. The recent progress in mesoscopic struc-
tures allows to address those issues in experimental context for actually available
devices. The quantity of central interest is the shot noise.

Noise plays a uniquely informative role in connection with the particle-wave
duality [1]. This has been appreciated for light since Einstein’s theory of photon
noise. Recent theoretical [2-6] and experimental [7] work has used electronic
shot noise in quantum dots to explore the crossover from particle to wave dy-
namics. Particle dynamics is deterministic and noiseless, while wave dynamics is
stochastic and noisy [8].

The crossover is governed by the ratio of two time scales, one classical and
one quantum. The classical time is the mean dwell time 7p of the electron in the
quantum dot. In an open chaotic dot with two openings of width w, different scat-
tering trajectories have in general different dwell times which are exponentially
distributed P(¢) = exp(—t/tp)/tp, with the mean dwell time tp = 1/(2w). The
quantum time is the Ehrenfest time tg, which is the time it takes a wave packet of
minimal size to spread over the entire system. While tp is independent of 7, the
time tg increases  In(1/%) for chaotic dynamics. An exponential suppression
o exp(—tg/tp) of the shot noise power in the classical limit # — 0 (or equiv-
alently, in the limit system-size-over-wave-length to infinity) was predicted by
Agam, Aleiner, and Larkin [2]. A recent experiment by Oberholzer, Sukhorukov,

23
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and Schonenberger [7] fits this exponential function. However, the accuracy and
range of the experimental data is not sufficient to distinguish this prediction from
competing theories (notably the rational function predicted by Sukhorukov [9] for
short-range impurity scattering).

Computer simulations would be an obvious way to test the theory in a con-
trolled model (where one can be certain that there is no weak impurity scattering
to complicate the interpretation). However, the exceedingly slow (logarithmic)
growth of Tz with the ratio of system size over wave length has so far prevented
a numerical test. Motivated by a recent successful computer simulation of the
Ehrenfest-time dependent excitation gap in the superconducting proximity ef-
fect [10], we use the same model of the open kicked rotator to search for the
Ehrenfest-time dependence of the shot noise.

2.2 Description of the stroboscopic model

The reasoning behind this model is as follows. The physical system we seek
to describe is a ballistic (clean) quantum dot in a two-dimensional electron gas,
connected by two ballistic leads to electron reservoirs. While the phase space
of this system is four-dimensional, it can be reduced to two dimensions on a
Poincaré surface of section [11,12]. The open kicked rotator [10, 13—15] is a
stroboscopic model with a two-dimensional phase space that is computationally
more tractable, yet has the same phenomenology as open ballistic quantum dots.
We give a description of the open kicked rotator, both in quantum mechanical and
in classical terms.

2.2.1 Closed system

We begin with the closed system (without the leads). It was shown in chapter 1
that the kicked rotator is described by the following Hamiltonian [17, 18]

R’ 92 KI
H=——— +—°c s6 Z 8,(t —ntp) 2.1

n=—oo

where the variable 6 € (0,2r) is the angular coordinate of a particle moving along
a circle (with moment of inertia Iy), kicked periodically at time intervals 7y (with
a strength o« K cosf). To avoid a spurious breaking of time-reversal symme-
try later on, when we open up the system, we represent the kicking by a sym-
metrized delta function: §,(¢) = %6 (t—e)+ %6 (t + €), with infinitesimal €. The
ratio iitg/2m Iy = hg represents the effective Planck constant, which governs the
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quantum-to-classical crossover. For convenience, we will use the rescaled vari-
ables x and p introduced in chapter 1.

Classically, the stroboscopic time evolution of the kicked rotator is described
by the following map, relating x,,+1, p,+1 at time n + 1 to x,, p, at time n:

K
Xpil =X+ pn+ - sin27x,, modulo 1, (2.2a)
o4
K ) .
Pnsl = P+ yo (sin2mx, +sin2mx,41 ) - (2.2b)
4

The classical mechanics becomes fully chaotic for K 2 7, with Lyapunov ex-
ponent A ~ In(K /2). For smaller K the phase space is mixed, containing both
regions of chaotic and of regular motion. The reduction of the shot noise in a
mixed phase space system was numerically studied in billiards [3], but here we
will restrict ourselves to the fully chaotic regime.

The stroboscopic time evolution of a wave function is given by the Floquet
operator . Since we would like to compare the quantum kicked rotator to a
chaotic quantum dot, without dynamical localization, we follow the usual pro-
cedure of quantizing phase space on the unit torus {x, p | modulo 1}, rather than
on a cylinder. This amounts to a discretization of, say, the real space coordi-
nate x. Thus the real space coordinate and momentum eigenvalues are given by
Xm=m/M and p, =n/M, withm,n =1,2,... M. For 1/ hegs = M an even inte-
ger, ¥ can be represented by an M x M unitary symmetric matrix. In coordinate
representation the matrix elements of ¥ are given by (see Appendix 2.A)

Frm = (XUTTIU X)) (2.3a)
U = —— exp (—i2mm'/M) (2.3b)
mm' = —— €xXp(—i2mrmm ) .

~7 ©XP
MK
X' = Omm’ €XP [—z 4—cos(271m/M)], (2.3¢)
T
My = Sy exp (—irm*/M). (2.3d)

The matrix product U TTU can be evaluated in closed form, resulting in the man-
ifestly symmetric expression

(UTIU )y = M~V 2™ Y expli () M)(m — m')?]. (2.4)

The eigenvalues e~'®» of F define the quasi-energies &, € (0,27). The mean
spacing 2w /M of the quasi-energies plays the role of the mean level spacing § in
the quantum dot.
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2.2.2 Open system

We now turn to a description of the open kicked rotator, following Refs. [10, 15,
16]. To model a pair of N-mode ballistic leads, we impose open boundary condi-
tions in a subspace of Hilbert space represented by the indices m'® in coordinate
representation. The subscript n = 1,2,... N labels the modes and the superscript
o = 1,2 labels the leads. A 2N x M projection matrix P describes the coupling
to the ballistic leads. Its elements are

|1 ifm=ne {m,(f‘)},
Fom = { 0 otherwise. 2.5)
Therefore the M x M matrix Q = 1 — PTP denotes all modes which are not
lying on the leads. Particles are injected into the system by the leads, and at each
iteration some of them leave the system while the remaining ones stay inside.
Eventually all particles leave at the lead after a sufficient number of iterations.
With this picture in mind, the 2N x 2N scattering matrix is formed via a formal
scattering series

S(e) = PFP"+ PFQFPT + P(FQ)’FPT +- ..
1
1-FQ

=P FPT, (2.6)

where F = Fe'® is the quasienergy-dependent Floquet matrix of the closed sys-
tem. Using PPT =1, Eq. (2.6) can be cast in the form (derived in Appendix
2.B)

PAPT—1 1+F s

= A=——=—A, 2.7

PAPT+1 1-F @7
which is manifestly unitary. The symmetry of I ensures that S is also symmet-
ric, as it should be in the presence of time-reversal symmetry. By grouping to-
gether the N indices belonging to the same lead, the 2N x 2N matrix S can be
decomposed into 4 sub-blocks containing the N x N transmission and reflection

matrices,
l4
s:(r t,). 2.8)
t r

The Fano factor F follows from [19]

Tr 1t (1 —117)
F=—77——. 2.9)
Tr 117
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This concludes the description of the stroboscopic model studied in this thesis.
For completeness, we briefly mention how to extend the model to include a tunnel
barrier in the leads. To this end we replace Eq. (2.6) by

1
Se)=—(1-PPHV2rp—— — _ FpT. 2.10
(€)= VP T (2.10)

The 2N x M coupling matrix & has elements

o otherwise, 2.11)

o> { JI, itm=ne {mﬁf‘)},
with I';, € (0,1) the tunnel probability in mode n. Ballistic leads correspond to
[, =1 for all n. The scattering matrix (2.10) can equivalently be written in the
form used conventionally in quantum chaotic scattering [20,21]:

Se)=—14+2W A +WTw) " 'wT, (2.12)

with W = P(1++/1—PTP)~! and A defined in Eq. (2.7).

2.3 Quantum-to-classical crossover of shot noise

Here we use the stroboscopic model to study the quantum-to-classical crossover
of the shot noise in a ballistic chaotic quantum dot. Our goal is to prove that the
suppression of the Fano factor F, predicted theoretically [2] and observed exper-
imentally [7], is essentially due to the absence of noise on classical trajectories.
We study the model in two complementary ways. First we present a fully numer-
ical, quantum mechanical solution. Then we compare with a partially analytical,
semiclassical solution, which is an implementation for this particular model of a
general scheme presented recently by Silvestrov, Goorden, and Beenakker [5].

2.3.1 Quantum mechanical calculation

To calculate the transmission matrix from Eq. (2.6) we need to determine an N X
N submatrix of the inverse of an M x M matrix. The ratio M/2N = tp is the
mean dwell time in the system in units of the kicking time 7. This should be a
large number, to avoid spurious effects from the stroboscopic description.

For large M /N we have found it efficient to do the partial inversion by itera-
tion. Let 87! = (1 —FQ)~! be the inverse M x M matrix in Eq. (2.6), then the
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scattering matrix can be expressed as § = P X with X = B8~'FPT. Therefore, a
particular element S,,,,,, of the scattering matrix is given by

xlmz
mez
Smms = ( Pyt P2+ Pyt ) : , (2.13)
mez
The associated linear equations
xlmz szl
x2m2 szz
(1-FQ) . =F . (2.14)
mez szM

can be solved iteratively. The iterative procedure we found most stable was the
bi-conjugate-stabilized-gradient routine F11BSF from the NAG (Numerical Al-
gorithms Group) library. Each step of the iteration requires a multiplication by
F, which can be done efficiently with the help of the fast-Fourier-transform algo-
rithm [22]. We made sure that the iteration was fully converged (error estimate
0.1%). In comparison with a direct matrix inversion, the iterative calculation is
much quicker: the time required scales oc M?In M rather than o< M>.

To study the quantum-to-classical crossover we reduce the quantum param-
eter hegr = 1/M by two orders of magnitude at fixed classical parameters tp =
M/2N =5,10,30 and K = 7,14,21. (These three values of K correspond, re-
spectively, to Lyapunov exponents A = 1.3,1.9,2.4.) The left edge of the leads is
atm/M = 0.1 and m/M = 0.8. Ensemble averages are taken by sampling 10 ran-
dom values of the quasi-energy ¢ € (0,27). We are interested in the semiclassical,
large-N regime (typically N > 10). The average transmission N~ (Trz¢7) &~ 1/2
is then insensitive to the value of /., since quantum corrections are of order 1/N
and therefore relatively small [21]. The Fano factor (2.9), however, is seen to
depend strongly on A, as shown in Fig. 2.1. The line through the data points
follows from the semiclassical theory of Ref. [5], as explained in the next section.

In Fig. 2.2 we have plotted the numerical data on a double-logarithmic scale,
to demonstrate that the suppression of shot noise observed in the simulation is
indeed governed by the Ehrenfest time tg. The functional dependence predicted
for N > v'M is [5]

F:%e*TE/TD, TE:)»illIl(Nz/M)—l—c, (215)
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Figure 2.1: Dependence of the Fano factor F on the dimensionality of the Hilbert
space M = 1/ heg, at fixed dwell time tp = M /2N and kicking strength K. The
data points follow from the quantum mechanical simulation in the open kicked
rotator. The solid line at F = ‘1—1 is the M-independent result of random-matrix
theory. The dashed lines are the semiclassical calculation using the theory of Ref.
[5]. There are no fit parameters in the comparison between theory and simulation.
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Figure 2.2: Demonstration of the logarithmic scaling of the Fano factor F with
the parameter N°/M = M/(2tp)*>. The data points follow from the quantum
mechanical simulation and the lines are the analytical prediction (2.15), with ¢ a
fit parameter. The slope A~! = 1/1In(K /2) of each line is not a fit parameter.

with ¢ a K-dependent coefficient of order unity. As shown in Fig. 2.2, the data
follows quite nicely the logarithmic scaling with N>/ M = M /(2tp)? predicted by
Eq. (2.15) and understood as a next to leading order correction for the dominant
In(M)-scaling of tg in the closed systems. This corresponds to a scaling with
w?/LAr in a two-dimensional quantum dot (with A the Fermi wave length and
w and L the width of the point contacts and of the dot, respectively.) We note
that the same parametric scaling governs the quantum-to-classical crossover in
the superconducting proximity effect [10, 23].

2.3.2 Semiclassical calculation

To describe the data from our quantum mechanical simulation we use the semi-
classical approach of Ref. [5]. To that end we first identify which points in the
X, p phase space of lead 1 are transmitted to lead 2 and which are reflected back
to lead 1. By iteration of the classical map (2.2) we arrive at phase space portraits
as shown in Fig. 2.3 (top panels). Points of different color (or gray scale) identify
the initial conditions that are transmitted or reflected.
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Figure 2.3: Upper panels: phase space portrait of lead 1, for tp = 10 and different
values of K. Each point represents an initial condition for the classical map (2.2),
that is either transmitted through lead 2 (black/red) or reflected back through lead
1 (gray/green). Only initial conditions with dwell times < 3 are shown for clarity.
Lower panels: histogram of the area distribution of the transmission and reflection
bands, calculated from the corresponding phase space portrait in the upper panel.
Areas greater than h.s = 1/M correspond to noiseless scattering channels.

The transmitted and reflected points group together in nearly parallel, narrow
bands. Each transmission or reflection band (labeled by an index j) supports
noiseless scattering channels provided its area A; in phase space is greater than
hes = 1/M. The total number Ny of noiseless scattering channels is estimated by

No=MY_Aj0(A;—1/M), (2.16)

J
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with 6(x) =0if x <0 and 6(x) =1 if x > 0. In the classical limit M — oc one
has Ny = N, so all channels are noiseless and the Fano factor vanishes [8].

As argued in Ref. [5], the contribution to the Fano factor from the N — Ny
noisy channels can be estimated as 1/4N per channel. In the quantum limit Ny =0
one then has the result F = 1/4 of random-matrix theory [24]. The prediction for
the quantum-to-classical crossover of the Fano factor is

M
F = WZAje(l/M—Aj)
J

M UM
=— Ap(A)dA, 2.17
4N/0 p(A) (2.17)

with band density p(A) = Zj(S(A — A;j). The solid curves in Fig. 2.1 give the
resulting Fano factor, according to Eq. (2.17). The quantum limit F = 1/4 follows
from the total area fol Ap(A)dA = N/M. The lower panels of Fig. 2.3 show the
band density in the form of a histogram. We have approximated the areas of
the bands from the monodromy matrix of the classical map, as detailed in the
Appendix 2.C.

2.3.3 Scattering states in the lead

To investigate further the correspondence between the quantum mechanical and
semiclassical descriptions we compare the quantum mechanical eigenstates |U;)
of '’ with the classical transmission bands. Phase space portraits of eigenstates
are given by the Husimi function

Hi(my,mp) = |(Ui|lmy,m,) | (2.18)

The state |m,,m,) is a Gaussian wave packet centered atx =m /M, p=m,/M.
In position representation it reads

o
mmeomy) o 3 o TmmHNN 2rimom . 2.19)

k=—00

The summation over k ensures periodicity in m. The transmission bands typically
support several modes, thus the eigenvalues 7; are nearly degenerate at unity. We
choose the group of eigenstates with 7; > 0.9995 and plot the Husimi function for
the projection onto the subspace spanned by these eigenstates:

H(memp)= Y Hilmemy). (2.20)
7;>0.9995
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Figure 2.4: Contour plots of the Husimi function (2.20) in lead 1 for M = 2400,
7p =10, and K =7, 14,21. The outer contour is at the value 0.15, inner contours
increase with increments of 0.1. Yellow/Gray regions are the classical transmis-
sion bands with area > 1/M, extracted from Fig. 2.3.

As shown in Fig. 2.4, this quantum mechanical function indeed corresponds to a
phase-space portrait of the classical transmission bands with area > 1/M.

2.4 Conclusion

We have presented compelling numerical evidence for the validity of the theory
of the Ehrenfest-time dependent suppression of shot noise in a ballistic chaotic
system [2,5]. The key prediction [2] of an exponential suppression of the noise
power with the ratio tg/tp of Ehrenfest time and dwell time is observed over
two orders of magnitude in the simulation. We have also tested the semiclassical
theory proposed recently [5], and find that it describes the fully quantum mechan-
ical data quite well. It would be of interest to extend the simulations to mixed
chaotic/regular dynamics and to systems which exhibit localization.

2.A Floquet matrix in coordinate representation
The Floquet operator F relates the wave function from time ¢ to t + 1,

Y(x,t+1) = x| Fy(@)) . (2.21)

For the symmetrized kicked rotator, £ can be factorized into the product of the
evolution operators corresponding to the half-interaction, free propagation and
half-interaction,

F=Xx) Gp) X=x), (2.22)
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with
X(X)=exp (—l— £ cos Znﬁ) , (2.23a)
heff 871’2
G(p) =exp (—L ﬁ—z) : (2.23b)
Refr 2

Substituting # in Eq. (2.21), one arrives at

00 1
Y(x,r+1)= Z / dx"(x|X(®)Im) G(pp) (m|X(@)[x") (x'|¥ (1))
0

m=—0o0

00 1
i —"— /!
= Z f dx' X (x)X (x")e = IThettm” gi2mm=x0y (! 1) - (2.24)
m=—o0 0
The corresponding classical map, given by Eq. (2.2), is invariant under the trans-
formation p — p +r with r being an integer. If such a symmetry also exists in
the associated quantum system then it would correspond to a transformation in

the momentum eigenvalue given by
+— +- (225)
m—m =m+—. .
27 Prefr hegt

Since m has to be an integer, Eq. (2.25) can be valid only if

L= (2.26)
heff N ‘
is an integer, or equivalently, only if
r

hegr = n (2.27)

is a rational number. The condition that 4. is a rational number is a resonance
condition for the quantum system, which makes it possible to describe the quan-
tum dynamics in a finite M-dimensional Hilbert space. For the generic irrational
case, p is no longer periodic and the quantum dynamics occurs in an infinite
Hilbert space. Thus one has to deal with an infinite Floquet matrix, for which
there are different methods depending on the type of irrationality [25].

Let us now show that the rationality of the effective Planck constant gives rise
to a finite dimensional Hilbert space. By introducing

m=n+IM, (2.28a)
n=0,1,--- M—1, (2.28b)
l=---,-1,0,1,---, (2.28¢)
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Eq. (2.24) can be written as

M—1

1
w(x’t_}_ 1) — X(x) Ze—iﬂrnz/M/ dx/einm(x—x/) X(x/) w(x/’t)

n=0 0

o0
x Z eiZHI(foMx/) , (229)
[=—00

where we have assumed that at least one of r and M is even. It is straightforward
to check that this choice leads to the translation symmetry of the matrix elements
of the Floquet matrix, namely %+ m'+m = Fum. Using the Poisson summation
formula

o o
Z eiZnI(foMx’) _ Z S(Mx —Mx/—l—l) i (2.30)
I=—00 [=—00
we obtain
1 M—-1 Ly
Yx,t+1)= 7 X(x) 2(; 122 exp(—inrnz/M) exp(—i2nnl/M)
n=0 I=—L,

XX (x+1/M) ¥ (x+1/M,1), (2.31)

where the range [—L, L;] is determined such that x,x’ € [0,1). Because of the
periodicity of system with respect to the position, Eq. (2.31) is invariant under
transformation / — [ + M, hence the summation over [ can be restricted to the
range [0, M). This indicates that the position has a finite discrete spectrum x; =
/M with [ =0,---,M — 1, resulting from the fact that the system is periodic in
momentum with period 1. Since the variable x in Eq. (2.31) is arbitrary, we set it
atx,, =m/M withm =0,---,M — 1. Therefore Eq. (2.31) can be expressed as

M-1
Enl Y+ 1) =Y Four (o [90)) (2.32)

m’=0
where ¥, represents the elements of the finite M x M Floquet matrix in the
position representation

M—1
1 : : /
}'mm/ = X(_xm) [M §_O e—lj‘[rnz/M ezZrm(m—m )/M} X(.xm/) . (233)

For a system which is restricted to be on the unit torus (» = 1), the summation can
be evaluated with the help of the relation

M-1 N-1 M
> exp[—imtn—mtm /M) =Y exp[imn®/m] = [T @234
n=0 n=0
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for integer numbers m,m’ € [0, M). This results in the simple symmetric form

1 . N2
Fonm' = v X (xm) exp [l(ﬂ/M)(m —m) ] X () -

ViM
2.B Derivation of Eq. (2.7)

We use a series expansion for the inverse operator in Eq. (2.6),

[1-FQI'=[1-F+FPTP]"
— 1 T -
= (1—F)<l+ﬁFP P):|

Substituting this expansion in Eq. (2.6) and using P PT = 1, we obtain

1 o
S=) P|-———=FP'P) —FP"
>r(-ertr)

k>0 -

=y 1k<P : IFPT)k+1
=20 P

k>0
PEF/1-F)PT
1+ PF/1—F)PT
PQF/1-F)PT
T PQ/I-F)PT
P[(1+F/1-F)—1]PT
- P[1+F/1-F)+1]PT
PAPT—1
T PAPTHI’

2.C Calculation of the band area distribution

(2.35)

(2.36)

(2.37)

We approximate the bands in Fig. 2.3 by straight and narrow strips in the shape
of a parallelogram, disregarding any curvature. This is a good approximation in



2.C. CALCULATION OF THE BAND AREA DISTRIBUTION 37

B. initial

Figure 2.5: Phase space of a lead (width w) showing two areas (in the shape of a
parallelogram) that are mapped onto each other after n iterations. They have the
same base B, so the same area, but their tilt angle « is different.

particular for the narrowest bands, which are the ones that determine the shot
noise. Each band is characterized by a mean dwell time # (in units of 7). We
disregard any variations in the dwell time within a given band, assuming that the
entire band exits through one of the two leads after n iterations. (We have found
numerically that this is true with rare exceptions.)

The case of a reflection band is shown in Fig. 2.5. The initial and final par-
allelograms have the same height, set by the width w = N/M of the lead. Since
the map is area preserving, the base B of the two parallelograms should be the
same as well. We have approximated the areas of the bands from the monodromy
matrix M (xg, pr), which describes the stretching by the map of an infinitesimal
displacement 8xy, dpx:

Sxk41 ) < dxy )
— M(x;. . 238
( 5Pt (Xk> Pr) 5pi (2.38)
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From Eq. (2.2) one finds

_ A(xk) 1
M“‘"”’“‘( AGOAGE D~ 1 A ) (2.358)
Ax)=1+ g cos2mx. (2.39b)

To calculate the band area A = Bw, we assume that the monodromy matrix
M (xy, px) does not vary appreciably within the band at each iteration k = 1,2,...n.
An initial vector é; within the parallelogram is then mapped after n iterations onto
a final vector e, given by

ér = Méej, M=M(x,,p,)--M(xz, p)M(x1,p1), (2.40)

with x1, p; inside the initial parallelogram. We apply Eq. (2.40) to the vectors that
form the sides of the initial and final parallelograms. The base vector &; = B p is
mapped onto the vector é; = w(£ + ptane), with o the tilt angle of the final
parallelogram. It follows that B|.M,,| = w, hence

A=w?/| M. (2.41)

We obtain the Fano factor F by a Monte Carlo procedure. An initial point
X1, p1 is chosen randomly in lead 1 and iterated until it exits through one of the
two leads. The product M of monodromy matrices starting from that point gives
the area A of the band to which it belongs, according to Eq. (2.41). The fraction
of points with A < 1/M then equals w™! fol/M Ap(A)dA = 4F, according to Eq.
(2.17).

To assess the accuracy of this procedure, we repeat the calculation of the
Fano factor with initial points chosen randomly in lead 2 (instead of lead 1). The
difference is about 5%. The dashed lines in Fig. 2.1 are the average of these two
results.
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Chapter 3

Quantum-to-classical crossover of
mesoscopic conductance fluctuations

3.1 Introduction

Sample-to-sample fluctuations of the conductance of disordered systems have a
universal regime, in which they are independent of the mean conductance. The
requirement for these universal conductance fluctuations [1, 2] is that the sample
size should be small compared to the localization length. The mean conductance
is then much larger than the conductance quantum e?/ /.

The same condition applies to the universality of conductance fluctuations in
ballistic chaotic quantum dots [3, 4], although there is no localization in these
systems. Random-matrix-theory (RMT) has the universal limit

lim varG = l 3.1
N—>oo 8
for the variance of the conductance G in units of e?/h. Here N is the number
of modes transmitted through each of the two ballistic point contacts that connect
the quantum dot to electron reservoirs. Since the mean conductance (G) = N/2,
the condition for universality remains that the mean conductance should be large
compared to the conductance quantum.

In the present chapter we will show that there is actually an upper limit on
N, beyond which RMT breaks down in a quantum dot and the universality of
the conductance fluctuations is lost. Since the width w of a point contact should
be small compared to the size L of the quantum dot, in order to have chaotic
scattering, a trivial requirement is N << M, where M is the number of transverse

41
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modes in a cross-section of the quantum dot. (In two dimensions, N >~ w/Ap
and M >~ L /A, with Ap the Fermi wavelength.) By considering the quantum-to-
classical crossover, we arrive at the more stringent requirement

1 < N < v Mewere/?, (3.2)

with A the Lyapunov exponent and 7., the ergodic time of the classical chaotic
dynamics. The requirement is more stringent than N < M because, typically, A~!
and 7, are both equal to the time of flight 7o across the system, so the exponential
factor in Eq. (3.2) is not far from unity.

Expressed in terms of time scales, the upper limit in Eq. (3.2) says that e
should be larger than the Ehrenfest time [5, 6]

N2
Tp = max |:0,A11n ﬁ] (3.3)

The condition 7., > T which we find for the universality of conductance fluctu-
ations is much more stringent than the condition tp > tg for the validity of RMT
found in other contexts [5-13]. Here tp ~ (M /N)1y is the mean dwell time in the
quantum dot, which is > ey in any chaotic system.

The outline of this chapter is as follows. In Sec. 3.2 we describe the quantum
mechanical model that we use to calculate var G numerically, which is the same
stroboscopic model used in previous investigations of the Ehrenfest time [9, 11,
14]. The data is interpreted semiclassically in Sec. 3.4, leading to the crossover
criterion (3.2). We conclude in Sec. 3.5.

3.2 Stroboscopic model

The physical system we have in mind is a ballistic (clean) quantum dot in a two-
dimensional electron gas, connected by two ballistic leads to electron reservoirs.
While the phase space of this system is four-dimensional, it can be reduced to
two dimensions on a Poincaré surface of section [15,16]. The open kicked rotator
[9,11, 14, 17-20] is a stroboscopic model with a two-dimensional phase space.
We summarize how this model is constructed, following Ref. [11].

One starts from the closed system (without the leads). The kicked rotator
describes a particle moving along a circle, kicked periodically at time intervals
79. We set to unity the stroboscopic time 7y and the Plank constant 7. The stro-
boscopic time evolution of a wave function is given by the Floquet operator £,
which can be represented by an M x M unitary symmetric matrix. The even
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integer M defines the effective Planck constant s = 1/M. In the discrete coor-
dinate representation (x,, =m/M,m =0,1,..., M — 1) the matrix elements of &
are given by

?{m’m — M*l/Zefin/4ei27TMS(xm/,xm), (34)

where S is the map generating function,
S(x',x) = 3(x" —x)* — (K /87*)(cos 2 x" 4 cos 27 x), (3.3)

and K is the kicking strength. The eigenvalues exp(—ie,,) of F define the quasi-
energies ¢, € (0,2m). The mean spacing 27 /M of the quasi-energies plays the
role of the mean level spacing § in the quantum dot.

To model a pair of N-mode ballistic leads, we impose open boundary condi-
tions in a subspace of Hilbert space represented by the indices m®. The subscript
n=1,2,...N labels the modes and the superscript & = 1,2 labels the leads. A
2N x M projection matrix P describes the coupling to the ballistic leads. Its
elements are

P, — { 1 f m=ne {m,(f‘)},

0 otherwise. (3.6)

The mean dwell time is Tp = M /2N (in units of ).
The matrices P and F together determine the quasi-energy dependent scat-
tering matrix
S(e)=Ple " —F(1—-P'P) 'F P (3.7)

The symmetry of ¥ ensures that S is also symmetric, as it should be in the pres-
ence of time-reversal symmetry. By grouping together the N indices belonging
to the same lead, the 2N x 2N matrix S can be decomposed into 4 sub-blocks
containing the N x N transmission and reflection matrices,

r t
S=(I r,). (3.8)

The conductance G (in units of e/ k) follows from the Landauer formula
G =Trtt'. (3.9)

The open quantum kicked rotator has a classical limit, described by a map
on the torus {x, p | modulo1}. The classical phase space, including the leads, is
shown in Fig. 3.1. The map relates x, p at time k to x’, p’ at time k + 1:

0 0
= S, x), p=-——=8u"x). (3.10)
ax’ ax

p/
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Figure 3.1: Classical phase space of the open kicked rotator. The dashed lines
indicate the two leads (shown for the case 7p = 5). Inside each lead we plot th