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BETA-EXPANSIONS, NATURAL EXTENSIONS AND MULTIPLE TILINGS
ASSOCIATED WITH PISOT UNITS

CHARLENE KALLE AND WOLFGANG STEINER

ABSTRACT. From the works of Rauzy and Thurston, we know how to construct (multiple) tilings
of some Euclidean space using the conjugates of a Pisot unit 8 and the greedy S-transformation.
In this paper, we consider different transformations generating expansions in base 3, including
cases where the associated subshift is not sofic. Under certain mild conditions, we show that
they give multiple tilings. We also give a necessary and sufficient condition for the tiling prop-
erty, generalizing the weak finiteness property (W) for greedy S-expansions. Remarkably, the
symmetric S-transformation does not satisfy this condition when 3 is the smallest Pisot number
or the Tribonacci number. This means that the Pisot conjecture on tilings cannot be extended
to the symmetric S-transformation.

Closely related to these (multiple) tilings are natural extensions of the transformations, which
have many nice properties: they are invariant under the Lebesgue measure; under certain con-
ditions, they provide Markov partitions of the torus; they characterize the numbers with purely
periodic expansion, and they allow determining any digit in an expansion without knowing the
other digits.

1. INTRODUCTION

Tilings generated by substitutions and the S-transformation are well-studied objects from var-
ious points of view. Tilings from substitutions were first introduced by Rauzy in the seminal
paper [Rau82]. For the S-transformation, Tgz = Sz mod 1, f > 1, Thurston laid the ground
work in [Thu89]. The transformation T3 can be used to obtain the greedy j-expansion of every
x € [0,1) by iteration. The expansions obtained in this way are expressions of the form

> b
(1) x = ZB—’;,
k=1

where the digits by are all elements of the set {0,1,...,[8] — 1}. Here, [2] denotes the smallest
integer larger than or equal to z. The expansions that T produces are greedy in the sense that,
for each n > 1, b, is the largest element of the set {0,1,...,[3] — 1} such that >, _, b3~* <
x. Thurston defined tiles in R9~! when 3 is a Pisot unit of degree d. Akiyama ([Aki99]) and
Praggastis ([Pra99]), independently of one another, showed that these tiles form a tiling of R?~!
when (3 satisfies the finiteness property (F) defined in [FS92] by Frougny and Solomyak, which
means that the set of numbers with finite greedy expansion is exactly Z[3~!] N [0,1). They also
showed that the origin is an inner point of the central tile in this case.

The tiles can be constructed by using two-sided admissible sequences. These are sequences
c-w_jwowiws - - - of elements from the digit set {0,1,...,[8] — 1} such that each right-sided
truncation wpwg41 - -+ corresponds to an expansion generated by Tz. In some sense, this con-
struction makes the non-invertible transformation T invertible at the level of sequences. In
ergodic theory, a way to replace a non-invertible transformation by an invertible one, without
losing its dynamics, is by constructing a version of the natural extension. A natural extension
of a non-invertible dynamical system is an invertible dynamical system that contains the original
dynamics as a subsystem and that is minimal in a measure theoretical sense. Much theory about
natural extensions was developed by Rohlin ([Roh61]). He gave a canonical way to construct a

Date: January 29, 2010.
2000 Mathematics Subject Classification. 11A63, 11R06, 28A80, 28D05, 37B10, 52C22, 52C23.
This research was supported by the Agence Nationale de la Recherche, grant ANR-06-JCJC-0073 “DyCoNum”.

1


http://arxiv.org/abs/0907.2676v3

2 CHARLENE KALLE AND WOLFGANG STEINER

natural extension and showed that the natural extension is unique up to isomorphism. Many
properties of the original dynamical system can be obtained through the natural extension, for
example all mixing properties of the natural extension are inherited by the original system. The
tilings described above and natural extensions of T3 are thus closely related concepts.

The question of whether or not Thurston’s construction gives a tiling when conditions are re-
laxed, is equivalent to a number of questions in different fields in mathematics and computer sci-
ence, like spectral theory (see Siegel [Sie04]), the theory of quasicrystals (Arnoux et al. [ABEI0T]),
discrete geometry (Ito and Rao [IR06]) and automata ([Sie04]). In [Aki02], Akiyama defined a
weak finiteness property (W) and proved that it is equivalent to the tiling property. He also stated
there that it is likely that all Pisot units satisfy this condition (W). It is thus conjectured that we
get a tiling of the appropriate Euclidean space for all Pisot units 8. This is a version of the Pisot
conjecture, which is discussed at length in the survey paper [BS05] by Berthé and Siegel. Classes
of Pisot numbers 3 satisfying (W) are given in [FFS92] [Hol96, [ARS04] [BBKO06].

The transformation T3 is not the only transformation that can be used to generate number
expansions of the form (Il) dynamically. In [EJK90], Erdés et al. defined the lazy algorithm that
also gives expansions with digits in the set {0,1,...,[8] — 1}. In [DKO02], Dajani and Kraaikamp
gave a transformation, which they called the lazy transformation, that generates exactly these
) rg“_ll} *
Pedicini ([Ped05]) introduced an algorithm that produces number expansions of the form (),
but with digits in an arbitrary finite set of real numbers A. He showed that if the difference
between two consecutive elements in A is not too big, then every x in a certain interval has an
expansion with digits in A. These expansions generalize the greedy expansions with digits in
{0,1,...,[B] — 1}, and are thus called greedy [-expansions with arbitrary digits. In [DKO0S],
a lazy algorithm is given by Dajani and the first author, that can be used to get lazy expansions
with arbitrary digits. In the same article, both a greedy and lazy transformation are defined
to generate expansions with arbitrary digits dynamically. Another type of transformations that
generate expansions like (), but with digits in {—1,0, 1}, is given in [FS08] by Frougny and the
second author. It is shown there, among other things, that for specific 8 > 1 and « > 0, the
transformation T": [-fa, o) = [—Ba, fa) defined by T'x = Sz — |55 + %J provides [-expansions
of minimal weight, i.e., expansions in which the number of non-zero digits is as small as possible.
These expansions are interesting e.g. for applications to cryptography.

expansions in a dynamical way. This transformation is defined on the extended interval [O

In this paper, we consider a class of piecewise linear transformations with constant slope, that
contains all the transformations mentioned above. By putting some restrictions on § and on the
digit set, we can mimic the construction of a tiling of a Euclidean space, as it is given in [Aki02].
We establish some properties of the tiles we obtain by this construction and state conditions under
which these tiles give a multiple tiling.

In Section 2l we define the class of transformations that we will be considering and characterize
of the set of admissible sequences for these transformations. For the greedy S-transformation, this
characterization was first given by Parry ([Par60]) and depends only on the expansion of 1. In
our case, we have to consider the orbits of all the endpoints of the transformation. In this section,
we impose only very mild restrictions on 8 and the digit set. In Section Bl we construct a version
of the natural extension of the non-invertible transformation under consideration. We look in
detail at the domain of the natural extension and give some examples of natural extensions. All
this is done under the assumption that § is a Pisot unit and that the digit set is contained in
Q(B). We also show that the set of points with eventually periodic expansion is Q(3), and that
the points with purely periodic expansion are characterized by the natural extension domain. In
Section @, we define tiles in R4, where d is the degree of 3, and show that almost every point
is contained in the same finite number of tiles, i.e., the construction gives a multiple tiling. We
give a necessary and sufficient condition for the multiple tiling to be a tiling, generalizing the (W)
property. The tiling property is also equivalent to the fact that the natural extension domain
gives a tiling of the torus T¢, which in turn allows to determine any digit in the expansion of a
number without knowing the previous digits. For the examples of natural extensions defined in
Section [3] we discuss whether they form tilings or multiple tilings. We also find quasi-periodic
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tilings where the underlying shift space is non-sofic and which are not self-affine in the sense
of [Pra99] and [Sol97]. In some examples, some tiles consist of a single point or of countably many
points and have therefore zero Lebesgue measure.

Remarkable examples of double tilings come from the symmetric S-transformation defined by
Akiyama and Scheicher (JASO7]), for two Pisot units 8: the Tribonacci number and the smallest
Pisot number. This means that the Pisot conjecture cannot be extended to the symmetric S-
transformation. It is unclear why the Tribonacci number and the smallest Pisot number give
double tilings while many other Pisot units give tilings, and it is possible that getting more insight
into this question may lead to a proof or a disproof of the Pisot conjecture.

2. ADMISSIBLE SEQUENCES

Throughout the paper, we consider transformations T : X — X defined by Tx = Sx — a for
x € X4, a € A, where A is a finite subset of R, X is the disjoint union of non-empty bounded
sets X, C R, and 8 > 1. We are interested in the digital expansions generated by T', as defined in
Definition 211 We denote by A“ the set of right infinite sequences with elements in A, and by =<
the lexicographical order on A%.

Definition 2.1 (T-expansion, T-admissible sequence). Let T be as in the preceding paragraph.
For z € X, the sequence b(z) = by(z)ba(z) - - - € A¥ satisfying by (z) = a if T*"1(z) € X,, a € A, is
called the T-expansion of x. A sequence u € A% is called T-admissible if u = b(x) for some z € X.

Note that Ta = fx — b1(z), so z = (bi(z) + Tx) /S, and inductively

@ =y B
k=1

for all n > 1. Since X is bounded, we have lim,,—, o (T"2)8~™ = 0 and thus x = 220:1 bi(x)B7F.
Therefore, we define the value of a sequence u = ujug--- € A by «u=>3",-, up Bk
A first characterization of T-admissible sequences is given by the following lemma.

Lemma 2.2. A sequence u = ujug - -- € A¥ is T-admissible if and only if upury1--- € Xy, for
all k > 1.

Proof. For each k > 1, set 2 = .ugug41---. Suppose first that u = b(z) for some x € X. Then
we have = .b(z) = .u = x1, hence z}, = Tk 1z € X, forall k> 1. Now suppose that z; € X,,
for all k > 1. Then Tz = Bxy, — up = w41 for each k > 1, hence u = b(x1). O

Theorem provides a simpler characterization, when T satisfies some additional conditions.
Lemma 2.3. Let z,y € X and assume that sup X, < inf X,/ for all a < a'. Then we have
x <y if and only if b(x) < b(y).
Proof. Clearly, b(x) = b(y) is equivalent to z = y. So we can assume that there exists some
k > 1 such that by (a: cbp—1(x) = bi(y) -+ br— 1( ) and bg(z) # br(y). Then x < y is equivalent

)
to Tz < TkF1y by @). Since we have Tk1y € Xby, ()5 Tk1y € Xb,.(y)» We obtain that
Tr=lz < Tk=1y by(z) # br(y), is equivalent to by (z) < by (y). This proves the lemma. O

From now on, we assume that the sets X, are finite unions of left-closed, right-open intervals
and that TX = X, i.e., that U,c 4y TXa = U,cn(6Xs —a) = X.

Definition 2.4 (Left-, right-continuous B—transformation). Let 8 > 1, let A be a finite subset
of R, X be the disjoint union of non-empty sets X,, a € A, where each X, is a finite union of
intervals [¢;,r;) C R, i € I, and | J,c 4(BXq —a) = X. Then we call the map T': X — X defined
by Tz = Bz —a for all € X, a € A, a right-continuous [-transformation.

The corresponding left-continuous S-transformation T: X — X is defined by Tz = Bx — a for
z € X,, where X, = Uier, (4i, 7] for each a € A and X ={J X,. For z € X, the T-expansion

of z is denoted by b(z).

a€A

Note that Lemma 3 also holds for X and the sequences b(x).
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Theorem 2.5. Let T be a right-continuous S-transformation, where each X,, a € A, is a single in-
terval [la,q), and rq < Ly if a < a'. LetT be the corresponding left-continuous B-transformation.
Then a sequence u = ujug - -- € A“ is T-admissible if and only if

(3) b(lu,) = Uptrr - < b(ry,)  for all k> 1.
A sequence u = ujug--- € AY is T-admissible if and only if
b(lu,) < Uptipsr - < b(ry,)  for all k> 1.
Proof. We will prove only the first statement, since the proof of the second one is very similar.

If u = b(z) for some z € X, then T* 'z € X,, = [lu,,7u,) and b(T*'x) = wpupir---
for all k¥ > 1. By Lemma [2.3] we obtain immediately that b({y,) = b(TF1x). We show that
b(Tk1x) < b(ry, ). Since T¥~1x < r,,, there must be an index n such that b, (T*"1x) # by, (14, )
and bi(T* 1) = b;(ry, ) for alli <n. Thus, Tntk=2x < T 1p,,, which implies that b, (T* 1z) <
by (7w, ). Hence, b(T* 1x) < b(ry, ) and (@) holds.

For the other implication, suppose that u satisfies () and set x = “ugugt1 - -- ~for all £ > 1.
By Lemma 22 it suffices to show that zj € [€y,, 7y, ) for all & > 1. Since ux = b1(ry, ), there
exists some s(k) > k such that ug - - - ugpy—1 = b1(ru,) - - - Ds(r)—k (Tuy,) and Ugry < sy —r41 (T, )-
Then we have
Ts(k)ikruk — Ts(k) N Egs(k)—lvkl("‘uk) ~ Ts(k) Tusay — Ts(k)

Bs(k)—k Bs(k)—k - ﬁs(k)—k

for all k > 1. By iterating s"(k) = s(s" (k) > s""*(k), n > 1, we obtain

o Tuaney — Psn(k)
—rp > lim ———————=
k k n— o0 Bs"(k)—k

Tuk — T =

Tu =0,
where we have used that {xj : k > 1} is bounded and that lim,_,~ s"(k) = co. Similarly, we can
show that z > £, for all k> 1, hence the theorem is proved. O

Remark 2.6. With the assumptions of Theorem 25, we have by (£y,) = b1 (ry, ) = ug for all k > 1.
If T4y, = min X, then the condition b(fy, ) = ugugy1--- follows from b(ly, ) = Upi1Ury2---.

Similarly, Truk = max X implies that ugugys -+ < lN)(ruk) follows from wupy1ugt2 -+ < b(Tu,.,)-

Remark 2.7. In all our examples, the conditions of Theorem are fulfilled and X is a half-
open interval, the sets X, are thus consecutive half-open intervals. However, the more general
Definition 2.41is needed at several points in this paper, e.g. in the proof of Proposition 4.6l for the
transformation Ty in Section and when we restrict T" to the support of its invariant measure.

FEzample 2.8. Consider the classical greedy [-transformation, Tgx = Sz mod 1. This fits in the

above framework if we take A = {0,1,...,[8] — 1}, X, = [%, %1) for a < [B] =2, Xg1-1 =

[%, 1). Parry gave a characterization of the Tg-admissible sequences in [Par60]. It only
depends on the T-expansion of 1, since T¢, = 0 for every a € A and Tre =1fora < [B] —2. The
transformation 7" is sometimes called quasi-greedy B-transformation.

The lazy S-transformation with digit set A = {0,1,...,[8] — 1} is given by f, where £y = 0,
Ta =4Lor1 = %(('g]:ll + a) for0 <a < [B]-2and rrg_ = ('g]:l. For the lazy S-transformation,

1
the characterization of the expansions depends only on the T-expansion of [gl_l .

Ezample 2.9. Let 8> 1, A={ag,a1,...,am}, with 0 = ag < a1 < --- < a,, satisfying
(4) e (4 — ) < 57

The greedy S-transformation with digit set A, as defined in [DKO0S], is obtained by setting X,, =
[%, ‘“ﬂ“) for 0 <i < mand X,, = [‘%’", %) Condition (@) was given by Pedicini in [Ped05] and
guarantees that |J,c,(6Xs — a) = X. The expansions given by this transformation are exactly
the expansions obtained from the recursive algorithm that Pedicini introduced in [Ped05]. He also
gave a characterization of all these expansions, similar to Theorem [Z5] Similarly to Example 2.8

only the expansions lN)(aZ-H —a;), 0 <i < m, play a role in this characterization.
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Ezample 2.10. The linear mod 1 transformations are maps from the interval [0,1) to itself, given
by Tx = fr + amod1 with § > 1 and 0 < o < 1. They are well-studied, see for example
[Hof81l [FL.96, [FL.97al [FL.97h]. We obtain these transformations by taking A = {—a,1 — «,...,
[B+a]l—-1-—a}, X_o= [O, 1*70‘), Xica = [1;0‘, ”go‘) for 1 <i<[B+al -2, Xigra]-1-a =
[W%, 1). If we set a = 0, then this is the classical greedy p-transformation.

Ezample 2.11. In [ES08], some examples of specific transformations generating minimal weight
expansions are given. These transformations are symmetric (up to the endpoints of the intervals)
and depend on two parameters, 5 > 1 and «, which lies in an interval depending on 8. They fit
into the above framework by taking A = {—1,0,1} and setting X_1 = [—fSa, —a), Xo = [—a, @)
and X7 = [a, Ba). Suppose that an = € X has a finite expansion, i.e., that there is an N > 1 such
that by (z) = 0 for all n > N. Then the absolute sum of digits of z is ngvzl |bi(z)] and x € Z[B71].
The transformations T from [FSO8| generate expansions of minimal weight in the sense that if
x € Z[B71] N X, then the absolute sum of digits of its T-expansion is less than or equal to that of
all possible other expansions of x in base § with integer digits.

Ezample 2.12. In [AS07], Akiyama and Scheicher define symmetric S-transformations for 8 > 1

by setting Tz = fx — |Bz + 1/2| for « € [-1/2,1/2). With our notation, this means that
— []1= —1 - 1-p)/2 _[i i 1—

A= {152 22 X = [ 3 AR ) = [ 4+ ) for [ 222 <

. -1 _ [[B=1/2

i < [254], and Xy(s_1y/2) = [(C52221 — 55, 4).

_3 _5
B-1 P B—1
’ /
, ,
.7 .7
e
’
’
R4
, .
’ ’
.7 ’
ZO:O ’I”oifl T1222 7’2253 T3 ZO:O Tozel 7’1:@2 T2
1 5
(a) B =, lazy (b) 8= 14575, A={0,28,5}, areedy
8 1
2 ’ 2 7
’ ’
, ’
’ ,
s A
’ ,
it .7
’ ’
L7 L’
7 0 /0
7 .7
, .
’ ’
’ ’
, ,
, ,
e71 7‘71:&):—1/2 T0:€1:1/2 T1 671:71/27*,1:60 T0:f1T1:1/2
(c) B= 1+2—‘/5, a = 1/2, minimal weight (d) p= 1+2\/g7 symmetric

FIGURE 1. In (a), we see a lazy S-transformation, (b) shows a greedy transfor-
mation with arbitrary digits, there is a minimal weight transformation in (c) and
a symmetric S-transformation in (d).

Remark 2.13. From now on, we will consider only right-continuous S-transformations. By sym-
metry, all results can be easily adapted to the corresponding left-continuous S-transformations.
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We will use the set of T-expansions to construct a natural extension and a multiple tiling for 7.
Therefore, we define the set

(5) S = {(ur)rez € A” : upupy1--- is T-admissible for all k € Z},

which is invariant under the shift but not closed. The closure of S, which we denote by S, is the
shift space consisting of the two-sided infinite sequences u € A% such that every finite sequence
UpUky1 - - - Up is the prefix of some T-expansion. Hence, S is similar to the -shift. If the conditions
of Theorem are satisfied, then we have

S = {(ur)rez € A% : b(ly,) = uptpir -

- < b(ry, ) for all k € Z},
(6) S = {(uk)kgz € A% b(ﬂuk) R UpUR+1 - S

b
b(r., ) for all k € Z},

and the following condition for S being sofic. Recall that a shift is sofic if its elements are the
labels of the two-sided infinite walks in a finite graph, see [LM95].

Proposition 2.14. Let T be as in Theorem 2. Then S is a sofic shift if and only if b(¢,) and

b(ra) are eventually periodic for all a € A.

Proof. Let S be sofic and G the corresponding finite graph. By Theorem 3.3.2 in [LM95], we can
assume, w.l.o.g., that G is right-resolving, i.e., that, for every vertex v in G and any a € A, there
exists at most one edge labeled with a starting in v. (In the language of automata, this means
that the automaton is deterministic.) For every a € A, b({,) is the lexicographically smallest
T-admissible sequence starting with a. Since G is finite, the lexicographically smallest label of a
right-infinite walk in G is eventually periodic, thus b(¢,) is eventually periodic. Similarly, b(r,) is
eventually periodic as the lexicographically largest label of a right-infinite walk in G.

Now, let b(¢,) and b(r,) be eventually periodic for all a € A. Then () implies that the collection

of all follower sets in S is finite, thus S is sofic by Proposition 3.2.9 in [LM95]. O

3. NATURAL EXTENSIONS

3.1. Geometric realization of the natural extension and periodic expansions. Our goal
in this section is to define a measure theoretical natural extension for the class of transforma-
tions defined in the previous section, under suitable assumptions on § and the digit set. This
natural extension will allow us to define a multiple tiling of some Euclidean space. The set-up
for this multiple tiling is similar to the one Thurston gave in [Thu89] for the classical greedy
[B-transformation.

Let 8 > 1 be a Pisot unit with minimal polynomial 2¢ — c;2?~! — ... — ¢4 € Z[z] and Sa, ..., B4
its Galois conjugates. Thus, |5;] < 1 and |cq| = 1. Set 1 = 8. Let Mg be the companion matrix

¢t C2 -+ Cd-1 C4q

1 0 -~ 0 0
My=|0 L - 0 0],

0 0 -~ 1 0

and let v; = l/j(ﬁ;lfl, ., B5,1) with v; € C, 1 < j < d, be right eigenvectors of Mgz such that
vi+-+vg=e; =(1,0,...,0)" (If B; € R, then v; € RY, and if S is the complex conjugate of
B;, then the entries of v, are the complex conjugates of the entries of v;.) Let H be the hyperplane
of R? which is spanned by the real and imaginary parts of va,...,v4. Then H ~ R4-1,

Assume that A C Q(f), where Q(8) denotes, as usual, the smallest field containing Q and 3.
Let T'; : Q(B8) — Q(B;), 1 < j <d, be the isomorphism defined by I';(5) = ;. Then we define

d
Y(u) = Zukﬁ_kvl — ZZI‘j(uk)ﬁ;kvj e R?

k>1 k<0 j=2

for two-sided infinite sequences u = (ug)rez € A% The set X = (S), with S as defined in (),
will be our natural extension domain.
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Define the maps ® : Q(8) — H and ¥ : Q(8) — Q¢ by

d d
(7) () =Y Ti(z)vy, V()= Tj@)v; =avi+d(x).
j=1

j=2
For left-infinite sequences w = (wg)r<o € “A, we set
(8) p(w) = @(wf™*) =Y My d(wy) € H.
k<0 k<0
Then we have
1/}(' . Ufl'UJOUlUQ . .) — ('U'IUQ N )Vl — (p(. . uiluo)_

The set X = 1(S) is the disjoint union of the sets X, = ¢({(ur)rez € S : u1 = a}), a € A.
Therefore, we can define a transformation 7: X — X by

Tx = Mpx —U(a) ifxe X..
We have indeed TX = X since, if we denote by o the left-shift, then ¢S = § and

Y(ou) = (wuguz -+ )vy — (- - - ugu1)
= Mg(uqug -+ )vi —urvi — Map(- - -u_jup) — ®(u1)
= Mpt(u) — ¥(uy)
= T4(u)

for every u = (ug)rez € S. Note that ¥(a) = ae; if a € Q.
Define the projection 71 : R? — R by 7(x) = z if x = ov; +y for some y € H, and let
7: X — R be the restriction of m; to X. Then we have

m(Tx) = Br(x) —a =Tn(x) forall x € X,,

thus 70T =T o . R
Next we show that A(X) > 0, where A% denotes the d-dimensional Lebesgue measure. Since
S is not closed, we consider Y = 9(S).

Lemma 3.1. The set Y is compact, and AX4(X) = A4(Y).

Proof. The set S is a closed subset of the compact metric space A%, hence S is compact. Since
1 : S = R? is a continuous function, Y = ¥(S) is compact and thus Lebesgue measurable.

A sequence (uy)rez € S is not in S if and only if there exists some k € Z such that upug 1 - - -
is the limit of T-admissible sequences and ugug1 -+ - is not T-admissible, i.e., there exists k € Z
such that .upugyq -+ is on the (right) boundary of X, . Since there are only finitely many such
points, the set of sequences ujus - -+ with this property is countable, which implies that m; (17 \ X )
is countable, thus )\d(i} \ )A() =0, and X is a Lebesgue measurable set with )\d()/f) = )\d(i}). O

There are several ways to show that [, c,-174(x+ Y) =R when A C ¢~'Z[B], ¢ € Z, and thus

that )\(17) > ¢~%. We use the following two theorems, which are interesting in their own right.
The first theorem generalizes a result by Ito and Rao ([IR05]).

Theorem 3.2. Let T be a right-continuous S-transformation as in Definition with a Pisot
unit 8 and A C Q(B). Then the T-expansion of x € X is purely periodic if and only if x € Q(B)
and ¥(z) € X.

In the proof of this theorem and later, (by ---b,)¥ denotes a block of digits repeated to the
right, “(by - - - by,) denotes a block of digits repeated to the left. For a left-infinite sequence w =
(wi)k<o € “A and a right-infinite sequence v = (vg)r>1 € A¥, let w-v denote the sequence (uy)kez
defined by ug = wy, for all k£ < 0 and up = vy, for all £ > 1.
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Proof. Assume that b(z) = (by - - - b,,)* for some n > 1. Then “(by ---b,) - (by---b,)* € S and

d
P(“(br- b)) =D (T (018 4+ Ty(ba)) (L + B + B2 + v,

j=2
d d
b+ 4 by
—ij< - 5 )Vj——zfj(z)vj——q’@%
=2 =2

thus
U(z) = 2vi + ®(x) = (b1~ by) - (b1---b,)*) € (S) = X.

Now, take an z € Q(8) with (z) € X, and set xg = (). Since T is surjective, for each k > 0
there exists an xx1 € X with kaﬂ = x},. Let ¢ € Z be such that ¥(z) and ¥(a) are in ¢~ 124
for all @ € A. Since |det Mg| = |cq| =1, Mlgl is an integer matrix, and we obtain x, € ¢~ 1Z¢
for all kK > 0. The set X is bounded, hence we must have Xy, = x; for some k > 0, n > 1.
This yields f”karn = Xg4n, which implies f"xo = X because x¢ = fk+"xk+n. For every k£ > 1,
bi(z) is determined by T*~1z = TF~1x(x¢) = m(T* %), hence b(z) is purely periodic. O

Note that this theorem gives a nice characterization of rational numbers with purely periodic
T-expansions, since we have I'j(z) = z for z € Q and thus ¥(z) = ze; = (z,0,...,0)".

The following theorem was proved by Frank and Robinson ([FROS|) for a slightly smaller class
of transformations, and generalizes the result by Bertrand ([Ber77]) and Schmidt ([Sch80]) for the
classical S-transformation. Note that we do not need here that |det Mg| = 1 since we are only
looking at the forward orbit of x under T.

Theorem 3.3. Let T be a right-continuous SB-transformation as in Definition with a Pisot
number S and A C Q(B). Then the T-expansion of x € X is eventually periodic if and only if

e Q(B).
Proof. Tt b(x) = b1+ by (b1 - - bngn)® is eventually periodic, then
bl bm 1 ( bm+1 bm+2 bern)

'I:E +ﬁ_m+ﬁn_1 Bm—n—i—l Bm—n+2+.”+ Bm

which is clearly in Q(5).

For the other implication, let z € Q(5) N X. Extend the transformation T to Xvi + H by
setting Tx = Mgx — U(a) if m (x) € X,. Let ¢ € Z be such that ¥(z) and ¥(a) are in ¢~1Z¢ for
all a € A. Then we have fk\I!(:E) € ¢~1Z% for each k > 0. Furthermore, since Mp is contracting on
H and T*WU(z) € Xvy + H, the set {T*¥(z) : k > 0} is bounded, hence finite, thus (fk\ll(:zz))kzo
is eventually periodic. Since by () is determined by TF 1z = TF1r (U(z)) = 7 (T* 10 (x)),
b(x) is eventually periodic. O

We assume now again that /3 is a Pisot unit.

Lemma 3.4. The map ¥ : Q(B) — Q7 is bijective, ¥~1(x) = m(x) for all x € Q%, and
T(zZ[p)) = 2.

Proof. Tt can be easily seen from the structure of Mg that every x € Q% can be written in a unique
way as X = Ez;é szgel with 2z € Q. Since Mgel = Mg(vl +o b vg) =B+ ﬂsvd,
we obtain x = ¥( Z;é 2kB%). Every z € Z[f] can be written in a unique way as x = Zz;é 2 B,
thus U is bijective. Since ¥(z) = zv; + ®(x) with ®(x) € H, we obtain that ¥~1(x) = m(x). If
x € Z4 and x € Z|[f], respectively, then we have zj, € Z in the above decomposition. O

Lemma 3.5. If A C ¢ 'Z[B], q € Z, then Uxeq-1z4(x+ }A/) =R, thus )\d(}?) >q 4
Proof. Since Y is compact and ¢~ Z% is a lattice, it suffices to show that Q¢ C Useg-1z4(x + 17)

Take a y € Q. Since m1(¢7'Z%) = ¢~ 'Z[A] is dense in R, there exists a z € Q? with z =y
(mod ¢~*Z%) and m1(z) € X. Set 29 = m1(z). Since T is surjective, there exist z € X, k > 0,
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with Tz = 2, for all £ > 0. Extend T to Xvy + H, as in the proof of Theorem By the
bijectivity of ¥, we have W o T =T o W on X NQ(B), thus T (zp41) = U(2x).

Let r be a multiple of ¢ such that y € r~1Z¢. Since |det Mg| = 1, we have ¥(z;) € r—1Z4
for every k > 0, hence ¥(zpiyn) = ¥(zx) (mod ¢~'Z?) for some k > 0, n > 1. The assumption
A C ¢~'Z[B] implies that W(A) C ¢~ 1Z4, thus Tx = Mpgx (mod ¢q—1Z%), which yields Trz =z
(mod ¢~'Z%). By TheoremIB:{I, b(zp) is eventually periodic Together with TheoremB.2] this gives
Thng = W(T*"29) € X for some k > 0. Since T*"z € X and T""z = z (mod ¢~'Z%), we have
VS Uxeq 174 (X + X) and the same clearly holds for y. Since Xc Y the lemma is proved. [J

Let B be the Lebesgue o-algebra on X and B the Lebesgue o-algebra on X. We want to prove
that the system (X, B, A4, T is a version of the natural extension of the system (X, B, s, T), where
the measure p on (X B) is defined by y = A% o 771, In order to do this, we need to show that
there are sets N € B and M € B, such that all the following hold.

(nel) \4(N ):u( ) =0, T(X\N) CX\N and T(X\ M) C X\ M.

The projection map 7 : X \N — X \ M is measurable, measure preserving and surjective.
7(Tx) = Tr(x) for all x € X \ N.

The transformation 7 : X \ N> X \ N is invertible.

ne3

(ne2)
(ne3)
(ned)
(ne5) Ve OTk ~1B = B, where VieoT*r !B is the smallest o-algebra containing the o-
algebras Trr=1B for all k > 0.

(A map that satisfies (nel)—(ne3) is called a factor map.)
Lemma 3.6. For all a,d’ € A with a # o', we have XY (T X, NTX4) = 0.
Proof. Since |det Mg| = |cq| = 1 and TX = X, we have
S OMTR) = 3 A MpXK,) = 3 A(KL) = M(X) = M(TX) = )\d( U f)?)
acA acA acA acA
which proves the lemma. ([

Let
F-Ur( U TRaTR).
nez a,a’ €A, a#a’
Then by Lemma [B.6] )\d(]v) = 0. Note that T is a bijection on X \ N. Hence, T is an a.e.
invertible, measure preserving transformation on ()A( ,l?, M%), which proves (ne4). The measure
=X or~! defined on (X, B), satisfies 4(X) > 0 by Lemmas 3.1l and [3.5] and has its support
contained in X. Hence, p is an invariant measure for T, that is absolutely continuous with
respect to the Lebesgue measure. The projection map 7 : X — X is measurable and measure
preserving, and T o m = 7roT Set M ={x e X: n 1z} C N} Then T(X \ M) C X \ M and
w(M) = (/\d ow‘l)( ) < A4(N) = 0. Since 7 is surjective from X \ N to X \ M, 7 is a factor map
from (X, B, A%, T) to (X, B, u,T). This gives (nel)—(ne3). In the next theorem, we prove (ne5).

Theorem 3.7. Let T be a right-continuous [3- tmnsformatwn as in Definition [2.4] with a Pisot
unit B and A C Q(B). Then the dynamical system (X B, Ad ,T) is a natural extension of the
dynamical system (X, B, u,T).

Proof. We have already shown (nel)-(ne4). The only thing that remains in order to get the
theorem is that R R

\/ T"=~'(B) = B.

k>0
By the definition of S, it is clear that \/, -, Tr7=1(B) C B. To show the other inclusion, take

x,x' € X, x # x. Suppose first that m(x) # w(x'). Then there are two disjoint intervals
B,B’ C X with 7(x) € B and 7(x') € B/, thus x € 7~ !(B) and x' € 7~ !(B’). Now, suppose
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that m(x) = m(x’) = x. There exist sequences w,w’ € “A with w - b(x),w’ - b(z) € S such that
x =2avy — p(w), X' = xv; — p(w'). Since x # x’, we have w # w’. Let n > 1 be the first index
such that w_, 41 # w’ ., and set

w—n+k —n-Hc z
-y 4=2

Then z,, # z/,, so there exist two disjoint intervals B, B’ C X, such that z, € B and z), € B'.
Moreover, x € T"n~Y(B) and x’ € T"xr~1(B’). By the invertibility of 7', the sets T"7(B)
and T~ 1(B’) are disjoint a.e., hence, for almost all points x,x’ € X, we can find two disjoint

elements of f”ﬂ"l(l’j’) such that one point is contained in one element and the other element
contains the other point. This shows that \/, -, T*7=Y(B) = B and thus that (X,B,\4,T) is a

natural extension of (X, B, u, T). O
3.2. Shape of the natural extension domain. We can write
(9) X = U (zvi — D) with Dy = {p(w): w-b(z) € S},

reX

where ¢ is as in (§]) and S as in ([@). For the multiple tiling we will construct later on, the prototiles
will be the sets D, for « € Z[f] N X. In this section, we show some properties of these sets.

Lemma 3.8. FEvery set D,, x € X, is compact.

Proof. Let © € X and consider the subset W = {w € “A: w-b(x) € S} of the compact space “A.
We want to show that W is closed and, hence, compact. Therefore, take some converging sequence

(w("))nzo C W and let lim,,_,oo w(™ = w. For every k > 0, we can find some n; > 0 such that
(nk) (nk)

wo - wy Y =w_p - - wp. This implies that w_y, - - - wob(x) is T-admissible for every k > 0, thus
w-b(xz) €S, and W is closed. Since D, is the image of the compact set W under the continuous
map ¢, it is compact as well. (|

To distinguish different sets D,, we introduce the set
(10) v=x\x)u |J U {Th Thz}nx,
zeXnX 1<k<m,
where m, is the minimal positive integer such that
Tmeg = T,
with m, = oo if Tkx # T*z for all k > 1. Note that m, > 1 only if z is a point of discontinuity
of T (and T), and that the set of these points is finite. Furthermore, X \ X is the (finite) set of
left boundary points of X. Therefore, V is a finite set if and only if, for every x € XN X, m, < oo

or z € Q(f). (Recall that = € Q() is equivalent with the fact that b(z) and b(z) are eventually
periodic by Theorem B:3l) We define furthermore, for every z € X,

Jo={yeX:y>uz (z,y]NV =0},

ie., J; = [z, 2), where z is the smallest value in V or on the boundary of X with z > z. We will
prove the following proposition.

Proposition 3.9. If x € X and y € J,, then D, =D,. IfV is a finite set, then
(11) X=J(vi-Dy)

z€V

The main ingredient of the proof of Proposition is the following simple lemma. We extend
the definition of ¢ to finite sequences vy - - - v, € A™, n > 0, by

Up) = Z (I)(’Ukﬁn_k).
k=1

Lemma 3.10. If z € X N X and TFz = Tkz, k > 1, then o(by(z) - - br(z)) = o(by (z) - - - b()).
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Proof. We have

M?r

z ﬂk 17 _Tkx:ﬂk T&I*Zb ﬂkz
=1

By applying ® to this equation, the lemma is proved. ([

Lemma 3.11. Letz € X, y € J,, and vy - - - vp,b(x) be a T-admissible sequence. Then there exists
a T-admissible sequence v} - - - v}, b(y) with

(12) p(vh - vp) = p(vr - on) + O(p"),
where p = maxao<j<q |Bj] < 1 and the constant implied by the O-symbol depends only on T

Proof. If vy - - - v,b(y) is T-admissible, then the lemma clearly holds with v} ---v), = vy -+ vy,
Otherwise, let z € X be maximal such that v, Unl;(z) is T-admissible. We have z < z < Y
because z = sup{z’ € X : vy ---v,b(2’) is T-admissible}, thus z € J, C X and z ¢ V. Moreover,
2k = Ukt Unl;(z) & Xy, for some 0 < k < n. Let k be minimal with this property.
Suppose first that z; € X. Then we show

(13) Tm_kzk = Tn_kzlC

Let i < n — k be maximal with 772, = T%z,. Then (@3) holds or Ti+1z, # Tz, In the latter
case, we must have Tz, € X. Since T *=iTiz = 2 € X \ V, we obtain that mz,, <n—Fk—i.
By the maximality of i, we get Mg, = N — k — i, thus (I3) holds in this case as well. By
Lemma B.I0] we have o(b1(2x) - - - bn—r(2k)) = @(Vk41 - - vn) and thus

@(v1- - orbi(zk) - ba-r(zk)) = (01 vn).
Since k is chosen minimally, we have .v; - - vgb(zx) € X, for all 1 <4 < k, hence vy - - - vpb(2g)
is T-admissible by Lemma If vy vkbi(2k) -+ - br—k(2k)b(y) is T-admissible as well, then
Lemma B.IT holds with v} ---v], = vy - vkb1(2k) - - - br—r(2k).

Now, suppose that z; & X, i.e., that z; is a right boundary point of X. Since T‘l{zk} consists
only of right boundary points of sets X, the minimality of k& implies that £ = 0. We show that there
exists some 2/ € X N X and h > 1 such that T"z' = z. If such 2’ and h, then every set T—"{z},
h > 1, would consist only of right boundary points of X. Since there are only finitely many of
those points, b(zo) would be purely per1od1c and T"zo ¢ X, contradicting that T"zg = z € X.
Therefore, we have Thy = 20 for some 2/ € X N X and h > 1. As in the preceding paragraph, we
obtain Th+"z = Thn2/ which yields p(b1(2') - - bpyn(2') = @(b1(2") - - - bp(2')v1 - - - vy,) and

p(Bns1(2) - brin(z) = lor - v2) + O(p").
If bpy1(2") -+ - brgn(2)b(y) is T-admissible, then the lemma is proved.

If v -~ vpb1(2k) -+ - bn—r(2x) and bpy1(2") -« - bpgn(2’), respectively, is not the desired sequence
vj -+ - v}, then we iterate with this sequence as new vy ---v, and z as new z. Since z > z and
A™ is a finite set, the algorithm terminates. The number of instances of k = 0 is bounded by the
number of right boundary points of X, thus the error term only depends on T and is O(p™). O

Lemma [B.11] holds in the other direction too.

Lemma 3.12. Letx € X, y € J,, and vy - - - v,b(y) be a T-admissible sequence. Then there exists
a T-admissible sequence v} - - - vl b(x) with (v ---vl,) = @(v1 -+~ vy) + O(p").

Proof. The proof is similar to the proof of Lemma BIIl If v; - - - v,b(2) is not T-admissible, then
let z € X be minimal such that vy - - - v,b(2) is T-admissible. We have z < z <y, thus z € X N X
and z € V. Let k > 0 be minimal such that z; = .vg41 - -v,b(2) € XUkJrl'

If 2z, € )?, then we get f”*kzk = T" %2, and o(vy - - ~vkl~)1(zk) oo by k(zk)) = gp(vl <o Up), 88s
above. Furthermore, for every 7' < z which is sufficiently close to z, vy - vkbl(zk) by k(zK)b(2")
is T-admissible. If z ¢ X then & = 0 and there exists some 2’ € X N X h > 1, such that
Thz' = zy. We obtain T2 = T2/ and @(bpy1(2') -« bpan(2))) = @(v1 - - vy) —|—(9( ).
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If the sequence vy - - - b1 (21) - - - by (L, )b(2) and b1 (2') - - - by (2)b(z), respectively, is not
T-admissible, then we iterate with this sequence as new vy --- v, and z as new y. Note that the
new sequence vy - - - v, b(y) is not T-admissible, but vy - - - v,b(2’) is T-admissible for every 2z’ in a
non-empty interval [z,y). As above, the algorithm terminates. (I

Proof of Proposition[3.9 Let x,y € X satisfy the conditions of the proposition, and take w =
(wg)k<o with w - b(z) € S. For n > 1, let w(_n72+1 . --wén) = v} ---v), be the sequence given by
Lemma [3TTlfor vy - - - vy, = W_pa1 - - - wo. By the surjectivity of T, we can extend this sequence to
a sequence w(™) = (w,(c"))kgo with w(™ - b(y) € S. Then we have p(w(™) = p(w) + O(p™), hence
lim,, 00 p(w™) = @(w). Since p(w™) € D, and D, is compact, we obtain that p(w) € D,
hence D, C D,. By Lemma [B.12] we also obtain that D, C D,. Therefore, D, = D, for all
y € Jp. If V is finite, then X = J, ., Jz, and () follows from (). O

The sets D, can be subdivided according to the following lemma.

Lemma 3.13. For every x € X, we have

(14) D= U (D, +2(bi)).
yer = {z}

If V is finite, then this union is disjoint up to sets of measure zero (with respect to A4~1).

Proof. Let * € X. Then for every a € A for which ab(z) is T-admissible, there is a unique
y € T~Yx} with b(y) = ab(x). Moreover, for each w € “A, we have wa - b(z) € S if and only if
w - ab(x) € S. Since p(wa) = Mgp(w) + ®(a), we obtain ([I4)).

Assume now that V is finite. Let y,y' € T~ {x}, J = J, N X, (y) and J' = J,y N Xy, (), hence
J—-Dy, C )A(bl(y) and J' — D, C )A(bl(y/), by PropositionB.9l If y # ¢/, then we have b1 (y) # b1(y'),

thus A\(T(J — Dy)N T(J - D,)) = 0 by LemmaB.6l We have TJNTJ' = [z, z) for some z > z,
hence

T(J =D,)NT(J = Dy) = (TINTTvi = (MsD, + @ (b1(y)) ) N (MsDy + @ (b1())
yields that A=1((MgD, + ®(b1(y))) N (MsDy + ®(b1(y')))) = 0. O

Using Lemma [3.13] we will show in Proposition [£.6] that the boundary of every D,, z € X, has
zero measure if V is finite. Furthermore, ([[4) provides a graph-directed iterated function system
(GIFS) in the sense of [MWS8| [Fal97] for the sets D, x € V, if V is finite. More precisely, there
exists a labeled directed graph with set of vertices ¥V and set of edges £ such that

(15) D, = U (MgDy + ®(a)) forallz €,
(z,2’,a)EE

where (z,2',a) is in &€ for x,2’ € V, a € A, if and only if (z 4+ a)/8 € J,». Note that the
multiplication by Mg is a contracting map on H. Every GIFS has a unique solution with non-
empty compact sets, see [MWRSS] [Fal97]. The sets D,, € V, form this solution since they are
compact by Lemma [3.1] and non-empty by the surjectivity of 7.

Now, consider the measure y, defined by u(E) = (A4 o 7~ 1)(E) for all measurable sets E. If V
is finite, then there exists some constant ¢ > 0 such that

n(E) = (Ao ﬁ1)< U Zn E) = Z e J NEYXTTY(D,) = c/E Z AYD)1,,dN .

z€V zeV zeV

Hence, the support of y is the union of the intervals .J,,, € V, with AY~!(D,) > 0. On the support,
1 is absolutely continuous with respect to the Lebesgue measure. If the transformation 7" has a
unique invariant measure that is absolutely continuous with respect to the Lebesgue measure,
then p must be this measure. This is the case for the classical greedy and lazy S-transformations,
and for the greedy and lazy S-transformations with arbitrary digits as well as for the symmetric
[B-transformations from Example
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3.3. Examples of natural extensions. We will discuss some examples. For each example, there
is a figure containing the graph of the transformation and the natural extension domain. In the
graph of the transformation, dotted lines indicate the orbits of points of importance.

Example 3.14. Let 8 be the golden ratio, i.e., the positive solution of the equation z? — 2 —1 = 0.
The other solution of this equation is 82 = —1/3. Then

(11 1 1 /1
Mﬁ_<1 0)’ Vl_ﬁ2+1<5)’ V2_62+1<—/3)'

The greedy [-transformation is given by A = {0,1}, Xo = [0,1/8), X1 = [1/8,1). We have
Tz =Ta for all z € (0,1)\ {1/8}, TF(1/B) =0 for all k > 1, T(1/8) =1 ¢X T(1) = 1/, thus
V ={0,1/8}. The transformation and its natural extension are depicted in Figure 2

1/6 Xl 1 VQ‘

0 X

Va2

FIGURE 2. The (greedy) S-transformation, 8 = (1 4 1/5)/2, and its natural extension.

In general, for the classical greedy f-transformation, we have V = {0} U {T*(1) : k> 1}\ {1}.
Ezample 3.15. Let 8 be again the golden ratio, but A = {-1,0, 1},

BT BB o [ BT BB o [B4BT B2+ 870
BZ+1° p24+1 ) 0T B2+1 p2+1 ) T gl B2+l )

X, =

This is an example of a minimal weight transformation with o = 62 1 see Example 2111 The
points of discontinuity have the expansions

b(—a) = 10010(0001)“, b(—a) = 0I(0010)*, b(a) = 01(0010)*, b(a) = 10010(0001),

where we write 1 instead of —1, thus m_o = mq = 5. Furthermore, X \ X = {—8a} = {T(—a)}
and Ta = Ba € X, thus V consists of 15 of the 16 points T*(—a), T*(—a), T*a, TFa, 1 < k < 5,

V = {.1(0010)*, .(1000)*, .10(0001)*, .(0100)*, .010(0001)“, .(0010), .0010(0001)*, .0(0001)*,
.0(0001),.0010(0001), .(0010)“, .010(0001)¥, .(0100)*, .10(0001), .(1000)* }.

In FlgureBL we can see the transformatlon and the orbits of —a, a on the left, the natural extension
domain X and its decomp031t1on into Xa, a € A, as well as the sets J, — D, € V, in the middle,
and the decomposition of TX on the right. Since Ta = Tha = -(0001)~ ¢ V, there is no
dotted line for this point in the natural extension domain. The point lies between the first and
second dotted line, counted from the origin in the direction of vi and is the point above which
the boundary between TX 1 and f)?o makes the step. That this point is not in V implies that
D, does not change here, but we can see that the shape of the sets f)/fl and f)A(O changes.
This means that the decomposition of D, according to (I4]) changes here. The same happens at
T5(—a) = T5(—a) = -(0001)* with TX_; and T'X,. Note also that —a and « are not in V.
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}él X /X,

FIGURE 3. The transformation from Example B. 15 and its natural extension.

Ezample 3.16. Let T be the symmetric S-transformation for the golden ratio 8, i.e., A = {—1,0,1},
X_1= [ L —%), Xo = [— Lo ) X1 = [ L 1), see Example 2.121 We have

Bk 25728 2572
T'(g35) =T*(3) =T (g=) = T(g5) = 5~ T'(z5) =T°(3) = T*(5s) = T(55) = 5.
thus V = { — %, —%, —ﬁ, #, %} The transformation and its natural extension are depicted in

Figuredl Note that 0 is a repelling fixed point of the transformation. Here, this implies that, for

all x € [—2‘%, ﬁ), the only sequence w € “A such that w - b(z) is T-admissible is - - - 00. Hence,

D, ={0} forall z € [—21?, ﬁ)

When we construct a multiple tiling for T', we want to disregard these sets and we achieve this
by restricting 7' to the support of its invariant measure p, which is the set [—3, —ﬁ) U [ﬁ, )
If we restrict T to this set, T is a right-continuous S-transformation of which the domain X is not
a half-open interval. The set X is split into two parts as well.

For other values of 3, we refer to Section

X 7 Xo X1

s Vo

FIGURE 4. The transformation from Example B. 16 and its natural extension.

Ezample 3.17. We will see in Section @ that A2(X) = 1 in Examples For a transforma-
tion with A2(X) > 1, let 4 be again the golden ratio, now A = {—1,1}, X_; = [-1,0), X; = [0, 1).
Then T3(0) = T2(1) = T(1/8) = 0, T3(0) = T%(—1) = T(—1/8) = 0, thus V = {—1,—1/8,1/8},
see Figure [l

Ezxample 3.18. Consider now a minimal weight transformation with the Tribonacci number (3,

which is the real solution of the equation > — 22 —x — 1 = 0. Choose a = ﬁ, ie., let
A={=1,0.1}, X = [ 534), Xo = (34 7). X0 = [y ). Then B(—a) = 1(010)*,

b(—a) = (010)“, b(a) = (010)*, b(e) = 1(010), thus V = {%ﬁl, 4D ;31—+/1ﬁ, %, Fi1) We see

the transformation and X in Figure
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e
’
// Vl ’ Vl
’
,

X1 7 X1

FIGURE 6. The transformation from Example and its natural extension domain.

Example 3.19. If § is the smallest Pisot number, i.e., the real solution of the equation 23 —z—1 = 0,
6 ~
then o = % provides a minimal weight transformation as in Example We have b(a) =

(010%)%, b(a) = 1(0°10)«, thus V = {Bﬂgﬁ_kl :0< k< THN\ {Bf—il} since b(—a) and b(—a) are
obtained by symmetry from b(c) and b(cr). See Figure [l

FI1GURE 7. The transformation from Example and its natural extension domain.



16 CHARLENE KALLE AND WOLFGANG STEINER

4. TILINGS

In this section, we consider two types of (multiple) tilings which are closely related. The first
one is an aperiodic (multiple) tiling of the hyperplane H by sets D, defined in (@). The second
one is a periodic (multiple) tiling of R? by the closure Y of the natural extension domain X.

As for the natural extensions, T' is a right-continuous S-transformation and 8 a Pisot unit. We
furthermore assume that A C Z[f], i.e., that ¢ = 1 in Lemma B35 and that the set V, which is
defined in (I0Q), is finite.

4.1. Tiling of the contracting hyperplane. We define tiles in the hyperplane H by
Te =®(x)+ D, forall zeZfNX,
with @ as in (7)) and D, as in ().

Remark 4.1. The tiles are often defined in R” x C*, where r is the number of real conjugates and
2s is the number of complex conjugates of 3. We clearly have R" x C° ~ H. We choose to work
in H because many statements are easier to formulate in H than in R” x C*.

The family 7 = {7; }zezipnx is a multiple tiling of the space H if the following properties hold.
(mt1) There are only finitely many different sets D,, and these sets are compact.

(mt2) The family T is locally finite, i.e., for every y € H, there is a positive r such that the set
{z € Z[B]N X : T, N B(y,r) # 0} is finite.

(mt3) T gives a covering of H: for every y € H, there is a tile T, such that y € 7.
(mt4) Every set Dy, x € Z[5] N X, is the closure of its interior.

(mt5) There is an integer m > 1 such that almost all points of H are in exactly m different tiles.
The number m is called the covering degree of the multiple tiling.
A tiling is a multiple tiling with covering degree 1.

The tiles T, z € Z[8] N X, are translates of a finite collection of compact sets by Lemma [B.8]
Proposition 3.9 and the finiteness of V. This proves (mtl). An important tool for showing (mt2)—
(mt5) will be that the set of translation vectors, ®(Z[5] N X), is a Delone set in H, i.e., that it is
uniformly discrete and relatively dense in H. Precisely,

e A set Z is relatively dense in H if there is an R > 0, such that, for every y € H,
B(y,R)NZ #0.

e A set Z is uniformly discrete if there is an r > 0 such that, for every y € Z, the set
B(y,r) N Z contains only one element.
In [M0097], Moody studied, among other things, Delone sets. He gave a detailed exposition of
Meyer’s theory, which was developed in [Mey72]. According to Meyer, model sets for cut and
project schemes are Delone. We will use this to prove Lemma We also need the following
lemma.

Lemma 4.2. The map ® : Q(8) — H is injective.

Proof. Recall that ®(z) = ¥(x) — vy, and that ¥ : Q(3) — Q% is bijective by Lemma[3.4l Since
the coefficients of v; are linearly independent over Q, ® is injective. O

Lemma 4.3. Every set ®(Z[] N E), where E C R s bounded and has non-empty interior, is
uniformly discrete and relatively dense. In particular, this holds for ®(Z[5] N X).

Proof. By Proposition 2.6 from [Mo097], it suffices to show that ®(Z[5] N E) is a model set.
Define the projection g : R — H by 7y (x) = x — m(x)vy, with 71 as in Section B} and
set 1(x) = (7 (x),m1(x)). Then the pair (H x R, ((Z%)) is a cut and project scheme, since +(Z%)
is a lattice, mg is injective on Z¢, 71 (Z%) = Z[B] is dense in R and H ~ R?~!. The injectivity of
g on Z¢ follows again from the linear independence of the coefficients of v; over Q.
Now, let £ C R be a bounded set with non-empty interior. Then

®(ZBINE) ={ru(x): x € Z%, m(x) € E}
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is a model set, and therefore a Delone set by Proposition 2.6 from [Moo97]. O

Corollary 4.4. The family {Tz}zezignx s locally finite.

Proof. This follows immediately from the uniform discreteness of ®(Z[5]N X), the injectivity of @
and the fact that ||p(w)|], w € “A, is bounded. O

Hence we have (mt2). The next lemma gives (mt3).
Lemma 4.5. We have H =, cz5nx Tz

Proof. Let H' = {U,czi5nx To- Every point y € H' is of the form y = ®(z) + ¢(w), with
x € ZBINX, we“A w-bx) €S. We have Mgy = ¢(wby(z)) + ®(Tz), with Tz € Z[f]N X
since b1 (z) € Z[B], and thus Mgy € H'. Hence, MgH' C H'. Since T is surjective, every tile 7y,
x € Z[B] N X, is non-empty. By Lemma 3] and since ¢(w) is bounded, H’ is relatively dense
in H. Since MgH' C H' and My is contracting on H, H' is dense in H. By the compactness of
the tiles and the local finiteness of 7, we obtain H' = H. O

Now, we can prove that the boundary of every tile has zero measure. This generalizes Theorem 3
in [Aki99].

Proposition 4.6. We have \¥~1(0D,) = 0 for every v € X.

Proof. 1f A¥~Y(D,) = 0, then \4~1(0D,) = 0 since D, is compact. Therefore, we can assume
A=1(D,) > 0. We first show that AY~*(dD,) = 0 for some y € X with A\~1(D,) > 0, and then
extend this property to arbitrary x € X.

Since H = Uzez[ﬁ]mx T., there exists, by Baire’s theorem, some z € Z[8] N X such that T, and
thus D,, has an inner point (with respect to H). By iterating (Id]), we obtain for all £ > 1 that
D, is the (up to sets of measure zero) disjoint union of MgDy +ob1(y) - br(y)), y € T~*{z}.
Since M 5 ! is expanding on H, there must be some y € T—*#{z} for sufficiently large k such that
M};Dy + (b1 (y) - - - be(y)) is contained in the interior of D, and A¥~1(D,) > 0. Then every point
in 8(M§Dy + p(b1(y) -+ br(y))) lies also in MgDy/ + @(bi(y') -+ br(y')) for some y € T—k{x},
y' # y. Since the intersection of these sets has zero measure, we obtain A¢~1(9D,) = 0.

Now, consider a set MgD, +p(b1(2)), 2 € T~1{y}, in the subdivision of D,. Every point on the
boundary of this set is either also on the boundary of another set from the subdivision, or not. If
not, then the point is in 9D,. Therefore, we have A4~1(9D,) = 0 for every z € T~ 1{y}. It remains
to show that, when iterating this argument, every D, with A¥~!(D,) > 0 occurs eventually in one
of these subdivisions. By Proposition [3.9] it is sufficient to consider z € V.

Similarly to the graph of the GIF'S, let G be the weighted directed graph with set of vertices
Vi ={zeV: A YD,) >0} and an edge from = to 2’ if and only if T~'J, N J,s # (). Then we
have A\¥~1(9D,.) = 0 for every 2’ € V which can be reached from the vertex z satisfying y € J,.
Let the weight of an edge be A(T~1(J,vy — Dy) N (Jorvi — Dar)) > 0. Since T is bijective off of
a set of Lebesgue measure zero, the sum of the weights of the outgoing edges as well as the sum
of the weights of the ingoing edges must equal A\%(J,v; — D,) for every € V'. This implies that
every connected component of G must be strongly connected, in the sense that if two vertices are
in the same connected component, then there is a path from one vertex to the other and the other
way around.

Let C be a (strongly) connected component of G and X' = (J, .o Jo. For every z € J,, 2 € C,
Dr, contains MgD, + by (z), thus A¥~1(Dr,) > 0, hence Tz € X'. Therefore, the restriction of T'
to X' is a right-continuous S-transformation, and this restriction changes every D,, © € X', only

by a set of measure zero. The arguments of the preceding paragraph provide some y € X’ with
A=1(0D,) = 0, and we obtain A\~1(dD,) = 0 for all x € X', thus for all x € X. O

If we want that (mt4) holds, then we clearly have to exclude non-empty tiles of measure zero.
This means that X has to be the support of the invariant measure u = A% o 7~!, which is defined
in Section 3.l Note that restricting T' to the support of u changes the tiles only by sets of measure
Zero.

For a subset E C H, let int(E) denote the interior of E (in H), and let E be the closure of E.
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Lemma 4.7. If the support of the invariant measure p is X, then D, = int(D,,) for every x € X.

Proof. Since the tiles are compact, we have int(D,) C D, for every z € X. For the other
inclusion, we show that T, C int(7,) for every x € Z[|NX. If y € T, then y = ®(z) + ¢(w)
for some w = (wg)k<o € “A with w-b(z) € S. Set z = w_g41---web(x) for &k > 0. Then
Mg(fb(xk)—i—DM) C T.. We have A¥~1(D,, ) > 0 since the support of pis X. Also, A¥~1(0D,, ) =0
by Proposition L6l Therefore, there exists a point yj, € Mg(q)(a:k) + int(Dy, ) C int(7,). Since
limg— 00 Y& =y, we have y € int(7,). O

The family T is self-replicating, i.e., for each element 7, of 7, we can write My L7, as the (up
to sets of measure zero) disjoint union of elements from 7. By Lemma B3] we have

(16) M;;lﬁ = Mﬁfl (fb(x) + U (MBDy + @(bﬂy)))) = U Ty -

yeT—ax} yeT—H{ax}
For y € H and r > 0, the local arrangement in B(y,r) is the set
P(B(y,r)) ={T. € T: T.NB(y,r) #0}.

As a next step in proving that the family 7 is a multiple tiling, we will show that 7 is quasi-
periodic, i.e., for any r > 0, there is an R > 0 such that, for any y,y’ € H, the local arrangement
in B(y,r) appears up to translation in the ball B(y’, R).

Proposition 4.8. The family T is quasi-periodic.

Proof. Note first that, for each r > 0, there are only finitely many different local arrangements up
to translation, since ®(Z[5] N X) is uniformly discrete and there are only finitely many different
sets D,.

Let r > 0. If two tiles 7, and 7,4, are in the same local arrangement, then

(17) 1)l < 2(r + max [[p(w)])) and ye X -X.

By Lemma and since P is injective, the set of elements y € Z[S] satisfying (7)) is finite. Call
this set F', and note that 0 € F.

Now, take some local arrangement P(B(y,r)) and = € Z[3] N X such that T, € P(B(y,r)).
For any y € F, if  +y € X, then there is an ¢, > 0 such that J,+, = [z +y,z +y + &), and if
x+y ¢ X, then there is an &, > 0 such that [t +y, 2 +y+¢e,) N X = 0. Let £ = minyepe, and
consider some z € Z[5]N[0,¢). For any y € F, we have either z+y € X and Tpqy1z = Togy +P(2)
since Dytytr = Dyyy, ot 2 +y & X and z+ y + z ¢ X. Therefore, P(B(y + ®(2),r)) is equal to
P(B(y,r)), up to translation by ®(z).

By Lemma 3 ®(Z[5] N [0,¢)) is relatively dense in H. Thus, every local arrangement occurs
relatively densely in H. Since the number of local arrangements is finite, the lemma is proved. [

Lemma 4.5 implies that every y € H lies in at least one tile. By the local finiteness of T, there
exists an m > 1 such that every element of H is contained in at least m tiles in 7 and there exist
elements of H that are not contained in m + 1 tiles. For this m, a point y € H lying in exactly m
tiles is called an m-ezclusive point. A point lying in exactly one tile is called an exclusive point.
Similarly to [IR06], we obtain the following proposition, which gives (mt5).

Proposition 4.9. There exists an m > 1 such that almost everyy € H is contained in exactly m
tiles.

Proof. We first show that the set of points that do not lie on the boundary of a tile is open and
of full measure. Let C' = {J,cz(4nx 0T= denote the union of the boundaries of all the tiles in 7.
This set is closed, since it is the countable union of closed sets that are locally finite. Hence, H \ C
is open. By Proposition B8, we also have A4~1(C) = 0.

Let m be as in the paragraph preceding the proposition, and x € H be an m-exclusive point,
lying in the tiles Tz,, ..., Tz, . Since the tiles are closed, there is an € > 0 such that B(x,e)NT, =0
for all z € (Z[S)NX)\{z1,...,zm}. Since every point lies in at least m tiles, we have B(x,¢) C Ty,
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for 1 <k < m. By the self-replicating property, Mg 1’7;% subdivides into tiles from 7 with disjoint
interior, hence almost every point in M 5 1B(x, g) is also contained in exactly m tiles. The same
holds for almost every point in My " B(x,¢), for all n > 1.

Now take a point y € H \ C. Since H \ C' is open, there is an r > 0 such that B(y,r) C H\ C,
i.e., every point in B(y, ) lies in the same set of tiles. By the quasi-periodicity, translations of the
local arrangement P(B(y,r)) occur relatively densely in H. Since the matrix Mg ! is expanding
on H, there is therefore an n > 1 such that M;"B(x,¢) contains a translation of P(B(y,r)),
which implies that B(y,r) and thus y lies in exactly m tiles. (I

We have now established all the properties of a multiple tiling.

Theorem 4.10. Let T : X — X be a right-continuous B-transformation as in Definition
with a Pisot unit 8 and A C Z[B]. Assume that the invariant measure p, given by the natural
extension in Section [, has support X, and that the set V, defined by (I0), is finite. Then the
family {Tz}zezipinx forms a multiple tiling of the hyperplane H.

Remark 4.11. Let T satisfy the assumptions of Theorem B0 Then the family {7.}.ezgnx
forms a tiling of H if and only if there exists a point in H which lies in exactly one tile.

Remark 4.12. If the support of u is not equal to X, then there exist tiles of measure zero, and
(mt4) does not hold, see Example and Remark However, we have \¥~1(9D,) = 0 for
every x € Z[] N X, and the conditions (mt1)—(mt3) and (mt5) are still satisfied.

4.2. To find an exclusive point. Theorem gives conditions under which 7 is a multiple
tiling, but it gives no information about the covering degree. Indeed, it is quite difficult to
determine this degree if m > 2, because one has two find a set of positive measure lying in m tiles,
cf. Section It is much easier to prove that 7 is a tiling, by Remark A1l

Denote by P the set of points z € Z[5] N X with purely periodic T-expansion, i.e., T"z = z for
some n > 1. Using the characterization of purely periodic points in Theorem [3.2] we obtain the
following lemma.

Lemma 4.13. The origin 0 belongs to T, x € Z[F]NX, if and only if x € P. The set P is finite.

Proof. Let = € Z[8] N X. By definition, we have 7, = ®(x) + D,, thus 0 € 7, if and only if
®(z) € =Dy, ie., U(x) € vy — D,. By (@) and Theorem B2 this is equivalent with x € P. The
finiteness of P follows from the local finiteness of 7. g

Therefore, 0 is an exclusive point if and only if P consists only of one element. This generalizes
the (F) property which was introduced in [FS92], see also [Aki99]. If O is contained in more than
one tile, then it is more difficult to determine the covering degree m. Corollary [£16] provides an
easy way to determine the number of tiles to which a point belongs. We restrict to points ®(z),
z € Z[] N[0, 00), because of the following lemma.

Lemma 4.14 ([Aki99]). The set ®(Z[F] N[0, 00)) is dense in H.
Proof. By Lemma [L3] ®(Z[3] N [0,1)) is relatively dense in H. We have

@(Z[BIN[0,00)) = | @(z[B]n[0,8") = | Mze(Z[B] N [0,1)).

n>0 n>0

Since Mg is contracting, we obtain that ®(Z[8] N[0, 00)) is dense in H. O

Proposition 4.15. A point ®(z), z € Z[B] N[0, 00), lies in the tile T,, x € Z[B] N X, if and only
if there exists some y € P and some k > 0 such that

(18) TFy+ B "2) =2 and [T7y,Tiy+ "2 C Xy, (riyy for all0 < j <mn,

where n > 1 is the period length of y, i.e., T"y =y.
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Proof. Let ®(z) € T, which means that ®(z) = ®(z) + ¢(w) for some w € “A with w - b(x) € S,
and set 2 = «w_p41 - wob(z), W = - w_p_jw_y, for k> 0. Then

(19) @(z— B F2) = B(z1) - Mz"(®(2) + p(w)) = Mz* (p(w i1 wo) — p(w)) = —p(w),

therefore ®(zy — 37%2) is bounded, hence the set {x, — 7%z : k > 0} is finite by Lemma .3 and
the injectivity of ®. This means that there exists some y such that z; — =%z = y for infinitely
many k > 0. Since z; € X and X is left-closed, we obtain y € X. Moreover, we can choose y such
that {k > 0: zx — 7%z = y} has bounded gaps. Therefore, there exist two successive elements k
and k + n of this set such that [T9y, Ty + B~ 2] C X}, (7i, for all 0 < j < n. We have

Ty =T"(y+ B ") =B F2=T 2y — B F2=a, - B F2=1y,
thus y € P and T*(y + B~ F2) = T*x), = .
For the other direction, assume that (I8) holds. Then we have T7"(y + =k=i"2) = y 4+ g=F

and thus TF+"(y + f=F=9"2) = g for all j > 0. Let w9 € “A, j > 0, be sequences with
w9 by + p7EFI"2) € S, and set

2y = M (@ + 57772) 4 () = 8(:) + M (0(0) + o).
Then we have z; € Trktin(yyp-r-inyy = To and limj o z; = ®(2), thus ¢(2) € T,. O

Corollary 4.16. Let z € Z[B]N[0,00). Choose k > 0 with y+ 5%z € X, [y, y+ S5 712] C Xy, (4
for ally € P. Then ®(z) lies evactly in the tiles Tpr(yq5-+2), y € P.

Proof. This follows from Proposition B8 since y € P implies T7y € P for all j > 0. O

The proof of the following proposition shows how to construct an exclusive point from points
with weaker properties. This generalizes the (W) property and Proposition 2 in [Aki02], where
x = 0, since ng = 0 means that the S-expansion of z is finite.

Proposition 4.17. Let ¢ = minyep (min{z >y 2 & Xy} — y) B. Then T;, x € P, contains

an exclusive point if and only if, for every y € P, there exists some z € Z[B] N [0,e) and some
k > 0 such that
(20) THy +2)=TFz +2) = z.

Proof. If T, contains an exclusive point, then it contains an exclusive point ®(z'), 2’ € Z[5]N]0, o0)
by Lemma £I4l By Corollary .16l we have some k>0 with T*(y + 87%2') = z for all y € P,
and [y,y + B7F"12] C Xb,(y)- This implies B~*2 < e, hence we can choose z = B7F2'.

For the converse, let P = {z,y1,...,yn} and assume that, for every y € P, there exists some
z € Z[B] N [0,¢e) and some k > 0 such that (20) holds. It suffices to consider the case h > 2, since
0 is an exclusive point of 7, in case h = 0 and, in case h = 1, Corollary @16 shows that ¥z is
an exclusive point of T, if z € Z[8] N [0,¢) and k are such that T*(y; + z) = T*(z + 2) = z. If
h > 2, then we will recursively construct a point zj, for which T*(y + 87%z;,) = 2 for all y € P,
with some k > 0 satisfying the conditions of Corollary .16

First note that, if 20) holds for some k, z, then it also holds for 2’ = 87"z and k¥’ = k+n
if n is a multiple of the period lengths of x and y, since T"(y + 87 "2) = T"y + z = y + 2z and
T™(z+ 5~ "z) = x + z by the choice of . Therefore, we can find arbitrarily small z such that (20
holds. For every such z, we can find arbitrarily large k& such that (20) holds since x € P.

Choose, as a first step, z; € Z[] N[0,¢) and k1 > 1 such that

e TF(y; + 2]) = T* (x + 2|) = x, which can be done by (20),
® [y,y+ B 12]] C Xy, (y) for all y € P, which can be done by choosing z{ sufficiently small,
o Tki(ys+2]) € P, which can be done by choosing k; sufficiently large since the T-expansion
of ya + 2} is eventually periodic by Theorem B3]
Now, suppose that, for 1 < n < h, we have k, > 0 and 2], € Z[5] N [0,¢) that satisfy all of the
following, where zg = 0, 2, = B (2,1 + zl) and s, = k1 + -+ + k.
() T (T2 (yn + Bt 2n1) + 21,) = T (2 + 2,) = o,
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(11) [yay + ﬂisnilzn] - Xb1(y) for all Yy e P,
(iii) Ton=t(y + B 2n) = T* 1 (y + 7' 2n1) + 2, for all y € P,
(iv) T*(Ynt1 + B ""2pn) € P.

Then by (iv) and (20), we have arbitrarily small 2, |, € Z[f]N[0,¢) and arbitrarily large k,+1 > 0
such that

Thnt (T°" (Ynt1 + B~ " z2n) + 25 41) = TF i (2 + 20 yy) = @

If we set 2,41 = BFn+1(z, + Z541) and sp,41 = Sy, + kpt1, then by choosing 2,41 small enough,
and by (i), we can get

[y, y + 87 ena] = [y, y + 675 e + BT 0] C© Xy
for all y € P. By choosing z;,,; small enough, we also have
T (y+ B 2pg1) =T (Y + B 2n + B 25 41) =T (Y + B 20) + 24
for ally € P. If n+ 1 < h, then, by Theorem B3] we can choose k, 1 large enough such that
T4 Yy + B 2pg1) = T T (Yng2 + 87 (20 + 2141)) € P.

For n = 1, we have already chosen z| € Z[8] N [0,¢) and k; > 1 with the properties (i)—(iv).
Inductively, we obtain therefore some z;, € Z[f] N[0, 00) and s;, > 1 satisfying (i)—(iii). Note that,
by (ii) and (iil), z = z3, satisfies all the conditions of Corollary .16 with k = s;,. Furthermore, by
(iii) and (i), we have, for 1 <n < h,

T (yn + B0 2n) = T T (yo + B 20) = T (T2 (yn + B~ 2n1) + 23)
=Thr (o (TP (TR (T (g + B 2nm1) + 25) + 2hga) o) + 21)
=T (- (TF (@ + 2 40) ) + 25) = @
Similarly, we obtain
Tom(x + ™50 zy,) = Thn (- (T* (Tkl(x +2)+z2) ) +2,) =
Hence, by Corollary [£I0] zj, is an exclusive point of 7. (|

This leads us to define the following generalizations of the (F) and the (W) property, where
£ = mingep (min{z > y : 2z & X;,(,)} — y) B as in Proposition EI7 Recall that P is the set of
points in Z[8] N X with purely periodic T-expansion.

(F): P consists of only one element.
(W): 3zeP:VyeP3zcZ[B]N[0,e), k>0: TFy+2) =Tz + 2) = z.
Clearly, (F) implies (W). We have the following corollary of Proposition 17l

Corollary 4.18. Let T' satisfy the assumptions of Theorem [J.10. Then the family {T.}zezignx
forms a tiling of H if and only if (W) holds.

Remark 4.19. For the greedy [-transformation, the condition (W) given here is similar to the
property (W’) defined in [AkiO2]. Note that it is required in (W’) that there exists z € Z[8] N0, ¢)
and k > 0 satisfying (20)) for every € > 0. Corollary L8 shows that it is sufficient to consider

o . 1.8) — '
= = mig (win([By] +1,5) - By)
4.3. Tiling of the torus. Similarly to Ito and Rao ([IR06]), we can relate the tiling property of

{7z} zezipnx to the tiling property of {x+Y }xcz¢, where Y is the closure of the natural extension
domain defined in Section Bl Recall that (J,cza(x + Y) = R¢ by Lemma

Proposition 4.20. Let T satisfy the assumptions of Theorem[[.10 Then the family {X+}/>}xezd
forms a tiling of R? if and only if the family {T;}zezipnx forms a tiling of H.
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Proof. Assume first that {7;},ez(snx, is not a tiling of H. Then A*~(7, N Ty/) > 0 for some
z, 2’ € Z[F] N X, x # a’, which implies

)\d(((Jm — J,')Vl - 7;) n ((Jm/ — LL'/)Vl — 7;/)) = )\d(((Jm - ,T) N (Jm/ - ,TI))Vl - (7; N 7;/)) > 0.

Since (J; —x)vy — T = Jovi — Dy — ¥(x) C Y - U(z) and (Jpr —a’')vy — T C Y — U(z'), we
obtain A((Y — ¥(z)) N (Y — ¥(2'))) > 0, hence {x + Y}z is not a tiling.

Assume now that {7, },ezgnx forms a tiling of H. Consider a hyperplane yvi + H, y € Z[3].
We have (X — U(z)) N (yv1 4+ H) # 0 for = € Z[f)] if and only if z +y € X. Then

()? - \I/(x)) N(yvi+ H) =yvi — &(x) - Dyty =yvi+ O(y) — 7;6+y =U(y) - 7;+y-

Since {\If( ) = Taty taez[pn(x —y) forms a tiling of yv; 4+ H, we have
(( (z)) N (X V()N (yvi+H)) =0 foralz,a’ €Zp], z+#a,yeZB]

Since Z[f] is dense in R and X has the shape given in ([T}, we obtain that A4((X — ¥(z)) N (X —
U(2")) = 0, thus A ((x+Y)N (X' +Y)) = 0 for all x,x’ € Z? with x # x’. All other tiling
conditions for {x 4+ Y },¢za follow from the compactness of Y, from Lemmas B and [£71 O

) also follows from the fact that |J, oz (x + X) contains, for

Note that Lemma B3l (for ¢ = 1
(¥(y) — Toty) and thus yvi + H by Lemma [£1]

every y € Z[f], Uzez[ﬁ]m X—y)

Remark 4.21. The transformation 7 induces a toral automorphism since Tx = M, sx (mod Z4).

If furthermore S is a shift of finite type and {x + i}}xezd forms a tiling of RY, then {)/fa}aeA is a
Markov partition of the torus T¢ = R /7.

The next lemma shows that, when {x+ Y}, forms a tiling of R?, the partition { X, }aca can
be used to determine the k-th digit by () in the T-expansion of 2 up to an error term of order p*,
with p = maxa<;<q|B;| < 1. This can be used e.g. to obtain distribution properties of the k-th
digit on polynomial sequences, see [Ste02].

Lemma 4.22. For every x € X, k > 1, we have B lav, € ka(z) + Mg_le (mod Z%). If
0 € D,, then we have B¥ lav, € ka(x) (mod Z%).

Proof. By definition, we have T* 1z € Xp,(z)- Since T' is surjective, there exists some w € “A
with w - b(z) € S, and thus (w) € D,. Since 1(ou) = Tih(u) = Mpgip(u) (mod Z%), we obtain

prF ey, — Mk Lo(w) = Mg_lw(w - b(z)) = Pp(wby(z) - bp—1(x) .b(kalzzz)) € )?bk(m)
modulo Z¢. If 0 € D,, then we can choose w with ¢(w) = 0. (]

In certain cases, the partition {)/fa}ae 4 determines exactly every digit by (z).

Theorem 4.23. Let T satisfy the assumptions of Theorem[{-10 and assume that (W) holds. Then
we have, for every x € X such that 0 is an inner point of Dy, and for every k > 1,

be(z) =a if and only if B*'zvi € X, (mod Z%).

Proof. By Lemma 22 by(x) = a implies ¥ tav; € X, (mod Z%). Assume that g¥~lzv, € X,
(mod Z%) for some a # by(z), ic., that B lavy € X, N ka(m) (mod Z%). From the proof
of Lemma 22 we see that S¥~ 1:vv1 = (T*'z)vy — o(by(x) - bp_1(z)) (mod Z4). Further-
more, @(by () -+ -bg—1(x)) is an inner point of Dyr-1, since Dypr-1, contains @(by(x) - br_1(x)) +
M 571’1% and 0 is an inner point of D,. By Lemma [£.7] and since X has the shape given in (1),
we obtain that Xa N ka(m) (mod Zd) has positive Lebesgue measure. Since )/fa N ka(m) =0

in R, this implies that {x + i}}xezd is not a tiling. By Proposition [£.20 and Corollary [£.I8 this
contradicts the (W) property. O
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4.4. Examples of (multiple) tilings. Consider now the multiple tilings defined by the trans-
formations in the examples of Section B3] In Figure 8] we see the natural extension domain X
and its translation by the vectors (1,0)%, (0,1)! and (1,1)* for Examples [B.14 and The third
picture in Figure B shows X and its translations by the vectors (2,0), (0,2)¢ and (2,2)! for Ex-
ample BT7 It follows that 7 is a tiling for Examples B14] and 18] while the covering degree is 4

o

FIGURE 8. Translations of the natural extension domains of Examples 3.14]
and B8] by integer vectors, and of Example B.17 by vectors in 27Z2.

Indeed, P = {0} and thus (F) holds in Examples B.14 and For Example B.14] this was
first proved in [FS92]. For Example B0 this follows from the fact that, for any x € Z[5] N X,
every f(-expansion of minimal weight is finite, thus 7"z = 0 for some n > 0. In the following
parapraph, we give a short direct proof for P = {0} in these two examples.

For general transformations with 3 = (1 +1/5)/2 and A C {—1,0,1}, note that |32| = 1/3,
thus ¢(w) € [ﬁ, ﬁ}VQ for any w € “A. This gives D, C [ﬁ, ﬁ]vz for any x € X.

By Lemma LT3 we obtain |T'2(y)| < ﬁ = 32 for any y € P. The only z € Z[f] with |z| < 1,

To(z)| < B%,arex = 0,2 = £(B—1) = +1/8, 2 = £(8—-2) = £1/5%. In Examples[3.14 and 315
we have T2%(1/8%) =T(1/8) =0, T*(-1/8?) =T(-1/B) = 0, thus P = {0}, and T is a tiling.

In Example B.I7, we have P = {-1,-1/8,—1/3%0,1/3%}. Using Corollary B.I6] it is easy
to find a point lying in exactly 4 tiles, e.g. ®(1). Hence the covering degree is at most 4. It is
slightly harder to show that some set with non-empty interior is covered 4 times. Recall that
V={-1,-1/38,1/8}. By [[@), we have the decompositions

Dy _ D_+ D, s B D_yps
D_,= 3 +va, D_ypp= ( 3 V2> + ( 3 +V2>7 Dyjp = 3 V2,

The equalities Dy = Dy,gs = D_y,3s = D_y,5 provide a GIFS for the sets D_1, D_y,3, D13,
cf. (&), with the unique solution of non-empty compact sets

D_y=[-1/B,8va, D_1/5=[->B%v2, Disp=[-B1/B]va.

Therefore, [0, B]vs is covered 4 times by To = [—42, 8%]va, T-1 = [, 8]va, T_1/5 = [-1,8%]v2
and Tq52 = [0, 232]va. Note that an important difference between this transformation and all
other examples we are considering is that we do not have S~z € T~!{z} here.

We can generalize Example[B.15lin the following way. Let 8 be the golden ratio and take any a €

(%, 3]. It was shown in [FS08] that such a pair (3, ) gives a minimal weight transformation.
Let T be this transformation, i.e., set A = {-1,0,1}, X_; = [-fBa,—a), Xo = [, @), X; =

[, Bc). One can show that T%a = T5a, by («) - - - bs(a) = 01001, by (e) - - - bs(cr) = 100(—1)0, as in

Example BI5l By symmetry, we also have T°(—a) = T°(—a), hence V is finite. Furthermore, we

have T2(1/8%) =T(1/8) = 0, T?(—=1/B8%) = T(-1/8) = 0, thus P = {0}, and T is a tiling for any
1

choice of a € (5;11, 5]
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If @ ¢ Q(B), then b(«) is aperiodic by Theorem 3.3 By Proposition 2.14] this implies that S is
not sofic, hence there are many possibilities to obtain tilings from non-sofic shifts. Moreover, T is
not a self-affine tiling in the sense of [Pra99, [Sol97] if o & Q(3), because there exists no coloring
¢(T) with finitely many colors ¢(7;), € X, and the following two properties if ¢(7;) = ¢(Ty):

o 7, is a translate of 7y, i.e., Dy = Dy,
e the colors of the tiles constituting Mg L7, are equal to the colors in M 5 1'7;.

Indeed, there exists some x € V such that {T*a : k > 1} N J, is infinite. Take y,z € J, such that
y < T*(a) < z for some k > 1, and let k¥ be minimal with this property. Then the subdivision of
D, given by iterating (I4) k£ times is different from that of D,, which implies that the number of
colors must be infinite.

4 5. Symmetric [S-transformations. Recall that the symmetric S-transformation is defined

n [ASO7] by Tx = Sz — | Bz + 1/2J on X =[—1/2,1/2). If 8 < 3, then this means in our setting
thatA { 101} X_ 1—[ 2, 2,6’)7X0:[ 23’23) Xl [ﬁ,%)

The case 3 < 2 plays a special role. In this case, we have T-1{0} = {0}, thus Dy = {0}.
Indeed, the support X’ of the invariant measure given by the natural extension in Section [B.1] is
contained in [ — ;,g -1Hul- g, 1). Recall that it is natural to restrict T to X’ when we
consider (multiple) tilings. Then 0 ¢ P. Since P is non-empty, we have by the symmetry of the
transformation that if € P, then also —x € P, which implies that (F) cannot hold. (The fact
that T is not symmetric on the endpoints of the intervals plays no role since the endpoints are not

in Z[8].)

4.5.1. Quadratic Pisot units. If B is a quadratic Pisot unit, then Theorem 3.8 in [ASQ7] shows
that (F) holds for the symmetric S-transformation if and only if 8 > 2.

The only quadratic Pisot unit with 3 < 2 is the golden ratio 8 = (1++/5)/2. The transformation
and its natural extension is given in ExampleBI6and Figure[] and the translations of X by integer
vectors are depicted in Figure[@ By the considerations in Section 1.4 we obtain P = {41/3%}.
Here, (W) holds since z = % <e= min{(% — %)ﬁ, ( — % + %)ﬁ} = # gives

T3(1/B* + 2) = T*(2/B%) = T*(-1/B%) = T(=1/B%) = 1/,
T*(=1/8% +2) = T°(-2/B") = T*(-2/B%) = T(1/5%) = 1/B°.

Hence, Corollary [4.1§ implies that the symmetric S-transformation with a quadratic Pisot unit 3
always gives a tiling.

FIGURE 9. The natural extension domain and its translations by integer vectors
for the symmetric S-transformation with 8 = (1 ++/5)/2.
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4.5.2. Cubic Pisot units. By Lemma 1 in [Aki00], 8 > 1 is a cubic Pisot unit if and only if it is the
root of an irreducible polynomial 23 — ¢;2? — cox — c3 € Z[x] with |c3] = 1 and |ca — 1| < ¢1 + ¢3.
By Theorem 3.8 in [ASQOT], a cubic Pisot unit satisfies (F) with respect to the symmetric S3-
transformation if and only if

1
B>2 and |ﬂ—cl|<%3—|—§.
In the rest of the paper, we consider the 4 cubic Pisot units § < 2. They are given by the

polynomials #3 —z — 1 (smallest Pisot number), 2% — 2% — 1, 2% — 222+ — 1 (square of the smallest

Pisot number), and 2® — 2% — x — 1 (Tribonacci number).

Let first 8 be the smallest Pisot number, i.e., 82 = 4+ 1. We will show that 7 is a double
tiling. Here, the support of the invariant measure p is

1 p? g 35 g3 B 81
N !
27 2 F)ulp 2 272 - 2’2+2 Vs 272
The set P consists of the 8 points in the orbit of z = 3 — 23, with b(z) = (01110111)~, where we
write again 1 instead of —1. For
g 35 B3 B
relp-g-38-ofi-53ed-),
p 2 22 2°2 + 2 p
we have T2z € Y for every x € Y. Therefore, we consider the induced transformation 7y on Y.
Since Ty xz = T?x = %2 — by (x) — ba(x), Ty is a right-continuous S2-transformation with Ay =
{_/8+ 17 _17 15/8_ 1} = {_1/B47 _17 15 1//84}7 Y—1/34 = [ﬂ? - g - %7 _%); Yfl = [_ %7 g - 1)5
Vi=[1-5,55), Yip = [35.5+5 —5%). Wehave T-'Y N X' = X'\ YV and T72Y N X' =Y.
Therefore, for every z € Z[B] NY, the tile T, defined by T is equal to the tile 7,¥ defined by Ty-.

This implies
U - U w-n
z€Z[BINY z€Z[BINY
Since every x € Y has a unique preimage T 'z € X'\ Y, we obtain 7, = MgTp-1,. Hence, we
also have U, ez (51n(xn\y) T = H, and T is a multiple tiling of degree at least 2. By Corollary E.16]
®(2) lies in T3_28 and Tapg2_35. Thus, T is a double tiling and {Ey}xGZ[B]ﬁY a tiling, see Figure [Tl

T3 1011(1118 ) 7’.010010(10 POTY

;
1 LY
41I/T0111011%

FiGURE 10. The tiling {Ey}mez[ﬁ]ﬁY = {Ti}zezpny and the double tiling
{Tz}zezipinx from the symmetric S-transformation, B3 = B+ 1. The tics on
the gray lines represent integer multiples of ®(1), ®(3) and ®(/3?), respectively.
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Remark 4.24. It is conjectured that the greedy S-transformation Tgx = Sz — |fz| on X = [0,1)
produces a tiling for every Pisot unit 5. This is a version of the Pisot conjecture, and it is known
to be true for all cubic Pisot units ([ARS04]). It is therefore quite surprising that this conjecture
does not hold when we shift X from [0,1) to [-1/2,1/2) and set Tx = Bz — | Bz + 1/2].

Remark 4.25. If we do not restrict T to the support of the invariant measure, then {0,41/3%}
are purely periodic points in Z[S]N X for the symmetric B-transformation with the smallest Pisot
number. We have D, = {0} for every x € [— -1,1— ) while

{we“A: w-b(x) € 8} = [ J{£0D)¥, “0IAD)*} U{*(1])} forallze [3+2 - 5255,
k>0

hence D, consists of countably many points for these z. For = € [% —B,B%— g - %), D, is given
by symmetry.

If B is the square of the smallest Pisot number, i.e., 32 = 282 — 8 + 1, then the support
of the invariant measure is [ — ;,g Hul- g, 1) and P = {£(2 — B),£(28 — %)}, with
b(2 — B) = (0101)“. By Corollary ELI6, ®(4) is an exclusive point of T3 05252, see Figure [l
Note that MgB'T seems to be equal to the tiling {Ey}mezw]ﬂy defined above, but we do not prove
this relation in this paper.

.01111(1010)% )
%111111 103 H*

<L (1010

oy g ) -
Bo101T1i010) " SFGH &
Afel111(To10% * °

1717 (10Tvfe §
11118107

.110(010

Ea ™ &n

$61101(1010)«

e

.1101(10107% W ftbr ]
B01T111¢5010)«
{ “f33111(1010

sty 3

1111( - £ 4
1101117@ 18 4
L01QT 154101

&£ +0T1T1(1Q10)«

~3

Vh gy

7 1(1010)

FIGURE 11. Tilings from the symmetric -transformation, 43 = 282 — 3+1 (left)
and 3% = % +1 (right).

The case 32 = 3% + 1 is very similar to the preceding one. We have P = {+1/3% 41/33},
b(1/8%) = (0101)¥, and ®(4) is an exclusive point of T;_z_ g2, see Figure [1l

Finally, let 8 be the Tribonacci number, i.e., 32 = 82 + 8 + 1. The support of the invariant
measure is X' = [ — 1, —#) u [Qég, 1) and P={+1/8% +1/8% £(1 —1/8)}, with b(1/83%) =
(011)«, b(—1/B%) = (011)*. The degree of the multiple tiling is at most 2 since ®(4) lies in the
tiles T3_p2 and Ty_op2, see Figure

Proving that 7 is not a tiling is more complicated than for the smallest Pisot number and for
Example[3I71 We use the description of T-admissible sequences in Theorem 2.5 and the transducer
in Figure [I3] to show that the subtile METTO(IOT)‘“ of T.(101)~ is also contained in 7,11y«

By Remark 236, v = wjug - -- € A¥ is T-admissible if and only if

b(—1/2) = (1001)* =< upupyy - -~ < (1001)% = b(1/2) for all k > 1.
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Lo01o({101)4

FIGURE 12. Double tiling from the symmetric S-transformation, 53 = 82 + 8 + 1.

Therefore, S is a shift of finite type with forbidden sequences 11,101, 1000, 1001, 11, 101, 1000, 1001.
The set S is obtained from S by excluding the sequences ending with (1001)“. Restricting 7' to
X’ means that we have to exclude

b(g5) = 000(1001)* < wptgys -+ < 000(1001)* = b(ghs) forall k> 1,

i.e., the sequence 000 is forbidden as well.

11

T(lOi)“\(Oli)wO'_T V\/vl
0lo A//
Cooi;o .101; .

0/0

FIGURE 13. Transducer showing that 7 is a double tiling, 53 = 32 + 3 + 1.
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The nodes of the transducer in Figure have labels (z;v), where x = .u stands for the
real number w0 and v is given by the outputs of the incoming paths. E.g., in (.01;001) we have
x = 1/B2, and there exists an incoming path with edges &&L which implies that the output
of the outgoing transition can only be 1. (The incoming path <‘—<‘— imposes less restrictions

on the following output.) For every transition (x;v) alay (2';v"), we have 2/ = (x +a — a’)/B.

Consider a sequence of transitions starting in (.01;001),

’ ’
wo |w, wfl w w_z|w

(:01;001) = (zo;v0) — (z15v1) Y (ro;ve)  —

Since .(101)¥ = 1 — 1/8 and .(011)* = 1/83, we have ( 1)» (011 @ =1/p% = x9. By the
construction of the transducer, we obtain zj41 = «w_j - - - wp (101 "o wh(011) for every
k > 0. This means that

pw g~ wo) + D(-(L01)*) = p(w’ -~ wh) + D(-(OL1)*) + M5 D(ays1).

It can be easily verified that - - - w’ jw} - (011)% € S since the forbidden sequences given above are
avoided in the output of the transducer. Since x; is bounded and Mg is contracting on H, we
obtain therefore that o(---w_1wo) + ®(-(101)*) = (- - - w’ ywp) + (-(011)*) € T, (p11)«

For proving METTOOOT)“ C T.(011)~, it remains to show that every sequence 10101w_sw_g - - -
satisfying - - - w_gw_510101 - (101)~ € S is the input of a path in the transducer. The paths with
input 10101 starting in (.01;001) lead to the set of states

Q1 = {(.101;1), (.001;01), (.01;01), (.11;1)}.
We show that every path 10101w_s - --w_g, k > 5, with w_; = 1 leads to one of the sets
Q1 = {(-101;T), (.001;01), (.01;001), (-11; 1)}
Q2 = {(-101; 1), (.001;01), (.00T; 1), (-011;001)},
— {(:01;001), (-11;T), (-101;0T), (-001; 1)},
— {(-101;1), (.001;01), (.011;001), (-11;T)},
= {(.001;1), (.101; 1), (-011;01)},
and that every path 10101w_5 - - w_y, k > 5, with w_j, = 1, leads to one of the sets Q1, Q2, Qs,
Q4, Qs, where Q; is defined by exchanging 1 and 1 in @);. We have the transitions

Q1 Q2 Q1 5 Q1, Q1 25 Q3, Q2 — Qu, Qs 5 Qs, Q2 25 Q3, Qs — Qs, Qs 5 Q1

001 ~ 001

Qs 25 Qs, Qs — Qu, Qs 25 Q3, Qs 25 Q3, Qs — Q1, Q5 — Qs, Q5 =5 Qs.

2

~ o~ o~ o~

Together with the symmetric transitions @Q; g Qj, this shows inductively the assertion. Since
)\d_l(D,io(loi)w) > 0, we have shown that 7 is not a tiling, but a double tiling.

Remark 4.26. In the transducer in Figure [[3] every output gives a T-admissible sequence. It is
possible to construct a similar (but larger) transducer where both the input and the output give
T-admissible sequences. This means that almost every point in 7 101y« N T.(017)~ is represented
by a unique path in the new transducer. Then this intersection has positive measure if and only
if the largest eigenvalue of the new transducer is equal to 3, cf. Corollary 5.3 in [Sie04]. Since
the set of differences y —  with 7, N7, # 0 is finite by Proposition .8 this provides an effective
method for deciding the tiling property whenever S is a sofic shift, cf. Theorem 4.1 in [ST10] and
Theorem 5.4 in [Sie04].
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