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Consistency of capillary wave theory in three dimensions: Divergence 
of the interface width and agreement with density functional theory 
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We compare the predictions of the capillary wave model for fluid interfaces with known exact 
expressions, due to Triezenberg, Zwanzig, and Wertheim, that relate the surface tension to the 
interfacial structure, and find agreement in all dimensions. It is shown that contrary to the case 
d < 3, the interfacial pair correlation function does not obey scaling in d = 3 dimensions on 
length scales less than the capillary length Lc. Nevertheless, once the sensitive dependence on 
the gravitational field and the short distance cutoff is properly taken into account, we find no 
evidence for recent allegations that the capillary wave model leads to inherently inconsistent 
results for the direct correlation function in d = 3. Several issues regarding the connection with 
density functional theory and the interpretation of the Triezenberg-Zwanzig formula, on 
which these results touch, are discussed. 

I. INTRODUCTION 

Recently Ciach 1 and Requardt and Wagner2 have raised 
questions about the validity of the Triezenberg-Zwanzig 
(TZ) formula3 for the surface tension u of a planar liquid­
vapor interface in the particularly relevant case of d = 3 di­
mensions. They used the capillary wave model4

-6 to calcu­
late the second moment of the direct correlation function, 
which appears in the TZ formula [see Eq. (3.10) below], 
and claimed that the result was divergent or ill-defined for 
d = 3. This led to criticism ofthe density functional formal­
ism 7-9 used to derive the TZ formula and to questions about 
the validity of the conventional capillary wave model as well. 
A breakdown of the capillary wave picture would indeed 
have far-reaching consequences, both for general theories of 
interfacial properties 7 as well as in detailed treatments of 
wetting lO and roughening transitions." For example, Re­
quardt and Wagner have suggested that liquid-vapor inter­
faces may not be "rough" for d = 3, i.e., may not have a 
diverging interface width as the external field strength tends 
to zero. 

However, we believe that these concerns are unfounded. 
A general derivation of the TZ formula and discussion of 
some of the broader issues is given elsewhere. 12 Here we 
further analyze the capillary wave model in the light of the 
objections that have been raised. We follow in detail the 
treatment of the capillary wave model given by Bedeaux and 
Weeks.6 While their basic formalism is valid for arbitrary d, 
the simple scaling analysis they carried out is applicable only 
for d < 3. The case d = 3 represents a crossover dimension 
below which interface fluctuations are sufficiently strong to 
produce a diverging interface width Was the external field 
strength tends to zero, while for d> 3 the interface width 
remains finite. As would be expected, a more careful treat­
ment is required for d = 3, and this calculation is one of the 
objects of this paper. 

While there are several other technical points where we 
disagree with the analysis of Ciach and of Requardt and 

Wagner, we argue that their basic error lies in an inadequate 
treatment of effects arising from the existence of a finite ex­
ternal field. Capillary wave theory explicitly considers a 
nonzero external gravitational field J3 ¢o(z) = mgz, which 
produces macroscopic phase separation in an infinite system 
for any field strength g> O. A further consequence is the 
existence of a field-dependent length scale, the capillary 
length L c ' where 

Lc == [ulmgap] 1/2, (1.1 ) 

on which there is exponential decay of the pair correlation 
function H in the interfacial region.6 Here u is the macro­
scopic surface tension and .6.p = PI - Pv the density differ­
ence between the two bulk phases. We assume that the tem­
perature is sufficiently far below the critical temperature Tc 
that u and.6.p can be treated as finite positive constants, and 
that g is small enough that Lc ~ 5 B' with 5 B the bulk correla­
tion length. If this decay of the pair correlation function is 
taken into account, then its inverse function, the direct cor­
relation function C is well-defined and the anomalies found 
by Ciach and by Requardt and Wagner disappear. A non­
zero field is required more generally in order to describe a 
two-phase system using the grand ensemble,5 and to satisfy a 
basic assumption of the density functional formalism leading 
to the TZ formula-the existence of an invertible relation 
between the external field and the density. 

As has been stressed many times, the most convenient 
way to think about capillary wave theory is in the limit 
g-+O+, i.e., g arbitrarily small but nonzero.6.14.15 We will 
generally work out results to dominating order in this limit, 
which implies that Lc and (for d..;;3) Ware arbitrarily large 
but finite. There are profound physical and mathematical 
differences 12 between this case and the degenerate case with 
g==O. This sensitive dependence on the external field 
strength is actually a general property of systems where two­
phase coexistence is possible. Indeed, the fact that finite but 
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arbitrarily weak external fields continue to play an essential 
role as the thermodynamic limit is taken is often used in the 
rigorous mathematical theory of phase transitions as a signa­
ture of two-phase coexistence. 16,17 A familiar example in­
volving bulk phases at coexistence is the Ising model below 
Tc. A finite magnetization is found in the presence of an 
arbitrarily small external field, while in the complete absence 
of any symmetry-breaking field the (ensemble-averaged) 
magnetization vanishes by symmetry. The fact that these 
two limits do not coincide is obvious physically and causes 
no problems in the mathematical analysis. Similarly, the 
thermodynamic limit should be taken at finite g in capillary 
wave theory. 

The plan of this paper is as follows. In Sees. II and III, 
we first summarize some of the results for the capillary wave 
model obtained previously by Bedeaux and Weeks6 (BW) 
and report some new results that follow in a straightforward 
manner. The capillary wave model requires a short-distance 
"ultraviolet" cutoff to be well-defined, and in Secs. III and 
IV we discuss the sensitivity of our results to the choice of the 
cutoff. This issue becomes particularly important for d = 3. 
We find that most features of the (long-ranged) pair correla­
tion function H are independent of the cutoff. On the other 
hand, the inverse of H, the direct correlation function C, has 
several features that do depend on the short-ranged behavior 
of the model, e.g., whether a sharp or smooth cutoff is used in 
the capillary wave Hamiltonian. We analyze in Sec. IV the 
scaling behavior6,14 of the pair correlation function H. As we 
shall see, for dimension d < 3, H assumes a scaling form on 
all length scales larger than the cutoff, whereas in d = 3, 
scaling is found only on length scales that diverge as the 
capillary length Lc tends to infinity. In Secs. V and VI, we 
turn to an explicit evaluation of C in d = 3 and to a discus­
sion of the issues raised by Ciach,1 and by Requardt and 
Wagner.2 Although we can only obtain C approximately in 
d = 3, our results indicate that consistent behavior is found 
when external field effects are taken into account. In Sec. VII 
we conclude with a discussion of some of the broader issues 
this work touches on. 

II. REVIEW OF CAPILLARY WAVE THEORY 

We assume that the reader is familiar with the treatment 
of BW6 and so we will be brief in our discussion here. For 
simplicity, we consider an infinite system in the presence of a 
finite gravitational field ifJo(z) = mgz, so that the continuum 
limit can be taken. Our coordinate system has been chosen so 
the Gibbs dividing surface is at the z = 0 plane. After a par­
tial integration over short wavelength degrees of free­
dom,5,6,18 the interface Hamiltonian controlling long wave­
length interface distortions can be determined from 
thermodynamic arguments. It has contributions from the 
change in area of the distorted surface times the surface ten­
sion and from work against the external gravitational field.4 

If we represent the vertical displacement of the distorted 
Gibbs dividing surface at position r in the z = 0 plane by 
z = h(r), the interface Hamiltonian for small distortions 
with Vh(r) ~ 1 can be written as 

Hcw[{h(q)}] = ~(2~r-1 

xi dqh(q)h( -q)[q2+Lc- 2], 
Iql<qmax 

(2.1) 

where h(q) is the Fourier transform of the interface distor­
tion h(r): 

h(q)== fdrh(r)e-;q·r, (2.2) 

and rand q are d - 1 dimensional vectors. The coarse grain­
ing over short wavelength degrees of freedom leads to the 
simple single-valued interface Hamiltonian (2.1) when fluc­
tuations up to O(SB) are integrated out.5,6,18 The interface 
Hamiltonian can consistently describe the remaining long 
wavelength interface degrees of freedom provided that the 
integration in Eq. (2.1) is restricted to wave vectors 
Iql <qrnax a:. 5 i I. This "sharp cutoff" is simple to treat math­
ematically, but one must keep in mind that it can introduce 
some artifical features, 19 especially at small r. Whenever pos­
sible, the short-distance behavior at "microscopic" scales 
rs.q;;'a~ calculated using Eq. (2.1) is taken to be a smooth 
extrapolation of the behavior seen on larger scales. Results 
depending specifically on the value of the cutoff are likely to 
be artifacts of this approximation. We can expect universal 
(model independent) behavior only for properties indepen­
dent of the cutoff that are dominated by long wavelength 
fluctuations, where the thermodynamic arguments leading 
to Eq. (2.1) are valid. 

A fundamental measure of interface fluctuations is 
given by the height-height correlation function S(r) 
==(h(r + s)h(s», where ( ) denotes an ensemble average 
taken using the interface Hamiltonian (2.1). We have then 

(2.3) 

Here /3 = (k B n - I, with T the .temperature. The mean 
squared height fluctuations give a measure of the interface 
width W, defined as 

W 2 ==S(O), (2.4) 

and we also define the height difference correlation func­
tion5 ,14 

G(r) ==!( [h(r + s) - h(s) F) = w2 - S(r). (2.5) 

ClearlyG(O) =OandG(oo) = W 2.Moredetailedinforma­
tion about interface height correlations is given by the singlet 
height distribution function p(z) == (<5[h(r) - z]) and the 
pair function P(ZI' Z2' r\2) == (<5[h(r l ) - ztl<5[h(r2) 
- Z2])' BW find 

(2.6) 

and, in a particularly convenient representation, 

P(ZI' Z2' r\2) = exp[s(r\2)~]P(ZI)P(Z2)' (2.7) 
JZ1JZ2 

where the exponential operator is defined by its Taylor series 
expansion. 
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Density fluctuations are related to interface height fluc­
tuations by the assumption that the local coarse-grained 
density at some point R = (r, z) in a particular configura­
tion of heights {h} is the bulk vapor (liquid) density pro­
vided the point is located above (below) the distorted sur­
face whose location is given by h (r). Thus the local "density 
operator" is 

Pop (R, {h}) ==!(PI + Pv) +! ap sgn[h(r) - z], (2.8) 

and the average density profile p(z) = (Pop (R, {h}» satis­
fies the equation 

or 

dp(z) ==p'(z) = _ app(z) 
dz 

p(z) =~(PI +Pv) _~aperrf_Z_). 
2 2 "\~w: 

Similarly, the pair correlation junction 

H(zl' Z2' r 12 ) == < [Pop (R I , {h}) - P(ZI)] 

X [Pop (R2, {h}) - P(Z2) ]) 

(2.9) 

(2.10) 

is easily seen from Eqs. (2.7)-(2.9) to satisfy the equation 

H(zl' Z2' r 12 ) = {exp[S(rI2)~] - I} 
aZI aZ2 

Xp(ZI)P(Z2)' ( 2.11) 

Expanding Eq. (2.11) and noting that derivatives of p(z) 
vanish far from the interface we find that on integration over 
Z2 only the linear term survives: 

J dZ2 H(zl' Z2' r 12 ) = - S(rI2 )ap dp(zl)ldzl · (2.12) 

For completeness we mention two other exact represen­
tations of H that can easily be derived from the results of 
BW. Differentiating Eq. (2.11) with respect to z I and Z2' we 
note that the result can be written in the form ofEq. (2.11) 
withp(z) replaced by p'(z). Defining the Fourier transform 
in the vertical direction by 

f(k) = J: 00 dzj(z)e - ikz, (2.13) 

and using Eqs. (2.6) and (2.9), we find on taking transforms 

H-(k k )_(A)2112W2(ki+Q) 
I' 2' r12 - u.p e 

(2.14 ) 

Finally, comparing Eq. (2.11) differentiated with respect to 
r 12 and to Zl and Z2' and using Eqs. (3.9) and (3.11) ofBW 
yields 

(ap)2larCSin[S(r")IW2J _ 
H(zl' Z2' r 12 ) = --- da 

211" a 

[ 
- (zi + ~ ) + 2Z l Z2 sin a] 

X~p . 
2W 2 cos2 a 

(2.15 ) 

For Zl = Z2 = 0, we have 

(2.16) 

which is equivalent to Eq. (4.8) ofBW. These equations are 
exact for the capillary wave model and hold in all dimen­
sions. 

III. GENERAL RESULTS 

We first show that the modified version of the TZ for­
mula for the surface tension derived by Wertheim,20 which 
we call the TZW formula, 

is satisfied as an identity in capillary wave theory in all di­
mensions. UsingEq. (2.12) inEq. (3.1) we have 

(pmg) 
2 2J .2 pu= (ap) drI2'12S(r12) 

2(d - 1) 

or 

(pmg) 2 a a A 

pu= 2(d _ 1) aq 'aqS(q) Iq=o, 

where, from Eq. (2.3), for small q, 

S(q) == J dr S(r)e- iq;r 

=------
pu[ q2 + L c-

2
] 

(3.2) 

(3.3 ) 

(3.4 ) 

Using Eq. (1.1), we see that Eq. (3.3) is indeed satisfied 
identically. This result only involves properties ofS(q) for q 
near zero and is independent of the cutoff at q = qrnax' Hence 
it also should hold for any microscopic model which may 
differ from the capillary wave model on small length scales 
but which satisfies Eq. (3.4) for arbitrarily long wavelength 
distortions. 

Note that Eq. (3.1) is satisfied identically provided that 
the macroscopic u and not some "bare" u B is used in the 
interface Hamiltonian (2.1) .5,6,14,18,19 Strictly speaking, it is 
only for arbitrarily long wavelength distortions that the sim­
ple quadratic Hamiltonian (2.1) is correct; such distortions 
are clearly controlled by the macroscopic u. Technically, in 
order to reproduce this limit correctly, we must make such a 
choice for u since the coupling constant in a Gaussian Ham­
iltonian does not get renormalized. Alternatively, we can 
think of Eq. (3.1) as a "sum rule" that fixes u B = u in the 
simple capillary wave model. In the interpretation of 
Weeks,5 the quadratic model with UB = u then holds as a 
good approximation for shorter wavelength distortions, 
even down to distortions with wavelengths of O(SB)' 

Note also that capillary wave theory does not give a 
prescription for actually calculating the surface tension; 
rather u is a parameter appearing in the interface Hamilto­
nian. Thus Eq. (3.1) is best thought of as a consistency con­
dition which correlation functions calculated from the theo­
ry must obey. 

An exact treatment of interface distortions approxi­
mately described by Eq. (2.1) could in principle be carried 
out using renormalization group methods. 2 I For shorter 
wavelength distortions there must be interactions between 
the "normal modes" given in Eq. (2.1); these could be reex-
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pressed using a wave-vector dependent u(q) in Eq. (2.1), 
with only the long wavelength limit u(q-O) given by the 
macroscopic value. Kayser22 and van Leeuwen and 
Sengers23 have considered interesting phenomenological ex­
tensions of the capillary wave model based on this idea. 
Here, however, we continue to use the simple quadratic 
model with U B = U as an approximate representation of the 
shorter wavelength distortions, but attribute universal sig­
nificance only to those results, such as Eq. (3.3), which are 
independent of the cutoff and dominated by arbitrarily long 
wavelength fluctuations. 

Most of the controversy has involved properties of the 
(generalized) direct correlation/unction C, which is defined 
as the inverse of H: 

J dZ3 J dr3 H(zl' Z3' rI3 )C(z3' Z2' '32) 

= O(ZI - Z2)0(r l - r2). (3.5) 

While a calculation of C in d = 3 has some subtle features 
that are discussed in the next sections, it is easy to show that 
the TZ formula is satisfied exactly in all d. Multiplying Eq. 
(2.12) by C(Z3' ZI' r I3 ) and integrating over RI = (r l , ZI) 
yields from Eq. (3.5) 

-Ilp J dZ I J drl C(Z3' ZI' r31 )p'(zl)S(r\2) 

= 0(r3 - r 2 ), (3.6) 

or, taking Fourier transforms, 

J 
A A I 

dZ3 C(ZI' Z3' q)P'(Z3) = - [IlpS(q)]- (3.7a) 

= - {3u [ 2 + L - 2] IIp q c' 
(3.7b) 

using Eq. (3.4). Formally taking inverse transforms gives 

(3.8) 

Since the 0 functions in the definition of the inverse in 
Eq. (3.5) directly involve short-distance behavior, we ex­
pect that some features of C will depend on the choice of the 
cutoff. Thus, strictly speaking, the 0 functions in Eq. (3.8) 
should be understood as 0 functions on scales larger than the 
microscopic scale q;;;a~' since our use of the cutoff for 
q> qmax does not allow a precise determination of the micro­
scopic scale. That is, when integrated over r3 the zeroth and 
second moments computed from Eq. (3.8) are correctly giv­
en by treating the functions as true 0 functions, in exact 
agreement with the moments computed from the more fun­
damental Eq. (3.7). Note that the values of the zeroth and 
second moments so calculated from Eq. (3.7) or (3.8) rely 
on Eq. (3.4) for small q only, and are independent of the 
cutoff. As shown below, both are in complete agreement 
with exact identities. On the other hand, the apparent strict 
vanishing of all higher order moments in Eq. (3. 7b) depends 
explicitly on the assumption of a sharp cutoff, so this predic­
tion cannot be universal. A microscopic model with a differ-

ent treatment of the cutoff could have some additional struc­
ture on the short length scale, and different values for higher 
moments.24 

These equations show that C has very simple properties 
when "projected" intop'(z) as in Eq. (3.7) or (3.8).12 It is 
precisely this projected combination that appears in the for-
mula . 

- {3mg = J dZ3 J dr3 C(ZI' Z3' rI3 )p'(z3)' (3.9) 

first derived by Wertheim20 and by Lovett et al.,9 and in the 
original TZ formula3 for the surface tension 

{3u= - 1 Jdz I Jdz2Jdr21"i2P'(ZI) 
2(d - 1) 

XC(ZI' Z2' r\2)p'(z2)' (3.10) 

Using Eqs. (1.1) and (3.7) or Eq. (3.8) we see that Eqs. 
(3.9) and (3.10) are again satisfied as identities in the capil­
lary wave model. In particular, the capillary wave model (in 
all dimensions) is consistent with the TZ formula (3.10). 
This is not surprising since capillary wave theory is based on 
the same fundamental idea that is used to derive the TZ 
formula: the change in free energy for long wavelength inter­
face distortions is given by the macroscopic surface tension 
times the change in area. 

Stecki and co-workers24.25 have defined a "conditional" 
direct correlation function in terms of the inverse of Pin Eq. 
(2.7), which is supposed to have especially simple proper­
ties. They argued that it is accurately approximated by 
C(ZI' Z2' r\2)p'(z2)' Equation (3.7) or (3.8) are exact re­
sults (within the capillary wave model) for the integral over 
Z2 of this combination offunctions, and we see that the result 
is short-ranged in r\2' 

Note that Eq. (3.1) holds true precisely because g> 0, 
so that the second moment of H exists. This same require­
ment is implicit in Eq. (3.10), in order that the inverse func­
tion C is well-defined. To argue that the second moment of C 
does not exist under these conditions l

•
2 requires that Cis 

even longer-ranged than H! This is certainly not the case for 
the projection of C given in Eq. (3.7) or (3.8). In the next 
sections we tum to a direct calculation of C, concentrating 
on the contentious case d = 3. We first discuss attempts to 
apply scaling concepts used for d < 3 to the case of d = 3, 
where we disagree with several conclusions of Ciach and 
Requardt and Wagner. 

IV. SCALING BEHAVIOR OF H 

A. Scaling theory for d < 3 

Ford <3,BWshowedthatasg-0+ (Lc - 00 ),Hcould 
be put into the scaling form 14 

H(ZI' Z2' r 12; g,qmax) = Hs (71,72, X I2 ), (4.1) 

where distances normal to the interface are scaled by the 
interface width: 

Z 7=--, 
'-'2w 

(4.2) 

and the transverse distances along the interface scaled by the 
capillary length Lc : 
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(4.3) 

We have explicitly indicated on the left-hand side of Eq. 
( 4.1) the dependence of the correlation function H on the 
two parameters g and qmax in the capillary wave Hamilto­
nian (2.1). The right-hand side indicates that for d < 3 the 
only dependence on g in H to dominant order as g-+O+ is 
through its effects on the arguments T and x. In general, the 
subscript s will be used to denote a scaling function for which 
the only dependence ong asg-+O+ is through its arguments. 

The fact that Eq. (4.1) holds for all r ~ q;;'a~ for d < 3 can 
easily be seen by rewriting Eq. (2.11) as 

H(zl' Z2' r 12 ) = {exp[~ /(rI2)~] - I} 
2 aTI aT2 

Xps(T1 )Ps(T2 ), (4.4) 

where the normalized height correlation function/is 

/(r 12 ) =S(rI2)/S(O), 

(4.5) 

andps (T) = p(z) is the right-hand sideofEq. (2.10). Clear­
ly / (r12 ) tends to unity for small r 12 and from Eq. (2.3) it 
vanishes exponentially for r l2 ~ Lc. 

For d < 3 we can ignore the restriction on qmax in Eq. 
(2.3) asg-+O+, since the integral converges as q-+ 00 and is 
dominated by the small q behavior. As usual, the results so 
obtained will give the behavior to dominant order as g -+ 0 + . 
As shown by BW, Sis then a function of the scaled variable x 
in Eq. (4.3) and/ has the scaling form 

/(r 12 ) =!s(XI2 ), (4.6) 

where for small x, 

!sex) = l_cx3
-

d + ... (4.7) 

with c a known constant of O( 1 ). 
Equation (4.4) together with Eq. (4.6) explicitly shows 

that H indeed has the scaling form given in Eq. (4.1) on all 
length scales r~ q;;'a~' Contrary to the conclusion reached by 
Ciach after her Eq. (2.1 b), the validity of the scaling form 
for H is not inconsistent with known results for P. Ciach's 
argument can be seen most easily by rewriting Eq. (2.7) in 
scaled variables, similar to Eq. (4.4). Using Eqs. (2.9) and 
(2.10), this suggests that Pis O( W- 2

). However, the fact 
that P(ZI' Z2' r 12 )/p(z2) plays the role ofa conditional prob­
ability shows that P is actually O( W -I) for small r12• The 
apparent inconsistency disappears if one realizes that the 
exponential operator is not necessarily "of order unity." In­
deed it is easy to check that Eq. (2.7) leads exactly to 
P(ZI, Z2' r 12 ) -+p(z2)8(zl - Z2) for r 12 -+O, as one would ex­
pect intuitively. The "intrinsic structure" discussed by 
Ciach for small r 12 is simply that given by the short distance 
behavior of the height difference correlation function G(r) 
in Eq. (2.5) for q;;'a~ S, r4,Lc and this is perfectly consistent 
with predictions of the scaling analysis, which uses the 
equivalent function S(r) in Eq. (2.3). Our analysis is more 
general since we also consider the limiting behavior for 
r> Lc where S(r) -+0 and G(r) -+ W 2. To properly describe 
d = 3 it is necessary to consider both large scales where T and 
x are O( 1) as well as the behavior at shorter distances. 

The scaling of H implies a similar scaling form for the 

inverse function C. Defining a scaled direct correlation func­
tion Cs by 

J dT3 J dX3Hs(TI,T3,X13)Cs(T3,T2,X32) 

= 8( TI - T2 )8(x1 - x2 ), (4.8) 

we have on comparing with Eq. (3.5) the small g scaling 
result 

(4.9) 

As g -+ 0+ , these are exact results for the capillary wave mod­
el for d < 3. Again, other models with a different treatment of 
the microscopic cutoff19

•
24

,25 will have different (nonuniver­
sal) behavior on the microscopic scale of O(SB ). 

The fact that C in Eq. (4.9) can be expressed in terms of 
scaling variables is not inconsistent with C being short 
ranged, as Eq. (3.8) suggests. Indeed explicit calculations6 

in d = 2 show that C can be written exactly in terms of 8 
functions of the scaled variables. As we will see, the domi­
nant term in d = 3 has exactly the same form. 

B. Lack of scaling for d=3 

For d = 3 we can no longer ignore the cutoff at qmax in 
computing S and the simple scaling analysis given above 
breaks down.26 Instead, as shown by BW, we have from Eq. 
(2.3) asLc-+oo ind= 3 

W 2 = S(O) = _1_ ln(L c qmax)' (4.10) 
21Tf3U 

Although Eq. (4.10) formally depends on the choice of cut­
off qmax' its dependence is so weak for Lc large that any 
reasonable choice gives virtually the same result. However, 
we will keep the formal cutoff dependence in Eq. (4.10), 
since in other expressions it will become much more signifi­
cant. Similarly, the height-height correlation function in 
d = 3 is6 

(4.11 ) 

where Ko is the modified Bessel function of the second kind. 
Thusforq;;'a~s'r,J(r) from Eqs. (4.5) and (4.11) has the 
form 

fer) = Ko(x) l. (x) 

21Tf3uW 2 --WZ-' (4.12) 

where x=r/Lc' Although Eq. (4.12) shows that/ for r~ 
q;;'a~ can be written in terms of the scaling variable x, we have 
put a bar overl. in Eq. (4.12) to remind us thatl. (x) is not 
O( 1) for small x, unlike the previous result, Eq. (4.7), which 
was valid for d < 3. By definition, fer) tends to unity for 
small rsol. (x) inEq. (4.12) tends to W 2 forsmallx. This 
singular behavior of the "scaling function"!. for d = 3 must 
be kept in mind in what follows. 

In particular, it is not true that!. (x)/W 2 is uniformly 
small as W-+ 00 (g-+O+). Ratherwefindforq;;'a~ s'r4,Lc in 
Eq. (4.12) 
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and for r1?,Le 
( nih) 112e - x 

f(r)::::: 21T/3UW2 

(4.13) 

(4.14) 

Thusf(r)::::: 1/2 for r:::::L !12,j(r)::::: W- 2 for r:::::Le, with ex­
ponential decay to zero for r>Le' 

The implications for scaling of H in d = 3 follow from 
Eqs. (4.12) and (4.4). For general r 12 we can conclude only 
that 

(4.15 ) 

However, at very large r, whenf(r) ~ 1, only the linear term 
in the exponential operator in Eq. (4.4) is important and we 
then have H:::::W- 2Hs(7"I,7"2'X I2 ). This limiting scaling 
form was assumed to be generally correct by Requardt and 
Wagnerin their Eq. (3.14), which is simply the linear term 
ofourEq. (4.4): 

H-l.. KO(x 12 ) dps(7"I) dps(7"2) 

- 2 21T/3UW2 d7"1 d7"2' 
(4.16) 

Althoughfcan (formally) be put into a scaling form for 
q';a! :S: r, it is only at much larger r (a distance much greater 
than, say,L !12) thatH takes on the scaling form assumed by 
Requardt and Wagner. 

Equation (4.16) does give the correct asymptotic be­
havior for H at these very large separations6 and it is the only 
term in the expansion of H that survives when integrated 
over Z as in Eq. (2.12). Thus the TZW formula (3.1) pro­
jects out all parts of H except for the right-hand side of Eq. 
( 4.16). This projected H takes on the Requardt and Wagner 
scaling form for q';a! :S: r, but the full H does so only at much 
larger r. 

This slow approach to the asymptotic scaling form in 
d = 3 contrasts to that found earlier for d < 3 and also differs 
from d> 3.26 In the latter case,6.14 the asymptotic form 
H :::::r- 9 Hs (7"1,7"2' x 12 ) with () = d - 3 is again valid on 
scales larger than the cutoff, with corrections to this domi­
nant behavior falling off as r- 29. For r1?,Le, H again vanish­
es exponentially. 

V. CALCULATION OF THE DOMINANT TERM IN C FOR 
d=3 

An exact and closed form calculation of C for the capil­
lary wave model appears to be possible only for d = 2, as 
carried out by BW. Here we calculate the dominant term in 
C for fixed ZI' z2~Wand r12~Le in the limit g-+O+ for 
d=3. 

Taking Fourier transforms ofEq. (3.5) we have 

(5.1 ) 
A A A 

Let Hr (7"1,7"2' q) =.H(ZI' Z2, q) and define Cr (71,72, q) by 
the equation 

I A A 

d73 Hr (7"1,7"3' q) Cr (73,72, q) = o( 71 - 72), (5.2) 

Comparing with Eq. (5.1) we see that 

2A 
Cr (71, 7"2' q) = 2W C(ZI' Z2' q). (5.3 ) 

These transformations are just convenient changes of vari­
~bles and involve no scaling assumptions. In particular, 
Cr (71,72, q) may have some explicit dependence on g in 
addition to that implied by its dependence on 7. 

We now make use of the detailed eigenfunction expan­
sions of BW, which follow directly from Eq. (4.4). Though 
they assumed the scaling form for/in Eq. (4.6) appropriate 
for d < 3, the form of their results holds also for d = 3 pro­
vided we use the (unscaled) f( r) and take transforms using 
the unscaled wave vector q as in Eq. (5.1). Thus Eq. (6.8) of 
BW can be written more generally as 

HA ( ) _ -1I2?'-1I2~(An)2_1_ 
r 7 1,72, q - e ~ 

2[ii 

where 

im(q)=. I dr [f(r)]me-iq'r, (5.5) 

and tP m ( 7") is the harmonic oscillator eigenfunction: 

tPm (7)=.Hm (-T)e- 1I2r'[[ii2mml] -112, (5.6) 

with Hm a Hermite polynominal. We are also interested in 
the interface moments 

fm.o =. I dr[f(r)]m (5.7) 

and 

(5.8) 

which can be obtained formally from the power series expan­
sion about q = 0 ofEq. (5.5). 

It follows from Eq. (5.4) and the completeness relation 
for the tPm that Cr in Eq. (5.2) is given by 

AC ( ) _ 112?, + 112 >1( A ) - 22 r:::. 
r 7 1,72, q - e {')'P 'l/ 1T 

'" (m + 1) 
X L x . tPm(71)tPm(72)· (5.9) 

m=ofm+l(q) 

This is the analog ofEq. (6.10) ofBW. These equations hold 
in all dimensions since no assumptions about the scaling of 
f(r) have been made. 

We now tum to an evaluation of Eq. (5.5) in d = 3, 
noting that to dominant order the q;;'a~ term in Eq. (4.11) 
can be ignored in the integration over r in Eq. (5.5). Thus 
Eq. (5.5) can be written for d = 3 as 

J; (q) = 1 Idre iq.r[K (r/L )]m. (5.10) 
m (21T/3uW2)m 0 e 

We have been able to carry out the integration in (5.10) 
exactly only for m = 1 and m = 2, yielding27 

L2 
il(q) = /3uW2(1e+ Q2) , (5.11) 

where Q=.q Le, in agreement with Eq. (3.4), and28 
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A 211' L 2 1 f ( ) - c 1 [ 2 112 
2 q - (211'{3uw2)2 2(u2 _ 1) 112 n u + (u - 1) ], 

(5.12) 

where u=1 + Q212. Equations (5.11) and (5.12) exhibit 
very different behaviors, depending on what value of the 
wave vector q we consider. For any q).L c-I, and hence any 
fixed q > 0 as Lc -+ 00, Eqs. (5.11) and (5.12) give to domi­
nant order 

A 1 
J; (q) 'Z (3uW2q2 ' 

A 211'L~lnQ2 
J;(q) 'Z (211'{3uW 2)2Q2 

'Z fJ, 2 2 2 [1 + O( W-21n q)], 
uW q 

(5.13a) 

(5.13b) 

where we have used Eq. (4.10). By taking inverse trans­
forms, these approximations can be used to describe the 
functionsJ; (r) andJ;(r) for fixed r~Lc' 

On the other hand, moments of thefm (r) are deter­
mined by the limit Q-+O in Eqs. (5.11) and (5.12). This 
gives 

(5.14a) 

(5.14b) 

Thus we havefl,o = L ~/{3uW2;/I,2 = 4L ~fl,o andf2,o 
= 11'L ~/(211'{3uW2)2; f2, 2 = 2/3 L ~f2,O' These exact re­

sults will serve as a check on the approximations, valid for 
arbitrary m, that we now develop. 

For fixed q).L c-
1 (and hence as Lc-+oo, any fixed 

q> 0), only the behavior of Ko at small arguments is impor­
tant in Eq. (5.10). Equivalently, we can use Eq. (4.13) for 
f(r) in Eq. (5.5) and find 

1m (q) 'Zf dr[ 1 - m In (rqmax ) 
In (Lcqrnax ) 

+ o( r )]e-;q·r. 
Lc InLc 

(5.15) 

The first term does not contribute for q> O. Thus the domi­
nant term for q).L c- I as Lc -+ 00 is 

A 211' m 1 m 
fm(q)'Z 2'=--22" (5.16) 

In(Lcqmax) q (3uW q 

where we note that 1/211' In r is the Green's function for the 
Laplace operator in two (interface) dimensions,29 with 
Fourier transform q-2. Equation (5.16) for m = 1,2 is in 
precise agreement with the exact results (5.13). Note that 
the dominant order result (5.16) is essentially independent 
of the cutoff qmax . 

In passing, we note that Eq. (5.16) can be derived in 
perhaps a more systematic way by substituting the integral 
representation30 

(5.17) 

into Eq. (5.10), and carrying out the integration over 
r = (r, 0). We find31 

where 

Bm =cosh tl + cosh t2 + ... + cosh tm 

and 

(5.18) 

(5.19) 

(5.20) 

Although Eq. (5.18) is exact, we have been able to carry out 
the remaining integrations exactly only for m = 1 or 2, yield­
ing Eqs. (5.11) and (5.12). However, for finite q as Lc -+ 00, 

we need only the limit as A.-+O in Eq. (5.18). This we can 
evaluate for general m. Defining S=A. sinh t m , we have from 
Eq. (5.19) 

A.2B~ =A.2B~_1 +2A. 2Bm_ 1 coshtm +A. 2 cosh2 tm 

22 2 -2 -
'Z/I. B m_ 1 +S +2A.Bm _ 1 S (5.21) 

asA.-+O+. Using Eq. (5.21), the integration over tm in Eq. 
(5.18) yields32 for q> 0 

A 211'm 100 

fm(q)'Z 2 2 dt l ,,· 
(211'{3uW )mq 0 

X dt 1 _ m-I 100 [ A.B ] 
o m-I (1+A.2B~_I)1/2· 

(5.22) 

For small A., because of the exponential behavior in Eq. 
(5.19) the integrand in Eq. (5.22) behaves like a step func­
tion, vanishing rapidly if any of the tj are greater than 
In A. - I. As A. -+ 0 +, one can show that this picture becomes 
increasingly accurate and the integration over all tj yields 
the volume of the hypercube each of whose sides is In A. -I 
long, i.e., lnm - I (A. -I). Using Eq. (1.1), as g-+O+ we again 
obtain the fundamental result (5.16). 

Equation (5.16) allows us to evaluate CT in Eq. (5.9) to 
dominant order for finite q).L c- I. We find 

AC ( ) 1/2 rf + 1/2 ~ 2,fii Q 2 211 
T 1'1,1'2' q 'Ze ---2 puW q V(1'1 -1'2)' 

(Ilp) 
(5.23) 

or, from Eqs. (5.3), (2.9), and (2.6), for the usual direct 
correlation function 

C(z z q) __ ~q2 6(ZI-Z2) 
,,2' -- . 

(Ilp) P'(Z2) 
(5.24) 

Note that all values of m in Eq. (5.9) contribute to yield Eq. 
(5.23) or (5.24). 

Since Eq. (5.24) is valid for any fixed q> 0 as Lc -+ 00, 

we can formally invert it and obtain for fixed r12 ~Lc 

C( ) (3u V2 11 6(zl - Z2) 
ZI' Z2' r l2 'Z- v(r l - r 2) . 

IIp P'(Z2) 
(5.25) 

This strongly suggests that the dominant term in C is short 
ranged in both Z and r for d = 3. Indeed Eq. (5.24) is identi­
cal to the dominant term for d = 2 found by BW in their Eq. 
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( 7.3), when their result is expressed in unscaled variables. 
Note that one cannot simply integrate Eq. (5.25) over 

rJ2 to obtain interface moments of C, since this would miss 
contributions at very small q < L c- I, where Eq. (5.16) is not 
accurate. When moments are taken, lower order correction 
terms like the term of O( W- 2

) in Eq. (5.13b) can make 
nonnegligible contributions. However, when Eq. (5.23) or 
(5.24) is multiplied by p' (Z2) and integrated over Z2' we do 
recover the dominant term in the exact results (3.Th) or 
(3.8). Thus any lower-order correction terms to Eq. (5.23) 
or (5.24) must vanish when multiplied by P'(Z2) and inte­
grated over Z2' 

VI. APPROXIMATE EVALUATION OF MOMENTS OF C 
FORd=3 

Though the above calculations show that the dominant 
features of C are the same in d = 3 as in d = 2, differences 
can be seen in the detailed behavior of interface moments. As 
mentioned above, these differences vanish when C is project­
ed onto p' (z) as in the TZ formula. Thus a calculation of the 
unprojected moments of C is mainly of academic interest. 
However, it was her calculation of C2, the second moment of 
C in d = 3, that lead Ciach to question the usual interpreta­
tion of the TZ formula. 33 

Moreover, as we shall see, the formal expression for C2 
yields a series in which each term individually diverges in the 
limit Lc -+ 00 • This lead Requardt and Wagner2 to argue that 
C is ill-defined and that the capillary wave model breaks 
down. It is therefore of interest to demonstrate that an ex­
plicit resummation of terms of this kind can lead to a sensible 
result. 

To begin our calculation, we see from Eqs. (5.4) and 
(5.9) that the zeroth and second interface moments of Hand 
C can immediately be obtained provided that we can calcu­
late the moments of [f(r) 1m in Eqs. (5.7) and (5.8) for 
arbitrary m. Thus, the basic integral we must calculate is 

It>". -= 1'" dx xP + I K;;'(x). (6.1) 

Unlike the previous calculation leading to Eq. (5.16), the 
behavior of Ko (x) for all x is required in Eq. (6.1). Since 
Ko(x) vanishes exponentially for x ~ 1 and diverges as 
- In(x) for small x, the integrand is dominated by the small 

x behavior for large m. A natural approximation therefore is 

{
IOg(aIX), O<x<xc 

Ko(x) z 0 ' (6.2) 
, X>Xc 

where Xc is a constant of 0(1). The choice a-=2e- YE 

z 1.1229, where YE is Euler's constant, reproduces the small 
argument behavior of Ko (x) to 0(x2

). Table I compares the 
exact values of It>". (calculated numerically) with the ap­
proximate result 

IP m (6.3) 

calculated by substituting Eq. (6.2) into Eq. (6.1), using the 
choice Xc = a. We see that there are errors of O( 1) in the 
values It>". for small m, but the relative error becomes in-

TABLE I. Values of I~ in Eq. (6.1) calculated numerically and compared 

to Eq. (6.3) with Xc = a = 1.1229. 

p=o p=2 

m "exact" Eq. (6.3) "exact" Eq. (6.3) 

1 1.0 0.315 4.0 0.099 
2 0.5 0.315 0.333 0.050 
3 0.586 0.473 0.115 0.037 
4 1.051 0.946 0.075 0.037 
5 2.49 2.36 0.074 0.047 
6 7.27 7.09 0.095 0.070 
7 25.0 24.8 0.150 0.122 
8 100 99.3 0.281 0.245 

10 2250 2234 1.47 1.38 
12 11.71 11.35 
14 131 129 
16 1950 1936 
18 37200 37034 

creasingly small for large m, as one would expect.34 

Using Eqs. (6.3), (5.10), and (4.10), the momentsfm, 0 

andfm, 2 in Eqs. (5.7) and (5.8) are approximated by 

(6.4 ) 

and 

fm,2Z4m+llm(L ) (6.5) 
n cqrnax 

Unlike the results (5.16) for q > 0, which were asymptotical­
ly exact as Lc -+ 00, the errors in Eqs. (6.4) and (6.5) do not 
vanish in this limit. Thus any results using Eqs. (6.4) and 
(6.5) can be only of qualitative significance. 

Nevertheless, we believe that they are useful approxima­
tions to illustrate that a proper summation of all terms in Eq. 
(5.9) with g finite will lead to credible results. In particular, 
the approximations (6.4) and (6.5) possess the main feature 
that lead Requardt and Wagner to suspect that C would not 
be well defined for d = 3. Since each value of m has a higher 
power of In Lc in the denominator, in the limit Lc -+ 00 the 
expressions for the zeroth and second moments Ho and H2 
derived from Eq. (5.4) are dominated by the lowest (m = 0) 
eigenfunction. However, this suggests that there could be 
trouble for the inverse functions, since if the coefficients of 
the higher eigenfunctions in H vanished identically, the in­
verse function C could not be defined at all. Another way to 
phrase this argument is to note that the expansion of C2 
derived from Eqs. (5.9), (6.4), and (6.5) is in powers of 
(In Lc ) m , which appears to diverge for large Lc and m. See 
Eqs. (6.6) and (6.7) below. 

However, we must keep Lc finite while carrying out 
these sums. As we will see, Co and C2 then are well defined. 
As is clear from Eqs. (6.4) and (6.5), the calculation of Co 
and C2 involves very similar issues. Since the second moment 
has received the most attention, we now calculate it explicit­
ly, using the approximations (6.4) and (6.5). 

Formally expanding Eqs. (5.9) and (5.5) in powers of 
q, we find from the coefficient of the q2 term that 
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(6.6) 

Using the fact that 

I/i (r) = 1T- 1/2e- i' = (flp) -Idps (r)/dr, 

we see that the TZ formula (3.10) projects out the m = 0 
term in Eq. (6.6). It is satisfied as an identity when the exact 
results for/l • 2 and/l , 0 givenafterEq. (S.14) are used along 
with Eq. (6.6). 

Here, however, we want to study the properties of the 
unprojected Cr,2' Using Eqs. (6.4) and (6.S), we can ap­
proximately rewrite Eq. (6.6) as 

C ( )-- 1/2ri+I/2?'(A~)-22r=/3 W 2 
r,2 r l , r2 _ e ""f' v1T, 0' 

where 

A == [In(Lcqrnax )] 1/
2

, (6.8) 

and omn = 1 for m = nand 0 otherwise. 
Introducing the integral representation 

o =_1_ (21' dyei(m-n)y (6.9) 
mn 21T Jo 

into Eq. (6.7) and changing the order of summation and 
integration, we have the product of two independent sums, 
each of which can be evaluated by making use of the generat­
ing function for harmonic oscillator eigenfunctions35

: 

00 Bn L -- tPn (r) = 1T- 1/4e - 1/2 i' - 1/2 B' + ,f2rB. 

n = 0 .J1if 
(6.10) 

Thus Eq. (6.7) can be written exactly as 

/3 w 2 121' Cr,2(rl ,r2)- 0' 2 dyexp[-A
2

cos2y 
1T(flp) 0 

+ ,,2A{r + cosy + ir _ siny}], (6.11) 

where r ± ==rl ± r 2. 
Using Eq. (S.3), the usual second moment can then be 

written, withYI ==1T/2 - y, 

/3 fl'/2 
C2 (ZI' Z2) - 0' 2 dYI exp[A 2 cos 2YI 

21T( flp) - 1'/2 
+ az + sin yd cos(az _ cosYI)' (6.12) 

where 

(6.13 ) 

and 

a== (21T/30') 1/2. (6.14 ) 

For ZI = Z2 = 0, the integral in Eq. (6.12) gives 

C2(0, 0):::::: /30' 2 Io(A 2), 
2(flp) 

( 6.1Sa) 

/30' (Lcqmax) 

2(flp)2 [21Tln(Lcqmax)] 1/2 ' 
(6.15b) 

where 10 is the modified Bessel function of the first kind, and 
Eq. (6.15b) holds for large Lc. 

For general Zl' Z2~ W, the integrand in Eq. (6.12) is 
dominated by values of YI near zero as Lc -+ 00 • Expanding to 
second order, we obtain the approximate result 

C 
/30' cos(az - ) (Lcqmax) 

(z ,z)- (616) 
2 I 2 2(flp)2[21Tln(Lcqmax)] 1/2 , . 

which agrees with (6.15b) for Z _ = O. 
These approximate results suggest that C2 (z I' Z2) has an 

oscillatory component of large amplitude, proportional to 
Lcqmax> that varies on the length scale a-I as a function of 
z_ .36 The fact that the amplitude in Eq. (6.16) is propor­
tional to Lc causes no problems for any finite g> 0, and in­
deed, as one would expect on general grounds, the diver­
gence in (6.16) is much less strong than that obtained from 
the corresponding expression for H 2, which diverges as L:. 

However, since there is an important and nontrivial de­
pendent on the cutoff qmax in Eqs. (6.1Sb) and (6.16), these 
results are certainly nonuniversal. Their detailed behavior is 
probably an artifact of the sharp cutoff used in Eq. (2.1), as 
well as our use of the approximate expressions (6.4) and 
(6.5). 

Nevertheless, we expect that some general features of 
Eq. (6.16) would be seen in the detailed expressions for C2 
obtained from a variety of models in d = 3 with different 
treatments of the cutoff. It is clear from Eq. (5.9) or (6.6) 
that in general there will be correction terms to the dominant 
o function behavior, which is exact6 only for d = 2. Such 
corrections arise from the term of O( W- 2

) in Eq. (S.13b) 
and similar terms for m > 2 in the evaluation of 1m (q). 

While negligible for fixed r12~Lc and Zl' Z2~ W in 
C(ZI' Z2' r12 ), this additional structure can become notice­
able when interface moments are taken. While these correc­
tions can lead to formal divergences in C2 as Lc -+ 00, they 
must be much less strong than the well-understood diver­
gences found in H 2, since the latter arise from the dominant 
order terms. Further, we expect oscillatory behavior in C2 on 
the microscopic scale of O(SB) from the correction terms, 
since we know that on projection onto the smooth function 
p'(z) as in Eq. (3.7) or (3.8), the contributions from the 
correction terms vanish. Indeed, using Widom's hyperscal­
ing relation l

,7 in d = 3, we see the length scale a-I in Eq. 
( 6.14) is proportional to S B • 

VII. FINAL REMARKS 

In this paper we have analyzed in some detail the capil­
lary wave predictions for the direct correlation function C in 
d = 3. We conclude that the resulting expressions are well­
behaved provided one uses an arbitrarily small but nonzero 
external field to induce phase separation and to localize the 
average interface position. The presence of such a field is also 
necessary to ensure that there is an invertible relation 
between the density and the field, as required in the density 
functional approach8,9,12 that leads to the Triezenberg­
Zwanzig formula. 3 

We see no reason to doubtl,2 the correctness of the capil­
lary wave description of long wavelength interface ftuctu-
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ations on the basis ofits prediction in d = 3. On the contrary, 
those predictions that follow solely from the long wave­
length structure of the interface Hamiltonian should be uni­
versally valid and model independent. This holds in particu­
lar for the logarithmic divergence of the interface width in 
d = 3, a special case of the prediction that the height differ­
ence correlation function G(r) in Eq. (2.5) is proportional 
to In rfor SB ~r~Le .5,14 This agrees with exact results II for 
1> T R in van Beijeren's BCSOS interface model, which has a 
different treatment of the short distance cutoff. It is hard for 
us to imagine how such a lattice model could be rough with 
the continuum liquid-vapor interface width remaining fi­
nite.2 Although d = 3 is a crossover dimension in capillary 
wave theory, its prediction of a logarithmically divergent 
interface width should be quite robust. 

Other general predictions of the capillary wave model 
include the existence of long-ranged correlations along the 
interface in the pair correlation function H.5

,20 The direct 
correlation function C, on the other hand, is defined as the 
inverse of H, and therefore, in general, has some features that 
depend sensitively on the short-ranged properties of the par­
ticular interface model considered. Even in d = 2, where the 
capillary wave model yields exact D function behavior for C 
to dominant order,6 other models with different treatments 
of the short distance behavior24 will have additional short­
ranged structure in C. As a result, it is difficult to gain an 
intuitive understanding of all the detailed features of C. 

However, the projected part ofCin Eq. (3.7) or (3.8) 
that enters the TZ formula is model independent. We have 
shown elsewhere l2 how this form can be justified physically 
and how it can be related to standard mean-field expres­
sions7 in a small system where long wavelength fluctuations 
are suppressed. 

The logarithmic divergence of the equilibrium interface 
width in d = 3 is, of course, very hard to test experimentally. 
Nevertheless, many other aspects of capillary wave theory 
have been probed experimentally, both with light scattering 
and by x-ray reflectivity measurements.23

,37,38 Likewise, a 
variety of other interfacial phenomena associated with wet­
ting, roughening, random systems, etc., can be understood 
by using a long wavelength interface Hamiltonian similar to 
the capillary wave Hamiltonian. 10,11 

Another implication of this viewpoint concerns the na­
ture of TZ formula (3.10) for the surface tension. In our 
interpretation, the main value of this formula and the related 
one derived by Wertheim20 is that these expressions and 
their derivation provide important insight into interface 
structure, both on short and on long length scales. 12 Thus 
they provide important consistency checks for a given model 
system and for approximate theories of interface structure. 
On the other hand, the Kirkwood-Buff formula, 7 which in­
volves the short-ranged intermolecular potential, is the pre­
ferred formula to calculate the numerical value of the surface 
tension in simulations, precisely because it is essentially un­
affected by the long wavelength fluctuations that play such 
an important role in determining the large scale structure of 
the interface. 

There is a useful general analogy between the behavior 
of the interface pair correlation function as g .... O+ and the 

bulk pair correlation function as T .... Te .14 The length scale 
on which exponential decay in H occurs is set by the (diverg­
ing) capillary length in the former and the (diverging) bulk 
correlation length in the latter. This picture suggests a sim­
ple scaling ansatz relating correlations along the interface to 
the behavior of the interface width that indeed is satisfied by 
the capillary wave model correlation functions. 6

,14 

However, this analogy does not imply that the detailed 
behavior of the interface pair correlation function can be 
mapped onto that of the bulk pair correlation function near 
the critical point in d I == d - 1 dimensions. The essential dif­
ference is that in capillary wave theory the long wavelength 
"stiffness constant" u (i.e., the coefficient of the V2 term) 
approaches a finite limit as g -+ 0 +, while in the bulk the 
analogous stiffness gets renormalized to zero in the long 
wavelength limit as T -+ Te. 39 A dramatic manifestation of 
these differences is that the interface pair correlation func­
tion decays more slowly than that of the analogous bulk sys­
tem with SB = Le, since for d.;;;.3, the interface correlation 
function is O( 1) until ris O(Le ), while the magnitude of the 
bulk correlation function is very much smaller for r of 
O(SB) because of the r- (d' - 2 + 'I) power law decay occur­
ring for r~sB.7 

This difference, which technically reflects the non­
Gaussian nature of the bulk fixed point for d < 4,39 can per­
haps be understood physically by considering the very differ­
ent nature of the density fluctuations leading to long-ranged 
correlations in the two cases. In the bulk, correlations can be 
thought of as arising from "droplet" excitations, when two 
points separated by a distance r are found within the same 
droplet. As T -+ Te , the surface tension becomes increasingly 
small and a picture of isolated compact droplets breaks 
down. Rather we have droplets within droplets, and they are 
better thought of as fractals rather than compact objects.4o 

This complex behavior on all length scales up to O(SB ) leads 
to a more rapid decay of correlations that manifests itself in 
the existence of a nonzero value for the exponent 7]. 

The interfacial fluctuations that build up the correla­
tions in Hwith ufinite asg .... O+ for r~Le (andz l , Z2~ W) 

are much simpler, however, On scales q;;"a~ ~r~Le' the rel­
evant fluctuations are nearly vertical displacements of the 
interface that are coherent over a distance r. On this scale, 
the interface is essentially sharp and single valued (Euclid­
ean instead offractal) and as a result, no anomalous powers 
analogous to having 7] > 0 arise. Thus capillary wave theory 
has none of the complications of bulk critical phenomena for 
d < 4, provided that one avoids the ambiguities arising from 
being exactly at the "critical point" g==O. 
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