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Topologically protected charge transfer along the edge of a chiral p-wave superconductor
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The Majorana fermions propagating along the edge of a topological superconductor with px + ipy pairing
deliver a shot noise power of 1

2 × e2/h per eV of voltage bias. We calculate the full counting statistics of the
transferred charge and find that it becomes trinomial in the low-temperature limit, distinct from the binomial
statistics of charge-e transfer in a single-mode nanowire or charge-2e transfer through a normal-superconductor
interface. All even-order correlators of current fluctuations have a universal quantized value, insensitive to disorder
and decoherence. These electrical signatures are experimentally accessible, because they persist for temperatures
and voltages large compared to the Thouless energy.
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The chiral edge modes of the quantum Hall effect have a
superconducting analogue in chiral p-wave superconductors,
with a spin-triplet px + ipy pair potential [1,2]. A temperature
gradient is predicted to drive a heat current along the edge
carried by Majorana fermions, equal-weight superpositions
of electron and hole excitations in the superconducting gap.
The thermal conductance G is quantized at the electronic
quantum G0 = π2k2

BT/3h times one-half, loosely speaking
because one electron equals two Majorana fermions—or more
fundamentally [2–4] because the field theory of Majorana edge
modes has topological (central) charge c = 1/2.

Quantized electrical signatures of the Majorana edge mode
are lacking, basically because Majorana fermions are charge
neutral. It has been argued [5] that the lack of topological
protection of charge currents is the reason that experiments
[6–8] on Sr2RuO4 have not found the predicted magnetic
moment of a circulating edge current [9]. A domain wall
between opposite chiralities px ± ipy of the pair potential has
a nonzero electrical conductance, but its value is not quantized
[10].

Although the electrical conductance of a Majorana mode
vanishes, the electrical shot noise power is nonzero [11,12].
Particle-hole symmetry enforces a one-to-one relationship
between the zero-temperature shot noise power P and the
thermal conductance

P/P0 = G/G0 = 1
2 Tr t t†, P0 = e3V/h, (1)

where t is the rank-one transmission matrix between two
contacts along the edge (biased at voltage V > 0, see Fig. 1).
By definition [13–15],

P =
∫ ∞

−∞
dt 〈δI (0)δI (t)〉 = τ−1 Var q, (2)

the shot noise power is the correlator of the current fluctuations
and gives the variance of the charge transferred between the
contacts in a time τ . Equation (1) implies that Var q has
the universal value 1

2P0τ for a fully transmitted Majorana
mode [11].

Equation (1) says that the second moment of the transferred
charge in a Majorana mode is directly determined by the
quantized thermal conductance. Higher moments are not so
constrained, and one might ask whether they are quantized as
well. Here we calculate the full probability distribution P (q)
of the transferred charge, including also the effects of finite

temperature. In the zero-temperature limit we find that the
characteristic (moment generating) function F (χ ) = 〈eiχq〉,
related to P (q) by a Fourier transform, has the form

F (χ ) = [
1 + 1

4 (eieχ − 1) + 1
4 (e−ieχ − 1)

]N
. (3)

This describes a trinomial counting statistics where N =
eV τ/h attempts transfer either −e, 0, or +e charge, with
probabilities 1/4, 1/2, and 1/4, respectively.

This result for the statistics of charge transported by a chiral
Majorana edge mode can be contrasted with the characteristic
function for the charge transmitted by an electronic mode in a
nanowire [16],

Felectron(χ ) = [1 + T (eieχ − 1)]N , (4)

where T ∈ [0,1] is the transmission probability. The two key
distinctions with Eq. (3) are that the counting statistics is
binomial, rather than trinomial, and that the transfer probability
is not quantized. A chiral quantum Hall edge mode would
have a quantized T = 1, but then there would be no charge
fluctuations at all.

To see that these distinctions are not merely a consequence
of the presence of a superconductor, we compare with the
corresponding result for the charge transferred through a
normal-metal-superconducting (NS) point contact [17],

FNS(χ ) = [1 + RA(e2ieχ − 1)]N . (5)

The transmission probability is replaced by the probability
RA for Andreev reflection and the unit of transferred charge is
doubled, but the statistics remains binomial and not quantized.

Resonant tunneling through a Majorana zero mode, bound
to a vortex or to the end of a nanowire, provides another point of
comparison [18–20]. For two contacts biased at voltage ±V/2
and coupled to the zero mode with tunnel probabilities T1, T2,
the charge entering contact 1 has characteristic function [20]

Fzero mode = [1 + T1(T1 + T2)−1(eieχ − 1)]N . (6)

The statistics is binomial and dependent on the tunnel
probabilities, except for a symmetric junction (when T1 = T2

it drops out) [21].
Our analysis follows the scattering theory of counting

statistics pioneered by Levitov and Lesovik [16], in the
convenient formulation of Klich [22]. The characteristic
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FIG. 1. (Color online) Nonlocal current and voltage measure-
ment to detect the charge-neutral Majorana edge mode in a two-
dimensional topological superconductor. A bias voltage V excites the
edge mode, producing a fluctuating current δI (t) and voltage δV (t),
detected at a remote contact. Because the bulk of the superconductor
is grounded, these nonlocal signals are evidence for conduction by
gapless edge excitations.

function is given by

F (χ ) = Tr ρ0 exp

[
ieχ

∑
E>0

c†(E)Pc(E)

]

× exp

[
−ieχ

∑
E>0

c†(E)M(E)c(E)

]
, (7)

M(E) = S†(E)PS(E), S =
(

r ′ t ′
t r

)
, P =

(
0 0
0 σz

)
.

(8)

The sum over energies is understood as
∑

E → (τ/h)
∫

dE in
the limit τ → ∞. The trace gives the expectation value with
density matrix ρ0 of the fermion operators c,c†, representing
the quasiparticles injected into the edge from the two contacts,
contact 1 at voltage V and contact 2 grounded. The scattering
matrix S relates incoming and outgoing quasiparticles, with
reflection and transmission subblocks. The matrix P selects
the quasiparticles at contact 2, where the current is measured.
The Pauli matrix σz appearing in P acts on the electron-hole
degree of freedom, to account for the fact that electron and hole
quasiparticles contribute with opposite sign to the electrical
current.

Because different energies are uncoupled, we may perform
the trace at each energy separately, so that we may write Eq. (7)
in the form

ln F (χ ) =
∑
E>0

ln Tr(e−βc†(E)E(E)c(E)

× eieχc†(E)Pc(E)e−ieχc†(E)M(E)c(E)) − ln Z, (9)

E(E) = E − eV

(
σz 0

0 0

)
. (10)

Here β = 1/kBT and Z = Tr e−βc†Ec is the partition function
at temperature T (the same for both contacts) and chemical
potential μ (equal to ±eV for electrons and holes at contact 1,
and equal to 0 at contact 2).

With the help of the formula [22,23]

Tr
∏

ne
c†Anc = Det

(
1 + ∏

ne
An

)
, (11)

the expression (9) reduces to

ln F (χ ) = τ

h

∫ ∞

0
dE ln Det

(
1 − F + FeieχPe−ieχM)

,

(12)

F(E) = [1 + eβE(E)]−1. (13)

The matrix exponentials simplify becauseP2n = P2,P2n+1 =
P , M2n = M2, M2n+1 = M (in view of unitarity, SS† = 1),
hence

eieχP = 1 + P2(cos eχ − 1) + iP sin eχ,
(14)

e−ieχM = 1 + M2(cos eχ − 1) − iM sin eχ.

In the zero-temperature limit F(E)P → 0 for E > 0, so the
factor eieχP in Eq. (12) may be replaced by unity. To first order
in V we then have

ln F0(χ ) =(eV τ/h) ln Det
[
1 + 1

2 (1 + σz)t
†

× (cos eχ − 1 − iσz sin eχ )t
]
, (15)

with transmission matrix t evaluated at the Fermi energy
E = 0.

These formulas hold for any channel connecting two metal
contacts via a superconductor. We now use that the connection
is via an unpaired Majorana edge mode, which implies that the
2N × 2N transmission matrix has rank one, irrespective of the
number 2N of electron-hole modes in the metal contact: t =
T 1/2 uvT with unit vectors u,v and transmission probability
T . Particle-hole symmetry at the Fermi level requires that
t = σxt

∗σx , hence the matrix t†σzt vanishes identically:

t†σzt = −iσxt
Tσyt = −iT (uTσyu)σxvvT = 0. (16)

Similarly, tσzt
† = 0 while t t† has a single nonzero eigenvalue

equal to T . We thus arrive at

ln F0(χ ) = N ln
[
1 + 1

2T (cos eχ − 1)
]
, N = eV τ/h,

(17)
which forT = 1 is the result (3) announced in the introduction.

The corresponding trinomial probability distribution P (q)
of the transferred charge q = 0, ± 1, ± 2, . . . ± N (in units
of the electron charge e) is given by

P (q) = (2 − T )N−|q|T |q|N !

2N+|q|(N − |q|)!|q|!

× 2F1

[ |q| − N
2

,
|q| + 1 − N

2
,|q| + 1,

T 2

(2 − T )2

]
,

(18)

with 2F1 the hypergeometric function. For T = 1 this simpli-
fies to

P (q) = 2−2N
(

2N
N − q

)
, (19)

which looks like a displaced binomial distribution [21].
Cumulants are coefficients in the Taylor series ln F (χ ) =

121406-2



RAPID COMMUNICATIONS

TOPOLOGICALLY PROTECTED CHARGE TRANSFER ALONG . . . PHYSICAL REVIEW B 92, 121406(R) (2015)

∑
p〈〈qp〉〉(iχ )p/p!, giving for T = 1 the result

〈〈qp〉〉 =
{

2N (2p+1 − 1) p!
(p+1)!Bp+1 for p even,

0 for p odd,
(20)

with Bp+1 the Bernoulli number. The first few values are

N−1〈〈qp〉〉 = 1
2 ,− 1

4 , 1
2 ,− 17

8 , 31
2 for p = 2,4,6,8,10. (21)

All of this is at zero temperature. The general finite-
temperature formulas are complicated, for a compact expres-
sion we take the case N = 1,T = 1 of a single-channel contact
to a fully transmitted edge mode. The determinant in Eq. (12)
then evaluates to

ln F (χ ) =τ

h

∫ ∞

0
dE ln

[
1 + 1

2
f (1 − f )(cos 2eχ − 1)

+
(

f + 1

2
fV − ffV

)
(cos eχ − 1)

]
, (22)

f (E) = (1 + eβE)−1, fV = f (E − eV ) + f (E + eV ).
(23)

This is the multinomial statistics of transferred charge
0,±e,±2e, with the interpretation that charge ±e is transferred
via the Majorana edge mode and charge ±2e is transferred
via Andreev reflection into the bulk superconductor. The
corresponding noise power is

P = − 1

τ
lim
χ→0

d2

dχ2
ln F (χ )

= e2

h

∫ ∞

0
dE

[
1

2
fV (1 − 2f ) + 3f − 2f 2

]
(24)

= e2

h
×

{(
kBT + 1

2eV
)

for kBT � eV,

2kBT for eV 	 kBT .
(25)

As a check, we note that the thermal noise power is related to
the contact conductance [24] G = e2/h by

Pthermal ≡ lim
V →0

P = 2kBT G, (26)

in accordance with the Johnson-Nyquist relation [15].
From Fig. 2 we see that the slope dP/dV is within 10%

of the quantized value e2/2h for voltages eV � 3kBT . This
lower limit on the voltage is to be combined with an upper
limit set by the superconducting energy gap. From Fig. 3
we estimate that the quantization is preserved even in the
presence of strong disorder when eV � 	0/2. For a realistic
gap [25] of 0.2 meV the quantized shot noise regime would
then be accessible at temperatures below 0.4 K, which is a
quite feasible requirement.

We discuss three further issues regarding the robustness of
the quantized shot noise of the Majorana edge mode.

(1) Impurity scattering along the edge has no effect because
of the chirality of the edge mode, prohibiting backscattering.
The contact resistance may in principle reduce T below
unity, but this effect can be minimized by using an extended
contact: If each of the two contacts contains 2N electron-hole
modes with tunnel probability 
 to the edge mode, then
T � [min(1,N
)]2. Hence contact resistances have no effect
on the quantized shot noise if N
 � 1. We need to avoid a large

FIG. 2. Noise power P of the Majorana edge mode at temperature
T , as a function of bias voltage V . The solid curve is calculated from
Eq. (24), the dashed line is the low-temperature asymptote (25). These
are results for a single-channel contact (N = 1) to a fully transmitted
edge mode (T = 1). Here the voltage is assumed to be small on
the scale of the superconducting gap 	0. See Fig. 3 for the voltage
dependence in the regime kBT 	 eV � 	0.

thermal noise due to Andreev reflection from such an extended
contact, which is of order kBT N
2. Both conditions, maximal
coupling (T = 1) with minimal thermal noise (Pthermal �
kBT e2/h), are satisfied if we take 1/N 	 
 	 1/

√
N , so

that N
  1, N
2 	 1.

FIG. 3. (Color online) Voltage dependence of the
zero-temperature shot noise power, calculated numerically [26] for
the tight-binding Hamiltonian of a chiral p-wave superconductor
(black solid and dashed curves in the band structure are the
counterpropagating Majorana modes at opposite edges). The
superconducting region (W = L = 100 in units of the lattice
constant a) is connected to metallic leads (superconductor and
lead 2 grounded, lead 1 at voltage V ). The electron-to-electron
and electron-to-hole transmission matrices tee(E) and the(E) from
lead 1 to 2 are calculated as a function of the energy E = eV .
The differential shot noise power in lead 2 then follows from [27]
dP/dV = (e3/h)Tr (T+ − T 2

−), with T± = t †eetee ± t
†
hethe. The

black solid curve is the result for a clean system, the red dashed
curve is obtained in the presence of a random on-site potential
Un ∈ [−	0/2,	0/2]. The red arrow indicates the Thouless energy
ET = �v/L. This simulation demonstrates that the quantized
shot noise dP/dV = e3/2h is insensitive to disorder for voltages
|V | � 	0/e—even if eV is large compared to ET.
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(2) Loss of phase coherence has no effect on the quantized
shot noise. The coherent electron-hole superposition of a
Majorana fermion is fragile indeed, coupling to the electro-
magnetic environment will project it onto an electron or a
hole, effectively measuring the charge of the quasiparticle.
The trinomial statistics, however, remains unaffected, because
each of the N current pulses still transfers the same amount of
charge ±e with equal probability 1/4.

(3) The shot noise quantization is a macroscopic effect,
preserved on larger scales compared to the Thouless energy
ET = �v/L. This is the energy scale on which electrons
and holes dephase after traveling with velocity v over a
distance L and which governs transport experiments in an
interferometer [28,29]. As demonstrated in Fig. 3, raising the
voltage to eV ≈ ET has a negligible effect on the shot noise.
The reason for this unusual insensitivity is that the electron
and hole component of the Majorana mode acquire the same
phase factor at finite energy [30], so no dephasing can occur.
The fact that the energy scale for the quantization is set by
	0 rather than by ET is crucial for the observability of the
effect.

In conclusion, we have identified unique electrical signa-
tures of a charge-neutral Majorana mode propagating along
the edge of a topological superconductor: A trinomial statistics

of transferred charge, with quantized cumulants persisting in
a macroscopic system, since they are insensitive to impurity
scattering or loss of phase coherence. A promising physical
system to search experimentally for the shot noise quantization
could be an array of parallel nanowires [12,31–34] or parallel
chains of magnetic atoms [35,36], all on a superconducting
substrate.

As a direction for further theoretical research we point
to the effect of interactions among the Majorana fermions.
Two recent studies [37,38] have found an interaction-driven
quantum phase transition from central charge c = 1/2 to c =
3/2. Because the coefficient 1/2 in the shot noise power (1)
originates from the central charge of the Majorana mode, it
would be interesting to see what is the effect of this phase
transition on the charge transfer statistics. A related extension
of our results would be to topological superconductors with a
higher Chern number, supporting multiple Majorana modes at
each edge, for which physical realizations have been recently
predicted [39,40].
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damental Research on Matter (FOM), the Netherlands Orga-
nization for Scientific Research (NWO/OCW), and an ERC
Synergy Grant.
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