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We study the equation of motion for the Noether current in an electron gas within the framework of the
Schwinger-Keldysh closed-time-path formalism. The equation is shown to be highly nonlinear and
irreversible even for a noninteracting, ideal gas of electrons at nonzero density. We truncate the linearized
equation of motion, written as the Laurent series in Fourier space, so that the resulting expressions are local
in time, both at zero and at small finite temperatures. Furthermore, we show that the one-loop Coulomb
interactions only alter the physical picture quantitatively, while preserving the characteristics of the
dynamics that the electric current exhibits in the absence of interactions. As a result of the composite nature
of the Noether current, composite sound waves are found to be the dominant IR collective excitations at
length scales between the inverse Fermi momentum and the mean free path that would exist in an
interacting electron gas. We also discuss the difference and the transition between the hydrodynamical
regime of an ideal gas, defined in this work, and the hydrodynamical regime in phenomenological

hydrodynamics, which is normally used for the description of interacting gases.
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I. INTRODUCTION AND MOTIVATION

Hydrodynamical description of many-body systems with
collective excitations is a well-established and widely
applied method, which successfully combines microscopic
and phenomenological information about the physical
system. Despite the numerous successes of this mixed
scheme, the systematic, microscopic derivation of the
hydrodynamical equations is not fully understood. Rather
than deriving them directly, one usually calculates transport
coefficients from the microscopic description and uses their
values in the equations of phenomenological hydrodynam-
ics, i.e. the gradient expanded constitutive relations [1-3].

Much recent research has been focused on understanding
hydrodynamics in terms of an effective theory of Goldstone
modes [4-8], including works that proposed ways of
incorporating dissipation into the effective description
[9-12]. However, none of these approaches provides us
with a detailed microscopic view of the origin of the
effective field theory of hydrodynamics. This present work
grew from a desire to bridge this gap and to gain new
insight into the ab initio elements of a hydrodynamic
system, derived directly from a microscopic quantum field
theory, including dissipation. In essence, this paper is one
of the simplest examples of a microscopically derived
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effective Schwinger-Keldysh field theory with the structure
of the classical theory explored in [9].

An important simplifying feature of this work is that our
present goal is to understand the role of many-body
correlations that characterize the hydrodynamic flow, inde-
pendently of the interactions among the participating par-
ticles. The suspicion that highly nontrivial correlations might
be present even in the absence of interactions comes from
the simple fact that gauge-invariant (i.e. charge-conserving)
observables are composite operators, and hence the structure
of their connected Green’s functions is richer than for those
of elementary operators. We will argue that similar types of
phenomena are not restricted only to quantum systems but
that they are present also in classical mechanics.

Our main goal in this paper is to find the equation of
motion for the expectation value of the current operator,
(j#), in an ideal gas of electrons at nonzero density, both at
vanishing and low temperatures. In the absence of any
phenomenological input, the relevant effective theory must
be such that (j#) satisfies its variational equation. It is the
calculation of expectation values that requires us to go
beyond the conventional formalism of quantum field theory
and perform the calculation in the Schwinger-Keldysh
closed-time-path (CTP) formalism [13—17].

The CTP effective action will be calculated within
the spirit of the Landau-Ginzburg double expansion, by
organizing each order of the expansion in powers of the
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amplitude. This expansion gives rise to a Laurent series and
orders the terms in the equation of motion in increasing
powers of the wave vector. This should be compared with
the phenomenological approach to classical hydrodynam-
ics where the equations, expressing the conservation of the
energy-momentum and charges, are also constructed by
using the traditional double expansion [1]. These two
approaches are fully analogous with the exception of three
important differences. Firstly, the equations derived from
microscopic physics are closed without the requirement of
additional thermodynamical considerations. Local equilib-
rium in an infinite, homogeneous system is automatically
ensured so long as the perturbations are weak and slowly
varying. As a result, the usual difficulties of the phenom-
enological approach to zero-temperature hydrodynamics
appear as a problem in performing the Legendre transform
in deriving the effective action. Secondly, a new element
of this approach is the fact that the derivation reveals a
spatial nonlocality induced by the Fermi surface, which is
reflected by the appearance of the negative powers of the
wave vector, 1/|q|, in the Laurent series. Such terms,
generated by loop integrals, are absent in the usual
phenomenological approaches, which are based on the
naive Taylor series expansion of classical physics, i.e. in @
and q.1 The third difference concerns the definition
of the hydrodynamical regime. In the phenomenological
approach, the relevant regime is defined at length scales
where the local density, current and thermodynamical
potentials can be defined. In our approach, based solely
on local expectation values, there is a well-defined effective
action, valid at any length scale, well beyond the minimal
length, set by the UV cutoff of the underlying quantum
field theory model. We define the hydrodynamical limit by
the requirement that the equations of motion be local in
time and display integro-differential structure in space.

The transport coefficients, entering into the phenomeno-
logical hydrodynamical equations, can be derived from
quantum field theory by using Kubo’s formulas [3,21,22].
Our generating functional for the connected CTP Green’s
functions of the current, calculated at the quadratic order,
reproduces the usual Kubo formulas. It is then the next step
in our work that goes beyond the traditional treatment of the
electron gas. We perform the functional Legendre trans-
form and calculate the effective action for the current,
which is what produces closed equations of motion without
the need for any thermodynamical input. Even though the
derivation of the standard Kubo formula for electrical
resistivity [21] is the first step in obtaining the dynamical
equation for (j#), this line of research has not been pursued
in a systematic manner to our knowledge.

'An example of the complexity of hydrodynamics beyond an
analytic Taylor expansion in @ and ¢, which has been well known
and also arises in the computation of current-current correlation
functions (away from large N) are the so-called “long-time tails,”
which exhibit nonanalytic behavior in @ [3,18-20].
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The behavior of a Fermi liquid is normally formulated
by Landau’s phenomenological theory [23-25], which is
based on the idea of quasiparticles. However, the charged,
local fields that represent the quasiparticle excitations
around the Fermi surface are not Hermitian physical
observables. This problem is circumvented in Landau’s
argument by carefully constructing the effective dynamics
near local equilibrium in terms of the scattering processes
of the quasiparticles. The complication in deriving such a
theory from microscopic physics in a systematic manner is
the necessity for using nonlocal transition amplitudes,
which are given by the gauge-invariant residues of the
amputated, connected Green’s functions. Instead, we wish
to formulate an effective theory in terms of local observ-
ables to understand how phenomenological equations of
hydrodynamics arise. We must therefore rely on neutral,
composite operators. The obvious choice, the current
J#(x) = w(x)y"w(x), makes our effective theory formally
different from Landau’s Fermi liquid theory.

The main observation we wish to present in this work is
that a noninteracting, ideal gas of electrons displays
complicated correlations and dynamics when one analyzes
the behavior of the electric current. It exhibits features that
are usually characteristic of interacting systems, such as the
presence of a sound mode. To better understand the role of
interactions, imagine a calculation of the ac electrical
conductivity in an electron gas. This can be done by
introducing an external plane-wave electric field with the
amplitude E = (E,0,0) and then calculating the response
of the system, namely the amplitude of the induced current
Jj = (j,0,0). Perturbatively, the result has the form

meXYa(E)'(2) o

m=1 n=0 €F

expanded in terms of two small parameters, the QED
coupling strength e and the ratio of the external perturba-
tion eE to the Fermi energy ep. The double expansion
reflects the double role the electromagnetic interactions
play in this problem; on the one hand, e is the fundamental
interaction among the charges in the gas and on the other
hand, it is the interaction used to diagnose the gas. The key
point is that the dynamics of an out-of-equilibrium gas
behaves differently depending on the order the two inde-
pendent ¢ — 0 and e¢E/er — 0 limits are taken.

To characterize the gas itself, without the large interfer-
ence of the external probe, one goes into the limit of the
linear-response regime. Namely, one carries out the limit
eE/er — 0 first in such a way that the transport coefficient,
i.e. the conductivity, becomes well defined and finite:

; 2 x© 2\ n
j e e eE
=L —=_ — ol—). 2
°E € “ 0C1"<hc> + <€p> @)

065009-2



DYNAMICS OF THE ELECTRIC CURRENT IN AN IDEAL ...

In this limit, the interactions between the gas and the
observational probe are severely simplified. However, the
interactions among the charges still play an important and
complicated role in determining the coefficients c;,. To
simplify the contribution from the fundamental inter-
actions, one usually considers the unphysical limit in which
the QED interaction becomes extremely weak. The lead-
ing-order result 6/e? ~ ¢,/ e is then sufficient for describ-
ing the dynamics of a (nearly) ideal gas in the presence of a
weak external perturbation eE.

Alternatively, one may be interested in the way the
elementary interactions of QED dress the noninteracting,
ideal gas in the presence of external perturbations. This
scenario corresponds to the other order of limits where
e — 0 is performed for finite eE. In this approach, the
external perturbation has to be restricted to an ac form in
order to avoid the instabilities of noninteracting particles
subject to homogeneous external forces. This is the strategy
followed in this paper in which we derive the linearized
equation of motion for the electric current in the presence of
an external perturbation, within the one-loop approxima-
tion in QED. The external source a,(x) is fictitious in our
scheme. It is used to drive the electron gas from its
equilibrium state at ; = —oo to a desired, nontrivial state
at t = 0 when the source is switched off, i.e. a,(x) = 0 for
t > 0. The equation of motion, satisfied in the absence of
the source, is therefore well defined so long as it is local in
time. Since it is only possible to find a local equation of
motion for sufficiently slow motion of the gas, we will
restrict our attention to external sources with slow time
dependence.

The nontrivial correlations in a noninteracting, ideal gas
appear due to the redistribution of the energy-momentum
into its noninteracting normal modes, when the dynamics is
diagnosed by composite operators. The initial energy-
momentum is injected into the gas from the external source.
Such a redistribution generates new collective modes with
nontrivial dispersion relations, leading to new composite
sound waves. Dissipation manifests itself in the spread of the
flow pattern in space, as a function of time. As a result, this
type of a sound wave is different from both the zero and first
sound modes of the usual Fermi liquid.

There are three major parts of this paper: the discussion
of inertial forces that arise from nonlinear coordinate
transformations, the argument that effective theories have
to be derived within the CTP formalism and the presen-
tation of the dynamics of the electric current.

In Sec. II, we point out that inertial forces show a
surprising similarity with genuine interactions. The equa-
tions of motion become highly involved and lead to
nontrivial dispersion relations for the collective excitations.
For us, the nonlinear transformation of interest in the
electron gas is the field transformation from that of the
electron, w(x) and W(x), to the Noether current,

J(x) = w(x)ry (x).
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In Sec. III, we proceed with an introduction of the CTP
formalism. Special emphasis is placed on the structure of
the CTP propagators. Physical phenomena that arise in the
CTP formalism from the coupling between the two time
axes, namely decoherence and irreversibility, are discussed
in Sec. IV. We also discus why decoherence and irrevers-
ibility can be present in harmonic systems.

The CTP scheme is then applied to the electron gas in
Sec. V by working out the effective action for the current at
the quadratic level and by using the one-loop approxima-
tion. The corresponding equations of motion are presented
for longitudinal and transverse components of the current.
Section VI is devoted to the discussion of the infrared,
hydrodynamical limit of the solutions. We first consider the
linearized equations of motion and decoherence in a dense
ideal gas with vanishing temperature. We then couple it to a
heat bath and finally turn on the Coulomb interactions.

Finally, we present our conclusions in Sec. VII. Three
Appendixes include a brief discussion of the linear
response formalism, the structure of the free Schwinger-
Keldysh propagators and the summary of the one-loop
current-current Green’s function calculation.

II. INERTIAL FORCES AND INTERACTIONS

We begin this paper by analyzing the dynamics of
physical systems in which the quantities of interest are
nonlinear combinations of the fundamental degrees of
freedom.

A. Particle dynamics

To examine nonlinear field transformations, consider
first a simple harmonic oscillator:

1 ., 1
L= mez - Emwzxz. (3)
We can introduce a nonlinear coordinate y = x>/2, under

which the Lagrangian becomes

1 /m 1/m
L—— (M52 2 () 242 4
2 <2y)y 2 <2y>wyy’ @

where o, = 2w. The system in Eq. (4), expressed in terms
of y, appears to have a position-dependent effective mass,
m(y) = m/2y, a periodically diverging speed and oscil-
lations, which are unable to pass through the point y = 0.
Despite the fact that both systems describe the same
physics, the inertial force exerted by the coordinate-
dependent mass of the oscillator y(#) hides the simplicity
of the motion expressed in terms of x(z).

The lesson to be learned at this point is that inertial
forces, arising from a nonlinear change of the coordinates,
may disguise the normal modes of a harmonic system
beyond recognition. Let us suppose that our system,
described by the coordinate x, obeys dynamics described
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by a quadratic action S[x] and that we are interested in the
effective theory of some nonlinear combination of the
original coordinate, y = y[x|. The action S[x[y]] is then
nonlinear and contains terms that make the physical system
appear to behave as an interacting system [26].

B. Classical fields

Let us increase the complexity of the model and consider
a complex scalar field ¢(x), governed by a translationally
invariant quadratic action:

S=¢* Lo+ P+ P*j+ k. (5)

The products of the type f¢ denote space-time integrations:

4
fo=1 [ aiss o) = ¢ [ S5 r-aaa). (6)

with the Fourier transform defined as’

Pl = [ ders )

The source k(x) is coupled to the composite field
®(x) = ¢*(x)p(x) and the kernel L£(i0,) can be a poly-
nomial in space-time derivatives. The normal modes of the
model (5) with j = k =0 are plane waves with a wave
vector " = (wy(q).q), where £(g,) = 0. If we turn on a
source j with four-momentum g, then all of the energy-
momentum gets absorbed exclusively by the normal mode
g". The system’s response to an external source j thus
reflects the simplicity of a harmonic system in which each
normal mode remains independently excited. On the other
hand, the energy-momentum injected through the source k,
which is coupled to the composite field @, gets transmitted
through the system in a completely different way. It spreads
over all normal modes with the energy-momentum con-
servation being the only restriction. The dispersion relation
of the response is modified in a highly nontrivial manner
compared to the previously excited normal modes
with wy(q).

The above statements can also be understood in the
following way: after turning on the source k, we not only
lose the original normal modes but the response of the
system begins displaying correlations among those modes.
It is important to stress that correlations are usually thought
of as the hallmark of genuine interactions. In this language,
we can understand the noninteracting nature of the model
diagnosed by j as the absence of correlations among the
normal modes. In fact, the external source j(q) ~ 5(q — p),
which is local in Fourier space, induces a local response,

2Throughout this work, we will be using the 7, =
diag{+1,—1,—1,—1} sign convention for the Minkowski metric
tensor.
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¢(q) ~56(q — p). This is no longer the case when the
source k is used to diagnose the dynamics since k(q) ~
5(q — p) induces a response in the whole Fourier space
because the momentum p*, injected by the source k, is
spread over infinitely many plane wave normal modes of
the k # 0 model.

It is also instructive to compare the time evolution of
®(x) induced by a wave packet in k(x) with the spread of
the wave packet in quantum mechanics. In standard
quantum mechanics, the spatial Fourier transform of the
probability density can be written as

dq |
p.0) = [ Gty @y q). (8)

where y(gq) denotes the Fourier transform of the wave
function at ¢ = 0, assumed to be regular and localized in
Fourier space. The probability density is also localized at
t = 0 and its p dependence displays a convoluted peak. As
time passes, the oscillating phase factor makes this peak
more and more localized in Fourier space, leading to the
spread of the wave packet in position space. The time
reversal, being an antiunitary transformation, leaves the
Schrodinger equation invariant and the spread of the wave
packet results from the choice of the initial condition rather
than the breakdown of time reversal invariance. It is
possible to find initial conditions for the wave function
with a singular phase in Fourier space so that the wave
packet becomes narrower in time.

The field ®(x), induced in the field theory (5) with j # 0
and k = 0, is given by

3
= —Z/ (d ?3 eiw(()") (@) =i (p+q)t
27)

x [ResL(w)"” (4).q)] [ResL( (b + q).p + )]
x j(0(q).q)j(@y P +q).p +q). 9)

where ResG’(a)((]“) (q),q) is the residue of the retarded
Green'’s function and the summation extends over the poles.
The comparison with Eq. (8) indicates that if the source j
has a regular and localized Fourier transform, then the peak
in ®(z,x) spreads as the time passes. The interference
among the independent normal modes leads to diffusion-
like processes as in the case of Landau damping [27]. As a
result, the mixing of infinitely many normal modes may
make the effective dynamics of the composite field, ®(x),
appear to be diffusive.

C. Quantum fields

To continue with our chain of increasingly complex
models, consider a charged scalar quantum field:
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— d3q (c) —igx
4 =Y [ e e
+O(=ap )bl(=0)e ] o0 g (10)

where the operators a.(q) and b.(q) annihilate a particle
and an antiparticle, respectively, and the sum is over the
different particle modes of the Lagrangian (5). The non-
interacting nature of an ideal gas is clearly apparent on the
level of the one-particle Green’s functions. The factoriza-
tion of the higher-order Green’s functions of the elementary
field,

G2n = <O|T{¢<xl)¢(xn)¢T(yl)¢T(yn)}|0>’ (11)

according to Wick’s theorem, implies that all connected
Green’s functions with n > 1 vanish. In fact, there are n
elementary excitations contributing to G,,, each of them
controlled by a pair of particle or antiparticle operators
a.(q)al(q') or b.(q)bL(q'). They can be represented by
propagator lines in the Feynman diagrams and G, is the
sum over all possible different combinations of the pair-
ings. Since the elementary excitations are noninteracting,
their amplitudes factorize for all the combinations.

The Green’s functions of the composite operator ®(x),

Hy, = (0]7{®(xy)...®(x,)}0). (12)

have a much more involved structure. In fact, each
composite operator is made of two elementary excitations
and therefore ®(x) can be paired with two elementary
field lines in a Feynman diagram, as for example in Figs. 1
and 2. In other words, the measurement of ®(x;) generates
two elementary excitations, which have to be removed by
other operators appearing in H,,. The lines drawn between
the composite operator insertions can therefore give rise to
connected diagrams at arbitrary orders. As a result, the
simplicity of the noninteracting, ideal gas becomes com-
pletely disguised by the composite operator analysis.
Even though both the noninteracting and the interacting
system share the property that they support nontrivial
connected composite operator Green’s functions of arbi-
trarily high orders, there is a marked difference between
these Green’s functions. For an ideal gas, they are given by
a single Feynman loop integral. In the presence of inter-
actions, on the other hand, there exists an infinite series of
distinct Feynman diagrams. For an example of a diagram

FIG. 1. An example of a scalar two-point Green’s function ring
diagram for a composite operator.
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FIG. 2. An example of a scalar n-point Green’s function ring
diagram, which contains n current insertions of ® along the ring
with propagators connecting the neighboring pairs of the operator
insertions.

with added interaction vertices, see Fig. 3. Let us consider a
composite operator that is an Nth-order homogeneous
multinomial of an elementary free field. It is easy to see
that in the noninteracting case its Green’s function with n
legs, corresponding to an n-point function, is given by a
single Feynman diagram with n(N —2)/2 + 1 loops. For
example, all n-point functions for a bilinear operator with
N =2, as depicted in Fig. 2, are given by one-loop
diagrams. The numerical values of the many-body corre-
lations can therefore be as involved in a noninteracting gas
as in an interacting system. However, the elementary
processes that build up these correlations are far more
complicated in the interacting than in the free case. This is
consistent with the findings of Sec. VI D, where we show
that the Coulomb interaction resummed propagator only
modifies the numerical values of the coefficients in the
linearized equation of motion for the current, compared to
those derived for an ideal gas. We note that our analysis will
neglect the vertex corrections as well as the electron self-
energy, which would qualitatively change the behavior of
the gas. We will discuss these issues in detail below.

To conclude this section, let us consider a particle
described by a complex field ¢(x), which is invariant
under the phase transformations ¢(x) — e“¢(x) and
¢'(x) = e ¢ (x). Its interactions can be described by
vertices constructed out of the bilocal field ®(x,y) =
#(x)¢*(y). Furthermore, ®(x, y) also generates the field’s
excitations. In a sense, this is a generalization of the ideas
on bosonization because the excitations are controlled by a
bosonic bilocal field, both for bosons and fermions. The
dynamics of such excitations is nonlocal. However, by
adopting the idea of the operator product expansion, it can
be characterized by a set of infinitely many local fields:

1

et P - (13)

il Y ~6Z/4n

FIG. 3. A simple two-point current-current Green’s function
diagram in the presence of interactions.
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One expects that the long wavelength excitations of the
system are generated by the &, fields with small n. It is
therefore reasonable to look for a simple effective infrared
theory in terms of ®,. Such effective dynamics may contain
dissipative forces because the excitations that are controlled
by the fields ®,, with higher n, represent an environment
for the long-distance modes. Note that this environment is
well defined even though it has no corresponding direct
product structure in the Fock space.

III. CTP FORMALISM

The standard single-time axis formalism of quantum
field theory, developed for the calculation of transition
amplitudes between pure states, is not sufficient to describe
the time evolution of expectation values. To overcome this
problem, we will use the Schwinger-Keldysh, CTP for-
malism [13] in order to derive the equation of motion for
the expectation value of the Noether current j#. This
powerful formalism has been applied to numerous calcu-
lations in condensed matter physics as well as in high
energy physics; see e.g. [28,29]. To make the paper self-
contained, we will devote this section and Sec. IV to the
introduction and summary of the relevant CTP techniques
employed in this work.

A. Generating functional

To make our presentation of the CTP techniques as
simple as possible, we will work with a specific example.
We will consider the dynamics of a neutral scalar field ¢ (x)
during the time interval 7; <1 <1;, defined by the
Hermitian Hamiltonian density H(x). In standard quantum
field theory (QFT), transition amplitudes between pure
initial and final states are calculated by using the generating
functional

eVl — <\Ilf|’]'{e—%fd4x[H(X)-J(X)</(X)]}|\I,i>. (14)
The source j(x) is introduced so that we can generate
n-point Green’s functions and facilitate the perturbation
expansion. In order to compute expectation values and
allow for an evolution to (and from) mixed states, one
generalizes the expression (14) to the trace of the final
density matrix p, = p(t;), written in the Heisenberg
representation as

WG] = T[T {oh ) AW oy

« T*{e%'fd“X[H(X)H'(X)!fJ(X)]}]’ (15)
where p; = p(t;) stands for the density matrix of the initial
state and 7 * denotes the anti-time ordering. The sources
Jj*(x) generate observables through functional differentia-
tion, 5/8j%(x), and are set to the physical value,
JjT(x) =—=j~(x) = j(x), at the end of the calculation.
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One can distinguish between the two time axes by
introducing two time variables " and 7~ for the time-
ordered and the anti-time-ordered products, respectively.
Furthermore, it is convenient to define the extended time
ordering 7 in such a manner that it acts as 7 on ¢+ and 7*
on -, while placing each ¢~ after r*. The result is the
condensed expression

AW J]

H(x™)+j(x

[T {eh i [dxH G I ) g

(16)

where (#,x) goes from (7, x) to (#~,x). Moreover, Wick’s
theorem also becomes explicitly available and can be used
in calculations.

The path integral representation of (15) is

AW /

¢t x)=¢(17.x)
X ¢~ (1;,x)]enSO I+ T =S4T +i07) (17)

D[¢*]D[¢"]pil¢" (1),

where S[¢] is the action, which includes Feynman’s ie
prescription. In this paper, we will make use of the notation

W) — / D[, (18)
where the CTP doublets are b= (p*.¢~) and
j=(j*.j), and the action is

S[p] = Slg*] - S [¢7). (19)

S* here denotes the complex conjugate of S. The CTP
symmetry

S~ ¢") = =S*[o". 47 (20)

plays an important role in restricting the structure of the
Green’s functions and effective actions.

The unitarity of the time evolution, on the level of the
whole system, is expressed by the preservation of the total
probability. This is reflected in the fact that the trace of the
density matrix, (15), calculated for a physical source,
jT =—j~ = J, equals to 1, or equivalently,

Wij.—j] = 0. 1)

Is the CTP scheme simply a trivial generalization of the
usual, single time axis formalism? The generating func-
tional (15) factorizes into the product of the conventional
transition amplitude (14) and its complex conjugate, with
Wlj,—j] = W[j] = W*[j], if the initial state |¥;) evolves
under the influence of the given external source into [¥) at
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the final time. Such a trivial relation between the single and
the double time axes cases is no longer valid when either
the initial state is mixed or we use “nonphysical” sources,
jT # —j~. In such cases, the CTP scheme covers new,
nontrivial physical phenomena, which could not be
described by (14). The essential point is that in calculating
the expectation values of operators, we always encounter
nonphysical sources, such as

i1 WD) _ ow[j]
Trlgp(x)pi] 5j+(x)|j+:j‘—>0 5j_(X)‘j+:j-->()’ 22)

which explains the need for the CTP formalism, as for
instance in the theory of linear response. We will make use
of this feature in the construction of the effective dynamics
for the expectation value of the electric current, described in
Sec. V. As mentioned above, another circumstance that
makes the CTP formalism a necessity is the presence of a
mixed initial state, which happens when the system under
consideration is open due to its coupling to an environment.
In Sec. IV, we will explain that this extension is in fact
essential for effective theories.

B. Propagator

The CTP formalism with its doubling of the degrees of
freedom allows us to set up perturbation expansion for
retarded Green’s functions. They are completely encoded
by the CTP propagator

iD* (x,y) = THT{#" ()" O)}pi).  (23)

defined by the generating functional (18). We will use o to
denote the CTP indices + and —. The generalized time
ordering 7 agrees with the usual one 7 on the positive time
axis. Therefore, D™ is the Feynman propagator:

Tr[T{¢" (x)¢™ (»)}10) (0] = (O[7{p(x)p(y)}|0). ~ (24)

The action of 7 is trivial if the two operators belong to
different time axes, giving us

Te[T{ (x)¢p™ (»)}0) (O] = Trlp(x)(v)]0){0]]
= (Olgp(x)¢(x)0).  (25)
Hence, the off-diagonal components of the propagator
are the Wightman functions without time ordering. The

remaining components of D" (x,y) can be found by
complex conjugation, leading to the block matrix form

THEIO))  (DO)b()
BEP0) <T[¢<y>¢<x>]>*>' (26)

The CTP propagators for free bosons and fermions are
given in Appendix B. The CTP identity

iD(x,y) = <
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T{A(ta)B(t)} + T"{A(14)B(15)}
= A(1a)B(15) + B(tp)A(ta), (27)

valid for bosonic operators, restricts the propagator to the
standard CTP form

(28)

. D"+ iD'
o=

B -D/ + iDi>
D/ +iD! '

-D" +iD'
where the functions D", D/ and D appearing in the matrix
elements are real. In the bosonic case, the exchange
symmetry (o,x) <> (¢/,y) imposes D"(x,y) = D"(y,x),
D/ (x,y) = =D/ (y,x), and D'(x,y) = D'(y, x).

The Fourier transform of the Wightman function,

iD= (p) = 0(p")S(p), (29)

is the spectral function of excitations, which are generated
by ¢(p) in a system with translational invariance and
S(p) > 0. The relation (29) allows us to express both D/
and D' in terms of the spectral function, which leads to the
spectral condition

D/(p) = sgn(p®)iD'(p). (30)

and the CTP propagator can thus be specified by only two
real functions,

D(p)
<D"(p)+sgn(p°)Df (p)
20(p°)D/ (p)

—20(-p°)D’(p) )
—D"(p)+sgn(p®)D'(p))
(31)

where the positive definiteness of the norm imposes the
bound

i©(p")D! (p) > 0. (32)
The inverse of the propagator (28) is given by

) A" 4 iAl
p' =5 ( ’ (33)

—A + A ) .
=0 . o,
AS + A

—A" + A

where 6 is a diagonal “metric tensor” of the form
6 = diag(1, —1). Furthermore,

Ara —1/pre, (34)
Al = —A’DiAC, (35)
where A" (x,y)=A"(y,x), A (x,y) =—A' (y,x), Al(x,y) =

Ai(y,x), A" = A" + A/ and A* = A" — A/. We also note
that the spectral condition, i.e. Eq. (30), yields
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A (p) = sgn(p°)iAi(p). (36)

Even though the preceding remarks apply to interacting
fields, it is instructive to consider free fields in a harmonic
model given by the action

A : A" AT Af Al
Sete[4] = §/d4x(¢+’¢_)<_Af — AT —A" 4 iAi>

+
x (¢) (7)
¢
The external source, introduced in the generating functional

(15), generates a nontrivial expectation value, which can be
obtained from either one of the two time axes:

wi(,) == [asden( 7).

showing that D" = D" + D/ and D* = D" — D/ can be
identified as the retarded and the advanced Green’s
function, respectively. Since these Green’s functions
are real in position space, D"(p)=ND"(p) and
D’(p) = iID"(p).

IV. COUPLING TO THE ENVIRONMENT

In the above section, we mentioned that the CTP scheme
is important for the analysis of open systems. In this
section, we will address the question of how precisely this
formalism is able to describe the coupling between a
system and its environment.

A. Effective theories

Let us suppose that the states of a closed dynamical
system correspond to the linear space H = H, ® H.,,
and that we are interested in the expectation values of
observables acting only on the system factor space H,,
assuming that the initial state is pure, |¥;) € H. It is well
known that the environment, represented by the factor
space H,, decouples and that the expectation values
can be obtained within H, if the state is factorizable,
(W (1)) =¢p(1)) ® 1w (1)), with |(1)) €H,, and |y (1)) € H,.
This scenario is certainly applicable when the initial state is
factorizable and there is no interaction between the system
and its environment. But as soon as the system and the
environment begin to interact in some manner, the factor-
izability of the state vector is lost. The system and the
environment must be in a pure, entangled state; hence, the
expectation values within the system can no longer be
reproduced by pure states in ;. In this case, the system
state becomes mixed and must be represented by the
reduced density matrix.

The traditional framework to discuss effective dynamics
is based on the single time axis formalism and the
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generating functional (14), which is designed to describe
the transition amplitudes between pure states. As a result,
it is very difficult to use such a formalism to describe
mixed states and open systems. An example of such
difficulties is the necessity to perform an involved, partial
resummation of the perturbation series to cancel the
collinear divergences in the effective theory of point
charges [30-33]. This example will be discussed again
below, in Sec. IV D.

Another property of effective theory, which is not
covered by the single time axis formalism, is irreversibility.
This is because the variational equations are conservative.
In the CTP formalism, however, the doubling of the degrees
of freedom allows us the realize irreversibility within
variational equations by coupling the two time axes. We
will further discuss irreversibility in Sec. IV E.

B. Coupling of the time axes in effective theories

The distinguishing feature of the CTP formalism is the
coupling of the two time axes, which was implemented on
the level of a phenomenological effective action for
hydrodynamics in [9]. Such couplings are always present
and the simplicity of the action (19) is misleading as it
does not reflect the fact that the dynamical variables on the
two time axes are correlated at ¢ = 7;. In fact, the final
condition ¢* (¢;,x) = ¢~ (¢, x) does not fix the dynamical
variables as in the single time axes path integral scheme.
Instead, it establishes a correlation among ¢+(tf,x) and
¢~ (tr.x), leaving the actual value undetermined.
Furthermore, if ¢* and ¢~ are introduced as two inde-
pendent variables, then the constraint representing the
final-time condition implies a nontrivial coupling between
the time axes at 1 = 4.

The explicit appearance of the condition ¢*(t7,x) =
¢~ (ty,x) in the path integral (17) violates translational
invariance in time. To recover this symmetry, together with
the diagonal structure of the Green’s functions in frequency
space, one can take the limits of 7; - —oo and 7, — co0. One
may expect that the coupling of the time axes, generated at
t = ty, disappears in this limit. However, a more careful
calculation shows that the time axes remain coupled by a
time-translationally invariant, infinitesimally strong cou-
pling [34]. Such a transmutation of the boundary conditions
is actually the origin of the O(¢) terms in the quadratic
action of a free particle, given by Egs. (B3).

In effective theories, the time axes are correlated by
finite couplings. As an example, let us consider the system
of two interacting fields, ¢(x) and y(x), governed by the
action

Sl w] = S[d] + Sielo. vl (39)

where S, describes the interaction between the system and
its environment. The CTP generating functional for the
effective theory of ¢(x) is
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W) — / DI¢|D[y] exp {% AR

i i A~
——S* g™ +—jp ¢, 40
2S5y 2 ¢} (40)
where ¢*(1;,x) = ¢~ (t;.x) and ' (tp,x) =y (17.x).
After integrating out the fields i, the bare effective action
can be written in the form of Eq. (18) as

Serc @] = S,[¢7] = Si[d7] + Sin[). (41)

where the last term on the right-hand side, the influence
functional [35], contains the effective interactions gener-
ated by the environment. It is defined by the expression

ettt — [ Dl exp {% St vt =5 Sl }

(42)

The form (41) of the action does not separate terms that
play different roles in the effective dynamics. To distin-
guish different contributions to the physical properties of
the system, it is more illuminating to write

Sinl¢] = S1[47] = Sil¢p7] + S [, (43)

where S,[¢p",0] = 5,[0,¢7] = 0. S, is then the self inter-
action and S, the entanglement functional. They contain
the contributions from the single and the double time axes,
respectively. Note that the symmetries that act on both
components of the CTP doublet identically and simulta-
neously are preserved by Sgr, Sing and S.

C. Perturbative self-energy
and the entanglement functional

The physical origin of the separation of the effective
vertices of the influence functional into S and S, is easiest
to see in the perturbative construction of the effective
dynamics. Let us write the action for y as

1
Suldhw] = YD + Smldyl. (44)

The perturbative expansion of the influence functional is
then defined by

LSint ) — i 1 6
eiSinlf] — exp {% <Sse {¢+,75‘]—+}

S |o o] ) bew {awat}. @)

where
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oWoll] _ / Dl |es# D' v+ — o400 (46)

is the free generating functional for the field .

The couplings between the time axes arise from the free
CTP propagator 150, given by Eq. (26), which has non-
vanishing off-diagonal blocks. The propagator lines in the
Feynman diagrams, representing the perturbation series
(45), that connect elementary vertices on different time axes
are the ones encoded in these off-diagonal blocks. To find
the physical origin of the off-diagonal propagator compo-
nents, write Eq. (25) as

D™ (x,y) = Y _(nld(x)¢(»)]0)(0]n)
= (0l ()ln) (nl(3)[0).  (47)

where {|n)} is a complete set of basis vectors. D™ thus
receives contributions from one-particle states, which
together contribute to the trace in the generating functional
(14) and the propagator (23) at t = t;. The internal lines of
the Feynman diagrams that connect the time axes therefore
correspond to the excitations of the field y at the final time.

The states that contribute to the trace and realize the
couplings between the time axes are on the mass shell
because the Wightman function in Eq. (25) contains no
time ordering. S, is therefore suppressed in the limit of
t; — oo if the excitations of the initial state, involving y
particles, have a gap.

The single time axis contributions to the effective action,
S1, describe the type of system-environment interactions
that can be successfully handled by the conventional, single
time axis formalism. Hence, the separation (43) splits the
system-environment interactions into two parts, one that
keeps a pure state pure and another that generates
entanglement.

D. Conservation laws

The separation (43) of the effective interactions is
particularly clear in classical systems where the CTP action
has an infinitesimal imaginary part. The full theory usually
possesses some continuous symmetries, which are realized
in the same manner on each of the two time axes, for
instance external space-time symmetries or internal global
symmetries. Effective vertices in S| are called conservative
because they correspond to a traditional, single time axis
action and thereby preserve the conservation laws for all
conserved currents of the full theory, derived from the
Noether theorem. The functional S,, which mixes the two
time axes, contains the remaining, nonconserving and
dissipative system-environment interactions, which make
the system open [36].

Such a formal separation of the CTP effective vertices,
based on conservation laws, is less clear in the quantum
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case where the effective action has an imaginary part
and 3§, and 3, also contribute to dissipative phenomena.
The system-environment interactions generate two kinds of
dissipative phenomena. Firstly, the finite lifetime of
quasiparticles due to the leakage of the pure quasiparticle
states into the environment, called damping, is expressed
by 3S;. Secondly, the system-environment entanglement
makes the quasiparticle states in the effective theory mixed
and generates decoherence, which will be discussed in
Sec. IV F. The latter phenomena are encoded by J.S,.

In the effective theories of charges in QED, the typical
example of the effects described by S; is vacuum polari-
zation, which is produced by the virfual soft photon content
of charged particles. Virtual intermediate excitations cannot
violate conservation laws in the asymptotic, on-shell states.
The finite energy resolution of observations performed in a
finite amount of time always leaves the on-shell, soft
photon content of charged particle states unresolved and
the realistic charged states, which avoid the collinear
divergences of nondegenerate perturbation expansion, are
defined with a small but finite energy spread. A typical
effective interaction described by S, is therefore due to real
soft photon contributions to charged particle states.

The cancellation of the collinear divergences of the
nondegenerate perturbation expansion in the effective theory
of point charges, mentioned above, requires us to sum up the
real and the virtual soft photon contributions. This is a very
natural procedure within the CTP formalism, as the former
and the latter are automatically encoded by S; and S,,
respectively. The same construction in terms of the single
time axis formalism is rather involved but is required to
compute finite transition amplitudes in the effective theory.

It is essential to note that the mixing of fields in S, breaks
space-time translational symmetries, thereby causing the
physical system on each of the time axes to break energy-
momentum conservation. This is the way an effective
action that encodes the dynamics of only a subset of all
degrees of freedom can describe dissipation, i.e. loss of
energy from the relevant effective degrees of freedom to
those that were integrated out. This fact was used for
example in [9] to write down a classical dissipative action
of a fluid with bulk viscosity.

E. Irreversibility

It is important to distinguish between the loss of time
reversal invariance and the irreversibility of an effective
theory [37]. By assuming that the microscopic dynamics is
time reversal invariant, the only source of time reversal
noninvariant effective interaction is the initial condition of
the environment. The time inversion odd piece of the action
(37) is Af, which completely determines S, according to
the spectral condition (36). Therefore the harmonic theory
(37) breaks time reversal invariance if A/ # 0. The form
(B3) of the inverse free scalar propagator shows that an
infinitesimally strong violation of time reversal invariance
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is sufficient to produce finite time reversal odd expectation
values, e.g. D/ # 0 in Eq. (38).

The amplification of infinitesimally small symmetry
breaking, on the level of the action, to a finite symmetry
breaking by expectation values is the hallmark of sponta-
neous symmetry breaking. Let us again consider a free
field, i.e. in the model (37) with infinitesimal A/, given by
(B3). Such an amplification takes place for a free field
because of the inversion D = A‘l, with its sole role in the
dynamics being the representation of the initial conditions.
This is no longer the case if A/ assumes a finite value. S, is
then finite and the dynamics, governed by the equation of
motion A (2) = —J, is open and nonconservative. An envi-
ronment with a sufficiently large capacity for absorbing
energy and a nontrivial spectral weight at vanishing energy
then makes the effective dynamics irreversible [38].

The microscopic realisation of irreversibility is dissipa-
tion, which is the leakage of the system into the environ-
ment. The resulting effect, i.e. damping, is described by
38, and NS,, with the former being responsible for the
finite lifetime of the excitations and the latter contributing
to diffusive forces in the equation of motion derived from
the effective theory. In a classical effective theory, such as
the one considered in [9], the only way to introduce
dissipation is through S,. This is because the imaginary
part of the Lagrangian is infinitesimally small.

The emergence of a complex action in a conventional,
single time axis path integral signals nonunitary time
evolution. However, the unitarity condition, expressed by
Eq. (21), is preserved in the effective theories, which
therefore always preserve the unitarity of the microscopic
theory. Such a global unitarity is maintained by compen-
sating for the leakage of the system state into the environ-
ment, described by JIS;, with the system-environment
entanglement expressed by S,.

F. Decoherence

Decoherence [39,40] is the suppression of the off-
diagonal density matrix elements and is a basis-dependent
phenomenon. In fact, the density matrix, being Hermitian,
is always diagonal in a suitable basis. Here, we wish to
consider the decoherence of a local operator ®(x) =
F[¢(x)]. More precisely, we are interested in the suppres-
sion of the off-diagonal elements of the reduced density
matrix for ®(x) in the field-diagonal basis where the basis
vectors are the eigenvectors of ®(x). It is convenient to use
the Fourier transform ®(k) rather than the coordinate-
dependent field because the eigenstates of this operator
contribute independently to the suppression in our trun-
cated effective theory.

For the purposes of analysing decoherence, it is useful to
generalize the CTP formalism, which is aimed at comput-
ing the trace of the density matrix, to the open-time-path
(OTP) scheme, which is able to reproduce the full density
matrix. Instead of Eq. (15), one defines the OTP generating
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functional as a matrix element of the density matrix,
identified by the spatial configurations q’)} (x) in the
presence of external sources:

1

WUy ¢7] = plp*. d7s 1]

= (g |T {78 ST

L Ax[H (x) 4+ (x)p(x —
x T+ {h ] SXHE T Y oy

(48)

with finite ;. The path integral expression for this func-
tional is

Wbyl — / D[(;]eéS[&i,&f]ﬁ}'z?)’ (49)
s (x)=(17x)
where the action satisfies the OTP symmetry
Slp*. ¢, b)) = =S* (™. " d7. 7. (50)

The generating functional for the reduced density matrix
of a composite operator F[¢(x)], the OTP analog of the
effective theory, is then

MU ) (e Mo

X))]}|q);>7
(51)

XT*{ezfdx[Her] xX)F

where the state |®(x)) is an eigenstate of F¢(x)] with an
eigenvalue ®(x). In the path integral language, the expres-
sion (51) can be written as

Wil = / [+4iF H5 d=(t7.x)]).
(52)

or in terms of an effective action,
W) _ / D[d]eiSal®+iF] (53

B(t;.x)=0(x)
The effective action in Eq. (53) is given by

Suald] = -intog | | DS Ja(@*(x) - Fig*()|.

X
(54)

which has the structure of Eq. (43). If F[¢(x)] does not
determine ¢ (x) uniquely or if the initial state, described by
p(t;), is mixed, then the path integral on the right-hand side
of Eq. (54) becomes nontrivial and S;,q # O.
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Decoherence of F[¢(x)], i.e. the suppression of the
off-diagonal reduced density matrix elements for the
composite operator, is governed in the OTP formalism
by JIS,[@*, ®7]. It is a property of the state at each given
instant, which gradually builds up through temporal evo-
lution. Its dynamical origin is consistency [41]. This is the
suppression of the contributions to the density matrix that
correspond to well-separated OTP doublet trajectories,
where &7 (x) — ®~(x) assumes significant values in large
regions of space-time. Such a buildup of the suppression
can be detected without having access to the full density
matrix. In fact, decoherence must also appear as the
suppression of the CTP doublet trajectories that are well
separated for a significant amount of time. In our calcu-
lation, we will give up the details provided by the access to
the off-diagonal density matrix elements of the OTP
formalism. Instead, we will use the simpler CTP effective
theory and only compute the trace of the density matrix to
analyze decoherence in the electron gas.

G. Generalized fluctuation-dissipation theorem

Quasiparticles are dressed by the conservative inter-
actions and have a finite lifetime if JS; makes the
effective theory irreversible, as explained in Sec. IV E.
Nonconservative interactions make the final state mixed
even if the initial state is pure and JS, generates
decoherence; cf. Sec. IVE. A common element of these
phenomena is that both irreversibility and decoherence
result from the quasidegeneracy of a continuous spectrum.
Such a common origin is actually rooted in a more
fundamental identity of the CTP two-point functions,
which can be considered as a generalization of the
fluctuation-dissipation theorem.

The fluctuation-dissipation relation is usually discussed
in the context of a linear equation of motion. Hence, we
consider a translationally invariant, harmonic effective
action given by Eq. (37) where the quasiparticles are
defined by the single time axis action

Solg] = (55)

1 A
2/d4xgb(A” + iAY) .
The entanglement with the environment can described by
the correlation functional

Sunld] = [ s (&7 —inp (56)
We will use the Keldysh basis [17], ¢* =
which

¢+ ¢?/2, in

Sl = / FlpApl + AT+ igIaig).  (57)

We also introduce the parametrization j© = j/2 + j? of the
external sources, where j”(x) is the physical source. This
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represents the experimental setup in which the system
is driven adiabatically from the perturbative vacuum at
t; = —oo to a desired initial state at + = 0. The source term
is thus

id=jp+jrel,

indicating that the expectation value (¢(x)) is generated by
the bookkeeping source j(x), which should be set to zero
after the functional derivatives had been taken.

The translationally invariant operators commute and
each CTP block is diagonal in Fourier space, a property
which simplifies the discussion. The common origin of
irreversibility and decoherence in this simple model is the
fact that the eigenvalue A’(q) plays two different roles in
the effective dynamics. On the one hand, it is the imaginary
part of the inverse Feynman propagator of the action (55)
and as such it describes the inverse lifetime of the plane
wave ¢:

(58)

Al(q) = 1/2(q).

It serves as a measure of strength of the breakdown of time
reversal invariance. Note that Af(g) > 0 as a result of the
positive definiteness of the norm in the effective theory;
cf. Eq. (32). On the other hand, A’(q) enters into the
imaginary part of the double time axis action and

(59)

b —exp {3 [ S L@@} (0

indicating that the off-diagonal matrix elements of the
density matrix are exponentially suppressed in ¢¢ = ¢ —
¢~ and that the width of the corresponding Gaussian is
1/Ai(g). In other words, 7(q) is a measure of the
contribution of the plane waves to decoherence. It is
worthwhile noting that a lesson of Eq. (36) is that both
decoherence and time reversal invariance arise when the
time-translationally invariant couplings of the two time
axes have a finite strength.

The coupling between the time axes, A/, may be local in
time. However, the decoherence of the state builds up in
time in a nonlocal manner. In fact, sgn(w), which appears
in Eq. (36), contains slow time dependence,

(61)

/ dw —ia)ts Il( ) P i
-—e W) =—r—,
27 g nt

R R {% / d%e[

The free photon propagator is

A

DY (p) = =D(p;0)T,
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if the integration is carried out over . We use P to denote
the principal value of the integral.

What happens in an interacting system? The form (31) of
the two-point function, which is also valid for interacting,
composite operators, shows that the imaginary parts of the
diagonal and off-diagonal blocks are given by the same real
function, i.e. the far field component. The structure of the
action (37) of our simple harmonic model therefore also
remains present in the quadratic part of any effective action
for interacting theories. As a result, irreversibility and
decoherence have a common origin as far as small
fluctuations around a stable state are concerned.

The double role of A, discussed above, can be consid-
ered as an extension of the fluctuation-dissipation theorem.
On the one hand, A(p) is the imaginary part of the inverse
Feynman propagator of the action (55). Furthermore, it also
provides the imaginary part to the inverse retarded Green’s
function, A/(p) = sgn(p®)Ai(p), and thus controls the
“leakage” of the quasiparticle states towards the environ-
ment, which is an elementary dissipative process. On the
other hand, A="(p) = 20(p®)Ai(p) is the quadratic form
of S, and therefore represents the interactions with the
environment, which are the origin of fluctuations. Such a
relation between fluctuations and dissipation holds even in
the absence of thermodynamical reservoirs so long as the
linearized equation of motion is reliable, i.e. the system is
in a state that is resilient against microscopic fluctuations.

V. THE ELECTRIC CURRENT
IN AN ELECTRON GAS

We are now ready to begin analyzing the dynamical
properties of the electric current in an electron gas by using
the full CTP machinery introduced above. The relevant
theory of the microscopic physics of electrons and photons
is quantum electrodynamics (QED). Our goal will be the
derivation of the effective action for the Noether current j#
in the quadratic and one-loop approximations of QED at
finite density and temperature.

A. Effective theory for the current

We begin by introducing the microscopic theory of QED,
which we will use to compute the Green’s functions for the
current, sourced by a*, as well as the electromagnetic field,
sourced by j*. The relevant generating functional is

o

(F—‘ +a_faz>¢+ ADg'A +}'AH.

(63)
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with T = ¢ — 99"/, and the free electron propagator is

F(p) = <ﬂ+ %) [ﬁ(p; m) + 2xi6 <p2 -

where
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“Sa(L )] (64

1 . 2 m2c 0
Bpim?) P —melr = 5Eer) (65)
P —azis(p? — )0 (p0) gy

The occupation number density n(p) is given by the
expression

_ 6 O(-p")
n(p) - eﬂ(ep_ﬂ) + 1 eﬂ<€l’+ﬂ> + 1 ) (66)
in terms of the single  particle  energy,

€, = c\/m*c* + A?p?, and the chemical potential u. The
UV divergences are the same as in the single time axis case,
but special care is required to ensure that the composite
operator Green’s functions are finite. The similarity be-
tween the current-current two-point function in the case of
QED with noninteracting electrons and the one-loop
photon polarization tensor in the standard interacting
QED implies that we require an O(e®) counterterm even
for the ideal gas [42].

The functional W[a,j] can be used to construct the
effective action through a functional Legendre transform:

Wia,j] =T[J, Al +aJ+JA, (67)
where the new variables
~ Wi, L dWla, ]
7o [‘f J], i [g J (68)
oa 5]

are the expectation values

Ji(x) = (j*(x)) = Tr[pw (x)r*y (x)],

(69)
Aﬂ(x) = Tr[pAM(x)],
fora=7=0.
In what is to follow, we will make use of the para-
metrization

+a, (70)

for the sources. The function a represents a source that can
be adjusted by a suitably chosen physical environment and
leads to unitary time evolution; cf. Eq. (21). The other

I
component, @, is only used as a formal bookkeeping device.
The Legendre transform of a real, convex function can be
defined either geometrically or algebraically. We follow the
latter route and use Eqgs. (67) and (68) to define the effective
action, a complex functional, in an algebraic manner. The
inverse Legendre transform is based on the variables

STJ. A . ST[J. A
P [A ]’ fo o [A ]' (71)
57 5

Hence, the variational equations of the effective action are
satisfied by the expectation values, which are obtained by
setting the external sources to zero.

We are interested in the effective current dynamics and
the corresponding effective action I'[J], which can be
obtained by eliminating A from I'[J, A] by making use
of the second equation in (71). The effective action is real in
the physical case, j© = —j~, a = —a™; therefore, it is
sufficient to retain only the real part, RI", of the equation of
motion.

We write the external source coupling as

alJ=al+al?, (72)
which yields

W1
J=""==
2

== _

N A o N
VT +J7) 5

Jt—=J-, (73)
showing that J is the current expectation value and J¢ = 0
in the physical case with a = 0.

To find the linearized equation of motion, we need the
quadratic parts of W and I', which will be calculated by
expanding in 7 and keeping the first two orders. We start by
integrating out the electron field:

eiWlaj) — /D[A] exp{/d4x [Tr[ﬁ—l +i-S6A]
4

NN SN
—AD'A+-—7A 74
ottty ” (74)
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FIG. 4. Current-current two-point Green’s function diagram in
QED.

and keeping the O(7°a?) terms, giving us

eﬁw[&,}] :/D[A]ex

FLRA oAb A]} (75)
The inverse of D,
A A 62 N
D~' = Dy! —?6’G0, (76)
and the source
k=)+ g Ga (77)

are given in terms of the one-loop current-current Green’s
function, represented diagrammatically in Fig. 4:

Gl (x1.xp) = —ihte[Fo2 (‘x17x2)}/ﬂ2ﬁ'626| (X2, %1)7,,]-
(78)

The presence of a neutralizing, homogeneous background
charge was assumed in Eq. (77) to avoid divergent tadpole
contributions. The Gaussian integral (75) yields

~ A~ [ZN A ~ ~
j(Do +—2D05G&Do>j7 (79)

at the quadratic order in the sources.

Although the orders of the expansion of W[a, j] in 4 and
in the number of loops correspond to each other in standard
QFT calculations, this is no longer the case when the
effective action is considered. The reason is that the
variables of the effective action have different orders in
|

T+, J) = i

N =

o
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FIG. 5. Current-current two-point Green’s function with the
Schwinger-Dyson resummed propagator.

h,J = O(h) and A = O(1), as opposed to the variables of
W, a = O(h), j = O(A°). The Legendre transform (67)

therefore gives

1
2
for the next-to-leading order, O(#) effective action.
Maxwell’s equation,

A = eDyol, (81)

can be used to eliminate the photon field so that we obtain
an effective action

S

) ==JLJ, (82)

t\)l'—‘

with the Schwinger-Dyson re-summed propagator, repre-
sented in Fig. 5, giving us

38

A

L=G"-=6Dys. (83)

WS

The calculation of G is summarized in Appendix C.

B. Equation of motion

All bosonic two-point functions, including G, have the
same CTP matrix structure as Eq. (28). This allows us to
define the retarded and advanced parts of the linearized
equation of motion for the current:

2
€ r.a
£ = (M) =5 Dy, (84)

where D are given by Egs. (C41) and (C6), respectively.
The effective action, expressed in terms of the near
and the far components of £, L£" = (L"+ L) and
L= (Lr =LY, is

L4 Lr (L =L+ Lt )(ﬁ) (85)
i(Lr =L —Lr —i(Lr =L =L ) \J™
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[cf. Eq. (33)], which results in
j 1 1
rJ,J9 = —%Jdﬁrﬁald =+ EJ"E’J + EJC“J‘I, (86)

when expressed in terms of the Keldysh basis, i.e. Eq. (73).
The form of (85) shows that NS, and IS, are given by
the kernels £/ and (L£" — L£/)?, respectively. The form (86)
of the effective action then reveals that JII" governs
decoherence. On the other hand, the equation of motion
for the physical expectation value J, for which a = 0, i.e.
the variational equation for J¢ at J¢ = 0,

a=-L"], (87)

arises from M. We note that an effective action with the
structure of this type, i.e. mixing J* and J~, was used in [9]
to describe a classical dissipative fluid.

The Legendre transform of the effective action (82),

Wa)=—-=aLla, (88)

N =

is the generator functional of the connected Green’s
functions for the current after the resummation of the ring
diagrams with photon line insertions. The corresponding,
improved Kubo formula for the induced current,

J=—(L)"a (89)

[cf. Eq. (A14)] corresponds to the inversion of the equation
of motion (87). In other words, the equation of motion,
used in this paper, could have been obtained from the
traditional Kubo formulas for the electric current after the
resummation of the ring diagrams and an inversion, which
expresses the external source as the function of the induced
response. For a review of the linear response formalism and
its connection to the CTP formalism, see Appendix A.

The nonrelativistic limit ¢ — oo has been well under-
stood in QED, where the minimal coupling is given by the
term —ej#A,/c in the Lagrangian. The source term that
generates the electric current, j*a,,, is not suppressed by c.
The higher-than-quadratic order terms in W, in the source
a*, therefore represent correlations, which come from
relativistic effects in QED. In other words, the nonrelativ-
istic mechanical equation of motion for the electric current
of the noninteracting Dirac sea can contain relativistic
terms in the presence of an external electromagnetic field.
At the leading order, i.e. the quadratic level of the
generating functional, studied in this work, there are no
such unusual mixing terms.

We can now use the nonrelativistic retarded Green’s
functions (C41) and the three-dimensional parametrizations
a* = (¢/c,a) and J* = (pc.j) to find the equation of
motion in Fourier space for the mode ¢* = (w/c,q):
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P/c 11 1 né 0 0
S L c
( a ) c[c ”(né ﬂ)“ ’(o T)]
x(”’.), (90)
—

where the overall factor of 1/¢ on the right-hand side is due
to the definition (6) of the scalar product in Fourier space
and £ = w/c|q|. We are also usingn =¢q/|q|, L=n @®n
and T=1-L, or in terms of the index notation,
LY = n'n/. We decomposed the above expression in terms
of the longitudinal

1 e
L, =———D] 91
=gl o1)
and the transverse part
1
L, = vel T. (92)

Finally, we are in a position to derive the desired non-
relativistic equations of motion:

¢=—Lp. a=Lyj. (93)
It is worth noting that the second equation indicates that the

external source in a nonrelativistic gas should be in the
Coulomb gauge, V-a = 0.

VI. HYDRODYNAMICAL LIMIT

The question we wish to address in this section is
whether local equilibrium can be formed in the presence
of weak, slowly changing external sources, in space-time,
leading to hydrodynamic behavior of the electron gas at
nonzero density, even in the absence of interactions.
Somewhat counterintuitively, we wish to argue that this
is indeed possible. While local equilibrium is assumed in
the usual phenomenological approach to hydrodynamics, it
is our goal to understand its emergence through a detailed
derivation of an effective theory. We hope that such
calculations may reveal new microscopic insights into
hydrodynamics. To define our terminology more precisely,
we consider the system to be in local equilibrium when the
following two conditions are satisfied:

(I) The equations of motion are local in time and
contain a finitely ranged smearing in space. While
the equations of motion of an interacting system may
be local in space-time, such a smearing is necessary
in an ideal gas due to the absence of elementary
relaxation processes.

(IT) The retarded Green’s functions, describing the
solution of the linearized equation of motion, display
damped time dependence, leading to relaxation.

065009-15



SASO GROZDANOV AND JANOS POLONYI

In order to satisfy condition I, we have to restrict our
attention to phenomena with sufficiently slow dependence
on the space-time coordinates. To ensure local response, the
external perturbations should therefore remain slow com-
pared to the characteristic velocity. However, determining
the precise temporal resolution for the “hydrodynamical”
processes to be observable can be rather complicated in an
ideal gas with no interactions. In the traditional phenom-
enological approach, developed for interacting systems,
one assumes the analyticity of the dynamics in the infrared
region, i.e. in a small vicinity of the point w = 0, ¢ = 0 in
Fourier space. This renders the determination of the
allowed space-time resolution in a hydrodynamic regime
straightforward. Although the conservation laws tend to
generate slow, long-range modes, the interactions generate
a finite lifetime 7, for quasiparticles. This lifetime acts as an
infrared cutoff for the frequency and makes the dynamics
local for @ < 1/7j and |q| < 1/r,,;,, where vy = hkp/m
and r,,¢, = vp7( denote the Fermi velocity and the mean
free path, respectively. The absence of elementary (micro-
scopic) relaxation processes in an ideal gas, i.e. as 7y — oo,
forces us to look for other sources of smearing mechanisms
to establish local dynamics.

It is shown in Appendix C that the response to the
external field can be conveniently expressed in our case in
terms of two dimensionless variables:

X = mw y :M
hlqlkg kg

(94)

The singularities of the linearized, one-loop dynamics of
the ideal gas then arise at the threshold of the particle-hole
excitations, i.e. at the border of the domain,

Dyyar = {2 llx] = y/2] < 1}, (95)

on the (y, x) plane. We claim that in order for the current to
display hydrodynamiclike behavior, @ and ¢ must be
restricted to Dyyq,, Where the functions (C20) and (C23)
are analytic. More precisely, the dynamics will be most
closely analogous to the usual hydrodynamics when y < 1
and |x| < 1, having used Eq. (95). The resulting Laurent
series for (j#) in the magnitude of the wave vector, |q|,
starts with a nonzero, negative power of |g|. The situation
here is therefore significantly different compared to the
traditional phenomenological expansion, where (j#) is
given by a Taylor series in @ and q. This explains the
appearance of the factor 1/|q| in the equations of motion,
announced in the introduction.

Such a hydrodynamical regime is more restricted than
that of the interacting systems, described by phenomeno-
logical hydrodynamics, where the analyticity of @ and ¢
allows us to consider the two limits @ - 0 and ¢ — O,
independently. In the absence of interactions, the IR limit
depends on the ratio of @ and |g|, as the point w =g = 0 is
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approached on the (y, x) plane. To understand the physical
meaning of the restriction imposed by Dy, note that
x = v,,/vp, With v,, = w/|q|, is the ratio of the phase
velocity of the external probe to the Fermi velocity. As
argued above, the external perturbations should remain
slow compared to the characteristic velocity, thus giving us
a restriction on the size of x. As soon as interactions are
turned on, the quasiparticles acquire finite lifetime, which
then acts as an IR cutoff and begins screening the 1/|q|
singularities. More precisely, it is the imaginary part of the
self-energy at the Fermi surface, correcting the loop
integrals (C13), that makes the Green’s functions analytic
in g*. The traditional phenomenological approaches for
interacting systems, which rely on the analyticity in g”,
therefore correctly assume that the hydrodynamical regime
extends to arbitrarily large values of |x|.

We will see that the above considerations also make
condition II satisfied for the discussed ranges of x and y.
Details will be presented in the sections below.

A. Spectral function at zero temperature

The simplest insight into the response of the dynamics to
an external perturbation is provided by the spectral weight
of the excitations, given in our case by

iG,, (q) = (01j,(=4)J.(q)|0). (96)

This correlator can be recovered from the imaginary part of
the retarded Green’s function in momentum space, i.e. the
far field component. A more detailed view of the response
is provided by the identification of the collective modes.
The dispersion relation of the collective modes, w(q), of a
harmonic system is easiest to define by the use of the
residue theorem, if the inverse retarded Green’s function is
an analytic function on the complex frequency plane.
The dispersion relations are then defined by the zeros of
the inverse retarded Green’s function, [G"(w,q)]™' =0,
and the real and the imaginary parts of w,(q) give the
frequency and the inverse lifetime, respectively. A sim-
plification of this prescription occurs when the frequency
dependence of [G'(w,q)]™! is linear and |Sw(q)| <
|Nw(q)|. The approximate normal mode dispersion relation
is then given by the vanishing of R[G" (@, ¢)]~' = 0 and the
inverse lifetime can be approximated by evaluating
3[G"(w,q)]~"! on the dispersion relation.

It is important to note that our spectral function is not
analytic on the entire complex frequency plane at 7 = 0
[cf. Eq. (C22)]; hence, the residue theorem-based argu-
ments, mentioned above, do not apply. One can presumably
recover analyticity at nonzero temperature; however, the
nonanalytic part of the Green’s function is still present in
the low-temperature expansion. The picture becomes
clearer if we restrict our attention to a sufficiently small
region near x =y =0, where we do indeed recover
analyticity and are able to find well-defined collective
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FIG. 6 (color online).
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—Im S*~

(b) 6

Plots of the longitudinal and transverse spectral functions, shown over the (y, —x) plane, in units of m = 1.

(a) The longitudinal component —37 *~(x, y), with values between 0 and 1073, (b) The transverse component —3S* (x, y), with values

between 0 and 4 x 1078.

modes. This feature explains the universal importance of
collective modes for the hydrodynamical description, as
they can be introduced in the IR even if they become ill
defined at shorter time and length scales.

The abundance of particle-hole states can be estimated
by the spectral weight (96), given by the +— components of
the propagators in Eq. (C3) and presented in a more
detailed way in Eq. (C22). We depict the longitudinal
and transverse spectral functions, —J7 "~ and —3JS',
respectively, in Figs. 6 and 7. The numerical results are
presented at metal density with kz = 108 cm™, in units of
A. = h/mc = 1. The spectral weight at y ~ 0 is propor-
tional to x and drops rapidly to zero for |x| = 1 — O(y). For
y > 1, the Fermi sphere is negligible and the holes carry
negligible energy-momentum. Hence, the particle-hole
excitations, both in the longitudinal and in the transverse
sectors, obey approximately the same dispersion relation of
a free particle and spread over the interval 2|x| — 1 <
y <2|x| + 1, for |x| > 1.

—-Im T
6x 1074}

3x 107

N 10 15 ke
100 100 100

(a)

FIG. 7 (color online).

However, the spectral weights in the longitudinal and the
transverse sectors are markedly different. The majority of
the longitudinal modes are present at long wavelengths and
their number diminishes at shorter wavelengths. On the
other hand, the transverse excitations are more common at
short wavelengths. Of course, these are relative statements,
as the longitudinal spectral weight is several orders of
magnitude larger than the transverse one in the kinematical
regime of interest.

B. Excitations at zero temperature

We begin a more detailed analysis of the current
dynamics by first considering an ideal gas with e =0
at zero temperature, 7 = 0. The retarded Green’s
function and its inverse can be presented in the hydrody-
namical limit, discussed above, by the Laurent expansion
in Fourier space. The longitudinal retarded Green’s
function

—Im §*~

3x 1078

3 N ke
100 100

(b)

Plots of the longitudinal and transverse spectral functions, shown as functions of —@/k, in units of m = 1. The

curves with different colors represent spectral functions at different dimensionless momenta y = |q|/kr. In both plots the colors range

from black (y = 1) to progressively lighter blue colors (up to y = 9) in steps of 1. (a) The longitudinal component —I7 *~ (@,

(b) The transverse component —IS~ (w, |g|).

ql).
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TABLE 1. Coeftficients of the retarded Green’s functions up to
terms O(x?), O(y*) and O(T?) in an ideal gas.

Jk ag ko ag jk. a0 Ak
_ 1 i
00 1 ¢ 0 i
I N T
01 v 5 s 78
1 0 0 z 0
1 5 1 1
n o g ;
02 240 96 60 120
12 0 0 0 0
3 7 7 7
22 ~ 80 32 240 96
kpm ~

G, =——=G 97

) 4 ( )

is given by the dimensionless function G, which assumes
the following form in the IR limit:

G, = Z agjrolix)y*. (98)
=

The first few coefficients of the series are given in Table I,
with the actual order of the truncation of the series to be
justified later; cf. the discussion after Eq. (118). The inverse
Green’s function can be written as

2h2 ~
" h, (99)

G’ -1 _
G =1

and contains the dimensionless function

H, = Z by juolix) y?.
j7=0

(100)

The expansion coefficients b, ; ;o are listed in Table II.
As discussed in Sec. VI A, the real part of w(g) at which
the inverse Green’s function vanishes gives the dispersion

PHYSICAL REVIEW D 92, 065009 (2015)

0.0t . . . . .

FIG. 8 (color online). The blue solid line shows the full,
numerically computed longitudinal collective mode dispersion
relation x,(g) for an ideal gas at metal density, as the function of
lq|/kr. The black contour lines correspond to J[G%]~!, which
reaches its minimum around |q| ~0.7k;. The plot uses the
dimensionless (y,x) variables for the axes.

relation of the collective mode. We therefore need to look
for H, = 0. What we find is a strongly damped sound
wave, propagating with velocity

b
vy [2299 % 0.830,. (101)
bf,2.0,0

Figure 8 shows the exact longitudinal dispersion relation
x.(q) = mw,(q)/|q|kr, which was found numerically by
plotting the line R, [G%]~! = 0 for the full retarded Green’s
function, given by Egs. (C19), (C21) and (C41). The
analytical form of Eqgs. (98) reproduces the inverse of
the full Green’s function very accurately, given by
Egs. (C19) and (C22), along with the sound wave
dispersion relation for y << 1. Note that the sound wave
is within the hydrodynamical regime due to the fact
that b 00/br200 < 1.

U§0) — lim w(q) _

7~0 |q|

TABLE II. The same as Table I for the inverse retarded Green’s function.
Jk by ko bejka byjko by by jin byjrs
00 -1 - é 8 0 0 0
10 z z 0 —167 0 0
20 _z 5_1a 104 —64 2 0
: 14 6 8 32 32 2
1 _35 2 32
01 12 72 9 23 122 0
I I T T
11 12 12 0 -5 == 0
21 1_ 13 _ 122 _ 124 _ 848 5124407 2
3716 1 96 27 0 3 1287
1 €L 437 224 128
02 0 5 310 135 9 0
12 2 43r 0 263z 1287 _ 256z
180 1440 135 45 3
22 17 _ 1322 29 _ 1677 149 1864 1552 4 974r 1024 | 1664x°
180 — 960 72 7 5760 810 135 45 135 3 45
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FIG. 9 (color online). The plot depicts the same information as
Fig. 8, except for the transverse collective modes. The imaginary
part of the equation of motion, I[G?]~!, approaches 0 from below
as |q| increases.

One could naively expect that the transverse sector
should display no collective modes since the solutions of
the Schrodinger’s equation only describe longitudinal
waves. However, the collective mode spectrum, the curve
M,[G/]7! =0, obtained numerically from Egs. (C19),
(C21) and (C41) and plotted in Fig. 9, suggests the presence
of quasiparticles with an approximatively free dispersion
relation, in agreement with the well-known transverse
waves in dissipative fluids [1]. This phenomenon may
take place in an ideal gas by combining particle and hole
plane wave modes, which are one-by-one longitudinal but
have a transverse component with respect to their total
momentum. For the transverse Green’s function, we find

. kpmvi -
G[ - WGt, (102)
with
ét = Z at,j,k,o(ix)ijk’ (103)
k=0

in the infrared regime; cf. Table I. The absence of the term
O(x%y%) signals that there are transverse collective modes
in the infrared regime, but that their equation of motion is
nonlocal. The dispersion relations in the longitudinal and
the transverse sectors are similar for y > 1, which is in
agreement with the remarks made in Sec. VI A.

To conclude this subsection, we note that the plan to
derive hydrodynamical equations has surprisingly already
been partially realized in the case of a zero-temperature
electron gas at finite density. Indeed, the longitudinal sector
possesses a hydrodynamical limit, it satisfies a local
equation of motion in the IR and it displays a collective
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mode for |g| — 0 with a linear dispersion relation, @ ~ |g|.
The collective excitation is therefore a sound wave.
However, because of the fact that it is composed out of
noninteracting constituents, the mode is neither zero nor
first sound. Instead, its existence stems from the composite
nature of the operator generating it, i.e. the Noether current.
This collective mode can thus be thought of as a composite
sound mode consisting of infinitely many simple plane
waves. To establish its existence, no additional thermody-
namical considerations were needed as the assumption of
local equilibrium is replaced by the infrared conditions
needed to derive the local equations of motion. The
transverse sector of the current has collective modes that
can be approximated by the free dispersion relation, but
their equation of motion is completely nonlocal.

C. Excitations at small, nonzero temperature

In order to recover local equation of motion for the
transverse modes we bring the ideal gas into contact with a
heat bath. Because the loop integrals in Eqgs. (C13) cannot
be computed in closed form for arbitrarily large temper-
atures, we will restrict our attention to the low-temperature
case with T < ey = #?k%/2m. Within this approximation,
the discontinuous jump of the occupation number at the
Fermi surface is slightly softened at low temperatures.
Hence, the low-temperature expansion yields a power
series in the dimensionless small parameter z = 7T /2¢p,
with expansion coefficients containing the derivatives of
the zero-temperature result with respect to kr. Nonzero
temperature introduces a new length scale, the thermal
wavelength Ay = fi\/27/mT. The small parameter of the
low-temperature expansion can then be written as
7z =2n%/(kpAr)?. In terms of Ay, we will be working in
the regime of Azkp > 1.

The low-temperature expansion of the Green’s function,
given by a one-loop Feynman diagram, produces artificial
divergences where the spectral weight (96) is nonanalytical.
Even though it is reasonable to assume that these singu-
larities are not present when the full temperature depend-
ence is taken into account, we continue here with the
inspection of the Green’s function away from these
singularities, only in the IR. The longitudinal and the
transverse current-current Green’s functions take the fol-
lowing expanded form at low temperature:

Go= Y ayjpmlixyy*z", (104)

Jk,m=0

where the index o may either take the value ¢ or f,
indicating whether the Green’s function is longitudinal
or transverse. The constants, read off from Egs. (C31), are
again listed in Table I. The different signs of a,qy, and
Azoo1, shown in the table, reflect the fact that thermal
fluctuations tend to weaken the polarization of the Fermi

065009-19



SASO GROZDANOV AND JANOS POLONYI

sphere and that the low-temperature expansion breaks
down when the O(x°y°) term changes its sign. The inverse
of the longitudinal Green’s function can be written in the
form of Eq. (99), while the transverse Green’s function now
takes the form

e kph? ~
[Gt] ! :W ts (105)
with
H, =Y by julix)iy*, (106)
jk=0
where

o0 o0
_ 2 _ -
bejr = E bejimz™, Dbijx= E byjxme™".  (107)
m=0 m=0

The coefficients at low orders of the expansion are collected
in Table II. The zero-temperature longitudinal Green’s
function is invertible in the IR limit, enabling us to express
its temperature dependence as a power series in z. Contrary
to this situation, the presence of 7 # (0 temperature is
essential for the inversion of the transverse Green’s
function, which can therefore be written as a power series
in1/z.

We have now all of the necessary ingredients to return to
the problem mentioned in Sec. VI A, namely, the under-
standing of the analytical properties of the spectral weight,
needed to define simple collective modes. The point is that
the spectral functions of an ideal gas are indeed analytic in
the sufficiently small vicinity of x = y = 0. If the external
source a*(p) is an analytic function and is negligible
beyond the region of analyticity of the spectral weights,
then the approximation of the Green’s functions, which is
based on the analytical, small x and y behavior, is justified.

The poles of the truncated Green’s functions clearly
depend on the level of truncation. The truncation depend-
ence is stronger in the transverse sector where the inversion

Im[x]
~0.556}
~0.559}
~0.562 t t R
.56 0.568 0572 Relxl
(a)

FIG. 10 (color online).
mode for 0 < y < 0.4. (b) The transverse mode for 0 <y < 0.2.
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of the Green’s function is possible only at finite
temperature. The normal mode that arises from the O(x)
truncation is

) 2
— L2106, 108
r= a2 400 (108)
which is to be contrasted with the O(x?) result,
3ir +V27x* — 72 + 397*
_ dim V27 + 392 24 002). (109)

24 — 1272 — 13*

In other words, the transverse normal mode is fully damped
at the O(x) truncation as can be seen from (108). On the
other hand, the O(x?) truncation gives rise to a damped, but
also oscillatory normal mode. As for the truncation of the
series with respect to y, we note that the qualitative
behavior of the normal modes is already stable at the
O(y?) truncation. The O(x?) dispersion relation qualita-
tively follows the numerical curve and is quantitatively
wrong by a factor of approximately 2.5 for 0 <y < 1. The
truncations at the level of O(x?) and O(y*), used for
simplicity in all of the tables and figures, thus already
provide a qualitatively correct description of the dispersion
relations. Since [M[x]| < 1 at low temperature, the trans-
verse sound wave is within the hydrodynamical regime. If
we had used higher orders of x, the functions (C20) and
(C23) could be approximated with even better (quantita-
tive) precision and the plots of the truncated Laurent series
would lie closer to those of the exact linearized equations of
motion.

The real and imaginary parts of the normal mode
frequencies, w.(q) = tw,(q) + iw;(q), are plotted in
Fig. 10 for z = 0.87. The real parts were found to follow
a quadratic dependence in the wave vector, o) (q) ~ wor —
hq?/2m’ and o (q) ~ wy, + hq®/2m}, respectively, with
my, m; > 0. An upper bound on the radius of convergence
for the analytic form of Eqgs. (99) and (105) is given by
|w, (q)]. The collective mode (109) is therefore a strongly
damped, collective sound wave with both the speed of
propagation and the inverse lifetime of the order O(T?).

Im[x]
—0.066

—-0.068}

-0.07

g el

0.112

(b)

0.11

The dispersion relation of the normal modes on the complex x = Aimw ., (q)/kr|q| plane. (a) The longitudinal
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The damping of the normal modes makes condition II,
mentioned at the beginning of this section, satisfied in the
effective theory.

D. Excitations in the presence of interactions

In this section, we will include the photon-fermion one-
loop electromagnetic interactions of the type depicted in
Fig. 3 into the calculation to show that not all interactions
are able to change the qualitative behavior of the non-
interacting gas. This can be achieved by modifying the
linear operator £ from Eq. (83) to contain the Coulomb
interactions in its longitudinal component, while the con-
tributions of the interactions to the transverse sector are
negligible in the nonrelativistic limit. We can further
improve the precision of the one-loop calculation by
making use of the full one-loop resummed photon propa-
gator, given by Eq. (76) and represented diagrammatically
in Fig. 5. In this work, we will not include the vertex
corrections nor the electron self-energy to the current-
current two-point function, which would qualitatively
change the behavior of the electron gas and bring its
dynamics closer to the usually discussed regime.

The Schwinger-Dyson resummation results in the
replacement of [G%]~! by

62

L, =[G = —5—. 110
4 [ f} q2 _ ezG; ( )
The Laurent expansion now yields
hr & .
¢ = kg 'kz . bf.j.k.m.n(lx)"y2k22m (72agkg)", (111)
Jkmn=|

showing the emergence of a new length scale related to the
Coulomb interactions. The coefficients by j ,, , are listed
in Table III. We note that the partial Schwinger-Dyson
resummation of the photon propagator produces a non-
perturbative result at finite temperature and density.
Furthermore, the longitudinal equation of motion changes

TABLE III.  Coefficients of the longitudinal equation of motion
of the Coulomb gas up to terms O(x?), O(y*) and O(T?).

]k bf,j,k,0.0 bf,j,k,l.O bf,j,k.O,l bf,j,k,l,l bﬂ,jA,k,O,Z bf.j.k.LZ
0 -2 -1 0 0 0 0
0z z 0 0 0 0
20 |-z s_z 0 0 0 0
l4 6 58 1

o - -3 1 1 0 0
1z z 0 0 0 0
200 1.2 B_ 1w 0 0 0 0

3 l16 1 ]6 .
2 -4 ~% 0 0 -1 -1
2 I s 0 0 0 0
2 1 _Be »_iee () 0 0 0

180 960 72 5760
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FIG. 11 (color online). The dispersion relation for the longi-
tudinal mode in an interacting electron gas, plotted on the
complex x = hmw. (q)/kr|q| plane. The range of y is the same
as in Fig. 10, 0 <y < 0.4.

at the O(¢°) order due to the expression (110). It changes
the equation by taking L, — 2L,. Intriguingly, the
Coulomb interactions only introduce minor quantitative
changes to the equations of motion and the sound wave
remains the only collective mode at long wavelengths. The
speed of sound is higher than in the ideal gas while the
damping is only weakly influenced by the instantaneous
Coulomb interactions; cf. Fig. 11.

The inclusion of other one-loop corrections, the self-
energy of electrons and the vertex corrections would
qualitatively change the hydrodynamical regime. They
would generate a finite lifetime and render the infrared
limit, @ — 0, |g| = 0, of the loop integral (C13) well
defined. The loop integral would include an improved
electron propagator whose complex self-energy would
regulate the 1/|q| singularities, thereby restricting the ideal
gas hydrodynamical regime to
Dhydr:{(y’x)|||x|_y/2| < 1/\y> l/kFrmfp}v (112)
instead of the domain presented in Eq. (95). Here, r,,,
denotes the mean free path. These types of interactions
open the way to the traditional phenomenological
approach, which is based on the hydrodynamical regime

with y < 1/kgpr,r, and an arbitrary x.

E. Equation of motion in momentum space

To write down the equation of motion, we use the
deviation of the density from the homogeneous value,
n(q) = [/°(q) — j°(0)]/c, split the current into longitudinal
and transverse parts, j = j, +j,, where V - j, = 0, giving us

- io \J[g*\*
by, (—) (—) } (113)
2 beasg) (g

e [ () (8)]
—a= boiil— ) (5) i
ot~ |20 b)) ()

The temperature and the coupling constant dependence are
included in the coefficients b, and b, ;.. As a reminder, we

and

(114)
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are using the parametrizations a* = (¢p/c,a) and J* =
(pc,j) of the external source ¢ and the vacuum expectation
value of the Noether current.

The continuity equation 9,n + V - j = 0 can now be used
to rewrite the equation of motion for the full current in the
form of

r? bioo vF q

UF_h - beoo h ¢

- ) ()

= gkl ——= z

7. k=0 " UF|q| k%?

Tt 2 (o) (6) )

+ bi| —— 5 , 115
q2 Z J.k UF|‘I| k% J ( )

where the coefficients b are given by

b o bt,2,0
J.k

= 116
T beap (116)

beji—byji

The b, have been chosen so as to have a simple O(w?)
piece. As before, the ¢ ® ¢ notation indicates the
Kronecker product, giving us a matrix acting on j.

It is important to note that the linearized equation of
motion breaks time reversal invariance. The pieces with
even and odd powers of iw arise from the RS, and RS>,
respectively, in terms of the classification introduced in
Sec. IV B; cf. Eq. (85). The finite strength of £/ in the
linearized equation of motion generates true irreversibility
because £/ is odd under time reversal. Its presence leads to
damping and relaxation to equilibrium, which are reflected
in the nonconservation of the energy-momentum tensor,
associated with the gas [9].

It is instructive to look for the stationary transverse flow
with @ « x = 0 and j* = (0, j(q,).0,0), which is driven
by @ = (0,a(q,).0,0). It satisfies the equation of motion

T2 qz q4
Ea(ﬂl) = <bz,0,o — b0, i + b2 kj‘;)j(Q)’ (117)

with the solution

o a(q)
veh (> = ¢3)(¢* — %)’

2 2 |bz,0,1| bt,0,0
¢ =k 14+,/1-4 . (119)
* F2bt.0,2 ( |bt,0.1|

The argument of the square root is negative and
therefore the stationary flow is a Gaussian wave packet
in coordinate space with the width Ax = 1/|3¢.|. Note
that the role of the driving force of the flow, the pressure in

i(q) = (118)

where
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FIG. 12 (color online). The location of the poles of the
transverse current in Eq. (118) on the complex y plane, at
x = 0, plotted as the functions of the temperature 7', in units of
m =1 and kr = 3.8 x 1073, The coloring indicates the values
of the temperature that grows from blue to red color. At the origin
of the y plane, T = 0 and we use the blue color. The end point red
color is at T = 1075.

hydrodynamics, is played by the external source a* in our
scheme. The real and the imaginary parts of the wave vector
are shown in units of ky as functions of the temperature in
Fig. 12. They characterize the characteristic length scale of
the flow pattern and the dissipation of the flow, respec-
tively. The lesson here is that the inverses of both length
scales increase linearly with the temperature when the
thermal energy is well below the Fermi energy.

F. Equation of motion in space-time

It is easy to find the equations of motion in space-time.
All we need is to work out the operators that correspond to
the multiplicative factors Q") = |g|", acting on the coor-
dinate-dependent functions. Straightforward integration
yields

1

M —_p__-
oW (x,y) Pn2(x—y)4’ (120)
1

(-1) P
0" V(x.y) Pzﬂ_z(x_y>27 (121)
1
(-2) —p—

The short distance singularities of the Fourier transforma-
tion can be regulated by adding an infinitesimal imaginary
piece to the radius, which amounts to the use of the
principal value prescription in carrying out the integrals.
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The equations of motion, written as
Vp ~ .
_Th¢:£fn’ a:,CJ (123)

[cf. Egs. (91) and (92)] have

b b b
Lo =broo =2 QN0 + 320029, - =55 A
v v2 k%
b1 bml beos
k2 Q 2k2 82 k4 A
bflz beoo
ook 0 AY, —2—k4A82 (124)
VF
. - b
L — i |:b _ 710 tO 1 A
1,0,0 vy F k%—
btll 121 r02
- )0, 0?7 + A?
Upk2 Q + 2k2 k4
112 122
k4 oA, — 2k4 Aaz] + Vivig(-2
b b
» <_ﬂQ -9, + 220Q ,—%A
F
by, ) by, by,
-—0Wo, o +—5 A2
ka%Q T 2k2 k4
4—h2QmA& lb2AW - (125)
vk} vak}
and
~ T2 bt2() UV
a=—a- Q=2Va, . (126)

Upfl bfz()ﬂ'zfl

The linear response formulas for the components of the
current, generated by an external electromagnetic field,
which normally lead to the Kubo formulas, give J# in terms
of a*. Our linearized equations of motion, i.e. Eq. (123), are
similar to the Kubo-type equations, except that we now
have a* expressed in terms of J#. The inversion of the
kernel of the linear response formulas provides an addi-
tional piece of information, beyond the Kubo formulas,
namely the linearized equation of motion for J#, which is
needed to make contact with the hydrodynamical evolution
equations. As long as this equation can be considered local
in time, it characterizes the dynamics of the electron gas
alone for r > 0, that is after the external source ¢* has been
switched off, as explained in Sec. IV G.

The kernels of the linearized equations of motion are
given up to O(x?) in Egs. (124) and (125). When higher
orders are retained, these kernels contain nonlocal terms. In
fact, the O(x") contributions to the kernels are given in
terms of the Fourier transforms of |g|", with n’ > —n. This
results in the appearance of the smearing kernels Q™"

PHYSICAL REVIEW D 92, 065009 (2015)

which are of the order O(|x —y|™3), for n’ # -3, and
proportional to In "= =3, cf. Egs. (120)—(122).
The matrix elements of the operators Q‘"/, with n’ < =2,
grow with spatial separation at a fixed frequency. However,
such a nonlocality is suppressed by the frequency in Dyyq,
[see Eq. (95)], where the matrix elements remain bounded.
Systematical and convergent improvement of the equation
of motion, within the hydrodynamical regime, can thus be
achieved by including higher powers of x.

As an aside, we note that the long-range correlations,
experienced by the composite sound modes, are reminis-
cent of the gluon dynamics in the confining vacuum of
Yang-Mills theories where the single gluon modes develop
strong correlations beyond a characteristic distance scale
and glueballs are formed. Note that Q~*(x,y) grows
linearly with |x —y| so that the composite sound is
localized with a linear potential at this order of the
Laurent series. Higher orders generate correlations that
increase even faster with spatial separation.

Returning to the dynamics of the electron gas, the boost
invariance requires special care because the truncation of
the expansion of the effective action in the fields breaks the
Galilean boost symmetry. A minimal extension that can be
understood as a partial resummation of the functional
Taylor expansion to reinforce the Galilean boost invariance
is provided by the replacement of the time derivative by a
“covariant,” convective derivative 9, —» 0, +v-V. It
results in the replacement

-V
po+n’

9, — 8, + -~ (127)

in our case with py = k3/37%, and makes the equations of
motion nonlinear. The novel feature of these equations,
compared to phenomenological hydrodynamics, is the
presence of the Q") factors and the two constants bsoo
and bI.0,0'

It is interesting to again, as in Sec. VIE, consider a
stationary flow, this time in position space. The linearized
equation of motion operator for this type of a flow takes the
form

o bro
Es{at = oY <b k2 t 0 2
VivVio(-2) bo 1 A2
-+ Q b(),o k_2 A+ 4 . (128)

The appearance of the corresponding operator of the
Navier-Stokes equation,

[’;\JIS,stat (129)

= —ndiA - (§+ )V Vi,

shows the presence of shear viscosity and bulk viscosity
terms, which are smeared in space. This is of course not
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surprising from the point of view of an effective field
theory.

Finally, we can look for the flow corresponding to a
homogeneous external field, a’ = (a,0,0), ¢ = 0, assum-
ing the form of j = (j(y),0,0) and n = 0. The solution of
the equation of motion is

j= a + Z[jgﬂ(e"‘“y +e%1Y) + ijg_) (e74+Y — o4-)].

(130)
It contains two undetermined real parameters jc(,i) and is
valid at any order of the truncation in y. The constants g
were defined in Eq. (119). The necessity to retain at least
the O(y*) terms in the above equation of motion can be
seen by noting that the O(y?) equation is solved by

a . thO
+ jocos || —kpy
boo l\/ bor

j:

+ j_sin %kFy .
b1

(131)
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FIG. 13 (color online).
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The current in Eq. (131) is purely oscillating. The level of
the truncation thus clearly influences the position of the
poles of the Green’s function and changes both qualitative
and quantitative features of the solution. While quadratic
truncation leads to a reversible oscillating current in (131),
the quartic truncation introduces an imaginary part into the
poles (cf. Fig. 12), leading to damping.

G. Decoherence and irreversibility

The buildup of decoherence in space-time is governed by
the imaginary parts of the spectra of the quadratic effective
action, isgn(w)ILy(w,q) and —isgn(w)JL,(w,q). The
imaginary parts of the spectra of Eqs. (C41) and (110),
plotted in Figs. 13 and 14, vanish where the particle-hole
spectral weights vanish, as demanded by Eq. (35). The
longitudinal and the transverse decoherence of the density
of the ideal gas at vanishing temperature, depicted in
Figs. 13(a) and 14(a), show that the longitudinal density
and the transverse current modes are classical at short and
long distances, respectively. It is remarkable that the effect
of temperature is qualitatively different in the longitudinal
and the transverse sectors. In fact, the thermal fluctuations

fo0g T
7 7 /5
o LI LT -
0.
0

(d

The longitudinal decoherence strengths, isgn(w)3IL,(x,y), as functions of x and y in the following cases:

(@ T=0,e=0;(b) zoominto (a); (c) T >0, e =0;(d) T > 0, e > 0. Note that the singular lines in (c) and (d) are caused by the
derivatives appearing in the low-temperature expansion in Eq. (C28).
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FIG. 14 (color online).

The plots of the transverse decoherence strength, isgn(w)3IL,(x, y), as functions of x and y in the following

cases: (a) T = 0; (b) zoom into (a); (c) 7 > 0. As in Figs. 13(c) and 13(d), the singular line at nonzero T is again caused by the
derivatives appearing in the low-temperature expansion in Eq. (C28).

make the decoherence of the longitudinal modes stronger
as one can see by comparing Figs. 13(b) and 13(c). The
deep valley on the latter plot is due to the artificial
singularity of the low-temperature expansion at |r| = 1
and should be ignored. The decoherence of the transverse
modes becomes stronger with the temperature at higher
frequencies, but it is strongly weakened in the infrared,
according to Figs. 14(b) and 14(c). Note that the composite
sound experiences strong decoherence both in the longi-
tudinal and the transverse sectors.

Decoherence and the breakdown of time reversal invari-
ance share the same dynamical origin in a quadratic theory,
as was pointed out in Sec. IV G. Hence, the effective
dynamics of the current experiences decoherence and
breaks time reversal invariance even in an ideal gas. The
latter symmetry breaking manifests itself as the damping of
the normal modes. When the system is placed into a finite
space-time volume, then its spectrum becomes discrete and
the imaginary part of the current-current Green’s function
(C1) becomes infinitesimal, O(¢). As a result, the far field
component of the quadratic part of the effective action for
the current vanishes according to Eq. (36) and the dynamics
of the current becomes coherent and reversible. The
emergence of irreversibility in the thermodynamical limit

is another piece of circumstantial evidence of the sponta-
neously broken time reversal invariance.

VII. DISCUSSION AND CONCLUSION

In this work, we studied the equation of motion for the
electric current in the low-energy, nonrelativistic regime of
an electron gas at nonzero density. Contrary to expect-
ations, we found that the dynamical properties of the
current are highly nontrivial even in the noninteracting,
ideal gas limit. The simplest way to understand this
behavior was presented at the beginning of the paper
where we argued that nonlinear transformations of coor-
dinates generate inertial forces, thus making the dynamics
of nonlinear coordinates (or fields) complicated and far
from obvious.

We showed that the electric current, which is bilinear in
the fundamental free electron field, obeys a highly non-
linear equation of motion even in the absence of electro-
magnetic interactions. The linearized equation of motion
for the electric current was first derived in Fourier space.
We found it to include dissipative terms and to display a
nonanalytic structure at vanishing frequency and momen-
tum. The collective modes were sound waves, both in the
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longitudinal and the transverse sectors. It is important to
stress that these modes are neither zero nor first sound
modes of the usual Fermi gas. This composite sound mode,
which was to our knowledge thus far unknown, is a result
of the nontrivial redistribution of the energy-momentum,
injected into the system through an external perturbation of
the relevant composite operator, i.e. the Noether current.
Our linearized equation of motion, an inhomogeneous
linear equation for the current, is the inverse of the
Kubo linear response formula for the current in the
presence of an external vector potential. Our results are
therefore equivalent to those derived from the linear
response formalism. There is however an obvious differ-
ence between the two ways the dynamics is presented in the
two schemes; namely, the equation of motion displays the
collective modes in a more explicit manner than the linear
response formulas. This fact may explain why the modes
identified in the paper had not been found previously within
the usual linear response formalism. Decoherence, which
goes beyond the linear response formalism, was also
analyzed in this work. We found it to be to be very strong
for the composite sound modes, thus making them impor-
tant also in the classical limit.

The equation of motion for the longitudinal component
of the current was found to be local in time for an ideal gas
at vanishing temperature, so long as the motion was slower
than the Fermi velocity. We could recover a similar local
equation for the transverse current, but only at nonzero
temperature. However, both the longitudinal and the trans-
verse equations of motion remained nonlocal in space.

After obtaining the linearized equation of motion for the
current, we studied its nonlinear extension by replacing the
time derivatives with convective derivatives. This minimal
extension enabled us to restore Galilean invariance.
Although the equation of motion for a stationary flow
showed resemblance with the Navier-Stokes equation,
important differences were present in comparison with
phenomenological hydrodynamics. In particular, our sys-
tem of “mechanical” equations was closed without evoking
any thermodynamical considerations. Furthermore, spatial
nonlocality arose due to the factor of 1/|g|. This non-
locality followed from the singularity of the current-current
two-point Lindhard function at @ = ¢ = 0, generated by
the gapless particle-hole excitations.

The effects of the microscopic QED interactions on the
dynamics of the current can be most easily assessed in the
framework of the skeleton expansion. Intriguingly, what we
found was that the resummation of the Coulomb interaction
into the photon self-energy only changed the linearized
equation of motion quantitatively, while preserving all of
the qualitative features of the behavior of a noninteracting
electron gas. We therefore determined that qualitatively
different behavior would have been generated by vertex
corrections and the electron self-energy insertions. Thus,
such corrections would be required to bridge the gap
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between the electron gas regime studied in this work
and the interacting regime that is usually discussed in
physics.

At the end of the paper, we turned our attention to the
discussion of decoherence and irreversibility. We argued
that it is the nonvanishing far field component of the
current-current Green’s function that connects irreversibil-
ity with decoherence. This relation could be interpreted
as a generalization of the fluctuation-dissipation theorem.
As a result, the longitudinal and the transverse modes
displayed strong irreversibility and decoherence at high and
low frequencies, respectively, even in the absence of
interactions.

We believe that beyond our presentation of the intricacies
and complexities that govern the dynamics of noninteract-
ing, ideal gases, the results presented in this work have
methodological value and may lead to the development of a
systematic way to derive hydrodynamical equations for
more involved models. Furthermore, our calculation gave
us the exact linearized equation of motion with irrevers-
ibility and decoherence, a result that would not be invali-
dated by calculations at higher orders.

This work opens several questions: What is the signature
of the free, noninteracting nature of a dynamical system
when expressed in terms of nonlinear functions of the
coordinates? The structure of the connected Green’s func-
tions completely disguises the underlying harmonic sys-
tem. Is there perhaps a simpler way to recognize the
existence of the uncorrelated degrees of freedom than by
studying the properties of its Noether current? How
precisely do the interactions, in particular the vertex
corrections and the electron self-energy, change the
picture? Does our approach allow us to recover the
full analyticity of the equation of motion for a Fermi
liquid in Fourier space, assumed in phenomenological
approaches?

Beyond these issues, what we find to be most important
at present is to assess the relevance of the phenomena
discussed in this work for the actual experimental obser-
vations. The central question is whether the correlations,
established by the ideal gas equation of motion, remain
experimentally accessible in an interacting system. To
address this issue, one should distinguish between three
independent length scales. The first is the average inter-
particle separation 1/kp. The interactions introduce the
second length scale, the mean free path r,,,. The exper-
imental observations are then carried out at the third length
scale, r,. The three physical scales normally obey the
relation 1/kp < 1,7, < r,. The elementary particle regime
is restricted to the length scales £ < 1/kp. In this regime,
the energy-momentum is mainly carried by the particles.
This is because the holes, which have |g| < kg, carry a
relatively small fraction of the total energy-momentum.
Therefore, no collective modes can exist for £ < 1/kj. The
ideal gas collective modes appear at £ > 1/kj, but they
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remain restricted to the composite length scale regime,
1/kp < € < ryyp,, because the particle collisions generate a
finite lifetime for the dressed quasiparticle modes for
¢ > rysp- The usual experimental observations at r, allow
one to reconstruct the physics of the quasiparticle regime,
Imgp < € < r,, which is dominated by the “true” quasi-
particles of the Fermi liquid. Their finite lifetime screens
the 1/|q| singularity of the ideal gas equation of motion,
thus justifying the usual phenomenological treatment. The
composite sound waves are therefore the collective modes
that play a central role in the composite particle regime by
forming the internal structure of the quasiparticles.
However, they are suppressed on scales beyond the mean
free path, i.e. in the quasiparticle regime.3 To uncover the
physics at the composite particle scale, we would have to
resolve the structure of the quasiparticles and the effective
couplings. The main question is therefore whether there is
an experimental method to zoom into the short distance
features of the dynamics in order to identify the collective
modes, down to the microscopic edge of the collective
phenomena, at 1/kr. We leave the resolution to this
question open in this work.

We further believe that it would be interesting to extend
the calculation to the relativistic domain where dynamical
degrees of freedom of the electromagnetic field appear and
one could systematically derive equations, which are
analogous to magnetohydrodynamics. We expect that the
radiation reaction would enhance the dissipative forces and
generate new collective modes.

Finally, we may also wonder if turbulence can occur in
our system when the equations of motion include the
minimal nonlinear extension; cf. Eq. (127). As far as
dimensional analysis is concerned, the characteristic scales
of the noninteracting electron gas at zero temperature are
the mass m and the average particle separation 1/kz. We
can thus construct a Reynolds number

ukpl  uht
RF = = —,
Vg m

(132)

where # and u denote the typical length and velocity
scales of the flow. One finds that Ry ~ uZ in CGS units.
By assuming the flow velocity to be of the order of the
magnitude  of the  metallic Fermi  velocity,
u=vp~10% cm/s, we find that Rp ~ 108¢. In viscous
fluids, turbulence sets in at around Ry = 4000. If such a
naive dimensional analysis can be carried over to our
case, then one expects that a homogeneous flow of the size

*We find it interesting that there exists a similarity between the
composite sound and the dynamics of gluons in QCD. This is
because both the single gluon excitations inside the glueballs, i.e.
the quasiparticles of QCD, and the composite sound modes are
localized into a finite region in space by strong correlations that
increase with the distance. Outside the quasiparticles, the modes
are screened. In QCD, this is due to confinement.
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¢ ~ 400 nm indeed reaches Ry ~ 4000 and thereby expe-
riences turbulence. The presence of a heat bath introduces
further length scales, the thermal wavelength A7 and the
Coulomb interaction brings in the Bohr radius a, rendering
the dimensional analysis more involved. In fact, these gases
have two further Reynolds numbers: Ry = Ry/(Arkp)? and
R = Ry /(agkp)?, where Ry characterizes the ideal gas at
finite temperature and R. the Coulomb gas. However,
Ry < Ry in the low-temperature limit, 47 > 1/kg, and
R < Ry for a weakly coupled Coulomb gas, where
ay > 1/kp. Hence, Ry remains the relevant Reynolds
number for determining the onset of turbulence.

We end this paper by noting that it would be fascinating
to connect our results with the low-energy analytic structure
of a field theory dual to a higher-spin Vasiliev theory. The
reason for this possible analogy is the fact that the presence
of higher-spin conserved currents constrains the field
theory correlators to be those of a free theory of bosons
or fermions [43]. We hope to explore some of the research
directions and open questions raised in this work in the
future, particularly in models with direct relevance for
experimental observation.
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APPENDIX A: LINEAR RESPONSE AND
HYDRODYNAMICS

The linear response formalism [21] is a widely used
technique for calculating the expectation value of an
observable Og in the Schrodinger representation, provided
that the Hamiltonian is of the form H = H, + H,(t). The
expectation value

(0(1)) = Tip(1)O(1)

can be written in the inferaction picture representation,
using H, and H,(t) as the nonperturbed Hamiltonian and
its perturbation, respectively. In this representation, an
operator A is then given by the expression

(A1)

A1) = el Agemitho, (A2)

and

pi(t) = U(t, 1;)poU* (. 1;) (A3)

065009-27



SASO GROZDANOV AND JANOS POLONYI

is the density matrix, where the time evolution operator
U(t,1;) satisfies the equation of motion

ihd,U(t,t;) = H;(1)U(t, 1;). (A4)
The equation of motion for the density matrix,
ihdyp;(1) = [Hy;(1), pi(1)], (AS)

can be solved iteratively:
i

pi(t) = po 5

t
/ df'[H\i(1'), po] + O(HT,).  (A6)
4
The first, linear approximation in H, gives
5(0(1)) = (O(1)) = TrpyO(1)

- %/ot di'Trpo[Hy (1), Oi(1)]. (A7)

One usually assumes the separability of the time depend-
ence in the perturbation, H,(t) = a(t)B;, and writes
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t
5(O0(1)) = —/f dr'G§ g(t.1)a(r), (A8)
)
where the retarded Green’s function is defined by
ihGy (1, 1) = O(t = ' )([Ai (1), Bi(1')])- (A9)

To relate this result to the CTP formalism, let us suppose
that we want to find the expectation value of a local
composite operator, F(¢(x)), in the scalar field theory,
defined by the action

&m—ﬂw+/fmumww» (A10)

The perturbation series of the expectation value of our
composite operator in 7 can be calculated by means of the
generator functional

eiWla) — / D[] 1S 74 [ dhea ()G )+, [ diar ()P (97(x) (A11)
as
h o - (—1)n-tne - 0 "
F _ At gt
(0D i 5j°(x) n+;0hn_+n+”+!”—! l;)/d xrat(x >5a+(x+)
© 5 n- . P
14— == iWla, R
x <;=:O/d xa(x )5a_(x_)> P, (A12)
for either 6 = + or 6 = —. The linear response formula is the O(#) result
4 & 5 Wiaj)
S(F(g(x )>=/d y( - - >e’ et ——am=aj=0- Al3
e S Waty) a7 mea () 1o A
which can be written as _
alx) == [ @D @ HEGON. (A16)

SF@) = [ dyDrixy)aly), (A14)
where
2Wla,]
D"(x,y) = _ZG/W([M‘J%))) (A15)

P lat=—a"=a.j=0

Hydrodynamics addresses the inverse problem. There,
we are interested in the equations (of motion), satisfied by
the expectation values, in which the external sources appear
linearly. In case of the linear response theory, it is easy to
find the equation in question:

The only subtlety is the potential necessity to exclude the
null space from the domain of the inverse Green’s function.
The generalization of such an inverse linear response
formula beyond O(a) is provided by the functional
Legendre transform of W[4, j], the effective action:

[[F]=Wla,j]-aF, (A17)
where
. SWla,g
Wil (A18)
oF
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The inverse Legendre transform is then also given by
Eq. (A17), with

ST[E]

a=—-———.
oF

(A19)

This equation plays the role of the equation of motion and
produces a nonlinear extension of the hydrodynamical
equations. The inverse Legendre transform generates the
nonlinearity, which is necessary to close the equations,

|
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without an introduction of auxiliary variables, such as
thermodynamical functions.

APPENDIX B: FREE PROPAGATORS

The detailed calculation of the free propagator is easiest
to carry out in the conventional operator formalism; see e.g.
[28,29]. We summarize the results below. The boson
propagator, given by Eq. (26), yields

. mZCZ
X kZ—T—Z‘ZJrze —277,'15(](2 - 7)@(—](0) mzcz 1 1
D(k) = h )5 —12ﬂ5<k2—2>n3(k)< ), (Bl)
275 (k2 — )@ (KO) T h 11
h kz—’"h—Z“—le
in Fourier space where the Bose-Einstein distribution function is
O(=k%) O(k)
(k) = S 1t e 1 (B2)
The inversion [cf. Egs. (34) and (35)] gives the following expressions for A=D"
A"(k) = k* —m?, Al(k) = e, A (k) = isign(k°)e. (B3)
The free fermionic propagator, defined by the generating functional
AWl — / D[y|D[] 6%17/@’117/%.7'1/”/%!?/.77 (B4)
can be written as
G (x, y) = (O[T [y (x)ip” (v)]|0) — (0" (y)y“(x)[0) (B5)
Oy ()g (»10)  OIT((rw () (& (x)r")*]|0)*
and the detailed expression written in terms of the scalar propagator in Fourier space is
Gk) = <k + %) b, (B6)
In case of finite temperature and density, one uses the occupation number density
O(k) O(—k’)
) = e 1 T a1 (B7)
and the full propagator becomes
A . 1 1
G = (k+ m) | Dy + 27is(k* — m*)np(k) L)l (B3)
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APPENDIX C: CURRENT-CURRENT TWO-POINT
FUNCTION AT FINITE DENSITY IN THE
NONRELATIVISTIC LIMIT

The result of the calculation of the current-current
Green’s function, given by Eq. (78),

Gt0) = =i [ EEewlpFata+ P Fulpl (1)

at finite density and vanishing temperature in the
nonrelativistic limit, ¢ — oo, is briefly summarized in
this Appendix. The real and imaginary parts of the
Green’s function are always defined in position space;
hence,

(G(q) + G*(=q)],

[G(q) = G*(=q)].

1. Lorentz structure

The two-point function is symmetric, G (x)(P) =
G (1) (ow) (—D)s and transverse, "G, (p) =0.
Furthermore, it is covariant and depends on two four-
vectors, p* and p#, defined as * = (1,0) in the inertial
frame where the electron gas is at rest. This gives two
independent kinematical, scalar combinations, g> = —[q —
u(ugq))? and € = uq/|q| = w/c|q|, where the notation ¢* =
(w/c,q) is used. Such a tensor can be parametrized by two
Lorentz scalars as

G" = G,PY + D,P}", (C3)
|
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where P, and P, are projectors onto the three-dimensional
transverse and longitudinal subspaces,

0 0
r12)
0T

w1 (1 mg)
Pf_1—52 né L)’

respectively, with n =k/|k|, L=n®n and T =1 - L.
The inverse, defined by G* pG‘lf"’ = T", is given by

(C4)

L1 1
G :—Pf—i-—Pt.

G, G, (C5)

For future reference, the retarded and advanced photon
propagators are

1
(¢°+ie)* —q*
1
(¢° —ie)* —q*

D(r)f(Q) = _D(r).t(Q) =~

Di(q) = =D§ (q) = =

2. Vacuum contribution

The two-point function is the sum of the vacuum and the
finite density contributions,
G/ﬂ/ == G’\fzc + G’éZs, (C7)

and both the vacuum and the finite density contributions are
of the form (28). The vacuum contributions Giae = Gy TH

1 1 2m2c?
Giat(q)=§q2{§+2<1+ 7 )l

2 2 2 \2
-1 | 4 q
157 {mzc2 + O<<m202> )]

The off-diagonal CTP block, calculated by using the free propagator (64), is G},

i 4
G (q) = —/d—p42ﬂ5((p +q)* —m?*)0(—p® — ¢°)2z8(p* — m*)O(p°)rN(p + q. q).

3/) (2n)

where the trace is taken over the Lorentz indices of the trace formula:

N“(p.q) = ty*[(pay™ + me)y*(qgy” 4 me)]

are easy to find. The diagonal CTP block G;jac =Ghi. =

Gl gives the standard result

4m?c? Am2 2
n;zc - 1arcc0t< n;zc - 1) - 1] }
(C8)
fvac Gx\;c = G\J/raz, with

(C9)
= 4(mc® = pg)g* + 4p'q* +4per. (C10)

Simple steps lead to the expression
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i(c?m? + %) (¢ - m) /\/‘)_‘77 dpp o
0

Giz =
* 3nclq|

0(2plq| - |4* + 2w,4°)), (C11)

@p

which can be neglected in the nonrelativistic limit because the Heaviside function vanishes for nonrelativistic frequencies
with |¢°| < m.

3. Fermi sphere contribution

To find the nonzero density contributions to Gg and G in the electron gas we need to compute the CTP blocks
corresponding to the time components T = Gggq and the spatial trace S= Ggag For this purpose, we need to use the trace
factors [cf. Eq. (C10)]:

1= NOO(P +4q, p)|p2:m2c‘2 =1- 2(6]2 +2pq),
s =NI(p+q.p) e = +2(¢> +2pg), (C12)

where ¢ = 8((p°)? + p°¢®) + 2¢* and s’ = 8(p°q" + p?) — 2¢° in the loop integrals

(;(Z)))ﬁ _ i/p (;) {27:5((61+ p)? = m*c*)n . ,2n8(p? — m*c*)n, — .(izf(q;;z:;}: Z?j_ .

_ 2”5((17 + q) —m Cz)np+q
p —m?c? +ie ’

(5

At this point, it is advantageous to introduce the integrals

>+_ N _i/ < :/)2”5((q + p)? = m*c?)2x8(p* — m*c*)[O(=p° - qo)”p + G(PO)”pH —ngpmp). (C13)

4
1[g; f] Z/(dl; f(p.q)2r8(p* — m*c?),

L[q; f] :/(‘21”1)’ (p.q)278(p* — m*c*)276(q* + 2pq) (C14)

and write Egs. (C13) as

T\ 0 Ll
S (@) =1V |q H I npng | + (@ = —q).

(7>+'(q) = —il? {q; ( :/ ) (O(=p° = q°)n, +O(p°)n,, - nqﬂ,n,,)] : (C15)

g% +2pg +ic

S

These integrals are then evaluated in the nonrelativistic limit, |p| < mc, by assuming that the integrands are spherically
symmetric and nonvanishing for p® > 0. We find

Wlg: £(p°.p)] = /dppzf(mcz,p),
*me
0 :
) 9(p°.p) _ 1 /ood 2 1 k+p+ie
{q, 24+ 2pg+ 16‘] 167 |q|mc Jo ppgme.p) ng—p + ie’

) [q;h<<p°,p>, (‘”:z))] ~ o | dBph<<mc2,p>, (‘j,q)>6<rkF ~p). (c16)

where the following dimensionless parameter has been introduced:
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¢+ 2mo 2mo - ¢
2|qlkp 2|glkp

(C17)

We now need to find the Fourier transform of the real part of the CTP diagonal block at the leading order in 1/c:

()

“*x@;]; ) = e @

el 5 )l ()] =
= n (0] a)—)_(l).
167 |q|mc Jo PPy 8(mw + p?) + 24> £ ar

The momentum integrals can easily be carried out at vanishing temperature, where n, = 0(p°)®(ky —
result

), leading to the

k2mc
NT(q) = #MLI(V) + (0 = —w),
k2

++
WS a) = 27°melq|

{kng( )+ (maH—qu)Ll(r)] + 6’5‘;; + (0 — —w), (C19)

where we have defined

_ _1_21
rg (=) log .

1
Ll(r):/) dkklog

r+k' 1 r+1

k 3
r—+ ’_r r (C20)

1
_ 3 _r.r _
L3(r)—/) dkk log’r_k ct3Ts (1 r)log

r+1
-1/

The next step is to compute the off-diagonal +— CTP contributions to 7 and 8. At the leading order in the 1/c¢
expansion, the off-diagonal CTP block is

(AR

— - [ e )Ole =+ aDOlbl kit~ rkp). (€21

27r2|q| P (mw+p + 37

We choose the z direction to be parallel to g. This integral is over the region of a plane of the height p, = kyr, which is
shown in Figs. 15 and 16. The integration thus needs to be taken over the points of the plane which are outside of the Fermi
sphere, centered at the origin, and inside of another Fermi sphere, which is centered at —q. It is advantageous to parametrize

these integrals by the dimensionless variables x = kml(; | and y = ‘q‘ There are three different functional forms for these

integrals, corresponding to the three cases shown in Figs. 15 and 16: (@) y>2, —y—-1<r, <=y+1; (b) y <2,

2
-l-y<r_.<-lLiand(c)y <2,1 <r, <—3 wherer, = % — &x — 5 in the nonrelativistic limit. Straightforward

integration yields

imck?
T (q) = —2—li (x,y),
St (q) = - ik k:Ms(x,y) + —%k22-%gi M,(x,y) (C22)
C] - 27rmc|q| 3 x,y wim Fr 4 ! x,y ’

where
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-

FIG. 15. Domain of integration in Eq. (C21) for nonoverlap-
ping spheres, case (a), indicated by the solid line.

1-r2 (a)
A@@w:zfmwm: =2 (b)
" —2xy  (c),
(1-r2) (a)
M) =2 [Papp =34 (-2 (v
" xy(y? +4x* —4) (c)

(C23)

The integrals over the interval are given in terms of p, =
/1 — r2 and the relative locations of the two Fermi spheres
are (a) p; = 0, (b) p; = 0,and (c) p; = /1 — r?. The real
part of the off-diagonal CTP block is therefore

n(s) =3l(5) -G
(C24)

4. Low-temperature expansion

In this part of the Appendix, we calculate the loop
integrals (C13) at a small, nonzero temperature

2 i
T < ep =55, to find the temperature-dependent correc-
tions to 7T, ST, 7+~ and ST . The temperature
dependence of the vacuum contribution is strongly sup-

pressed and will be ignored. We start with the ++ CTP
block, for which one needs to evaluate integrals of the type

FIG. 16. The same as Fig. 15 except for overlapping spheres,
cases (b) and (c).
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I(T) = [) © deflx) (C25)

2_¢
xT—€p

e T +1

The low-temperature expansion involves the primitive
function F(x), where F’(x) = f(x), and is introduced
because of the partial integration

F -
O i) -
e T 4+ 1

I(T) =1(T) - (C26)

where the exponentially small quantities are neglected
and

i(r) = - / ® deF(x)0,
0 A F

|

:/_zdyF(\/Ty-i—eF)m

T

Y

(C27)

The next step is to expand F(y/Ty + ef) around y = 0,
extend the integration over —oo < y < oo and keep the
even part of the integrand, while the odd part vanishes. By
neglecting the O(T*) terms, the leading-order result
becomes

1) = ["ar S o)

+% (F”(f) - F’e(ﬁ)> szz} . (C28)

To compute the remaining integral, we write

[Se] yney
K, = dy ——=
" [, Y+ 1)

and solve for n =0 and n =2, finding the values

(C29)

Ky = % and K, = %2. By using the above expressions, we
can find the leading-order result for the integral (C25),
which is

(1) = 10) + 5,15 607, 10) = 50, 100). (€30

showing that the low-temperature expansion is an expan-
sion of the integrand around the Fermi surface. The final
expression for the ++ CTP block, which includes an
O(T?) correction of the zero-temperature result presented
in Egs. (C19), is
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kxmc 7% T?
T (0) = gt (140 + 3 [PLI0) = (0] + 0= o),
o+ kf 2 q
NS (q) :m kgL (r) + me + - Ly(r)
2 T2 e
2L (L4 - srty(r) + PLY) + (mo+ L) 12110 = i ()]
24617 4
7 T? k3.

The +— CTP block contains an integral of the type

oo e T
() = / dxf () (C32)
0 (e +1)(eT +1)
which at low temperature receives nonzero contributions from the interval €; < x> < €,, where
k2.r? 9>  qlkpr kir?
€1:€F—2Fm, €2:€F—E—||TF—2F—m. (C33)
After partial integration, we find
i(T), € < 0,
{0 " (c34)
I(T) = =5, € >0,
where
(1) = [ ayr(/TNG) (c35)
and
1 ev 1
N(y) = - , C36
) (1+en7)2 (e ™2 + 1) + (@ +1)(14+e2)?2 (14+em™)(ed™ +1) (C36)
with v; = G—T’ and v = %% The function N(y) in the integrand has a peak around y = v;; hence,
ey
T ey YT
N(y) » { s (C37)
ey Y~

By expanding F(/Ty + ¢;), the integral becomes

/_zy dyF(\/Ty T e))N(y +v;) » AM dy [2F(\/e—j) + i <F”(\/e—j) - Ff/?)) szz] (1+e)ey)2 (C38)
We take Ay to be large, but smaller than 1/7, and find
1(r) = F(va) - v + 5 | (v - o2 - (v -2 e

Now, the expressions for M, in Eqs. (C23) contain the functions F, (x) = 2z(mx2)"T", with n = 1 and n = 3, when written
in the form of Eq. (C32), i.e. at finite temperature. By using Eq. (C39) and the fact that only n = 1 and n = 3 are relevant,
we recover
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1,(T) = F,(\/&3) = (/&) + T2§ [i (FZ(\/ED —M> - (Fﬁi(ﬁ) - M)]

€2 Ve €1 ver
~“n+1/n+1 wet [ 2Hlp mHlo
:In(O)+T2? 2 ( 2 —l)mz <€22 -/ >

:In<0)

What this result implies for the low-temperature expansion
of Egs. (C22) is that the finite temperature dependence of
the spectral functions 7~ and S™ only appears at the
O(T*) order. For the purposes of this calculation, we
neglect the O(T*) contributions, which makes the temper-
ature dependence of the +— CTP blocks drop out alto-
gether.

Finally, the retarded Green’s function G, = G, + G =
G,., — G, _ has longitudinal and transverse components,

(C40)

|
as in the parametrization of Eq. (C3). In the nonrelativistic
limit, the two sectors are defined by the expressions

1
Gy = [T+ =T+

Gl = %E)H(T** TR ST ST (C4)

The variable ¢ was defined above as & = w/c|q|.
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