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We consider a holographic setup where relativistic invariance is broken by a chemical potential, and a
non-Abelian internal symmetry is broken spontaneously. We use the tool of holographic renormalization in
order to infer what can be learned purely by analytic boundary considerations. We find that the expected
Ward identities are correctly reproduced. In particular, we obtain the identity which implies the
noncommutation of a pair of broken charges, which leads to the presence of Goldstone bosons with

quadratic dispersion relations.
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I. INTRODUCTION

Goldstone’s theorem has been originally proved in a
Lorentz-invariant formulation. Its extension to nonrela-
tivistic settings is not straightforward and raises a
problem of counting, as was quite soon realized [1]:
the number of massless modes does not match the
number of broken generators in this context, and more-
over the dispersion relation of nonrelativistic Goldstone
bosons is not any more constrained to be linear with
constant of proportionality fixed to the speed of light, as
in the Lorentz-invariant case. Nonrelativistic setups occur
quite often in condensed matter physics, but the issue of
the generalization of Goldstone’s theorem to these setups
has obviously great theoretical interest and only recently
some main developments have been achieved in its
understanding [2-5]. The occurrence of Goldstone bosons
with quadratic dispersion relation has been related to the
presence of pairs of broken generators whose commutator
has a nontrivial vacuum expectation value (VEV), which
is forbidden in the case of Lorentz invariance. Such
Goldstone bosons with quadratic dispersion relations are
usually accompanied by a massive partner whose mass
is proportional to the amount of Lorentz breaking.
Eventually, there can still be massless particles which
have linear dispersion relations, as in the relativistic case,
but with a model dependent velocity.

The aim of this note is to explore in a holographic
setup [6-8] what can be learned on these different kinds
of light modes. In particular, we focus on what can be
extracted a priori in a given model, i.e. just by specifying
how the symmetries are broken. The holographic model
is supposed to represent a theory with a large number of
degrees of freedom and at strong coupling, which dis-
plays a pattern of symmetry breaking allowing for the
various types of Goldstone bosons to be present. We
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study a model with the minimal requirements in order to
expect all these light modes, namely a U(2) global
symmetry which will be spontaneously broken, with a
source for the timelike component of the Abelian U(1)
current, i.e. a chemical potential, which explicitly breaks
boost invariance [but preserves U(2)]. This model has
been previously considered in [9], where the system was
set at finite temperature and numerical techniques were
essentially employed to analyze it (see also [10] for a
different holographic model). We would rather consider
the model at zero temperature, in analogy with the
original field theory model presented in [11,12], and
perform a purely boundary analysis through analytical
techniques.

For this aim we will employ the technique of holo-
graphic renormalization [13,14] in order to deduce the
presence of such Goldstone bosons purely by symmetry
arguments. In practical terms, the Ward identities for
broken symmetries [15] establish the existence of mass-
less modes generated by the broken currents. Moreover in
the nonrelativistic case, when commutators of broken
generators have VEVs, it can be shown that some of
these massless modes must have quadratic dispersion
relations [16]. By carefully performing the procedure of
obtaining the renormalized action of the holographic
model, we show that such Ward identities are exactly
reproduced. Unfortunately, this is all we can extract from
a purely boundary analysis. This allows us to determine
the existence of different types of Goldstone bosons and
to establish if their dispersion relation is either linear
(w = ¢4k, with ¢, “sound” velocity) or quadratic (w = %
with M being a parameter with the dimensions of a
mass), but the exact values of the constant factors ¢, and
M remain undetermined. In order to explicitly derive the
dispersion relations and quantitatively determine these
factors, an analysis of bulk fluctuations is required,

© 2015 American Physical Society
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similarly as it is necessary in order to determine the gap
towards the massive excitations.

The article is structured as follows. We first present the
holographic model and derive the renormalized action.
Then by paying attention to gauge invariance, we extract
the relevant correlators and find that they satisfy the
expected Ward identities. We end by commenting on
how to go beyond. In Appendix A we consider an
alternative gauge fixing of the holographic model; in
Appendix B we show in the field theory model of
[11,12] how the nonlocal parts of the correlators, which
can be explicitly computed, conspire to satisfy the same
Ward identities, while yielding the expected dispersion
relations.

II. A HOLOGRAPHIC MODEL FOR
NONRELATIVISTIC SYMMETRY BREAKING

We now outline the model discussed in [9]. This is a
typically strongly coupled theory represented by its
holographic dual. We assume that the theory has a
nontrivial UV conformal fixed point. In this UV CFT,
we focus on the conserved currents J{ which form a
U(2) algebra, and on a relevant operator Oy which is a
doublet of U(2). In the holographic dual, this means
that we need to have a bulk theory in an asymptotically
anti—de Sitter (AdS) spacetime, which includes dynami-
cal U(2) gauge fields and a complex doublet scalar with
negative squared mass. Since we are not interested in
computations involving the stress energy tensor, we set
gravity in the bulk not to be dynamical. We thus
consider the following bulk action, where for simplicity
we choose four bulk dimensions (and hence three
dimensions for the boundary theory)lz

Spulk = / d4x\/—g
1
x{—ZFZUF“"”—DM\IJTD”\IJ—mZ\IJT\I/}, (2.1)

where F4, =0,A%—0,A%+ f*°AlAS and D,V = 9, V-
ATV, The field ¥ = (;) is a complex scalar doublet,

while 7%, with a ={0,1,2,3}, are the generators of

U(2) in the fundamental representation, namely 7° =11

and T =17 otherwise, with 7% being the Pauli matri-

ces, and they satisfy [T%, T?] = if®cT¢, with feb¢ =0 if
any of the indices is 0 or f%¢ = e otherwise.
The metric is fixed to be the AdS one, defined by

1
ds* = 2 (ijdxidx; + dz?), (22)

'We argue later that the choice of higher dimensions should not
qualitatively modify our results.
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where 7;; is the mostly plus Minkowski metric. Note that
since this is pure AdS, on the field theory side it
corresponds to considering zero temperature, in contrast
with the analysis of [9] where a nonzero temperature was
always required.

We will not consider any backreaction on the
metric. This is motivated by the fact that we in any
case restrict our attention to the near-boundary region,
where backreaction effects can be shown to be sub-
leading and actually completely irrelevant to our
considerations.

Let us first consider the field configuration defining
the background, and thus the vacuum of the dual theory.
First of all, as anticipated, the theory is nonrelativistic
because boost invariance is broken by the presence of a
chemical potential, Lopr D uJ. This means that there
should be a nontrivial source for J?, namely A? should
have a leading mode turned on. This source breaks
Lorentz invariance, but preserves all of U(2) since the
U(1) generator commutes with all the algebra. In the
vacuum of the theory, we expect that nontrivial dynam-
ics generates VEVs for the operator Oy, thus breaking
U(2) to U(1). For simplicity we take this U(1) to be the
one generated by 7°+ T°. The unbroken symmetries
allow for VEVs to be generated also for J? and J;. The
latter is crucial for obtaining VEVs for commutators of
charges, and thus for the appearance of Goldstone
bosons with quadratic dispersion relations. In the bulk,
we thus have subleading modes for the profiles of A,
A} and for W in its bottom component.

From now on, we fix the dimension of Oy to be two,
which implies m? = —2 (in units of the AdS radius). The
background profiles are thus the following:
¢|B = ¢_l)22’ A9|B =H + AOZ? A?|B = A3Z’ (23)
where we take ¢, u, A’ and A to be real constants, and
all the other fields vanish. These profiles satisfy the free
equations of motion. As with the metric, the backreaction
of the above profiles on each other can be safely
neglected.2 Strictly speaking, without backreaction the
leading and subleading modes can be chosen independ-
ently. In particular A%3 do not depend on g, which could
be even set to zero. However this would mean that some
physical mechanism should generate spontaneously a
Lorentz breaking VEV such as (J3). In the following
we rather assume that y # 0 even if it is not technically
necessary.

We now proceed to fluctuate the fields over the
background. The aim is to obtain the on-shell action
up to quadratic order, since we are interested in

*The backreaction would intervene at O(z*) in ¢ and at O(z2)

in A(,)‘3 , hence at orders that do not contribute to the rest of our
computations.
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two- and one-point functions. At this order, the on-shell
action reduces to a boundary term. In the following, we
fix as usual the axial gauge A¢ = 0. The linearized
equations of motion are the following (we use the
notation i = {#,x,y} and u = {x,y}, and we label the
fluctuations above the background in the same way as
the field itself). The constraint coming from the varia-
tion with respect to A¢ reads

20,0 —2A3 [P (AD — 20, A) — ih(T)y (24— 20.2)
(T (207 = 20.2) = i(T) 0 (2~ ')

—20.(¢ = ¢")) = 0. (2.4)

The equations of motion for the vector field fluctuations,
separated in temporal and spatial components, are

PO + PRS- 220,0,A8 + 2 fPA, AL
FiZ2P[(T) 1,047 = (T)21 0,4 = (T*) 0, (¢~ 7]
=22 (u+A2)P[(T) A+ (T) oA+ (T) 0 (@ + 7))
— AT T} 2 +{T T} )0
H{T T (p+ ¢")] =2 P*AN{T. T}, =0, (2.5)
Z2O?AL + 2 O7A% - 720,0,A¢ + 273 fab3A39,Ab
_ B A A3, AL — A(A3)2fab3 phe3 pc
+i2P[(T) 120,47 = (T*)210u4 = (T*) 220, (p — ¢7)]
— A PAL{Te, T}, = 0. (2.6)

Finally, the equations for the scalar fluctuations are

2024 = 2204 + 224 + 20 — i* p(T?),,0,A%
I 1 _ _
+ iz (u + A2 + A%2)0,4 + Zzz (u+ A% + A’z)%A

+ 24 + A%)p(T7) ,Af =0, (2.7)

202 —220.¢p + 20?P + 2 — iz} P(T)5,0,A¢
_ _ 1 _ _
+iz*(u+ A2 — A%2)0,¢ + Zzz(,u + A% — A37)%¢
+ 2 (1 + A2)p(T) pA? + DASY{T, T? }5,Af = 0.
(2.8)

The last two equations should be supplemented by their
complex conjugates.

The on-shell action is obtained expanding (2.1) up to
quadratic order in the fluctuations, and then substituting the
equations of motion, possibly integrating by parts.

PHYSICAL REVIEW D 92, 066009 (2015)

At the regularizing surface z = ¢, we obtain

_ _ 2 _
Sreg = _/ d3x{A0A(t) +A3A? - z¢(¢ + ¢T)
z=€

1 1
+ 5 AT0.AT — S AL

1
272

(0.4 + 100" + §'0.4 + ¢az¢*>}. (2.9)

At this point, we note that the quadratic terms are exactly
the same ones that would arise in a configuration
with vanishing backgrounds. The presence of nontrivial
backgrounds must then show up when expanding the
fluctuations near the boundary as powers of z. There is
however one more substitution that we can make, which
makes the dependence on the background manifest even
before expanding the fluctuations. We can indeed
also substitute Eq. (2.4) which only has first order
derivatives in z. However in order to perform the sub-
stitution we also have to split the vector into its irreducible
components. We choose here to split into transverse and
longitudinal parts with respect to the spatial coordinates u.
Thus3 we keep A¢ as the temporal component, while we
split

Ad = ATe 4 9, ALe,  9,ATe=0.  (2.10)

We eventually arrive at

_ _ 2 _
Sreg = _/ d3x{A0A(t) +A3A? - 24)(45 + ¢1L)
=€

1 1
+ S ATOAf — S ATD AL
1 1-
+ EAL‘@ZO,A? + §A3f””3AL”(A§’ —20,A?)

* é‘iﬁAL“[(T 2124 = 20.2) = (T*) (24" = 20.4")
H(T)2y(2¢p = 2¢" — 20.¢ + 20.¢")]
- 2%2 (210442027 + ¢'0.¢ + d)@dﬁ)}. (2.11)

We now consider the near-boundary expansion of the
fluctuating fields:

*In Appendix A we discuss a different splitting, where the
transverse and longitudinal parts are taken with respect to the
spacetime coordinates i.
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Af = A%y +AY T+

Ale = Al + ATa 2+ -

Al = Al Al

A= ﬂ(o)Z + /1(1)22 +

= bz + b + (2.12)
Note that all the modes with (o) subscript are the ones
which are usually considered as sources, while all the ones
with ;) subscript coincide with the independent sublead-
ing modes to be identified with the VEVs of the fluctua-
tions. The latter occur at the next-to-leading order in the z
expansion because of the fact that we are considering
conserved currents and an operator of dimension 2 in a
three-dimensional boundary theory.

The divergent terms that one finds in S, are taken care
of by adding counterterms, which are independent of the
presence of the profile. Again, due to the involved
dimensions, no finite counterterms arise and hence no
scheme dependence.4 Eventually, the renormalized action
is the following:

Spen = — / d3x{A0A0( o) T AAY ) =20(d) + b))

1 1 1
_ Aa a Ta Ta a
+ 5 Al Al ~ 3 AN )A 28A aAL)

2

1
a i i T
+ (T )22(¢(0) - ¢(o))} - 5 (2(0)/1(1) + A(O)l(l)

+¢?0)¢(1) +¢<0)¢L>)}- (2.13)

The first three terms of the above functional, linear in the
fluctuations, just give us the VEVs of the associated
operators J7, J; and ReO,. The other terms, quadratic
in the fluctuations, contain in principle all the information
about two-point functions. However, this information is
encoded in the way the subleading modes with (;) subscript
depend on the sources with () subscript. This dependence
is fixed through the bulk boundary conditions (generically,
asking regularity) and is typically nonlocal, since it requires
solving the equations for the fluctuations inside the bulk.

*If we had considered an operator of dimension 3 in a four-
dimensional boundary theory, for instance, we would have
logarithmical terms in the expansions of the fluctuations which
would lead to a logarithmical divergence in the regularized
action. The renormalization of the logarithmical terms carries
along finite counterterms that would be scheme dependent.
However, as it should be clear in the following, this ambiguity
would not affect the terms we are interested in.

1 T
+ oAV ALand 4 ¢AL“[(T“)M<> (T) 124
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We now turn to see what can be extracted from S,., without
solving the bulk equations of motion.

III. WARD IDENTITIES FROM THE
RENORMALIZED ACTION

A brief inspection of S, in (2.13) shows that there
are two kinds of quadratic terms: those which are bilinears
of a source and a VEV of the fluctuations and those
which involve only sources. All the latter ones are propor-
tional to a VEV of the nontrivial background we have
chosen; thus they would not be present in a model with
trivial profiles and only the former ones would survive.
Nonetheless it turns out that terms of the second kind are
also hidden in terms of the first kind, because of gauge
invariance.

Consider indeed the bulk gauge invariance of the
action (2.1), for which 6V =iaV and 64, = 8Ma+
ila,A,]. Because of the gauge fixing A? = 0, the gauge
parameter does not depend on z. It is then easy to see how
the residual gauge transformations act on each mode in the
expansions (2.12). Recalling further that we are only
interested in the quadratic part of the action, we neglect
terms in the gauge variations which are bilinear in the
gauge parameter and the mode of the fluctuation. We are
then left with

5/1(0) = 0, 51(1) == iaa(Ta)ng;ﬁ,
o¢o) =0, 81y = ia*(T*) b,
Al =0, SAY = —fPa’ A%,
=0, 5AT“ =0,

La _
5A(1) =0.

sATa

5ALa — aa’

) (3.1)

After solving the bulk equations of motion for the fluctua-
tions, the subleading modes ®(;, will be expressed in terms
of nonlocal functions of the sources ® o). However, in order
to solve the equations, we would have to impose boundary
conditions in the bulk and, to preserve the gauge symmetry,
we should take care of imposing them on gauge-invariant
combinations of the fields. So we have to consider only
gauge-invariant combinations of both the sources and the
subleading modes, as for instance

Ay — iﬁZ(T”)le(La)’
¢ l¢( )22ALH
Ay + A fPAR (32)
for the VEVs and
A?(o) — 8,A(LO“) (3.3)

for the sources.
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We are now allowed to assume the general relations
between VEVs and sources:

Jy = i(T) oA + (O +F(0) (A, = DA
by = iB(T*)22A05) + 9(O)bio) + (D) (A~ D,AT).
Ajlyy = =A2 DA +h(9) (AT, — D,AR))
TR+ O)) + R (8)*/12()) + (3)*4520),
Ay = O)AL, (3.4)

PHYSICAL REVIEW D 92, 066009 (2015)

where all the functions of O collectively indicate
expressions that are typically nonlocal in space
and/or time derivatives, and that cannot be determined
without solving the equations in the bulk. However,
we see that in some combinations of the correlators
the dependence on these unknown functions drops
out.

We can now rewrite S, eliminating all the VEVs, using
the expressions above:

Sien = — / d3x{A°A?(O) +AA ) =29 (¢ o) ¢<'0)) %AT“ me(9)ALl
% (A, — DAL R (D) (AL, — D,ALD) 1A3 f"”3(2A§‘<0) — d,ALAL
T PAL(T)a1 200, = (Tl + (T) o) = )
— S (D) + 1) Vi) = 38l 6(0) + 0(0) )b
— 5 Wl F(0) + k(@) + 1) (F* (D) + K (D))] (s, — D,ALD)
B (@(0) + 1)) + o (D) + (D)) (A4S ~ &A(Lo“))}- (3.5)

This is the generating functional for the one- and two-point
functions in our theory.5 The precise relations between
sources of operators in the boundary theory and modes of
bulk fluctuations are the following. For the scalar operators
we have

/ Px(h O+ d00p +ec),  (3.6)
OAdS
while for the currents

AAdS d3x(Af(0)J§‘ — A%)Jg“ + A(Lo‘gauj‘;), (3.7)

so that Ag(“o) sources the purely transverse part of J¢ while
A(LO“) sources its longitudinal piece.

Some two-point functions will be entirely determined by
their nonlocal part, for instance those with two transverse
currents or two scalar operators, and we will have nothing
to say about them since we do not solve the bulk equations.
On the other hand, we see from the final expression of our
generating functional S, that some other two-point func-
tions might be directly determined by our analysis. It
should be the case for two-point functions involving the

>Note that the scheme ambiguity which would arise in higher
dimensions would be contained in the possibility to redefine the
nonlocal functions in the above expression.

|
temporal and longitudinal components of the currents, both
among themselves or mixed with scalar operators. Indeed,
local constant terms involving the sources of these oper-
ators appear in (3.5).

Let us list here a number of such correlators:

a( ) Jb _ _i&
(7 ()7 (v)) 5A;a(0)(x)5A?(0) )
= ih®(9)8 (x — y). (3.8)
a(y b _ A
—z[h"”(@)a, +A3fab3]53(x _)7),
(3.9)
aly b _ —iL
<auJu( )8v‘]v(y)> - ﬁA(LO‘S(x)(SA(LO';(y)
—i[h®(0)0? + A3 f139,])6% (x — y),
(3.10)
a — _i&
(JE(x)O0:(y)) = 5Af<0>(x)5/1(0)(y)
_é(}”(a)* +k(0)8 (x=y).  (3.11)
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2
(0, J3(x)0,(y)) = —im
_ _% (FH(D)* + k9(9))D, + ib(T)s,
x & (x—y), (3.12)
2
(V()0y(y)) = =i m
— _é(ga(a)* +140))5 (x—y),  (3.13)
(0.,J4(x)0y(y)) = —iﬁ#
AL ()50 (0) (v)
_; _%@a(a)* +19(9))3, + id(T),
x 8 (x —y). (3.14)

We thus immediately see that some combinations are given
entirely by the constant terms, or trivially vanish:

—(0J1(x)I7 (9)) + (D5 (x)I7 () = —iA’ fP38 (x — y),
(3.15)

—(0.7(x)0, 17 () + (0. J4(x)0, T3 (y)) = 0, (3.16)

~(0,J7(x)01(y)) + (0S4 (X) 01(y)) = =p(T*), & (x ~y),
(3.17)

~(0,J7(x)O0p(v)) + (0S5 (x) Oy (v)) = =p(T*) 28 (x = y).
(3.18)

These are of course nothing other than the Ward identities
relating the two-point functions of currents associated to
broken generators to the VEVs of the operators that break
the symmetry. In particular, the relations (3.17)—(3.18) are
the usual identities relating the two-point function of the
divergence of a conserved current and a scalar operator to
the symmetry breaking VEV of the operator. This kind of
Ward identity has been already realized holographically;
see e.g. [13,14] (and more recently also [17]).

Of more interest is the identity (3.15), which is nontrivial
due to the fact that we allow the temporal component of a
current (J ,3 here) to have a nontrivial VEV. We assume that
this Lorentz symmetry breaking VEV is permitted by the
presence of a chemical potential, though in our holographic
setup this is not technically necessary (indeed x does not
explicitly appear anywhere in the above expressions). In
addition, note that the identity (3.16) is consistently trivial
since the spatial (longitudinal) components of the same
current cannot get a VEV, because that would violate the
invariance under spatial rotations.

PHYSICAL REVIEW D 92, 066009 (2015)

The above Ward identities imply the presence of
Goldstone bosons, i.e. of massless modes in the spectrum.
More precisely, we see that in order to satisfy the identities
(3.15)—(3.18), the Fourier transformed correlators
(J4I) (0, k), (J¢O,)(w, k) and similar ones must be
singular when the energy @ and the momentum %, go to
zero. Indeed, in Fourier space (3.15) reads

—iw(JEIY) + ik, (JEJP) = —iA3feb3. (3.19)
We thus deduce the presence of massless poles in all of these
correlators. This additional Ward identity, which defines [3]
type B Goldstone bosons, requires the dispersion relation to
be quadratic [16], with the following argument.

In the Lorentz-invariant case, the dispersion relation of a
Goldstone boson is trivially determined from a Ward
identity similar to (3.17)—(3.18), giving

ki
w? — k'

(J;0)

(3.20)

In the lack of Lorentz invariance, we have to consider two
different situations, one in which time-reversal invariance
is preserved and one in which it is broken. When it is
preserved, for small values of w and k, we can admit

Tw f]ku
(/:0) zwz——c%kz’ (/.0) :a)z——c?kz’ (3.21)
while when it is broken, we can have
T Uk
JO)=—— J,0) =—" 3.22
VO =g, O = (322)

where T, T, U, ¢y, and M are constants. Note now that
(3.19) breaks time-reversal invariance for the currents J 11
and J7, and actually requires T # 0 as it was proved in [16].
This implies that (3.15) and (3.17) lead to quadratic
dispersion relations, @ = % with M = T/¢. On the other
hand for the Goldstone boson contributing to (3.18), which
is of type A [3], the time-reversal invariance is still
preserved and the dispersion relation is linear (assuming
U has a finite limit for vanishing momentum), but with
velocity depending on the ratio U/T = 2.

Without specifying the unknown nonlocal functions
he(9), f4(0), etc., we cannot go further and, for instance,
find the exact expression for T, T, U for all the massless
(and light) excitations. In the present model this is of course
in principle possible (see [9] for a finite temperature
analysis), but would imply solving the equations of motion
for the fluctuations in the bulk. This in turn would
necessitate finding the backreacted geometry. The point
in the present article is to exploit to its limits the technique
of holographic renormalization, i.e. to extract the maximal
information on the system purely from boundary
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considerations. Perhaps not unexpectedly, we found exactly
the same information that can be gathered from Ward
identities that apply to the system.

In Appendix B we compute the same correlators in the
field theoretical toy model of [11,12], where both the local
and the nonlocal parts of the correlators can be made explicit.

IV. CONCLUSIONS AND PERSPECTIVES

We set out to compute two-point correlators through
holographic renormalization, in a strongly coupled field
theory model with a global U(2) symmetry, where a chemical
potential breaks boost invariance explicitly. We studied the
consequences of the spontaneous breaking of U(2) to U(1).
Because of the broken Lorentz symmetry, not only scalar
operators are allowed to acquire symmetry breaking VEVs,
but also temporal components of conserved currents.

We have obtained the general form of the renormalized
action up to quadratic order, that is, the generating functional
for one- and two-point correlation functions. In this expres-
sion, we have kept implicit the nonlocal functions that are
established by imposing regularity conditions of the fluctua-
tions in the deep bulk. Nevertheless, we were able to extract
information on the light spectrum by showing that some
linear combinations of the correlators are completely deter-
mined by local terms, and actually realize holographically the
Ward identities associated to the broken symmetries.

We have thus established that the system must have
Goldstone excitations associated to the three broken gen-
erators. However, since we have also shown that J;, and
thus 03, has a VEV, we observe that we are exactly in a
situation where so-called type B Goldstone bosons [3]
arise, i.e. when the commutator of two charges has a
nonvanishing VEV. Here, we have that ([Q', 0%]) # 0, so
that only one massless excitation is associated to these two
broken charges. Furthermore, we have given an argument
for this massless excitation to have a quadratic dispersion
relation. The remaining broken generator Q° — Q3 is not
involved in commutators with nontrivial VEVs, and hence
gives rise to a type A Goldstone boson, which in this case is
expected to have a linear dispersion relation, but with a
velocity smaller than ¢ that would be determined by the
explicit expressions of the nonlocal parts of the correlators.
Moreover, we expect the type B Goldstone boson to be
accompanied by an almost Goldstone boson, i.e. a light
mode whose mass is related to the coefficient of the
quadratic dispersion relation of its partner [4].

We stress once more that in order to obtain quantitative
results on all these dispersion relations, we have to compute
the nonlocal functions that we have left unspecified in (3.4).
The poles in these functions will give us the dispersion
relations of the massless modes, together with all the rest of
the massive spectrum. In order to do that, we would need
first to have a background which is reliable down to the
deep bulk. Performing the backreaction, also on the metric,
would then be necessary. One should be warned though that
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in the present zero-temperature setup, this would most
inevitably lead to a singular geometry. That should however
not prevent us from imposing boundary conditions in the
form of boundedness of the fluctuations. Any other strata-
gem to avoid the singularity would introduce a new scale to
the problem, as for instance a finite temperature. That has
been done in [9], where however the backreaction is not
studied, thus limiting the analysis to situations where the
temperature and the chemical potential are roughly at the
same scale.

Considering finally generalizations, it is obviously rather
straightforward to generalize our discussion to higher
dimensions. It would be interesting to investigate, in a
fully backreacted model, at zero or nonzero temperature,
also correlators involving the stress-energy tensor, and
possibly in supersymmetric extensions of such models,
whether also the dispersion relations of the Goldstino can
be modified, extending the analysis of [18,19].
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APPENDIX A: ALTERNATIVE SPLITTING OF
THE VECTOR DEGREES OF FREEDOM

In this appendix we perform, for completeness, a differ-
ent splitting of the vector degrees of freedom. Instead of
(2.10), we split the vector into transverse and longitudinal
parts with respect to all spacetime components:

A4 = a,-T" + a,-aL“, (':)iaiTa =

1

(A1)

The regularized action (2.9) then reads, after the substitutions,

Sreg = _/ dSX{AOatTU —I—A3a,T3
=€

2. 1
—_ o+ ¢") -5 af“0.al

2
1-
+ §A3f“”3aL“(a,T” —z0.a!* + 0,a*" — 20.0,a?)
P
+ 2—Z¢‘1La[(Ta)21 (24— 20,4) = (T*),,(22" = 20,4)
+(Ta)22(2¢ - 245T - Zaz¢ + Zazd’T)]

- W04+ 404+ §0 + 9040 | (2
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The near-boundary expansions of the vector fields are
now

Ta _ T T

a;‘ =a;g Tafzt

1

ate = a(LO"> + a(LI”)z + - (A3)
and the renormalized action reads
Sren = - / d3x{Aoa,T((())) +A3a§%) - 2$(¢(0) + ¢Z()))
1 1-
=240 TR AP agagg) + Oiafg)
i -
+ §¢0(Loa)[(Ta)21/1(o) - (Ta)uﬂzo)
+ (T") 2 (o) = (l%))]
Ll dy + Aol + 4 !
‘5( 040 T A4 T ¢y + o) -
(A4)

The residual gauge transformations act on the transverse
and longitudinal modes as

0,0; o

82 '

Saygy =0,  dafy = f “”3A3< Mi =

0
éa(LO“) = a“, 5aL“ feb3A3 82

1
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Note that the gauge transformations of the VEV fluctuations
are nonlocal with this choice of splitting. The gauge-invariant
combinations are

l¢( )12“
¢ l¢( )zza
- 0,0;
azzzlz) _ A3fab3 <7]li — é? )a(LOIS' (A6)

The expressions of the VEVs in terms of the sources are
then
Ay = i@(Ta)lza(Loa) + f(9)A) +J~ca<a)atr(?))7
da) = i@(Ta)zza(Loa) + 9(9)o) + ga(a)a{(g>,
2

- 0;
azzal) — _ASfab3 <1 82> Lb + hab(a) Tb
+ k4(0)Aw) + 14(0) o)
+ k(9 Ay, + 1(0) )

8 6
3 pab3 1 u Lb ab Tb
—A3f +m®(0)a, .

a0 (A7)

au( )

where we have used the same letters for the unknown nonlocal
functions, which however will be possibly different from the
ones in (3.4).

Eliminating all the VEVs, S, then reads

_ _ _ 1
Sien = — / d3x{A0atT(%) —|—A3a%) —2¢(¢(o) + (bgo ) — aﬁf’ >m“b(8)a£(b0)

1 1-
4= aTa hab (a)ang) _ §A3fab3 (ZaTa 4 (:)taLa )aLOb)

2 71(0)
+l¢a [(Ta)zlfl)

~ A (F0) + 7)Y

|
= O =

The coupling of the sources to the currents is now

/8AdS d3x(a§?)>J,T“ - ag(“o)Jg" + a(Lo‘éﬁ,»J?).

The Ward identities are then directly derived as

(T*) 10y, +
—§¢Io> (9(9)
() (F2(9) + K4(D)°) + 200) (F(0)" + k()T

(B0 (7(9) + 10)") + po)(F(9)" + za(a))]af(&}.

+ (T (h(0) = bly))]
+ 9(9)") (o)

(A8)

(A9)
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J(x)JTP = _ik

(05 (x)JT* (v)) sl (x)3aly (v)
= —iA [P35 (x — y), (A10)

. _ i S

(D, J4(x) O, (y)) = daks ()840 (¥)
_ —$(T“)2]63(x—y)7 (All)

a = —i&

(05 (x)0y(y)) = Salst (x)5¢(0) ()
= —p(T") 5 (x —y). (A12)

reproducing exactly the results of (3.15)—(3.18). The other
correlators are purely in terms of the nonlocal parts, for
instance

52 Sren

—j_ UPren
dayg) (x)64(0)(v)

= L0y + k(0)P(x - y)

(JT4(x)O,(y)) =

(A13)

NS}

and similarly for the others. In the main text we have opted
for the splitting (2.10) because it more directly reflects the
loss of boost invariance, and it avoids the nonlocal
expression in (A6).

APPENDIX B: CORRELATORS AND WARD
IDENTITIES IN A FIELD THEORY MODEL

In this appendix we discuss the field theory model of
[11,12] which shares the same symmetries and pattern of
symmetry breaking as the holographic model discussed in
this article. In the weak coupling limit, we can compute the
two-point correlators at tree level, verify once more the
Ward identities but also extract the dispersion relations and
the spectrum.

The model consists of just a complex scalar
doublet ® of a U(2) global symmetry, with a
chemical potential p for the Abelian U(1) current.
The action is

5= / Br(0, + in)®F (D, — i) ® — 9,570,

- M?DT® — A(DTD)?]. (B1)
The conserved currents are given by
J¢ =i®'T0,® — i0;®'T® - 2us,,'T*®.  (B2)

One can verify that they satisfy the U(2) current
algebra, for any value of u (which is real).
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When y? > M? (i.e. always if M? < 0) the theory settles
in a vacuum where the global symmetry is broken down to
a U(1); for definiteness we choose

b = 0 vzzﬂz_Mz.
v v ) 2/1

(B3)

We can now consider the small fluctuations around the

vacuum:
-+ (")
@

Expanding the action to quadratic order we obtain the
following tree-level propagators:

(B4)

i(0® = k* = 2uw)

(@ — wé)(a)z

(" (@. k)¢ (-w. k) =0,
—k? = 2uw — 220?)

(&, K)E! (~0, ~)) = L
g:_

(@, k)¢ (-0, —k)) =

(p(w.k)p" (—w.—k)) =

(p(w. k)p(—w, —k)) = (9" (0, k)’ (-0, —k))

with the dispersion relations

Wiy = K424 + 200/ i + I,

Whe = K+ 32— MP /(32 - M2 + 4242 (BO)

which at small momenta k give

a)§+_2/4+ s
k2
0)5_:@+ s

(B7)

We see that we have all the variety of massless and massive
modes: w,,_ for a type A Goldstone boson with ¢, < 1, w,_
for a type B Goldstone boson, w;, for its massive partner
and w,,, for a Higgs-like massive excitation. Furthermore,
we can compute the VEV of the currents and find, e.g.,
(J3) = pv?, which correctly vanishes when p — 0.

In the broken symmetry vacuum, the currents can also be
expanded at the linear order:
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i
I} =300 (0 = 0") = dunv(e + ),

I =300, = &) = sun(E+ &),

SR =~ 500, (E 4+ &) — b (E - £1),

=)o (B8)

It is then straightforward to compute the correlators
analogous to the ones in (3.8)—(3.14).
Let us for instance compute one such set of correlators:
1 i(@* —k*+2uw)
(T (@ K)E(—.~k)) = 5 v(@ - 20) ,
! 2 (a)z—wé)(wz—w%_)

1 (@ — k> +2uw)
<Jl£ (w7k)§(_w7 _k)> _Evku (602 _ CU%_,'_)(CUZ _wé_) ’

(B9)
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which are clearly nonlocal since they contain the poles for
the type B Goldstone boson and its massive partner.
However the combination

—iw(J (w,k)é(—w,—k))

ik (I (@0, K)E(~0, =) = (B10)

N <

is constant, by virtue of a Ward identity similar to the one in
(3.17), for the above correlator.

All the other Ward identities can be similarly
checked. In this weakly coupled model however, as
we have seen, we have access also to the individual
correlators and hence to the nonlocal parts that contain
complete information on the spectrum and on the
dispersion relations.

[1] H. B. Nielsen and S. Chadha, On how to count Goldstone
bosons, Nucl. Phys. B105, 445 (1976).

[2] H. Watanabe and T. Brauner, On the number of Nambu-
Goldstone bosons and its relation to charge densities, Phys.
Rev. D 84, 125013 (2011).

[3] H. Watanabe and H. Murayama, Unified Description of
Nambu-Goldstone Bosons without Lorentz Invariance,
Phys. Rev. Lett. 108, 251602 (2012).

[4] A. Kapustin, Remarks on nonrelativistic Goldstone bosons,
arXiv:1207.0457.

[5] H. Watanabe and H. Murayama, Effective Lagrangian for
Nonrelativistic Systems, Phys. Rev. X 4, 031057 (2014).

[6] J. M. Maldacena, The large N limit of superconformal field
theories and supergravity, Adv. Theor. Math. Phys. 2, 231
(1998); J. M. Maldacena, Int. J. Theor. Phys. 38, 1113 (1999).

[7] E. Witten, Anti—de Sitter space and holography, Adv. Theor.
Math. Phys. 2, 253 (1998).

[8] S.S. Gubser, I.R. Klebanov, and A. M. Polyakov, Gauge
theory correlators from noncritical string theory, Phys. Lett.
B 428, 105 (1998).

[9] I. Amado, D. Arean, A. Jimenez-Alba, K. Landsteiner, L.
Melgar, and 1. S. Landea, Holographic type II Goldstone
bosons, J. High Energy Phys. 07 (2013) 108.

[10] V.G. Filev, C.V. Johnson, and J.P. Shock, Universal
holographic chiral dynamics in an external magnetic field,
J. High Energy Phys. 08 (2009) 013.

[11] V. A. Miransky and I. A. Shovkovy, Spontaneous Symmetry
Breaking with Abnormal Number of Nambu-Goldstone
Bosons and Kaon Condensate, Phys. Rev. Lett. 88,
111601 (2002).

[12] T. Schifer, D. T. Son, M. A. Stephanov, D. Toublan, and
J.J. M. Verbaarschot, Kaon condensation and Goldstone’s
theorem, Phys. Lett. B 522, 67 (2001).

[13] M. Bianchi, D.Z. Freedman, and K. Skenderis, How
to go with an RG flow, J. High Energy Phys. 08 (2001)
041.

[14] M. Bianchi, D. Z. Freedman, and K. Skenderis, Holographic
renormalization, Nucl. Phys. B631, 159 (2002).

[15] J. Goldstone, A. Salam, and S. Weinberg, Broken sym-
metries, Phys. Rev. 127, 965 (1962).

[16] T. Brauner, Goldstone bosons in the presence of charge
density, Phys. Rev. D 75, 105014 (2007).

[17] R. Argurio, D. Musso, and D. Redigolo, Anatomy of new
SUSY breaking holographic RG flows, J. High Energy
Phys. 03 (2015) 086.

[18] R. Argurio, M. Bertolini, L. Di Pietro, F. Porri, and
D. Redigolo, Supercurrent multiplet correlators at weak
and strong coupling, J. High Energy Phys. 04 (2014)
123.

[19] R. Argurio, M. Bertolini, D. Musso, F. Porri, and D.
Redigolo, The holographic Goldstino, Phys. Rev. D 91,
126016 (2015).

066009-10


http://dx.doi.org/10.1016/0550-3213(76)90025-0
http://dx.doi.org/10.1103/PhysRevD.84.125013
http://dx.doi.org/10.1103/PhysRevD.84.125013
http://dx.doi.org/10.1103/PhysRevLett.108.251602
http://arXiv.org/abs/1207.0457
http://dx.doi.org/10.1103/PhysRevX.4.031057
http://dx.doi.org/10.1023/A:1026654312961
http://dx.doi.org/10.1016/S0370-2693(98)00377-3
http://dx.doi.org/10.1016/S0370-2693(98)00377-3
http://dx.doi.org/10.1007/JHEP07(2013)108
http://dx.doi.org/10.1088/1126-6708/2009/08/013
http://dx.doi.org/10.1103/PhysRevLett.88.111601
http://dx.doi.org/10.1103/PhysRevLett.88.111601
http://dx.doi.org/10.1016/S0370-2693(01)01265-5
http://dx.doi.org/10.1088/1126-6708/2001/08/041
http://dx.doi.org/10.1088/1126-6708/2001/08/041
http://dx.doi.org/10.1016/S0550-3213(02)00179-7
http://dx.doi.org/10.1103/PhysRev.127.965
http://dx.doi.org/10.1103/PhysRevD.75.105014
http://dx.doi.org/10.1007/JHEP03(2015)086
http://dx.doi.org/10.1007/JHEP03(2015)086
http://dx.doi.org/10.1007/JHEP04(2014)123
http://dx.doi.org/10.1007/JHEP04(2014)123
http://dx.doi.org/10.1103/PhysRevD.91.126016
http://dx.doi.org/10.1103/PhysRevD.91.126016

