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PHYSICAL REVIEW A, VOLUME 65, 063809
Quantum-trajectory description of laser noise with pump depletion

J. Visser, G. Nienhuis, S. M. Dutra, M. P. van Exter, and J. P. Woerdman
Huygens Laboratorium, Universiteit Leiden, Postbus 9504, 2300 RA Leiden, The Netherlands
(Received 13 September 2001; published 5 June 2002

The intensity fluctuations of a three-level laser are known to drop below shot noise in the presence of
depletion of the ground state. We study the fluctuations of the laser output as a function of the patameter
defined as the fraction of atoms needed for the laser to operate. For a sufficiently small number of active atoms,
the value ofe, and thereby the ground-state depletion, can be appreciable even for modest pumping. This
suggests that the intensity fluctuations in the laser output would decrease below shot noise as the number of
active atoms is reduced. A microscopic approach that uses a quantum-trajectory method and a macroscopic
approach using semiclassical rate equations both show, however, that rather than decreasing, the intensity
fluctuations actually increase with We find that the fluctuations of the output are determined by the depen-
dence of the cycle time of the atoms on the number of photons in the laser mode.

DOI: 10.1103/PhysRevA.65.063809 PACS nuntber42.50.Lc, 42.50.Ar, 42.50.Dv

[. INTRODUCTION properties of the stimulated emission of photons in the laser
mode by a single atom. The dynamics of single atoms in the
One of the most important characteristics of laser radiagain medium has been studied before by Ritsch and Zoller
tion is its noise[1]. In recent years, it has been recognized[4], but in their paper the atomic density matrix is calculated.
that noise properties change when the pumping is strond study of the intensity fluctuations in the fluorescence that
enough to cause depletion of the number of atoms participafccompanies quantum jumps in a driven three-level atom has
ing in the laser transition. The special case of a three-levedpeen done by Kim and Knighi6]. From the dynamics of a
laser with pump depletion has been stud[@j3]. Strong Single atom we derive the statistical properties of the photons
pumping leads to depletion of the ground state and the confleposited in the laser mode by the entire gain medium.
mon assumption that the atoms in the ground state form an On the other hand, the macroscopic approach consists of a
independent reservoir breaks down. It was found that for £alculation based on semiclassical rate equations for the
laser with an incoherent pump, this depletion leads to amumber of atoms in each level with noise sources added. For
effective reduction of the pump noise, which in turn caused0th approaches an expression @y, is found and the in-
the intensity fluctuations of the laser output to drop belowtensity fluctuations of the laser output are calculated from the
the shot-noise limit. However, the strong pumping neededate equation for the photon number. The fluctuations depend
for this mechanism to occur is far beyond experimentalon the parametes =Ny, /N, which represents the fraction
possibilities. of the number of atoms minimally needed for laser action.
In this paper we consider a situation where depletion oBoth the microscopic and the macroscopic approaches bring
the ground state is possible already with modest pumpingds to the conclusion that large values ©fdo not lead to
When the total number of atoms in the gain mediNnis not  intensity fluctuations below shot noise.
much larger than the inversioN,,, at threshold, ground- In the following section we discuss the rate equation for
state depletion occurs already just above threshold, and ehe photon number, and the optical Bloch equations that de-
tremely strong pumping is not required. This also raises th&cribe the interaction between the laser mode and the gain
question whether the depletion of the ground state that oonedium. In Sec. Il we discuss the microscopic approach
curs for atom numbersl comparable td\,;,, is also accom- that uses quantum trajectories to describe the evolution of a
panied by intensity fluctuations below shot noise. If so, asingle atom in the gain medium. The macroscopic approach,
Poissonian pumped laser with a sub-Poissonian output wouli@r which semiclassical rate equations for the number of at-
be experimentally realizable. oms in each level are derived, is discussed in Sec. IV. Con-
As an example of a laser with a limited number of atoms clusions are given in Sec. V.
we analyze a three-level laser inAa configuration, in the
case where\ is allowed to be comparable t9,,,. To find
the intensity fluctuations we use a semiclassical rate equation [l. OPTICAL BLOCH EQUATIONS
for the number of photons in the laser mode with a noise
source added. To account for the gain medium of the laser, a
term G,; is added. An expression fdB,; is obtained by We model a laser by a laser mode in a cavity that is
using both a microscopic and a macroscopic approach to theesonant with the lasing transition of the atoms in the gain
dynamics of the gain medium. The optical Bloch equationsnedium. We use three-level atoms in theconfiguration, as
are the starting point for both approaches. depicted in Fig. 1. The lasing transition 2-1 is coherently
The microscopic approach consists of a quantumdriven by the laser mode. Spontaneous emission occurs from
trajectory method to study the dynamics of a single atom irstate 2 to state 1, and from state 1 to state 0, and the corre-
the gain medium. This allows us to derive the statisticalsponding rates arg, and y,. The lower state O is incoher-

A. Laser model
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I2> QZ
7N ')’st_ﬁ- (4)
Y2 _
This rate is related to the average photon numbeén the
Yo 1> laser mode by the equalitys,=y,8n, with 8 being the
fraction of spontaneously emitted photons on the laser tran-
sition that go into the laser mode. This connects the Rabi
7, frequency to the properties of the laser cavity.
|0> B. The fraction of atoms needed for lasing

FIG. 1. The three-level scheme, where the 2-1 transition is the In a laser the stimulated emission rate by the whole gain
lasing transition. medium is equal toy,BnN,, where N, is the number of
atoms in level 2. The absorption ratejisBnN;, whereN; is
ently pumped to the upper level 2 at the ratg For the the number of atoms in level 1. The decay rate of photons
number of photons in the laser mode we use the followingrom the cavity is Zn. In the steady state above threshold
rate equation: we find

n=—2kn+Gy(n)+f,, (1) ¥,8n(N,—Ny)=2xn,

wherex is the cavity decay rate. The functi@y,(n) mod- where the quantities with a bar refer to the steady-state val-
els the effect the atoms in the gain medium have on théles. For the inversion we find
number of photons in the laser mode. It can be obtained from
a detailed description of the interaction of the atoms in the SN _N. — 2K
; : : : D=Ny—N;=——=Ny,.
gain medium with the photons in the laser mode. Because Vo8

is not a continuous but an integer number, the creation and _
annihilation of photons in the cavity introduces noise, whichThe number of atoms that is at least needed for the laser to

is accounted for by the noise sourte. operate is then equal f8,,,, . We definee as the fraction of
The evolution of the density matrix of a three-level atomthe total number of atoms that is at least needed for the laser
coherently coupled to the laser mode is described by théo operate, that is

optical Bloch equations. We have N
thr

s—N,

d i 5
giP2e= ~ vep2t 7’0P00+§Q(P12_P21)a
whereN is the total number of atoms in the gain medium.

In the laser we distinguish a limited number of uncorre-

d i o
= _ _ lated sources of noise in the photon number. We fuséor
dt’u yiput 72p22+29(p21 P12, @ stimulated emissionf,,s for absorption, and .. for the
fluctuations related to the emission of photons from the cav-
d i . ity. The relation between the noise tefin Eq. (1) and the
gtP2i= ~ Yipat 59(911_922) ~ giPie uncorrelated noise terms is given by

d d d fr=fst—fabs— frac, (6)

dtPoo™  geP2 g where the signs reflect the gain and loss nature of the noise

process for the variable involved. We assume that the noise
We neglect collisional dephasing, so that the optical cohersources are Gaussian afdtorrelated random variables with
ence on the lasing transition decays at the transverse rate zero average. For the correlations between the noise sources

we have

v =311t 72). 3)
(fi(O)f;(t"))=Dy;8(t—t"), (7)

No optical coherence involving the state 0 is created. This
scheme can be expected to give rise to laser action onlywhere Dj; are the diffusion coefficients. Since the noise
when the lower state of the lasing transition decays muclsources are uncorrelated, the only nonzero diffusion coeffi-
faster than the upper state, so that>y,. The coupling of ~cients are the diagonal ones, which we indicateDag,
the lasing transition to the laser mode is modeled by an efDaps, andD, 5. According to Lax 6] these diffusion terms
fective Rabi frequency. Adiabatic elimination of the opti- are equal to the corresponding rate, so that
cal coherence,; shows that the effective rate of stimulated o
emission is Dgi= v28nNy,

063809-2
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C. Spectrum of intensity fluctuations

We are interested in the spectrifw) of the intensity
fluctuations at the frequency=0. The spectrunV(w) is
defined as follows:

(Al (0)Al(0")*)=2knV(0)d0—o'), 9)

where

" dtexp—iwH)Al(D)

— o0

— 1
Al(w)=—
N2
is the Fourier transform of the fluctuatioad (t) of the out-
put intensity of the laser around the steady-state value
=2kn. To find Al (t) we linearize Eq(1) around the steady

state by substituting1(t)=W+An(t) and neglecting terms
that are second order iAn or higher. The next step is to

PHYSICAL REVIEW A 65 063809

S,=]0)(1], andSy=12)(0|. The optical Bloch equation®)
correspond to the master equation

d .
giP= " (Hp—pH") + 7:,S,pS]+ ¥1S10S]+ 70500 Sy,
(11

with H the effective non-Hermitian Hamiltonian
H=— 3[(Q(S+S}) +iy0|0)(0] +iva|1)(1]+iy2|2)(2[].

Atoms are performing cycles-82—1—0 along their
internal states, thereby depositing photons into the laser
mode when stimulated emission occurs. In order to describe
the atomic contribution to the noise in the photon number,
we consider the possible histories of an atom during a cycle.
The atom undergoes coherent evolution periods, described
by the effective HamiltoniarH. The coherent evolution is
interrupted by instantaneous quantum jumps, described by
the jump operator§; with i=0,1,2. Solutions of the master
equation(11), or, equivalently, the optical Bloch equations
(2) are faithfully reproduced after averaging these single his-
tories over the instants of the jumpp8,9] with the proper
probability distribution. We follow the atom during one cycle

relate the internal fluctuations in the photon number to thd—2—1—0, which is the time period between two succes-

fluctuations in the output intensity. Therefore we use theSive arrivals of the atom in state 0 by spontaneous emission
input-output formalism of Gardiner and Collé@]. In their ~ from the state 1. After a lifetime of average duratigi® in
paper they use the standard model of a system coupled toG the atom is pumped to the upper state 2, as described by
heat bath. They derive a boundary condition that relates th&, and the cycle ends with spontaneous decay from 1 to O,
input and the output to the internal modes of the system. lexpressed bys;. In between these two jump instants, the
our case the input to the system is the vacuum state and tt&om undergoes coherent evolution within the two-state
output is the intensity of the laser. We find manifold 1 and 2, and any numbkrnof spontaneous decays
from 2 to 1, as described by the jump operasor
Al(t)=2kAn(t)+f,.(1). (10
B. Statistics of cycle trajectories

We study the depgndence of Fhe Intensity quctugtlons " We denote a period of coherent evolution starting in state

the parametee by using, respectively, a microscopic and a.

macroscopic approach to describe the effect of the gain mé-and ending in statpas (,}). An atom starting a coherent

dium on the number of photons in the laser mode. We deterQerio.d in state 0 can .Only. remain in this state, ar_ld the only
mine the functionG..(n) that accounts for the gain medium possible coherent period is (0,0). A coherent period starting

in the rate equation fan Eq. (1) and use the approach given Inorsrtei[eoi d(i)r: n Ztr?;isl(g%r; e(nzd S'th(elr 2';1 Zoro(r 111’)W1|E?];ree_
above to find an expression for the spectrum of the intensit b g pen e AT AT P
fluctuations at frequencw=0 as a function ofs. In both ore, the probabilities;; that a coherent period starting in
cases the optical Bloch equatiof® are the starting point. statei ends in stat¢ obey the obvious sum rules

P00: 1, P11+ P12: 1, P21+ P22: 1. (12)

I1l. QUANTUM TRAJECTORIES
The average duration time of a coherent perigg)(is indi-
cated asT;; .

In order to determine the functio®,,(n) that accounts In Fig. 2 the possible trajectories for cycles-2—1
for the photon gain in the laser mode, we analyze in the—0 are depicted, where the numbemdicates the number
present section the statistical properties of the cycles pelf spontaneous emissions during the cycle. Each spontane-
formed by the internal state of the atoms of the gain mediumous emission has a small probabiljyto return a photon to
This is done by the technique of quantum trajectories, irthe laser mode. Stimulated emission into the laser mode
which the density matrix of each atom is unraveled into artakes place only during the coherent period (2,1). Such a
ensemble of pure stat¢8—10]. A trajectory description of period occurs only in the first trajectory in Fig. 2 with
lasers without inversion has been given befdrg. Sponta- =0. This trajectory is termed the gain trajectory, and we
neous emission and pumping constitute the incoherent trarshall demonstrate that it becomes dominant above threshold.
sitions in this model, which can be described by quantunfor nonzero values of the numblkrof spontaneous decays
jumps. The corresponding jump operators &e=|1)(2|, on the laser transition, the trajectory contains1 absorp-

A. Model description

063809-3
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0 =N = )
Pij=v; | d7lcij(7)]
A A 0
1 0 0 2 21 1 0
2 N ) N NP for the probability of a coherent period,{) under the con-
oo bz o dition that it started in state We defineL;;(7) as the nor-
4 B malized probability density that a coherent period X ends
BaY ~
k= 1":{_“;651"1 1o after a time duratiornr and find
FIG. 2. The different trajectories an atom can follow during one Lij(T) = 7j|Cij(T)|2/Pij . (15

cycle, starting in the ground-state level 0. The trajectories are la- ) ) L
beled on the left. An arc represents a quantum jump and a straighto! the average duration time of a coherent periqg) (we
line a coherent period. The state of the atom is given at the begintlnd

ning and the end of each coherent period. The net effect of a co- .

hgrent period or a quantum jump on the photon number is also T':J’ dTLij(T) I (16)
given. 0

tions of a photon from the laser mode, each one corresponddbviously, for the coherent period (0,0) in the lower state we
ing to a coherent period (1,2). The passage through theecover thaPy,=1, andT = ygl. For the transition ampli-
manifold of lasing states starts with a coherent period (2,2)tudes within the manifold of the laser states, we obtain the

and ends with a coherent period (1,1). results
The probability distributionp, over trajectories withk 1 1
spontaneous emissions on the lasing transition can be read _ = (et LNy
off from Fig. 2, with the result CoA )= 5€xp — 7 (71t y2)7||| 1+ = [expl'n)
Po=Pa1, P=PaPf;'Py for k=1 (13 Wl 714} 72 ey ~T'7)|.

By using the sum ruleg12) it is easy to check that the

probabilities add up to 1. Using these probabilities the aver- 1

age value of interesting physical quantities, such as the av- ¢11(7)= EeXF{ —z(nt 72)7)
erage duration of a cycle, can be calculated. The average

Yi— 72
(1— aTr )exp(l"a-)

durationT, of a trajectory withk spontaneous emissions is Y1~ Y2
simply the sum over the average durations of the coherent H 1+ eI, (17)
periods, so that
- Q 1
T0:T00+T21, Tk:T00+T22+(k_1)T12+T11 fOI’ k?l C21(T):C12(T):|Eex - Z(’yl+ ’)/2)7'

(14
) ) X[expI'r)—exp(—T'7)],
By using the sum rule¢l2), and the expressiond3) and
(14) for p, and Ty, the average duration of a cycl,c.  where
=2, p« Tk can be simplified to the form

L= i(y1—v2)?—402

22
Teycle™ Toot ParTort+ Poa( Ty +Top) + —P11P12T12- These expressiond7) are generally valid for the coherent
evolution of the states coupled by the lasing transition. The

In order to evaluate the probabiliti€y; and the average Rabi frequency) is related to the photon number by
durationsT;; , we notice that for a given initial density ma- 02
trix po, the time-dependent density matri(7)=exp PP v.8N,
(—iHDpeexp(H'7) constitutes the partial density matrix for YL
the situation that no quantum jump occurred during the tlmeas argued below Ed4).

interval [0,7]. Its trace Tp represents the corresponding

probability that no quantum jump occurred[if,7]. We in- . . .

troduce the decaying transition amplitudes C. Cycle time of the gain trajectory

As argued above, the only trajectory leading to stimulated
cij(7)=(jlexp(—iH7)[i), emission is the first one in Fig. @vith k=0). Using the

results of the previous section, we calculate the probability

such that the quantity;|c;;(7)|? is the probability density p, of this first trajectory and find

that a coherent period that started in the stad@ds after a

time durationr with a jump from the statg This leads to the Y1728N

| =P, = _
expression PO o  (y1t 72) 7280

063809-4
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Far above the threshold it is known thah>1, and since A A A Wy(S)
v1>> v, We see that the probability of the gain trajectpgyis f1(s)=wi(s)+[wWy(s)]?+ - =—F——. (22
close to 1. Therefore we assume that far above the threshold, 1-wy(s)
atoms in the gain medium of the laser follow only the gain '
trajectory. From Eq.(18) we find that
During a coherent period the photon number is not Wi (s)= |:21(S)|:oo(5)- 23

known, because of the entanglement with the states of the
atom. Therefore we cannot describe the gain of the photon iysing Eq.(22) we find
the gain trajectory as an event that takes place at a specific

time t. For simplicity we assume that the actual gain of the 1
photon takes place at the end of the coherent period (2,1). f1(0)
Far above the threshold, the atom follows the gain trajectory . . = . . .
and we can view the atom as a source that emits photons | hich is equal to the average time between the emissions of

the laser mode with varying time intervals between two contwo consecutive photons as expected. Since the atoms follow

secutive emissions. We define,(r) as the normalized ©NIY the gain trajectory, we may writey () =1/T,. Using

waiting-time distribution for the creation of the next photon. Ed- (23 we find
Since, between the emissions of two consecutive photons the g g er N
atom evolves through the coherent periods (0,0) and (2,1), W:TOZ —lim Jwa(s)=—lim G [Lax(S)Loo(S)]

we have
=Toot To1, (24

—~timy Lin(s)= [ drws()7

_ |7 _ as expected from Fig. 2. Using ER4) together with the

Wa(7) Jo dtlar(7=Oloob), (18) expression(16) for T;; we find for f,(=) the following ex-
pression:

where thelj;(7) are the normalized probability densities de- 1 1 5 Y1t 79

fined in Eq.(15). Because directly after the emission of a =4 +
photon it takes time for the atom to get excited again, the fi(®)  yo vity2 vivet(yity2)yvaBn
emission of a single atom in the gain medium is antibunched

as can be seen from E(L8). D. Dynamics of a laser

We definefy(r;)dr, as the probability that there is an the steady state the number of photons created per sec-

emission of a photon in the time intervay(r; +dr), re- ond by the gain medium df atoms is equal to the number of
gardless of how many photons have been emitted outside thlsh y g ihilated d b que d b
time interval[12]. The expectation value of the numbmarof pnotons annihilated per second by cavity decay. Far above

emitted photons in the time interval {0, is given by the threshold, we have

(25

. Nfy(2)=2xn, (26)
<m>T:f drifi(m). (19 —

0 wheren is the steady-state number of photons. We make the
following assumptions:

If we divide (m)t by the timeT, we have the average inten-

sity. In the limit of T— we have pn>1, (27)
Y2BN<v1,
Jim 2T ), 20)

which define a range of pump rates far above the threshold

which is the steady-state emission rate. The Laplace tran:l;?r which the number of photons in the laser mode is pro-
y ' P portional to the pump rate,. Under these assumptions we

form f of a functionf is defined as have
f f “d f (22) ! T ! + L (28)
s) 0 Texp(—sn)f(7) (o) 0 Yo Y2PBN
Using Egs.(21) and (20) we derive that We solve forn in Eq. (26) and find
. A — Yo 1—¢
f1(o0) = limsty(s). =B e (29

Since a photon emitted at timg can be the first, the second, wheree, defined in Eq(5), is the fraction of atoms that is at
and so on after time 0, the relation between the emission raeast needed for the laser to operate. From (26 we find
f1(7,) and the waiting-time distributiom,(7,) in Laplace- that in general the assumptiori®7) are satisfied for the
transform language takes the fofif3] range of pump rates for which we hayg<yy/e<<y;.

063809-5
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We calculate the average cycle time of an atom far above — — = . * .
the threshold, which is equal to the average duration time of (Al(@)Al(@")*)=8(w—w")Jim ﬂodTeXp(_"M)
the gain trajectoryly given in Eq.(24). Under the present
assumptions and using the steady-state v&é23 for n, we X(AK(T+)AKT)),

find and obtain the following expression for the spectrum of in-
1 tensity fluctuations as defined in E@®):
To=—">"7". 30
(i -e) (30 62
o - Vi) =1+ = . 3
We see that the cycle time increases wheis increased. 4k“(l—e) "+ o

This is because for a fixed pump rate the number of photons

in the laser mode decreasessifincreases. Then the Rabi For the spectrum at frequeney=0 we have
frequency becomes smaller and it takes more time for the

atoms to make the 2-1 transition. Each cycle results in the

gain of one photon in the laser mode. Thus ihcreases and V(0)=1+
thereby the cycle time, the atoms become less productive in

creating photons.

1-e) (32

The valueV(0)=1 corresponds to shot noise in our defini-

tion (9). We see that foe =0, which is the case of no deple-

tion of the ground state at all, we have shot noises lis
The number of atoms in the gain medium is a macroscopiincreased, the fluctuations rise above shot noise.

cally large number. If we assume that there is no correlation We can see this also from a qualitative argument. The

between the atoms, the creation of photons in the laser modiverage cycle time of the atom Ty = 1/f,(). If we calcu-

by the gain medium as a whole, is a random process. Thte the average fraction of the total cycle time that the atom

emission rate at time is then given byNf,(«), which is  spends in the ground state we find, using &),

time dependent because it is a functionmngf) as we see in

E. Intensity fluctuations

Eg. (28). So in the rate equationl) for n we substitute Too_ 1 1
Ga(n)=Nf () and we obtain To vTo
-1
n=—2xkn+N i_,_ 1 +f (31)  We see that for smak the atom is in the ground state for
Yo 28N " most of the time. In that case the cycle time is not sensitive

. _ . _ to fluctuations in the photon number. df is increased, the
As discussed in Sec. Il we linearize around the steady stat@tom spends less time in the ground state and a fluctuation in

From Eq.(28) we find the photon number will cause more fluctuations in the cycle
time.
1 1 Y 2ke ) In the Appendix the MandeQ paramete15] is calcu-
fy(e)= Yo ey + -y An+O(AnY), lated for the emission of a single atom in the gain medium
2

that follows only the gain trajectory. It is defined 16y+ 1
=Am?/(m), wheremis the number of photon emissions. We
have Q=0 for a Poisson process. Under the assumptions
(27) and using Eq(29) it is found that

and Eq.(31) gives for the fluctuationan(t) in the photon
number

An=—2x(1—g&)An+f,, Q=—-2&(1l-¢)

with the solution We see that foe =0 we haveQ=0 and the emission of a
¢ single atom is Poissonian. This is expected from the fact that
An(t)zf dt’exgd —2x(1—g)(t—t")]f(t"). for =0 the atom spend@Imosj} all its time in the ground
- state and thus the statistics of its emission are determined by
the statistics of the pump, which are Poissonian. £e10
According to Eq.(10) we haveAl(t)=2xAn(t)+f,a(t).  the output fluctuations are at shot-noise levelelfis in-
The noise sourcd, is related to the uncorrelated noise creased, the value @ decreases until a minimum value of
sources in Eq(6) The CorreSponding diffusion coefficients _% is reached forszé_ We can understand th|s from the
are given in Eq.(8). Because of the assumptio(i7), the  fact that fore = we haveT,=Ty, so that the cycle con-
decay ratey; of the lower lasing level is much larger than tains two coherent periods with the same average duration.
the other rates in the model. For the evaluation of the diffu-according to Ritsch and Zolle4] this regular recycling of
sion coefficients it is, therefore, justified to neglect the numthe atom is accompanied by antibunching and sub-
ber of atoms in level 1, and so th&;=0 and N,=D Poissonian emission. It is surprising that for nonzerthe
=N;nr- We use the Whiener-Khintchine theorddv], that  emission of a single atom is sub-Poissonian, while the output
is, fluctuations are above shot noise.
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IV. SEMICLASSICAL RATE EQUATIONS 12 i
A. Steady state log,,(n) iii

In this section we study the steady-state and noise prop-
erties of the three-level laser from a macroscopic point of 4 iv
view using semiclassical rate equations. We assume that the
total number of active atoms in the gain medium is constant : ‘ .
and given byN, a macroscopically large number. Classical T2 4 6 8
Langevin rate equations for the number of atoms in the dif- log,o(vy/1,)
ferent levelsN,, Ny, No fOIIC.)W from_th_e optical BIOCh. equa- FIG. 3. Steady-state photon numireas a function of the pump
tions (2) where we adiabatically eliminate the atomic coher- : : N L

. . . rate y, in units of y,. We have(i) £=0.01, (ii)) £=0.3, (iii) &
ences of the lasing transition. We identifyp;; as the number —0.9,(iv) e=1.
of atomsN; in leveli, which is justified for macroscopil, '
and add Langevin noise terms. We find

Mo T8 Yo N7y
Na=— y,No— y28n(Ny—Ny) + ¥oNo+ f5, e Y2 71t2%'

(36)

Ni=—¥iNi+¥80(Na= Ny + ,No+ 1, (39 Est_n(Vl_n)

) N(y1—v2)+7
No=—yoNo+ v1N1+fo,

where the parameter defined in Eq.5) again has the sig-
with n the number of photons in the laser mode ghdhe  nificance of the fraction of the total number of atoms that is
fraction of spontaneously emitted photons on the laser trarat least needed for the laser to operate. Above threshold,
sition that go into the laser mode, as mentioned in Sec. llwheren>1, the inversiorD equalsN;;,, . The parametei
The fractiong is an independent parameter in this configu-is the pump parameter that is normalized to 1 at the thresh-
ration. The termsy,N, and y;N; describe spontaneous old. In all the figures we use the valugd=10 ¢ and
emission from levels 2 and 1, respectively, and the terms,,/y,=10"% which are characteristic for a typical
¥28nN, and y,8nN; represent stimulated emission and ab-Nd:YVO, laser.
sorption. From this we derive the rate equation for the num- |, Fig. 3 the steady-state photon numibeas a function

ber of photons in the laser mode. We assume operation in thgy .o pump rate is given for different values of We see
good-cavity regime, by which we mean that the cavity decay \yhens is increased, the threshold moves to a higher
rate 2« is much smaller than the transverse relaxation rate,;mq rate. This is because just above the threshold the popu-
v, as given in Eq(3). Under this assumption we find lation in the ground state is-1¢. An increase ire is thus an
, increase in the depletion of the ground state, which must be
n=—2xNn+7y,B[No(n+1)—Nin]+f,. (34  compensated by a higher pump rate. The photon number
stops increasing when the pump rate becomes of the same
If we compare this expression with E@l) we can identify  order of magnitude as the decay ratgof level 1. Then the
G.i(n) as the second term on the right. The noise soufges 1-0 transition starts to act as a bottleneck, with the conse-
with i=n,0,1,2 are Gaussiad-correlated random variables quence that a further increase in the pump rate increases the
with zero average. They appear in the rate equations becaupepulation in level 1 and depletes the ground state.
the quantities that are involved are not continuous numbers, |f we multiply the steady-state photon numbewith the

but refer to an integer number such as the number of atomgayity decay rate 2 and divide by the total number of atoms

for example. In Eq(34) the factorn+1 instead ofn ac- N, we have the steady-state output intensity per atom. In Fig.
counts for spontaneous emission in the laser mode. The ralgthjs quantity is given as a function of the pump rate for
equations(33) and (34) can also be derived directly from giferent values ofe. We see that the atoms become less

phenomenological considerations of the dynamics of a laseproductive where is increased. This is understood from the
The constraint on the total number of atoms is given by

No(t)+Ny(t)+Ny(t)=N. (35) log,(R/1,) 4 i
R V70 S
The steady-state photon numberand inversionD =N, / v
—Nj; can be found from Eq933) and (34) by setting the -4( log,(¥,/Y)
time derivatives to zero and omitting the noise sources. If we
assume thag<1 we find E

FIG. 4. Steady-state output intensity per atétw 2kn/N in
BM Y1

( M-1+ \/(M —-1)%+4-— , units of v, as a function of the pump ratg, in units of y,. We have
l-—e y1—7 (i) e=0.01,(ii) £=0.3, (iii) £=0.9,(iv) e=1.

1
28

063809-7



VISSER, NIENHUIS, DUTRA, van EXTER, AND WOERDMAN PHYSICAL REVIEW &5 063809

discussion below Eq30), where it was found that the cycle
time of an atom increases éf is increased.

B. Intensity fluctuations

We are interested in the spectriMfw) of the intensity 'Viﬁ
fluctuations at the frequenay=0, as defined in Eq9). To '
obtain this spectrum ab=0 we start from Eqs(33)—(35). i ; ; -
We neglect the spontaneous emission in the laser mode and
eliminate the rate equation fod, by using the assumption log,o(¥o/12)
(39) that the total number of atoms is constant and is given FIG. 5. Spectrum of intensity fluctuations at zero frequency

by N. We linearize the remaining rate equations foN1,  (0) as a function of the pump ratg, in units of y,. We have(i)
andN, around the steady state by writing £=0, (i) e=0.1, (iii) £=0.3, (iv) =0.5.

n(t)=n-+An(t), fo=—fsrt Faps— Fopt Fpump:

N1 (1) =N+ AN;(1), From Eq.(7) it directly follows that

N2(t)=Nz+AN(t), (?i(w)?'j(w’)*>=Dijé(w—w').
and neglecting terms that are quadratic in the fluctuation y using Eq.(37) and the relation between the fluctuations in

We take the Fourier transform of the linearized equations an e photon number and the output intengitg) we find for

solve forAn(w), the Fourier transform of the photon nUM- the spectrum defined in E¢Q) at w=0 the following ex-
ber fluctuationsAn(t). Because we are interested in the pressjon:

spectrum at zero frequency, we neglect the Fourier trans-

forms of the time derivatives since they are proportional to y, 1+ ,BH s
w. We assume that>1 and find V(0)=—— — (1+ — —2A+ 2A2>
Yi—7Y2 Bn Y1
—_— 1 ’}/oA ~ ~
2kAn(w)=| 1+ —+ _)fn(w)+(A—1)f1(w) ];[ (7OA 1-¢ _)
+—=|1-A+A|— —pBn
BN y2pn An Y2 € P
+A~f2(w), (37) 2 A 2
+ n
B < Y1t v2B (1+ Yo ,
_ v B%n?\ Y1~ 72 Y2
Y1t 270

~ ) ] whereA is defined in Eq(37).
wheref;(w) is the Fourier transform ofi(t). In Sec. Il we With n given in Eq.(36) this quantity is displayed in Fig.
introduced three uncorrelated noise sources in a lageéor 5 55 a function of the pump rate for different valueseof

stimulated emissionf,ps for absorption, and,,c for the  \with our definition (9) the valueV(0)=1 corresponds to
fluctuations related to the emission of photons from the CaVgnot noise. We see that fers0 and v, fixed, which corre-

ity. We distinguish three more noise sourc andf§p for
spontaneous emission in the 1-0 transition and 2-1 transitio
respectively, and,,,, for the pump process. Their diffusion
coefficients are given bj6]

sponds to the limit of the steady-state photon numbeo
ﬁ‘]finity, the intensity fluctuations drop below shot noise if the
pump rate becomes of the same order of magnitude as the
decay ratey, of level 1. This result has been obtained before
[2,4]. Hart and Kennedy2] relate this reduction in noise to

L =
Dsp=7iN1, the accompanying depletion of the ground state, which re-
) — duces the pump noise. Ritsch and Zollgf focus on the
Dsp=72N2, regular recycling of the atoms in the pumping process, which
. leads to antibunching of the emission of the individual atoms
Dpump= YoNo- and therefore to a reduction in the intensity noisee Ifs

. . increased we see that the divergence in noise that accompa-
The relation between the noise sourceand the uncorre- nies the threshold moves to higher pump rates. The noise
lated noise sources has already been given in@&qFor the  increases for all pump rates and rises above shot noise, also

noise source$; with i=0,1,2 we have in the range of pump rates where for0 the intensity fluc-
1 tuations are below shot noise.
fo=Tsp~ fpump: Finally, applying the assumptions to the expressigé)
for the steady-state number of photons in the laser mode, we
f1="fo—faps— fopt f2p, find the same result as in Sec. Il, E89). For the spectrum
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of intensity fluctuations at the frequenay=0 we find that output of the laser are below shot noise or sub-Poissonian.
the result from the semiclassical rate equations is From the macroscopic approach in Sec. IV we find that if
e increases, the threshold of the laser moves to higher pump
rates and the cycle time of the individual atoms increases,
(1_8)2' which makes the atoms less productive in creating photons.
In the case that =0, the atoms on the ground state represent
From the quantum-trajectory approach discussed in Sec. IRN infinite reservoir. In this limiting case, our results for the

82
V(0)=1+

we have Eq(32), intensity fluctuations are in agreement with those of Hart and
Kennedy[2] and Ritsch and Zollef4]. For strong pumping,
2¢ that is for values of the pump ratg, of the same order of
V(0)=1+ 1-e) magnitude as the decay rajg of the lower level 1 of the

lasing transition, the intensity fluctuations are below shot

We notice that the quantum-trajectory approach predict&§©!Se- However, if the parameteris increased, the intensity
more noise than the semiclassical description. This may buctuations increase for all values of the pump rage This

due to our ignoring other trajectories than the gain trajectoryS in agreement with the results from the microscopic ap-
(with k=0 in Fig. 2. The atom number used in EQ@6) only proach. Hence, thls scheme does not I_ead to an easy met_hod
refers to the number of atoms in the gain trajectory. ThigO create sub-Poissonian laser radiation with a Poissonian
underestimates the actual number of atoms, and therefoR¥MP of moderate strength.

overestimates the noise.
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where the number of active atorhsis a limiting factor for
laser action. A crucial role is played by the parameter
defined as the fraction of the total number of atoms in the Fluctuations in the numbem of photon emissions are
gain medium that is needed for the laser to operate. Theommonly expressed in terms of the Mandglparameter
microscopic approach in Sec. lll focuses on the pumping15] defined byQ+1=Am?/({m), so thatQ=0 for a Pois-
cycle of an individual atom using a quantum-trajectory pic-son process. We definig(7,,7;)dr,d7, as the probability
ture. It is the dependence of the emission réé>) or,  that there is an emission of a photon in both time intervals
equivalently, the cycle tim&, on the number of photons in (7,,7,+d7,) and (r,,r;+dr;), regardless of how many
the laser mode that determines the statistics of the output gfhotons have been emitted outside these time intervals. This
the laser. We find that far above the threshold, for pump ratefunction relates two events and can be interpreted as a cor-
7o much smaller than the decay rajg of the lower lasing relation function. Since in our case the system is completely
level, the output fluctuations increasesifis increased. We reset after each emission we can write

argue that the fraction of the total cycle time the atom spends

in the ground state is 1. This explains the increase in fa(rz, m)=F1(m— 1) fa(71). (A1)
intensity fluctuations for increasing value ©f From the cal- We have[12]

culation of the MandeQ parameter we find that the emission

of photons in the cavity mode by a single atom is anti- 1 T 72

bunched and sub-Poissonian for-0. We conclude that an §<m(m_1)>T: fo dTZJO d7ifa(ma, 7). (A2)
antibunched and sub-Poissonian emission of single atoms in

the gain medium does not guarantee that the statistics of thEhe MandelQ parameter in the steady state is then given by

APPENDIX: MANDEL Q PARAMETER

T Ty T T
Zfo defo dryfi(mo— 1) fe(7)— fo defo drifi(7)f(7y)
Q= Ilim T , (A3)
= fo d7yfi(7y)

where we used Eq$19), (Al) and (A2). From Eq.(19) we gy(7y)="F1(11)—F1(0).

see that the integrals ovéy are divergent folf — . There-

fore we introduce the deviatiogy (7,) from the steady-state The integrals oveg; have an upper bound foF—«. We
value as can write the denominator in the expressi@8) for Q as
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T T
<m>T:f dTlfl(Tl):Tfl(w)+f d7191(71).
0 0

In the numerator the terms proportionalfé drop out and, if
we take the limitT—«, we find[16]

Q=2g,(0),

whereg,(s) is the Laplace transform af;(7;)

PHYSICAL REVIEW &5 063809

él(s) = J:dﬁexﬂ —S71)01(71).

Using results from Sec. Il we calculatg. We apply the
assumption$27) and the expressiof29) to find

Q=—-2¢(1-¢).
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