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Crossover from weak localization to weak antilocalization in a disordered microbridge
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We calculate the weak localization correction in the double crossover to broken time-reversal and spin-
rotational symmetry for a disordered microbridge or a short disordered wire using a scattering-matrix approach.
Whereas the correction has universal limiting values in the three basic symmetry classes, the functional form
of the magnetoconductance is affected by eventual nonhomogeneities in the microbridge.
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Interference of time-reversed paths causes a small n
tive quantum correction to the conductance of a disorde
metal termed the weak localization.1–4 This correction is
suppressed by a time-reversal symmetry breaking magn
field, whereas in the presence of strong spin-orbit scatter
the sign of the correction is reversed.5 In that case, the inter
ference correction is known as weak antilocalization.

In a wire geometry at zero temperature, the weak loc
ization correction takes a particularly simple and univer
form6

dG5
2e2~b22!

3bh
, ~1!

where the symmetry parameterb denotes the appropriat
symmetry class: In the presence of an applied magnetic
b52 and without a magnetic fieldb54 or 1 with or without
strong spin-orbit scattering, respectively. Equation~1! was
obtained using random-matrix theory,7–9 and diagrammatic
perturbation theory,4,8 and is valid if the lengthL of the wire
is much smaller than the localization lengthj and the
dephasing lengthLf , but much larger than the mean fre
path l. The validity of Eq. ~1! extends to the case whe
sample parameters are nonhomogeneous, e.g., for wire
varying cross section, mean free path, or electron densit10

For wires with weak spin-orbit scattering, a crossover
tween weak localization and weak antilocalization tak
place when the spin-orbit scattering lengthl so becomes com-
parable toL or Lf ~whichever is smaller!. Experimentally,
this crossover regime has been well studied in wires w
length L@Lf .11–13 In this regime, weak~anti!localization
takes the form of a small correction to the conductivity of t
wire, rather than of a correction to the conductance. Th
retically, the weak localization to weak antilocalizatio
crossover in the regimeL@Lf has been considered in Ref
14–16 using diagrammatic perturbation theory. The oppo
regimeL!Lf , where the universal correction~1! to the con-
ductanceG can be observed, would be relevant for relative
short high-purity metal wires,17 or disordered microbridges

The goal of this paper is threefold:~i! to generalize the
random-matrix methods for quantum wires to the crosso
between weak localization and weak antilocalization, th
extending the equivalence of the two methods to the inter
0163-1829/2003/67~11!/115313~5!/$20.00 67 1153
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lation between the three symmetry classes,~ii ! to find an
explicit expression fordG for L!Lf , and~iii ! to extend the
theory for the crossover regime to the case of nonhomo
neous wires, for which the electron density, impurity conce
tration, or cross section varies along the sample. In this c
both the crossover scale and the functional form ofdG in the
crossover are affected by nonhomogeneities. The fact tha
crossover scale, characterized by the spin-orbit lengthl SO
and the magnetic lengthl H , is nonuniversal is well known
both for homogeneous and for nonhomogeneous mic
bridges.18 Our finding that the functional form of the cross
over is affected by the nonhomogeneity is markedly differ
from crossovers between the three basic symmetry class
quantum dots, where the functional forms are universal
given by random-matrix theory.6 For homogeneous wires
dG is a universal function ofL/ l SO andL/ l H .

The main assumption underlying our calculations is t
the wire widthW!L, i.e., quasi-one-dimensionality. We als
assume that the wire is well in the diffusive regime,l
!L,l SO,l H!j, wherel is the elastic mean free path, and, f
a nonhomogeneous microbridge, that the number of pro
gating channels at the Fermi levelN has only one minimum
along the wire~excluding the possibility of a ‘‘cavity’’!. We
first discuss our calculations for homogeneous wires;
case of nonhomogeneous samples is discussed at the e
this paper.

Starting point of our calculation is a random-matrix mod
similar to that used by Dorokhov.19 A disordered wire withN
propagating channels at the Fermi level is modeled byN
one-dimensional channels and periodically inserted scatte
that scatter within and between the channels. The electr
wavefunction is represented by a 2N-component vector of
spinors. The 2N components of the wavefunction refer to th
transverse channel and to the left/right mover index. Line
izing the kinetic energy in each of the channels, the Ham
tonianH takes the form of a differential operator with respe
to the coordinatex along the wire and a 2N-dimensional
quaternion matrix with respect to the channel and left/rig
mover indices and spinor degree of freedom

H52 is0^ t3^ 1N

]

]x
1(

j
Vjd~x2 ja !, ~2!
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with s0 the 232 unit matrix for the spinor degree of free
dom, t3 the Pauli matrix in left-mover/right-mover grading
1N the N3N unit matrix in the channel grading,Vj a Her-
mitian 2N32N quaternion matrix representing thej th scat-
terer along the wire, anda the distance between scatterers
quaternion is a 232 matrix acting in the spinor grading wit
special rules for transposition and complex conjugation20

The ‘‘dual’’ XR of a quaternion matrix isXR5s2XTs2; the
quaternion complex conjugate is defined asX* 5(X†)R. We
have chosen units such that the Fermi velocity is one
model similar to Eq.~2! has been used in Ref. 21 to stud
weak localization in unconventional superconducting wire

The ensemble-averaged conductance^G& of the wire is
given by the Landauer formula

^G&5
e2

h
g, g5^tr ~12r †r !&, ~3!

wherer is theN3N quaternion reflection matrix of the wire
To calculater, we start from a wire of zero length and ad
slices of lengtha at the wire’s ends. The scattering matrix
the j th scatterer is

Sj5S t j r j8

r j t j8
D 5

2i 2Vj

2i 1Vj
. ~4!

Hence, if a scatterer is added at the lead end of the wire,
new reflection matrix of the wire is calculated according
the composition rule

r→r j1t j8r ~12r j8r !21t j . ~5!

~A similar composition rule, involving both transmission an
reflection matrices of the disordered wire, applies if a sc
terer is added at the far end of the wire.6!

In left-mover/right-mover grading, the potentialVj is pa-
rametrized as

V5S vLL vLR

vRL vRR
D , ~6!

wherevLL , vLR , vRL , andvRR areN3N quaternion matri-
ces

vLL~a f ,h f !5vRR* ~a f ,2h f !

5A a

l fN
F ~uf

01h fxf ! ^ s0

1 ia f (
m51

3

uf
m

^ smG , ~7a!

vLR~ab ,hb!5vRL
† ~ab ,hb!

5A a

l ~N11! F ~ub
01hbxb! ^ s0

1 iab (
m51

3

ub
m

^ smG . ~7b!
11531
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In Eq. ~7!, uf
0 andxf are random HermitianN3N matrices,

uf
m , m51,2,3, is a random anti-Hermitian matrix,ub

0 is a
random symmetric matrix, andub

m , m51,2,3 andxb are ran-
dom antisymmetric matrices. All of these random matric
have independent and Gaussian distributions with zero m
and unit variance.~Variances are specified for the of
diagonal elements; diagonal elements have double varia
for symmetric matrices and are zero for antisymmetric m
trices.! The parametersab anda f describe the strength of th
breaking of spin-rotational symmetry. The parametershb and
h f describe the strength of the breaking of time-rever
symmetry. Finally,l f is the elastic mean free path for fo
ward scattering andl is the transport mean free path.

To find the conductance of the wire we calculate t
change ofg if one scatterer is added to the wire. To this en
we expand the scattering matrixSj of Eq. ~4! in powers of
Vj , use the composition rule~5!, and calculate the Gaussia
average over the potentialVj . In the limit a! l of weak
disorder we thus find

22Nl
]

]L
g5g22h013h1 . ~8!

We abbreviated

h05^tr ~12r †r !~12r * r R!&, ~9a!

h15
1

3 (
m51

3

^tr ~12r †r !sm~12r * r R!sm&, ~9b!

and omitted terms that vanish in the diffusive regimel
!L,l SO,l H!Nl. The subscripts 0 and 1 refer to singlet a
triplet contributions, respectively.

To leading order inN, Eq. ~8! can be solved without the
interference correctionsh0 andh1, with the result

g5
2Nl

L
1O~1!, ~10!

corresponding to the Drude law for the conductance. T
O(1) correction in Eq.~10! gives the weak localization cor
rectiondg, which we now compute.

To find the weak localization correction, we need to c
culateh0 and h1. Proceeding as before, we find that theL
dependence ofhm , m50,1 is governed by the evolution
equation

2Nl
]hm

]L
522S 2Nl

L
1kmDhm1

8N2l 2

L2
, m50,1,

~11!

where we abbreviated

k05^tr ~12r * r !&, k15
1

3 (
m51

3

^tr ~12r * smrsm!&.

~12!

Evolution equations fork0 andk1 are obtained similarly and
read
3-2
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2Nl
]k0

]L
5S 2Nl

l H
D 2

2k0
2 , ~13a!

2Nl
]k1

]L
5S 2Nl

l H8
D 2

2k1
2 , ~13b!

where the length scalesl H and l H8 are defined in terms of the
parameters of the random-matrix model~7!,

l H
2252~ l 22hb

21 l 21l f
21h f

2!, ~14a!

l SO
2256~ l 22ab

21 l 21l f
21a f

2!, ~14b!

~ l H8 !225 l H
221

4

3
l SO

22 . ~14c!

Equations~11! and ~13! have the solution

k05
2Nl

l H
cotanh

L

l H
, ~15a!

h05
2Nl

L S 11
l H

L
cotanh

L

l H
2cotanh2

L

l H
D . ~15b!

Expressions fork1 and h1 are obtained from Eq.~15! after
the substitutionl H→ l H8 . Substitution ofh0 and h1 into Eq.
~8! then allows for the calculation of the weak-localizatio
correction to the conductance

dg5
l H

L
cotanh

L

l H
2

l H
2

L2
23S l H8

L
cotanh

L

l H8
2

~ l H8 !2

L2 D .

~16!

At zero magnetic field, Eq.~16! simplifies to

dg5
1

3
1

9l SO
2

4L2
2

3l SOA3

2L
cotanh

2L

l SOA3
. ~17!

Equation~17! reproduces the limitsdG522e2/3h with-
out spin-orbit scattering anddG5e2/3h with strong spin-
orbit scattering. Without spin-orbit scattering, Eq.~16! agrees
with the weak localization correction calculated in Ref. 2
For large magnetic fields,L@ l H , Eq. ~16! simplifies to

dg5
1

L F l H23S l H
221

4

3
l SO

22D 21/2G , ~18!

which has the same functional form as the weak localiza
obtained using diagrammatic perturbation theory.14–16,23

Comparison of Eq.~18! and Refs. 14–16,23 allows us t
identify l SO as the spin-orbit length, and, for a channel~with
width W@ l ) in a two-dimensional electron gas in a perpe
dicular magnetic fieldB,
11531
.

n

-

l H
2 53~\/WBe!2. ~19!

The case of a cylindrical wire of radiusR@ l and magnetic
field perpendicular to the wire is obtained by the substitut
W2→3R2/2. For l .W ~or l .R) the crossover lengthl H has
a more complicatedl-dependent expression.24

Figure 1~a! showsdg as a function of the magnetic fiel
for several values of the spin-orbit coupling. In Fig. 1~b! we
show dg as a function ofl SO

21L for several values of the
magnetic field.

We now turn to a description of the weak localizatio
correction in a nonhomogeneous microbridge. Examples
nonhomogeneous microbridges with varying widths a
shown in the inset of Fig. 2. If the wire cross section or t
electron density vary with the coordinatex along the wire,
the number of propagating channels at the Fermi levelN also
varies withx. We assume thatN(x) has a minimum forx
50 and thatdN/dx.0 (dN/dx,0) for all x.0 (x,0).
Further, x dependence of the impurity concentration, t

FIG. 1. The weak localization correctiondg plotted ~a! as a
function of the magnetic field strength~characterized by the dimen
sionless ratiol H

21L) for fixed value of the spin-orbit scattering rat
~characterized byl SO

21L). From bottom to top, the curves correspon
to L/ l SO50.1, 2, 4, 6, 10, 30, and̀ . ~b! as a function of lengthL
for fixed l H

21l SO. From bottom to top, the curves correspond
l H

21l SO52, 0.3, 0.2, 0.1, and 0.

FIG. 2. The weak localization correctiondg as a function of the
magnetic field strength for three different shapes of a disorde
microbridge~channels in a two-dimensional electron gas!. The three
different shapes are characterized bys(x)51, s(x)5114u2x/Lu
ands(x)5114(2x/L)2, 2L/2,x,L/2, see Eq.~21!, as shown in
the inset. The three groups of curves correspond to strong, inte
diate, and weak spin-orbit scattering from top to bottom, withl SO in
the intermediate case chosen for each case to render the sam
rection asl H

21→0. The magnetic field strength is measured in ter
of the effective magnetic lengthl H,eff , see Eq.~23!.
3-3
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smoothness of the boundary, the shape of the cross sec
etc., causes anx dependence of the length scalesl, l H ,
and l SO.

The reflection matrix of the wire is constructed by buil
ing the wire from thin slices, starting at the narrowest po
x50. This way, the number of channels in the slices ad
to both ends of the wire can increase, but not decrease.
the construction of an evolution equation for the conducta
g and for the auxiliary functionsh0 , h1 , k0, and k1, we
distinguish between two types of added slices: A thin sl
that contains a scattering site but for which the number
channels remains constant, and a thin slice without scatt
in which N increases by unity. Addition of a slice of th
former type causes a small change in the reflection matrr,
which is the same as for a quantum wire of constant thi
ness, see Eq.~5! above. Addition of a slice for whichN
increases by unity does not cause a change of the con
tanceg or of the auxiliary functionsh0 , h1 , k0, or k1, as can
seen by inspecting the casesx.0 andx,0 separately: For
x.0, an increase ofN does not cause additional reflectio
and hence does not affect the reflection matrixr; for x,0,
an increment ofN changes the dimension of the reflectio
matrix r by 1,

r→S r 0

0 1D , ~20!

but does not change the conductanceg or the functionsh0 ,
h1 , k0, or k1. Combining the two types of slices, we co
clude that the only effect of thex dependence ofN and l is
indirect, through the explicit appearance ofN and l in statis-
tics of the scattering matrix of the added slice, see Eq.~7!. In
the diffusive regime,N(x) and l (x) only appear in the com
bination

s~x!5N~x!l ~x!/N0l 0 , ~21!

where N0 and l 0 are number of propagating channels a
mean free path atx50. For largeN the functions(x) may be
considered continuous, and the evolution equations bec
differential equations which now include explicit referen
to the functions(x). If the wire lengthL is replaced by the
effective lengthL̄,

L̄5E dx

s~x!
, ~22!

the evolution equations forg, h0 , h1 , k0, andk1 keep the
same form as for homogeneous wires, provided we make
substitutionsN→N0 , L→L̄, l→ l 0 , l H→ l H̄5 l H /s(x), and
l SO→ l SŌ5 l SO/s(x).

The functional form of the leading-in-N contribution to
the conductance remains unchanged,G5(e2/h)(2N0l 0 /L̄).
Also, for the limiting cases of no spin-orbit scattering a
strong spin-orbit scattering, the weak localization correct
dG is still given by the universal result Eq.~1!.10 However,
11531
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because of thex dependence of the length scalesl H̄ and l SŌ,
dg acquires an explicit dependence on the shape of the
ordered microbridge or the nonhomogeneity of the mean
path or the electron density in the crossover region betw
the symmetry classes. For a large magnetic field (l H

21L
@1), the weak-localization correction can be found
closed form

dg5
1

L̄
~ l H,eff23l H,eff8 !,

l H,eff5
1

L̄
E l H~x!dx

s~x!2
, l H,eff8 5

1

L̄
E l H8 ~x!dx

s~x!2
. ~23!

Equation~23! simplifies to Eq.~18! in the case ofs(x) con-
stant. The same result follows if Eq.~18! is interpreted as a
quantum interference correction to the one-dimensional
sistivity and l H is takenx dependent. For weaker magnet
fields with l H

21L of order unity, a numerical solution of th
evolution equations is required.

In Fig. 2, we show results of a numerical solution ofdg
for the exampless(x) constant, s(x)5114u2x/Lu and
s(x)5114(2x/L)2, 2L/2,x,L/2. These functional
forms correspond to diffusive microbridges in a tw
dimensional electron gas of the form shown in the inset
Fig. 2 with uniform impurity concentration and mean fre
path l !W. The three sets of curves in the figure repres
strong, intermediate and weak spin-orbit scattering, resp
tively. For the intermediate case~middle set of curves in Fig.
2!, three different values ofl SO were chosen so that th
weak-localization correctiondg50 is equal in the three
cases for zero magnetic field. The magnetic field is char
terized by the ratiol H,eff

21 L, see Eq.~23!, in order to remove a
spurious shape dependence for the large-field asympto
While there is no dependence on the form of the funct
s(x) in the limiting cases of zero and large magnetic field
we observe that, indeed,dg depends on the precise form o
the nonhomogeneity for intermediate magnetic fie
strengths, although, with proper scaling, the difference
tween the results for the three cases we considered is
than 10%.

In conclusion, we have shown that the scattering ma
approach to quasi-one-dimensional weak localization can
used to obtain a detailed description of the crossover
tween the different universality classes. We have recove
some results known from diagrammatic perturbation theo
and have discovered one aspect of the problem that has
been noticed previously: The dependence of the functio
form of the crossover on nonhomogeneities in the conduc
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