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Asymmetric and symmetric Wulff constructions of island shapes on a missing-row
reconstructed surface

S. B. van Albada, M. J. Rost, and J. W. M. Frenken
Kamerlingh Onnes Laboratory, Leiden University, P.O. Box 9504, 2300 RA Leiden, The Netherlands

~Received 7 July 2001; revised manuscript received 15 February 2002; published 22 May 2002!

The two-dimensional equilibrium shapes and structures of adatom or vacancy islands on the (132) missing-
row ~MR! reconstructed Au~110! surface have special characteristics. One type of island has steps parallel to
the MR’s on opposite sides of the island, which differ both in structure and in formation energy. Hence, the
polar step free-energy plot is asymmetric with respect to the Wulff point, and one also expects an asymmetric
island contour via the Wulff construction. However, the equilibrium shape of these islandsdoesappear to be
symmetric. We show that the Wulff point and the island center do not necessarily coincide and explain how a
symmetric equilibrium shape can result from an asymmetric Wulff plot. A second island type has identical
steps on opposite sides, which are curved into an almond shape with sharp corners. The Wulff constructions of
both types of islands are calculated analytically, and the temperature dependence of the contour shapes is
investigated. The results are confirmed by Monte Carlo simulations.
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I. INTRODUCTION AND OUTLINE

The equilibrium shape of a two-dimensional~vacancy!
island on a flat crystal surface can be constructed from
polar plot of the step free energyf (f) by applying the two-
dimensional version of the well-known Wulff construction.1,2

As an example, Fig. 1 shows the construction for the cas
Cu~110! at 400 K. To every point of the polar plot, a lin
segment is drawn from the originW ~Wulff point!, such as
the one in the upper left quadrant. At the end point of t
line segment, a perpendicular line is constructed. When
the latter lines are combined, as in the upper right quadr
the interior contour has the shape which minimizes the t
free energy of the island for a fixed total island area. T
graphical construction is equivalent to applying a Legen
transform to the polar free energy plot.4,5

A popular method to determine ratios between step f
energies is to apply the inverse Wulff construction to imag
of two-dimensional islands. One identifies the Wulff point
the center of mass of an island and then applies the W
construction in reverse order to obtain the step free-ene
plot to within a constant scale factor.6,7 In addition, the tem-
perature dependence of the island shape can be used t
tain an absolute scale for the step free energies.8

In Secs. II and III of the current paper we show that t
inverse Wulff construction cannot always be performed.
some cases the Wulff pointW does not coincide with the
center of the island. This peculiar situation can occur
islands on areconstructedsurface, such as Au~110! (132)
and Pt~110! (132). In general, in the Wulff construction o
any one-, two-, or three-dimensional structure with a brok
symmetry, the Wulff point falls outside the structure’s cent
In Sec. IV we develop a method to calculate free energie
steps on a missing-row reconstructed surface. We apply
method to the two-dimensional Ising model and to two d
ferent approximations. In Sec. V the equilibrium shapes
two types of island on Au~110! as a function of temperatur
0163-1829/2002/65~20!/205421~14!/$20.00 65 2054
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are determined via Wulff constructions, and results of
three models are compared to results of Monte Carlo sim
lations. Finally, some more exceptional characteristics of
islands are explained, such as the presence of cusp
maxima in the free-energy plot and of sharp corners in
equilibrium shape at nonzero temperature and the diverg
of the aspect ratio.

II. ISLANDS ON AU „110…

Figure 2~a! is a sphere model of the Au~110! surface seen
from above. It shows the (132) missing-row reconstruction
~MRR!: every second atom row along the@11̄0# direction is
missing. As a consequence, the distance along the@001# di-
rection between two atom rows, which we will call the MR
period, is doubled to 2A2 times the interatomic distanc
along the@11̄0# direction. Also shown in Fig. 2~a! is a va-
cancy island of one monolayer deep. Such islands can
made by mild sputtering of a flat Au~110! surface.9 Scanning
tunneling microscopy~STM! on the sputtered surface ha
shown that MRR is present inside all vacancy islands. M
is found even within the smallest vacancy islands of just o
atom row wide.9 The vacancy island in Fig. 2~a! has a width
of four MRR periods. MRR forces the island to adopt
asymmetric internal structure: the four atom rows inside
island could equally likely be placed one-half MRR period
the right. Figure 2~b! shows a cross section of the islan
alongAB. The left and right steps are different in structur
We call the one on the left a~331! step, because a sequen
of these steps would form a Au~331! surface; for the same
reason, we call the one on the right a~111! step. In Fig. 2~a!
the structures of the kinks that occur in the two steps can
seen, which we will call~331! and~111! kinks. The creation
energy of a kink can be split into two contributions:10 the
energy of the added step segment and the corner en
defined as the sum of the energies of the kink’s convex
concave corners. A~331! and a ~111! kink both contain a
©2002 The American Physical Society21-1
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@001#-step segment, with two broken atomic bonds in t

@11̄0# direction, but the corners have different structures.
the schematic top view of the vacancy island of Fig. 2~c!, the
different types of steps and kinks are indicated: the so
lines represent~331! steps and the dashed lines~111! steps.
The ~111! step has a denser packing than the~331! step@Fig.
2~b!#, and its formation energy is substantially lower11

Therefore, we may expect that also the free energy of a~111!
step is lower than that of a~331! step. Thus, in the pola
free-energy plot, the distance from the Wulff point to t
~111! step~free energy! will be shorter than the distance t
the ~331! step~free energy!. This possibility of a Wulff con-
struction with different free energies for opposite step dir
tions was mentioned before by Van Beijeren and Nolde12

The consequence for the case of Au~110! is that the Wulff
plot cannot have mirror symmetry with respect to the@11̄0#
axis through the Wulff point. If we apply the Wulff construc
tion, we can never obtain an average island contour tha
symmetric with respect to this axis, and one may theref
expect to find an asymmetric island shape.

III. SYMMETRY OF THE ISLAND

When the step free energy is different for two differe
step orientations, the island shape usually reflects this,
the lower-energy step orientation represented more pro
nently than the other one. Therefore, we might naively
pect to find more of the~111! step than of the~331! step in
the vacancy islands on Au~110!. This, however, is impos-
sible, because the left and right sides of an island sim

FIG. 1. Polar plot of the free energyf (f) of steps on Cu~110! at
400 K ~thin curve!. Energies are expressed in meV/Å. The Wu
construction is used to determine the equilibrium shape of isla
on this surface~thick curve!. The step free energy at each anglef
has been calculated under the assumption that the formation en
for each step configuration is a simple sum of formation energie
atomic step segments along the two symmetry directions@001# and

@11̄0#. For these we used values ofe [001]5102 meV per lattice
spacing along@001#, of 3.61 Å, ande [11̄0]59 meV per lattice spac-

ing along@11̄0#, of 2.55 Å, obtained from effective-medium-theor

calculations Ref. 3. The directions of the@11̄0# and@001# steps are
indicated by the arrows.
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must have the same length. This means that the islands
not adopt an asymmetric contour as a consequence of
difference in the energies of~111! steps and~331! steps
~from here on, we will use the word ‘‘symmetry’’ to indicat
mirror symmetry with respect to the@11̄0# direction!. The
only way for the island to break its symmetry is to have mo
kinks on one side of the island than on the other~Fig. 3!.
This can happen as the consequence of a difference in
energies. If, for example, the formation energy of a~331!
kink, ekink(331) , were lower than that of a~111! kink,
ekink(111) , each island would on average contain more~331!
kinks, making shapes like the one in Fig. 3~a! more favorable
than shapes like in Fig. 3~b!. In this case, the average islan
shape would be more rounded on the~331! side and
straighter on the~111! side.

The STM experiments performed in Ref. 9 show that t
average island shape is symmetric. Both types of kink app
with the same frequency. From the numbers of kinks coun
in the images, the two kink energies were calculated to
equal within 1.2 meV, which is 6 permille of the total kin
energy. Of course, asymmetric island shapes like Fig. 3~a! do
occur, but their mirror images@Fig. 3~b!# occur with pre-
cisely the same frequency, because the two shapes hav
same formation energy. It is theaverageisland shape, which
is symmetric.13

Still, the polar free-energy plot is asymmetric. How c
anasymmetricpolar-step free-energy plot produce asymmet-
ric island contour? This counterintuitive situation is illu

s

rgy
of

FIG. 2. ~a! Sphere model of a vacancy island in the (132)
reconstructed Au~110! surface.~b! Cross section alongAB. As a
consequence of the missing-row reconstruction inside and out
the vacancy island, the steps at the left and right sides of the
cancy island are different.~c! Schematic top view of the island
contour. The~331! steps are indicated with solid lines and the~111!
steps with dashed lines.
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ASYMMETRIC AND SYMMETRIC WULFF CONSTRUCTIONS . . . PHYSICAL REVIEW B 65 205421
trated in Fig. 4. The Wulff construction in Fig. 4 has som
remarkable characteristics. The construction is very as
metric: the Wulff pointW lies at a large distance from th
island center. Yet the island shape is perfectly symme
The polar free-energy plot is also very asymmetric with
spect to the Wulff point. For example, the minimum on t
right is much deeper than the one on the left. At first sig
the polar energy plot may look symmetric with respect to
displaced origin, like the island shape, but this is not
case. The island contour and the polar free-energy plot c
cide in four points. The first two lie on the short axis of th
island. The other two points do not lie on the long axis of t
island, but a little distance to the left of it. These two poin
coincide with the highest values of the step free energy.14

Figure 5 demonstrates how the symmetry in the isla
contour arises. The center~symmetry point! of the island
contour lies at a distanced from the Wulff pointW. To find

FIG. 3. In each of the two mirrored vacancy islands in~a! and
~b! the total length of the~331! step is identical to the total length o

the ~111! step. Therefore, the total energies of the@11̄0#-oriented
parts of the steps of islandsA and B are equal. If the energies o
~331! and~111! kinks are equal, the two islands have the same to
formation energy. In that case, every island shape will occur w
the same frequency as its mirror image and the average island
tour will be symmetric.

FIG. 4. The symmetric contour of a vacancy island on Au~110!
(132) obtained via the Wulff construction of an asymmetric po
free-energy plot. The energies are expressed in meV/Å. The d

tions of the@11̄0# and @001# steps are indicated by the arrows.
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the condition for shape symmetry, we apply the inve
Wulff construction to the island shape. Let us select t
points on the symmetric island contour: one arbitrary po
and its mirror image with respect to the island’s symme
axis. Through these two points lines are drawn tangentia
the island. Because of the required symmetry, these two l
run under the same anglef with respect to the symmetry
axis. Next, we draw two lines, perpendicular to the tang
lines, which both intersect the Wulff point. The indicate
lengths along these perpendicular lines are proportiona
the free energiesf (f) and f (p-f) of steps with orientations
represented by normal vectors at anglesf andp-f with the
horizontal axis. The complete polar-step free-energy plo
constructed by repeating this operation for all anglesf. The
symmetry condition can now easily be formulated in ter
of the widths indicated in Fig. 5. On the one hand,

s5$ f ~p2f!1 f ~f!%/cos~f!, ~1!

while, on the other hand, the symmetry requires

s52$d1 f ~f!/cos~f!%. ~2!

If we combine Eqs.~1! and ~2!, it follows that the Wulff
construction produces a symmetric island with a distancd
between the island center and the Wulff point, if for a
anglesf

f ~p2f!5 f ~f!12d cos~f!. ~3!

This may seem a very peculiar condition, but as we show
the next section, it is relatively easily satisfied on Au~110!
and similar surfaces.

IV. STEP FREE ENERGY

To calculate the equilibrium shape of vacancy islands
Au~110! we have to know the free energyf per unit length of
an infinitely long step, for all step directions. In this secti
we derive expressions for the orientation-dependent step
energy f (f) for a simple model of the Au~110! surface, in
which the formation energy of every step configuration is
simple sum of energies of individual step segments along

l
h
n-

r
c-

FIG. 5. Condition on the step free energy to produce a symm
ric island contour via the Wulff construction. As derived in the te
when the conditionf (p2f)5 f (f)12d cos(f) is satisfied for all
anglesf, the shape of the island is mirror symmetric with respec
a symmetry axis at a distanced from the Wulff pointW.
1-3
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@001# and @11̄0# directions. We first describe how to obta
f (f) for a surface with rectangular symmetry from the st
free energy for square symmetry. In order to apply the re
to the special case of Au~110!, which has two different types
of steps along@11̄0#, we separatef into the ground-state
energy and the free-energy contribution stemming from fl
tuations in the step position. Finally, we derive an expli
expression forf (f) within the two-dimensional Ising mode
as well as two different approximations, each of which
nores fluctuations along one particular direction.

A. From a square lattice to a rectangular lattice

It is straightforward to derive an expression for the fr
energy per unit length of a step on a rectangular surfa
f rect(ex ,ey ,f,T), starting from a model that describes th
step free energyf sq(ex ,ey ,f,T) on a square surface, on th
basis of the formation energies of individual step segme
~e.g., lattice units! along thex direction,ex , and along they
direction, ey . Compare the square and rectangular geo
etries in Fig. 6. The step on the rectangular surface mak
an anglef with the y axis and with a lengthL has the same
total free energyF as the step on the square surface, w
anglef̃ and lengthL̃. If the lattice spacings of the rectangu
lar surface arepa andqa, the following relations hold:

L̃

L
5

sinf

p sinf̃
~4!

and

f̃5arctanS q

p
tan~f! D . ~5!

Therefore, the free energy on the rectangular surface
comes

FIG. 6. Steps on a square lattice, with lattice spacinga, and on
a rectangular lattice, with lattice spacingspa and qa. The steps
span the same numbers of step segments, in both thex direction and
the y direction. If a step segment on the square lattice in thx
direction has the same energyex as a step segment on the recta
gular lattice in thex direction, and the same holds for they direc-
tion, then the total step free energyF is equal for the two steps. Th

relations between the corresponding step lengthsL↔L̃ and angles

f↔f̃ are derived in the text.
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f rect~ex ,ey ,f,T!5
F~ex ,ey ,f,T!

L

5
L̃

L
f sq~ex ,ey ,f̃,T!

5
sin~f!

p sinFarctanS q

p
tan~f! D G

3 f sqXex ,ey ,arctanS q

p
tan~f! D ,TC. ~6!

B. Energetics of a missing-row surface

Figure 7~a! is a schematic representation of a piece of s
on Au~110!. It is built up from three types of unit elements
~i! a single step segment along the@001# direction, with a
length of the MRR period, i.e., 2 times the lattice constant
Au of a54.08 Å, and a formation energye [001] ; ~ii ! a single
segment of a step along the@11̄0# direction of the~111!
type, with a length of the atomic spacing along this directio
of a/A2, and an energye111; ~iii ! a single~331!-step seg-
ment, also with a length ofa/A2, but with an energye331.
The combination of a single~331!-step segment and a sing
~111!-step segment forms the lowest-energy excitation o
@001# step. We will refer to such fluctuations as parallel flu
tuations~bold arrows in Fig. 7!, because the extra step se
ments are parallel to the missing rows. Similarly, we defi
the combination of two@001#-step segments in opposite d
rections as a perpendicular fluctuation~thin arrows in Fig. 7!.
From Ref. 9 we know that the energies of~111! and ~331!
kinks are equal to within 6 permille and that they are, to
very good approximation, equal to the energy of a@001#-step
segment15 ~see Sec. III!. With this information, we can ex-

FIG. 7. Schematic representation of step configurations
Au~110!. ~a! A step configuration with fluctuations in both the@001#

and@11̄0# directions. Configurations with both types of fluctuatio
are considered in the two-dimensional Ising model~see Sec. IV D!.
~b! A step configuration with fluctuations only in the@001# direc-
tion, as considered by the perpendicular fluctuation approxima
of Carlon and van Beijeren~Ref. 19! ~see Sec. IV E!. ~c! A step

with fluctuations only in the@11̄0# direction, as considered in th
alternative, parallel fluctuation approximation~see Sec. IV F!.
1-4
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FIG. 8. A step configuration with lengthL and anglef on a rectangular lattice with lattice spacingspa in thex direction andqa in the
y direction and step segment energiesex andey . The total energyE of the step configuration can be split into a ground-state contribu
Eground and a fluctuation contributionEf luct . The step segments that contribute to the ground-state energy~thin lines! can be seen by looking
from the left and from the top to the step configuration. The remaining step segments, which form the fluctuations, can be put into
loop, as there are as many step segments upwards as downwards and as many to the left as to the right.
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press the formation energy of any step configuration as
sum of step segment formation energies of the three ty
introduced above.

C. Separating energy contributions from the ground state
and from fluctuations

We face a problem when trying to derive the free ene
of a step on a missing-row reconstructed surfacef MRR, start-
ing from a model for the step free energyf rect(ex ,ey ,f,T)
on an unreconstructed, rectangular surface. While on the
reconstructed surface there is just one type of step segm
parallel to the MR’s, on the reconstructed surface there e
two. The solution to this problem is not difficult, but has,
our knowledge, not been presented before. Our method
distinguish between two separate contributions to the
energy of a step on the simple rectangular lattice~see Fig. 8!:
namely, the ground-state energy and free energy due to
tuations in the step position. Any configuration of a fin
piece of step, which spans a distanceL along directionf,
consists of at leastLusinfu/pa x-step segments an
Lucosfu/qa y-step segments, wherepa and qa are the
lengths of step segments alongx and y. Therefore, the
ground-state contribution to the step free energy per
length is

eground5
Eground

L
5

ex

pa
usinfu1

ey

qa
ucosfu. ~7!

If the ground-state energy is subtracted fromf rect , the re-
maining part of the free energy is due to fluctuations:

f f luct5 f rect2eground5 f rect2
ex

pa
usinfu2

ey

qa
ucosfu.

~8!

One part of the fluctuation free energyf f luct accounts for the
configurational entropy of the step segments of which
formation energy is already covered byeground. In addition,
f f luct contains the free energy related to the introduction
extra step segments, i.e., of parallel and perpendicular fl
tuations in the step configuration, as introduced in Sec. IV
In these fluctuations, the step segments always come in p
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i.e., ~111!1~331! or 23@001#. We can now rewrite Eqs.~7!
and~8! to describe the specific case of a missing-row rec
structed surface. We choosef50 for a ~111! step and con-
sequentlyf5p for a ~331! step. For2p/2<f<p/2, the
ground state of a configuration consists of only~111!-step
segments and@001#-step segments. For these angles, we
sociateex with e [001] and ey with e111 in the ground-state
contribution @Eq. ~7!#. For p/2<f<3p/2 the ground-state
configuration consists of only~331!-step segments an
@001#-step segments, so that we substituteey with e331,
while ex still stands fore [001] in Eq. ~7!. Because a fluctua
tion in they direction is a combination of one~111! and one
~331! step,ey has to be replaced with (e1111e331)/2 in the
fluctuation term @Eq. ~8!#, while also, for this term,ex

5e [001] . With p52 andq51/A2, we find for the step free
energy on a missing-row reconstructed surface:

FIG. 9. If the step free energies of two different Wulff constru
tions differ by an amountd cosf wheref is the angle of the step

with the @11̄0# direction, the two resulting island shapes are ide
tical. If the two Wulff constructions are plotted in one polar di
gram, the two islands are shifted with respect to each other ov
distanced in the @001# direction. This is the case for an island on

MRR surface with step segment energiese111 ande331 in the @11̄0#
direction~solid curve! and an island on a simple rectangular surfa

with a step segment energy (e1111e331)/2 in the @11̄0# direction
~dotted curve!.
1-5
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It follows from Eq. ~9! in combination with Eq.~3! that the
Wulff construction on our model MRR surface produces
symmetric island shape with a distanced5(e331

2e111)/A2a between the island center and the Wulff poin
irrespective of the specific model employed forf rect .

According to Eq.~9!, the difference between the step fre
energiesf MR for a MRR surface andf rect for a simple rect-
angular surface is equal tod cosf, for each step orientation
f ~see Fig. 9!. The corresponding displacement ofd cosf
between the tangent lines in the two Wulff constructions
equivalent to a horizontal, i.e.,@001#-oriented shift over a
distanced for all orientationsf. As a result, the entire Wulff
shape is translated along@001# and is completely identical to
the shape for a surface with equal energies for the two
types along@11̄0#, of (e1111e331)/2. This has to be so, be
cause a substitution of (e1111e331)/2 for e111 as well as for
e331 leaves the creation energy of an island with an arbitr
contour shape unchanged. Note that the polar free-en
plots do have different shapes for the two cases.

In the following three subsections we will apply Eq.~9! to
three different choices forf rect . The first model that we will
treat is the two-dimensional anisotropic Ising model,16,17

which considers both parallel and perpendicular fluctuati
and gives the exact step free energy for all temperatures
angles, as long as the energy can be calculated as a si
sum of step segment energies. The two-dimensional Is
model also takes into consideration step configurations w
clusters of adatoms on the lower terrace and vacancy clu
inside the higher terrace. The second and third choices
f rect are for two different applications of the anisotropic on
dimensional solid-on-solid model,18 which allows only fluc-
tuations in a single direction. First we will study the case t
only fluctuations perpendicular to the missing row directi
are allowed, and then we will consider the one-dimensio
solid-on-solid model with only fluctuations parallel to th
20542
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MR’s. In both one-dimensional solid-on-solid models, co
figurations with adatom or vacancy clusters are forbidd
Results for the three models will be compared in Sec. V.

D. Two-dimensional Ising model

First, we calculate the step free energy on Au~110! using
the two-dimensional anisotropic Ising model, in which bo
parallel and perpendicular fluctuations are allowed. Equa
~3! of Ref. 17, in combination with Eqs.~6! and~9!, leads to
the step free energy

f Ising~f!5
1

2ba
a1FarctanS tanf

A8
D G usinfu

1
A2

ba
a2FarctanS tanf

A8
D G ucosfu

1
e1112e331

A2a
cosf, ~10!

with

a1~f!5arccoshF ~c22n2!sin2f1m2cos2f

mc~sin2f!1 jm
G , ~11!

a2~f!5arccoshF ~c22m2!cos2f1n2sin2f

nc~cos2f!1 jn
G , ~12!

j 5AS c

2
sin 2f D 2

1cos 2f~m2cos2f2n2sin2f!,

~13!

c5~11e22be [001]!~11e2b(e1111e331)!, ~14!
1-6



se

B
y

nl

he
p

a
to
(
s

n
n

to

he

ap-

n-
ns
-
m-

the

u-
a-
a-

ua-
tep
i-

(
ar-
s

ion

ASYMMETRIC AND SYMMETRIC WULFF CONSTRUCTIONS . . . PHYSICAL REVIEW B 65 205421
m52e2be [001]~12e2b(e1111e331)!, ~15!

and

n52e2b(e1111e331)/2~12e22be [001]!. ~16!

The factorsA2 for the cosine, 1/2 for the sine, and 1/A8 for
the tangent reflect the ratio between the lengths of step
ments parallel and perpendicular to the missing rows.

E. Perpendicular fluctuation approximation

Next, we calculate the step free energy on Au~110! using
a one-dimensional solid-on-solid model.18 This model con-
siders steps containing excursions in only one direction.
cause we know that a~331!-step segment is higher in energ
than a~111!-step segment, it seems logical to consider o
step configurations consisting of~111!- and @001#-step seg-
ments, such as shown in Fig. 7~b!. This approximation was
used by Carlon and van Beijeren19 for the calculation of the
free energy of~111! steps, probably because it avoided t
difficulty introduced by the existence of two different ste
types along the@11̄0# direction. We will call this model the
perpendicular fluctuation approximation, because the
lowed fluctuations are all in the direction perpendicular
the missing rows. For steps parallel to the missing rowsf
'0 andf'p) this is a good approximation, but for step
perpendicular to the missing rows (f'p/2 andf'3p/2)
the model breaks down, because such steps simply ca
fluctuate in the@001# direction. In this model, the expressio
for the free energy per unit length of an infinitely long~111!
step with an anglef to the missing rows has been shown
be18,19

f',111~f!5e [001]

usinfu
2a

1e111

A2ucosfu
a

1@ ln z̄~f!2be [001]#
usinfu
2ba

1F lnS 2 cosh~be [001]!2@ z̄~f!11/z̄~f!#

2 sinh~be [001]!
D G

3
A2ucosfu

ba
, ~17!

whereb51/(kT) and

z̄~f!5
cosh~be [001]! t̄ ~f!1A11sinh2~be [001]! t̄ 2~f!

11 t̄ ~f!
,

~18!

with

t̄ ~f!5utan~f!u/2A2, ~19!

and a is the lattice constant of Au~4.08 Å!. The first two
terms in Eq.~17! represent the ground-state energy of t
20542
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step. By substitution of Eq.~17! into Eq. ~9!, the expression
for the step free energy in the perpendicular fluctuation
proximation becomes

f'~f!5@ ln z̄~f!#
usinfu
2ba

1
e1112e331

A2a
cos~f!

1Fb
e1111e331

2

1 lnS 2 cosh~be [001]!2@ z̄~f!11/z̄~f!#

2 sinh~be [001]!
D G

3
A2ucosfu

ba
. ~20!

F. Parallel fluctuation approximation

By contrast with the assumption underlying the perpe
dicular fluctuation approximation, perpendicular fluctuatio
are never observed in STM images~at low and modest tem
peratures!, and they are only expected to occur at high te
peratures near the phase transition of the Au~110! surface. At
lower temperatures, almost all fluctuations are parallel to
missing-row~MR! direction,20–22 as illustrated in Fig. 7~c!.
The reason for this is that the formation energy of a@001#-
step segment, perpendicular to the MR’s, is high,e [001]
5200 meV.11 The formation energy of a single perpendic
lar fluctuation is 2 times this amount, 400 meV. The form
tion energy of a parallel fluctuation is the sum of the form
tion energiese331 of a ~331!-step segment ande111 of a
~111!-step segment, which is as low as 19 meV.11,23 There-
fore a model that considers only steps with parallel fluct
tions should provide a much better approximation to the s
free energy. We will call this the parallel fluctuation approx
mation. It is good for steps perpendicular to the MR’sf
'p/2 andf'3p/2), but it makes less sense for steps p
allel to the MR’s (f'0 andf'p), because the latter step
can only contain perpendicular fluctuations.

The solid-on-solid model@e.g., Eq.~7! of Ref. 17#, in
combination with Eqs.~6! and~9!, immediately produces the
step free energy per unit length in the parallel fluctuat
approximation:

f i~f!5
e1112e331

A2a
cosf1

ln z~f!A2ucosfu
ba

1e [001]

usinfu
2a

1 lnS 2 cosh„b~e3311e111!/2…2@z~f!11/z~f!#

2 sinh~b~e3311e111!/2! D
3

usinfu
2ba

, ~21!

with
1-7
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z~f!5
cosh@b~e3311e111!/2#t~f!1A11sinh2@b~e3311e111!/2#t2~f!

11t~f!
~22!
e
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t~f!52A2ucot~f!u. ~23!

This result can also be obtained from Eq.~17! by an appro-
priate scale transformation and replacement of step segm
energies for the ground state of the step and for the fluc
tions.

V. EQUILIBRIUM ISLAND SHAPE

In this section we employ the three descriptions of
step free energyf (f) on Au~110! to predict the equilibrium
shapes of two different types of islands on this surfa
namely, the asymmetric islands, introduced in Secs. II
III, and a symmetric-type island that can be formed by m
complex step combinations.

A. Free energy of asymmetric islands

The temperature-dependent contour of the asymmetric
cancy islands can be seen in Fig. 10, for each of the th
approximations to the step free-energy. The thin lines are
free energy curves and the thick lines are the island conto
The dotted lines represent the Ising model and the par
fluctuation approximation, which cannot be distinguished
this scale for temperatures up to at least 400 K. At 600 K,
Ising free energy and island contour are described bette
the results from the perpendicular fluctuation approximati
20542
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for a narrow range of step orientations around@11̄0# indi-
cated with the solid lines. On this scale, the inner contours
the parallel and perpendicular fluctuation free-energy cur
coincide for all temperatures with the corresponding curve
the Ising model, and the same holds for the island shape
reality, both solid-on-solid-approximations coincide with th
exact Ising expression for the step free energy only at 0 K
there is no entropy in play. However, because both appr
mations do not considerall possible step configurations~Fig.
7!, they both overestimate all free-energy values at all n
zero temperatures. This means, that for each (f,T) combi-
nation, theloweststep free energy predicted by the two a
proximations is closest to thetrue step free energy of the
Ising model.

The previous argument is not entirely correct, beca
there is, apart from the allowed directions of fluctuation
one additional difference between the Ising model and
solid-on-solid models: the Ising model includes the possi
ity of forming extra clusters of adatoms on the lower terra
and clusters of vacancies inside the higher terrace, whic
not permitted in the solid-on-solid models. The step free
ergy is defined as the difference between the free energie
a surface with and without a step. When a step is introduc
the contribution to the free energy of the adatom and vaca
clusters is lowered, since the clusters at the position of
step are forbidden. This increases the Ising step free en
slightly. The surprising consequence is that the results for
r
are the
ee energy
shapes.

e step free
FIG. 10. Wulff constructions for the Ising model and the parallel fluctuation approximation~dotted curves! and the perpendicula
fluctuation approximation~solid curves!, for different temperatures. The thin curves are the step free-energies and the thick curves
equilibrium island shapes. On this scale, the step free energy of the Ising model coincides with the combined inner contour of the fr
curves for the two solid-on-solid approximations. Similarly, the Ising island shape follows the inner contour of the two other island
For all three models the shape is perfectly symmetric at all temperatures. The dots are the results of Monte Carlo calculations of th
energy. The energies are indicated as meV/Å. Used step segment energies aree11153.7 meV, e331515.3 meV, ande [001]5200 meV

~Refs. 11 and 15!. The directions of the@11̄0# and @001# steps are indicated by the arrows.
1-8
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parallel fluctuation approximation are identical to those
the Ising model for the@001# step orientation, while the re
sults for the perpendicular approximation are identical
those for the Ising model for both types of@11̄0#-steps.
These identities hold for all temperatures.24 However, for all
other directions, the free energy of the Ising model is low
than the free energies of both solid-on-so
approximations.25

Parallel fluctuations exist already at low temperatures,
to their low creation energy. Therefore, the free energy o
@001# step, which can, to first approximation~no ‘‘over-
hangs,’’ i.e., no perpendicular fluctuations on top of para
excursions!, only contain parallel fluctuations, is approx
mated best by the parallel fluctuation model, rather than
the perpendicular fluctuation model, which just gives the c
ation energy for this step direction. Because perpendic
fluctuations occur only at high temperatures, due to th
high creation energy, the free energy of a@11̄0# step, which
can, to first approximation, only contain perpendicular flu
tuations, is almost equal to its creation energy and can th
fore be described by either of the two solid-on-solid mod
for temperatures that are not too high. When perpendic
fluctuations become important, the parallel fluctuation
proximation fails for the@11̄0# steps. However, this is th
case only at very high temperatures. As can be seen f
Fig. 10, f i is indeed the better description of the step fr
energy for most step directions at all temperatures. Only
steps almost parallel to the@11̄0# direction, f' yields a bet-
ter approximation. As a consequence, the island shape
dicted by the perpendicular approximation lies outside
one predicted by the parallel approximation, except for sm
portions on the@11̄0# sides of the shape that lie on th
inside. When the temperature is raised, these portions
crease. This can be seen from the shapes at 600 K in Fig
The figure also shows results of Monte Carlo~MC! calcula-
tions of the free energy~see the Appendix!. In the MC simu-
lation, both parallel and perpendicular fluctuations were
lowed. The difference between the model used for the M
calculations and the Ising model is that the MC simulat
did not allow for step configurations with adatom clusters
the lower terrace or vacancies in the higher terrace. Ne
theless, even for high temperatures, the MC results coin
nicely with the free energy from the Ising model, whic
shows that such clusters have a negligible effect on the
free energies.

B. Temperature dependence of asymmetric islands

The contour shapes of the islands in Fig. 10 are, for
temperatures, totally symmetric with respect to the sa
symmetry axis at a distanced5(e3312e111)/A2 from the
Wulff point. At 0 K the island shape is rectangular. For a
nonzero temperature, there are no straight steps, steps
rough at all finite temperatures. When the temperature is
creased, the contour shape initially becomes shorter, w
the width stays~nearly! constant. At 600 K, also a change
the width can be seen. When the temperature is increa
even further, the step free energy of the~111! step becomes
20542
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zero. At that temperature, the surface can create~111! steps
without raising its free energy. As a consequence, the sur
goes through the so-called roughening transition, which is
the Kosterlitz-Thouless type.26 It may seem that a prolifera
tion of ~111! steps is impossible without the generation of
equally high density of~331! steps. This would mean that th
islands, including~111! steps with a negative free energ
would be ~meta!stable, because the sum of the~111!- and
~331!-step free energies is positive. However, alternative s
configurations are possible, which have only~111! steps, and
completely avoid~331! steps.11 Therefore, a Wulff construc-
tion with a Wulff point lying outside the equilibrium island
shape, such as proposed by van Beijeren and Nolden,12 will
not occur on this surface. In reality, another phase transi
is thought to take place close to, but possibly below
roughening transition. When the free energy of dom
boundaries in the MRR becomes zero, the MRR vanish
This is called the deconstruction transition, first found
Wolf et al. in a low-energy electron diffraction~LEED! ex-
periment on Au~110!.27 Bak predicted that the deconstructio
is of the Ising type,28 after which Campuzanoet al. were the
first to report experimental evidence for the Ising charac
of the transition.29 The first detailed theoretical description o
the transition for the specific case of a MR reconstruc
surface, such as Au~110!, was given by Villain and Vilfan.30

The interplay between the two phase transitions, noticed
ready in Ref. 30, was worked out by Vilfan and Villain31 and
den Nijs.32 Sprösseret al. found the two transitions to occu
on Au~110! at separate temperatures in a thermal ene
atom scattering~TEAS! experiment.33 A similar conclusion
was reached in medium-energy ion scattering~MEIS! experi-
ments by Romahnet al.34 Mazzeo et al.35 and Barbier
et al.36 also found separate transitions in Monte Carlo sim
lation studies. Sturmatet al. have attempted to observe th
two transitions with STM.20,21

If the deconstruction transition takes place at a lower te
perature, separate from the roughening transition, the rou
ening transition takes place on a deconstructed surface
so-called disordered flat phase.37 The models, treated in the
present paper, are only valid for the (132) reconstructed
Au~110! surface, i.e., not for the disordered flat phase. Th
should therefore be expected to yield bad estimates for
roughening temperature.

C. Symmetric islands

The symmetric shape with both~111! and ~331! steps,
described in the previous section and illustrated in Figs
and 10, is only observed for relatively small vacancy islan
~typically below 80 nm2). All structures on Au~110! with
~331! steps appear to be metastable.9 Although ~331!-step
segments occur in combination with~111!-step segments a
fluctuations in @001# steps, extended~331! steps are only
found in experiments, when created artificially by low do
sputtering of the Au~110! surface. All larger adatom and va
cancy islands adopt alternative configurations, with~111!
steps on both sides. The resulting problem with the phas
the missing-row reconstruction~see Fig. 2! is eliminated by
introducing networks of steps.11 A pattern of crossing steps i
1-9
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formed with one family of curved steps forming the righ
hand sides of islands and a mirrored family of intersect
steps forming the left-hand sides. In this way, all steps ar
the low-energy~111! type, while the creation of domain
boundaries in the MRR is avoided. A second solution ex
in configurations with four steps, two upward and two dow
ward, which all end in the same two points, which are cal
termination sites.11 This results in, e.g., double-height is
lands, where the upper and lower levels ‘‘touch’’ in tw
points.11

The contour shape of vacancy and adatom islands
Au~110! with ~111! steps on both sides can easily be deriv
from Eq. ~10!, ~20!, or ~21! via a slightly modified Wulff
construction. The polar-step free-energy plot is made s
metric in this case, by forcing it to consist of the free ene
of ~111!-like steps on both sides. Therefore, we can find
shape by mirroring the right part of the step free energy p
and island shape of Fig. 11~a! in the vertical @11̄0# axis
through the Wulff point@Fig. 11~b!#. The formulas for the
step free energy of the almonds in the Ising model and in
perpendicular and parallel fluctuation approximations c
therefore easily be obtained from the asymmetric island
energies, Eqs.~10!, ~20!, and ~21!, by replacing all cosf
terms withucosfu. The result has a peculiar, sharp-corner
almondlike shape, which was also predicted in Ref. 19 fr
the Wulff construction within the perpendicular fluctuatio
approximation@Eq. ~20!# and which is indeed observed o
Au~110!.11 In Ref. 15, the energies of the different step se
ments,e331, e111, ande [001] , have been determined from fit
of the Wulff construction in Fig. 11~b! to the observed shape
at a range of temperatures. In particular, the an
2f0(e331,e111,e [001] ,T) of the sharp corner of the observe
almonds @Fig. 11~b!# and the island aspect rati
A(e331,e111,e [001] ,T)5 l /b, with l the length andb the width

FIG. 11. ~a! Wulff construction of a metastable vacancy isla
in Au~110! for T5400 K, according to the Ising model. The stab
equilibrium shape of islands on Au~110!, with only ~111!-type steps,
can be obtained by mirroring the~111! side~thick line! of the asym-

metric Wulff construction in the~vertical! @11̄0# axis through the
Wulff point. ~b! Wulff construction of the stable equilibrium shap
of adatom and vacancy islands forT5400 K. The aspect ratio is
defined asl /b and 2f0 is the sharp angle of the almond-shap
island. The energies are expressed in meV/Å. The directions o

@11̄0# and @001# steps are indicated by the arrows.
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of the contour shape@Fig. 11~b!#, were fitted. It was possible
to obtain values for all step free energies, because the
e3311e11151961 meV had been measured independen
in Ref. 23. The results for the step segment energies
e11153.760.5 meV, e331515.361.1 meV, and e [001]
5200660 meV. These are the values used for all Wu
constructions in this paper.

Figure 12 comparesf Ising , f i , f' , and Monte Carlo
simulation results for almond-shaped islands atT5600 K.
As for the asymmetric islands in Sec. V A, the exact Isi
shape is approximated best byf i over almost the entire rang
of step orientations. There is only a small range around

@11̄0#-step direction, for whichf' provides the better ap
proximation tof Ising . It is exactly this range that determine
the width b of the almond@see Fig. 11~b!# via the Wulff

he

FIG. 12. Comparison off Ising , f' , f i and MC calculations for
almond-shaped islands atT5600 K. The energies are expressed

meV/Å. The directions of the@11̄0# and @001# steps are indicated
by the arrows. On the scale of the left panel,f Ising and f i ~dotted
line! coincide, whilef' ~solid! is higher for almost all angles. As
can be seen from the magnified insets, only for a small range

orientations around the@11̄0#-step direction isf' lower thanf i . In
the lower magnified inset, free-energy values obtained with
Ising model are indicated with square dots. On this scale, the f
energy values obtained with the Ising model cannot be dis
guished from the inner contour of the free energies of the t

solid-on-solid models.f' has a minimum for steps along@11̄0# and
a maximum cusp for steps along@001#, while f i has maxima~cusps!
in both directions. The dots are the results of Monte Carlo simu
tions of the free energy. In the upper magnified inset it can be s
that the Monte Carlo points always almost coincide with the Is
model and the lower of the two solid-on-solid free energy valu
The fact that most of the values obtained from the MC simulat
are slightly higher is a consequence of the finite length of the s
in the simulation.
1-10
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FIG. 13. Polar free-energy plots for the Isin
model and the parallel fluctuation approximatio
~dotted curves!, the perpendicular fluctuation ap
proximation~solid curves!, and from MC calcu-
lations ~dots!, of ~111!-like steps on Au~110! for
different temperatures, together with the equili
rium almond island shapes~thick curves!. As the
temperature rises, the aspect ratio initially d
creases, then increases again, and finally diver
when f (f50) decreases to zero. The energi
are expressed in meV/Å. The directions of th

@11̄0# and @001# steps are indicated by the a
rows.
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construction. It is less straightforward to see which port
of the free-energy plot determines the lengthl of the almond.
Via the Wulff construction, the end points of the almon
shape correspond to the value of the free energy at the
mond anglef0 @see Fig. 11~b!#. For temperatures below 62
K, whenf0 is at least a few degrees,f i(f0) is smaller than
f'(f0), and the lengthl, obtained from the Ising model, i
described most accurately byf i . For very high temperature
(.625 K), however, when the island width decreases d
tically, the anglef0 also decreases andf' , which is smaller
than f i for small angles, describes the length of the islan
most accurately. The temperature dependence of the alm
shapes will be treated further in Sec. V E.

D. Cusps in the free-energy plots: Sharp corners
in the equilibrium shape

Under normal circumstances, a polar-step free-energy
cannot contain cusps forT.0.38–41 However, in Fig. 12
there are several cusps. For the@11̄0#-step direction,f'

shows the typical minimum~no cusp! for a step in a low-
index direction. By contrast,f i has a cusp-type maximum i
this direction. The reason for this is that in the parallel flu
tuation model the@11̄0# step cannot make any fluctuation
Thereforef i(f50) is not a function of temperature, and it
identical to the formation energyA2e111/a. For the same
reasonf' has a cusp-type maximum for the@001# step direc-
tion, at a temperature-independent value ofe [001]/2a. Also f i
has a cusp-type maximum for the@001#-step direction, but
unlike the previous cusps, this maximum is a function
temperature. At first sight this may seem impossible, beca
@001# stepscanfluctuate in this model. The reason why the
is a cusp-type maximum is that the almond-shaped islan
not bounded by a single closed step, like the usual island,
rather by two different~111! steps. The cusplike maxima fo
the @001#-step direction of the polar-step free-energy plot a
the points where the free-energy curves for the two~111!
steps meet. The free energy of the Ising model shows exa
the same shape as the parallel fluctuation model around
cusp.
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In general, at nonzero temperatures, equilibrium isla
shapes are continuously differentiable. For example,
symmetric islands on Au~110! of Fig. 10 are rectangular only
at 0 K, but as soon as entropy comes into play, the corn
become rounded. However, the equilibrium shape of F
11~b! does have sharp corners. This is a peculiar con
quence of the presence of a domain boundary in the
rounding terrace, at each of those points. On both sides o
domain boundary the steps can assume their most favor
orientation, independent of each other. When we comp
steps at angles1f and2f to the @001# direction, the step
with more~111!- than~331!-step segments has a lower~free!
energy than the other one with more~331!- than ~111!-step
segments. Therefore, at any nonzero temperature, the s
on both sides of the domain boundary will adopt an angle
which they have more~111!- than ~331!-step segments on
average. As a result, the steps will meet each other und
nonzero angle at the domain boundary.

E. Temperature dependence of the symmetric Wulff
construction

The temperature dependence of the almond shape ca
seen in Fig. 13, together with the three models for the f
energy. Thin lines are the free-energy curves and thick li
the island contours. The dotted lines represent the Is
model and the parallel fluctuation approximation, and
solid lines correspond to the perpendicular fluctuation
proximation. As in Fig. 10, the inner contour of the curv
for the parallel and perpendicular fluctuation approximatio
coincides with the Ising model on this scale. At zero te
perature, the three models coincide, and the island shap
rectangular. Because the formation energy of perpendic
fluctuations is very high, the free energy of steps in t

@11̄0# direction hardly changes when the temperature
raised. The parallel fluctuations, however, set in at a m
lower temperature, and thereforef Ising and f i immediately
begin to decrease for all nonzerof. As a consequence, th
rectangle immediately changes into an almond and then
comes progressively shorter. As a result, the aspect ratio
1-11
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creases somewhat. Above 500 K, the effect of@001# fluctua-
tions becomes noticeable, and the width of the almo
decreases. The aspect ratio diverges whenf Ising ~and f')
becomes zero, for steps in the@11̄0# direction. This behavior
of the aspect ratio is different from that of islands on
simple rectangular surface, where the step free energies
directions vanish simultaneously. Usually, when the step
energy vanishes for one of the main directions, the step
energy for the other main direction also has to vanish,
cause its step fluctuations, which consist of excursions al
the first main direction, involve no additional free energy. O
the MRR surface, first the~111!-step free energy vanishe
The @001#-step free energy remains positive, because fluc
tions in a @001# step consist of equal lengths in~111! and
~331! steps. The free energy of the@001# step vanishes only
when these fluctuations cost zero free energy, that is, w
the free energy of a~111! step is equal to minus the fre
energy of a~331! step. The divergence of the aspect ratio,
the temperature at which the~111!-step free energy vanishe
corresponds to a roughening transition of the@110# surface.
Figure 14 is a graph of the aspect ratio as a function
temperature, obtained from the Ising model. The vertical l
is the asymptote at the roughening transition. Because
model does not consider the deconstruction transition, th
results cannot be trusted at temperatures close to and a
the deconstruction temperatureTd , which is believed to lie
between 654 K and 765 K.29,33,34,42,43For the same reason
the value of the roughening temperature ofTR5673 K, ob-
tained here from the Ising model, should only be conside
as a coarse estimate of the true roughening temperatu
Au~110!, which is thought to be about 50 K above the d
construction temperature.34

VI. SUMMARY

In summary, we have considered the theory of equilibri
shapes for two types of~vacancy! islands on the (132)
missing-row reconstructed Au~110! surface. The first type
which is metastable, can only be created artificially. It has
asymmetric internal structure, with a~331!-type step on one
side and a~111!-type step on the other. Although the Wul
point does not coincide with the center of the island,
island shape observed in experiments is symmetric, wh
shows that~331! and ~111! kinks are equal in energy. W
have shown that an asymmetric polar-step free-energy
can indeed produce an island with a symmetry axis at a

FIG. 14. Aspect ratio vs temperature for the almond shapes
Au~110!. The aspect ratio first decreases and then goes to infini
the roughening transition.
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tanced from the Wulff point, if the free energyf (f) satisfies
f (p2f)5 f (f)12d cos(f) for every anglef.

We have calculated the step free energy with the tw
dimensional Ising model, where fluctuations of steps are
lowed both parallel and perpendicular to the missing-r
direction, and we have considered two approximations to
step free energy, based on a one-dimensional solid-on-s
model. One model considers only step fluctuations perp
dicular to the MR’s, while the other allows only step fluctu
tions perpendicular to the MR’s. Due to the low formatio
energy of parallel fluctuations,f i provides the best approxi
mation to the step free energy for most step orientatio
Only steps very close to the perfect MR orientation are be
described byf' .

The second, stable type of island that we considered,
only ~111!-type steps. For these islands, the Wulff constru
tion is symmetric. It is obtained by using only the~111! part
of the full construction and mirroring it with respect to th
axis parallel to the MR direction, through the Wulff point. A
a function of temperature, the aspect ratio of these almo
shaped islands first decreases, before it diverges at the ro
ening temperature.

Monte Carlo calculations of the step free energy we
performed, in which both parallel and perpendicular fluctu
tions were allowed, like in the Ising model. At each tempe
ture the MC results accurately reproduce the results of
Ising model and follow the inner contour of the two ener
curves,f i and f' , obtained analytically for the parallel an
perpendicular fluctuation approximations.
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APPENDIX: MONTE CARLO SIMULATION

We used a Monte Carlo simulation for calculating the s
free energy as a function of temperature and orientation,
lowing all steps to have excursions parallel and perpend
lar to the MR direction. An example of such a step is sho
in Fig. 7~a!. It consists of step segments in all four direction
In the simulations, such configurations were generated
long step sections, typically a few hundred lattice consta
for each orientation, according to the Metropolis algorithm44

To calculate the free energy of the step, it is enough to co
the number of occurrencesNEi

of just one of the possible

energy statesEi , for which the number of different configu
rationsCEi

is known. The total free energyF of the step is
then

F5Ei1kT ln~NEi
!2kT ln~CEi

!2kT ln~Ntot!, ~A1!

whereNtot is the total number of step configurations gen
ated in the simulation. It is straightforward to calculate t
total number of configurations withr-step segments to th
right, zero-step segments to the left,u-step segments upward

n
at
1-12



s

s
i

p

t,

llel
all
to

e-
The

he
on-
as a
an
h

the

ASYMMETRIC AND SYMMETRIC WULFF CONSTRUCTIONS . . . PHYSICAL REVIEW B 65 205421
and d-step segments downward. First choosep places
@1<p<min(d,r11) if d.0 andu50; 1<p<min(d,r) if d
.0 andu.0; p50 if d50] between ther horizontal step
segments where the step goes downward. These place
be chosen in

S r 11
p D

ways. We have to distribute thed downward step segment
over thesep places in such a way that on every place there
at least one downward step segment. There are

S d21
p21D

possibilities to distribute them, except for the casep5d50.
Finally, there arer 112p places left for the upward ste
segments, which gives

S r 2p1u
u D

possibilities, except for the caser 2p115u50. So the total
number of configurations withr step segments to the righ
e

d

e

f
en

d
w-

w
m
be

is
e-
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zero step segments to the left,u step segments upward, andd
step segments downward is

C5 (
p50

min(d,r ) S r 11
p D S d21

p21D S r 2p1u
u D . ~A2!

The simulation allows for both perpendicular and para
fluctuations, but the step configurations which are counted
have the same fluctuation direction. It is now possible
predict which step formation energy will occur most fr
quently and can best be counted during the simulation.
number of times that a configuration with energyEi occurs
during the simulation is proportional to

NEi
}CEi

e2Ei /kT. ~A3!

In this way it becomes possible to efficiently calculate t
free energy of long step sections, of, e.g., 600 lattice c
stants. This is important, because a step of finite length h
free energy per unit length, which is higher than that for
infinitely long step with the same overall orientation, whic
introduces a modest finite-size effect, as is visible in
lower inset of Fig. 12.
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