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The fractal spectrum of magnetic minibands (Hofstadter butterfly), induced by the moiré superlattice of
graphene on a hexagonal crystal substrate, is known to exhibit gapped Dirac cones. We show that the gap
can be closed by slightly misaligning the substrate, producing a hierarchy of conical singularities (Dirac
points) in the band structure at rational values Φ ¼ ðp=qÞðh=eÞ of the magnetic flux per supercell.
Each Dirac point signals a switch of the topological quantum number in the connected component of the
quantum Hall phase diagram. Model calculations reveal the scale-invariant conductivity σ ¼ 2qe2=πh and
Klein tunneling associated with massless Dirac fermions at these connectivity switches.
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The quantum Hall effect in a two-dimensional periodic
potential has a phase diagram with a fractal structure called
the “Hofstadter butterfly” [1,2]. In a 2013 breakthrough,
three groups reported [3–5] the observation of this elusive
structure in a graphene superlattice, produced by the moiré
effect when graphene is deposited on a boron nitride
substrate with an almost commensurate hexagonal lattice
structure. It was found that the magnetic minibands repeat
in a self-similar way at rational values Φ=Φ0 ¼ p=q of the
flux Φ through the superlattice unit cell, with p and q
integers and Φ0 ¼ h=e the flux quantum.
A central theme of studies of the Hofstadter butterfly is the

search for flux-induced massless Dirac fermions [6–10].
It turns out that in the graphene superlattice only the zero-
field Dirac cones are approximately gapless [11–14], while
the flux-induced Dirac cones are gapped [15]. Generically,
Dirac fermions in the Hofstadter butterfly are massive.
Here we show that massless Dirac fermions do appear at

singular points in the quantum Hall phase diagram,
associated with a switch of the phase connectivity upon
variation of some control parameter. (See Fig. 1.) Any
experimentally accessible quantity that couples to the
superlattice potential can play the role of control parameter;
in what follows, we will consider the angle θ of crystallo-
graphic alignment between graphene and the substrate.
We find that the phase boundaries separating regions of
distinct Hall conductance σxy ¼ νe2=h rearrange their
connectivity upon variation of θ, switching the connected
component of the phase diagram from ν to ν� 2q. In the
magnetic Brillouin zone, this transition produces a pair
of q-fold degenerate conical singularities (Dirac points),
with massless Dirac fermions as low-energy excitations.
We base our analysis on the moiré superlattice

Hamiltonian of Wallbank et al. [16]. The starting point
is the Dirac Hamiltonian of graphene [17,18],

H0 ¼ v½p − eAðrÞ� · σ þ VðrÞ; (1)

for conduction electrons near each of two opposite corners
(valleys) of the hexagonal Brillouin zone [19]. The Fermi
velocity is v ¼ 106 m=s, and the lattice constant of the
hexagonal lattice of carbon atoms is a ¼ 2.46 Å. The
momentum p ¼ −iℏ∇ in the r ¼ ðx; yÞ plane is coupled
to pseudospin Pauli matrices σx and σy acting on the
sublattice degree of freedom. The real spin plays no role
and is ignored [20]; only the orbital effect of a
perpendicular magnetic field B ¼ Bẑ is included (via the
vector potential A). The electrostatic potential V is adjust-
able via a gate voltage. For simplicity, we assume that the
mean free path for impurity scattering is sufficiently large
that disorder effects can be neglected.
The moiré effect from a substrate of hexagonal boron

nitride (hBN) [lattice constant ð1þ δÞa, δ ¼ 0.018, mis-
aligned by θ ≪ 1] adds superlattice terms to the Dirac
Hamiltonian. The terms that break inversion symmetry are
small and we neglect them, following Ref. [21]. Three
terms remain [16]:

FIG. 1 (color online). Schematic illustration of a connectivity
switch in the quantum Hall phase diagram. Upon variation of a
control parameter θ, the connected component switches from
topological quantum number νA to νB. At the transition, a singular
point appears in the phase boundary (encircled), associated with
gapless Dirac cones in the Brillouin zone (rightmost panel).
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H ¼ H0 þ ℏvbU1fþðrÞ þ iξℏvbU2σzf−ðrÞ
þ iξℏvU3ðσy∂f−=∂x − σx∂f−=∂yÞ; (2)

where ξ ¼ �1 in the two valleys, and

f�ðrÞ ¼
X5

m¼0

ð�1Þmeibmr ¼ �f�ð−rÞ; (3)

bm ¼ 4πffiffiffi
3

p
a
R̂πm=3½1 − ð1þ δÞ−1R̂θ�

�
0

1

�
: (4)

The reciprocal lattice vectors bm have length b≡ jb0j ≈
ð4π= ffiffiffi

3
p

aÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
δ2 þ θ2

p
and are rotated by the matrix

R̂θ ¼
�
cos θ − sin θ
sin θ cos θ

�
: (5)

The periodicity of the superlattice is λ ¼ 4π=
ffiffiffi
3

p
b≈

a=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
δ2 þ θ2

p
.

The terms U1 and U2 in the Hamiltonian (2) represent a
potential modulation, while the term U3 is a modulation of
the hopping amplitudes. The coefficients are related by
[14,16]

fU1; U2; U3g ¼ E0

ℏvb

�
1

2
;−

1

2

ffiffiffi
3

p
;−ð1þ θ2=δ2Þ−1=2

�
;

(6)

where E0 is an energy scale that sets the coupling strength
of graphene to the hBN substrate. We use the estimate
E0 ¼ 17 MeV from Ref. [21], corresponding to a ratio
E0=ℏvb ¼ 0.05ð1þ θ2=δ2Þ−1=2.
We study electrical conduction in the five-terminal Hall

bar geometry of Fig. 2, where a current I flows from source
1 to drain 3, while contacts 2, 4, and 5 draw no current.
The voltages Vn at these contacts determine the Hall
conductivity:

σxy ¼
ðV5 − V2ÞI

ðV5 − V2Þ2 þ ðW=LÞ2ðV5 − V4Þ2
: (7)

In linear response and at zero temperature, the voltage
differences are obtained from the scattering matrix SðEÞ at
the Fermi level EF ¼ 0, which we calculate by discretizing
the Hamiltonian (2) on a tight-binding lattice (hexagonal
symmetry, lattice constant aTB ¼ λ=20). The metallic
contacts are modeled by heavily doped graphene leads
(infinite length, widthWlead ¼ 5λ, potential V lead ¼ 2ℏvb),
without the superlattice (E0 ¼ 0 in the leads) and without a
magnetic field. In the superlattice region (length L ¼ 20λ,
widthW ¼ 5

ffiffiffi
3

p
λ), we set V ¼ −μ. (The sign of μ is chosen

such that the Fermi level lies in the conduction band of
graphene for μ > 0 and in the valence band for μ < 0.)
We calculate σxy as a function of Φ and μ by using the
KWANT tight-binding code [22,23]. Results are shown
in Fig. 3.
Figure 3(a) shows the known spectral features of the

graphene superlattice [3–5,15]: a parabolic fan of Landau
levels emerging from the primary zero-field Dirac cone of
graphene; secondary zero-field Dirac cones centered at
μ ¼ �ℏvb=2; and gapped tertiary Dirac cones at flux
Φ=Φ0 ¼ p=q in a region near μ ¼ −ℏvb=2 (in the valence
band only, electron-hole symmetry is strongly broken by
the superlattice potential). The phases that meet at these
rational flux values have Hall conductance differing by
2qe2=h—reflecting a twofold valley degeneracy and a
q-fold degeneracy of the magnetic minibands. (We are
not counting spin.)
Figures 3(b)–3(d) show how the connectivity switches

from Fig. 1 appear in the numerical simulation when we
slightly misalign the hBN lattice relative to the graphene
lattice. Each switch in the connected component of the
phase diagram is associated with the closing and reopening
of the Dirac cones in the magnetic Brillouin zone. (The gap
closing at Φ ¼ Φ0 is the one shown in Fig. 1.)
We will now demonstrate that transport properties near

these connectivity switches have the characteristics of
massless Dirac fermions [24]. The effects we consider are
the scale-invariant (pseudodiffusive) two-terminal conduc-
tivity and sub-Poissonian shot noise at the Dirac point
[25,26], and Klein tunneling through a potential step [27,28].
To search for scale invariance we take an infinitely long

graphene strip of widthW, with the potential profile shown
in Fig. 4(a). The superlattice potential is imposed over a
length L (where V ¼ −μ), while the leads have no super-
lattice (V lead ¼ ℏvb). The two-terminal conductivity σ and
Fano factor F (ratio of noise power and current) are
obtained from the transmission eigenvalues Tn:

σ ¼ L
W

e2

h

X

n

Tn; F ¼
P

nTnð1 − TnÞP
nTn

: (8)

For 2q gapless Dirac cones, we expect at the Dirac point the
scale-invariant values [25,26]

FIG. 2 (color online). Five-terminal geometry used to calculate
the Hall conductivity (7). The two-dimensional hexagonal lattice
of the tight-binding model is shown, with the superlattice
potential indicated by colored sites and bonds (not to scale;
the actual lattice is much finer).
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σD ¼ 2qe2=πh; FD ¼ 1=3: (9)

We vary W at fixed aspect ratio W=L to search for this
scale invariance. We have examined several flux values;
here, we show representative results forΦ ¼ Φ0 (so q ¼ 1).
From Fig. 3, we infer that the connectivity switch at this
flux value happens near θ ¼ 0.01 and μ ¼ −0.6ℏvb.
Indeed, in Fig. 5, both σ and F become approximately
independent of sample size near these parameter values.
The limiting Fano factor is close to the expected 1=3; the
limiting conductivity is a bit larger than the expected value,
which we attribute to an additional contribution of the
order of ðL=WÞe2=h from edge states. These are zero-
temperature calculations, but the characteristic temperature
scale can be quite large for a sample of the size shown in
Fig. 5, where the required energy resolution is of the order
of 0.01ℏvb≃ 40 K.
Klein tunneling is the transmission with unit probability

at normal incidence on a potential step that crosses the
Dirac point. It is a direct manifestation of the chirality of

massless Dirac fermions [27]. We search for this effect by
using the potential profile of Fig. 4(b), which for Φ ¼ Φ0

and θ ¼ 0.01 is symmetrically arranged around the flux-
induced Dirac point. In order to avoid spurious reflections
from the leads, we now apply the superlattice potential
and the magnetic field to an unbounded graphene plane. We
calculate the transmission probability TðkyÞ as a function of
transverse wave vector ky in the magnetic Brillouin zone.
The dependence on the angle of incidence ϕ of the

transmission probability of massless Dirac fermions
depends exponentially on the step length L [28],

(a) (b) (c) (d)

FIG. 3 (color online). Numerical results for the Hall conductivity of graphene on hBN, calculated in the Hall bar geometry of Fig. 2 for
the superlattice Hamiltonian (2). Panel (a) is for a perfectly aligned substrate, when the flux-induced Dirac cones (encircled) are all
gapped. Panels (b)–(d) show the connectivity switches induced by a slight crystallographic misalignment of the substrate (angle θ in
radians).

(a) (b)

FIG. 4. Electrostatic potential profile in a graphene strip, used
to study the scale-invariant conductivity [panel (a), V0=ℏvb ¼ 1,
varying μ] and Klein tunneling [panel (b), V1=ℏvb ¼ 0.645,
V2=ℏvb ¼ 0.613]. The Fermi level EF ¼ 0 lines up with the
flux-induced Dirac point when V ≈ 0.63ℏvb.

FIG. 5 (color online). Conductivity (solid curves, left axis) and
Fano factor (dashed curves, right axis) calculated in the two-
terminal graphene strip of Fig. 4(a), for different system sizes at
fixed aspect ratio W=L. The scale invariance at μ ≈ −0.63ℏvb
signals the appearance of massless Dirac fermions at flux
Φ ¼ h=e through the superlattice unit cell. The horizontal solid
and dashed lines indicate the limits (9) expected from the Dirac
equation.
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TðϕÞ ¼ expð−πℏ−1pFLsin2ϕÞ; (10)

for a symmetric junction with the same Fermi momentum
pF at both sides of the potential step. (The step should be
smooth on the scale of the lattice constant, so L ≫ λ is
assumed.) The transverse momentum appearing in the
Dirac equation is measured from the Dirac point,
py ¼ ℏðky − KyÞ. (The flux Φ ¼ Φ0 creates two Dirac
cones, both with the same value of Ky.) Inspection of the
band structure gives Ky ¼ 1.723=λ and Fermi velocity
vF ¼ 2.04v, nearly twice the native Fermi velocity v of
graphene. The angle of incidence then follows from
sinϕ ¼ py=pF, with pF ¼ 0.23ℏ=λ, so we expect a trans-
mission peak described by

TðkyÞ ¼ exp½−πℏLðky − KyÞ2=pF�: (11)

The resulting curves are shown in Fig. 6 (dashed curves),
for different values of L. There is a good agreement with
the numerical simulations (solid curves).
The angle-resolved detection in these simulations is

convenient to directly access the strongly peaked trans-
mission profile (11). Experimentally, this signature of Klein
tunneling can be observed without requiring angular
resolution in a double potential step geometry [29].
In summary, we have identified a mechanism for the

production of massless Dirac fermions in the Hofstadter
butterfly spectrum of a moiré superlattice. Generically, the
flux-induced clones of the zero-field Dirac cones are
gapped, but the gap closes at a switch in the connected
component of the quantum Hall phase diagram. We have
presented a model calculation for graphene on an hexago-
nal boron nitride surface that exhibits these connectivity
switches upon variation of the crystallographic misalign-
ment. Only a slight misalignment is needed, on the order of
1°, comparable to what has been realized in experiments

[3–5,30]. Numerical simulations of transport properties at
unit flux through the superlattice unit cell reveal the scale-
invariant conductivity and Klein tunneling that are the
characteristic signatures of ballistic transport of massless
Dirac fermions. These should be observable in small
samples; in larger samples, the effects of disorder remain
as an interesting problem for further research.
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