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Free energy formalism for polymer adsorption: Self-consistent field theory
for weak adsorption
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Polymer adsorption has been widely investigated in the context of self-consistent mean-field
theories. As a further simplification, the “ground state dominance approximation” is often made,
treating the polymer chains as infinitely long. For short polymers, or not so concentrated polymer
solutions, corrections to ground state dominance may be important, however. In this work, we
discuss analytical solutions to the full self-consistent field equations, valid for any chain length, in
the limit of weak adsorption. We show how the resulting equations may be put into a free energy
functional formalism, in analogy to the de Gennes—Lifshitz free energy for infinitely long polymer
chains. Analytical expressions are derived for polymer density profiles, surface tension and the
interaction potential between two planar, polymer-adsorbing surfaces. Particular attention is paid to
the distal ordering of the polymer coils that shows up as oscillations in the polymer density profile
and interaction potential at the scale of the polymer’s radius of gyratior20@3 American Institute

of Physics. [DOI: 10.1063/1.1588998

I. INTRODUCTION the de Gennes model is that the polymer segment density
profile is a monotonically decaying function and that the
Polymer surfaces have attracted considerable attention iyteraction between two planar surfaces is attractive at all
recent years both from an experimental and a theoreticaleparations. Various models have extended the de Gennes
point of view. Interest in these systems is driven by practical,,odel to determine finite chain length corrections to, e.g.,
applications, but also because it serves as a theoretical €gf5ce tension, polymer segment density profile, surface—
ample of a confined polymer systent.More recently, inter- ¢\t e interactions, ef€-2° Such calculations are of par-

est has surged in the Stl.de of the_gnterplay betvyeen CO!lo'dadcular interest since the polymer chain length is an important
particles and polymers in solutidn? Understanding the in- arameter in experimen%é computer simulation®-2* and

teraction between coIIo@aI particles, as mediated through thEumerical solutions of lattice model3Variation of the chain
polymer solution, supplies means to understand the mecha-

nisms behind polymer induced colloidal stabilization and"flength thus provides a more stringent testing of theoretical
crystallization. This may be helpful in formulating conditions
under which colloidal particles or globular proteins may
crystallize.

Theoretically, the interplay of polymers and surfaces haéj i i
been extensively studied. Various models for the interaction, =Xtensions to the ground Staltf dominance model were
of the polymer and thecolloidal) surface have been dis- first |nvest|gated by Semen'(mt al.. The presence of tails
cussed; irreversibly adsorbed or grafted polymt8msvers- Was taken into account by mcludmgs@condorder param-
ibly adsorbed polymers? and polymers depleted from the €ter _related to the end segm_ent_ de.nsr[.y. Good agreement was
surface®’? In the latter case, the polymer density is as-obtained for the loop gnd tail c.ils-trlbutlon of adsorbed.poly-
sumed to be zero at the surface so that a depletion laydPer when the theoretical predictions are compared with nu-
exists around each particle. In these calculations, notably bmerical solutions of the lattice self-consistent mean-field
Eisenriegle?” and by other$;** analytical solutions of the theoriest’ Furthermore, it was shown that the interaction be-
Edwards equations in the context of the so-called selffween two planar surfaces becomes weakly repulsive at
consistent field theory could be obtained. larger distance¥’

Surfaces withenhancedpolymer adsorption have first It was subsequently shown by Semenov that the two-
been studied by de Genrtédin self-consistent field theory, order parameter model could be cast into a free energy for-
and by Scheutjens and Fleer in a lattice model formalism of asingle order parameté? for which the Euler—
polymers!® In the de Gennes model, the so-caligebund  Lagrange equations are the Edwards equations, just as de
state dominance approximatibH"®is made in which the Gennes had done previously in the context of the ground
polymer chain length is essentially set to infinity. A result of state dominance approximatidéhA free energy functional

models. Moreover, it was expect&f® and later
verified!5-20 that in certain situations, the “tails” of the
polymer chain become important, leading qoalitatively
ifferent behavior.

0021-9606/2003/119(6)/3483/12/$20.00 3483 © 2003 American Institute of Physics
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was proposed to describe the free energy correctly to become apparent later, it is chosen such that the density be-

O(1/N?). This means that ththree leading contributions in  comes equal to the uniform bulk density(r) =NyN/V

an expansion in N to the free energy are capturgd) the = ¢, for a homogeneous system.

ground state dominance contributid®) the leading correc- The general solution of the Edwards equation may be

tion to ground state dominance 6¥(1/N), which gives a formulated in the form of an eigenfunction expansion,

description on the same level as the two-order parameter

model?’ (3) terms of O(1/N%?). These last terms were G(r,r',n)=2, Y (r) i (r') e " EclkeT, (2.4

shown to be responsible for a weak, oscillatory interaction K

potential at large distances between two planar surfices.with the eigenfunctions), and eigenvalueg, determined

Similar oscillations were also observed in the segment derby

sity profile in analytical work by Semenast al. and in nu- a2 U(r) =

merical solutions of the Scheutjens and Fleer lattice model EVZ Y0 = 17 === (). (2.9

for polymers?® B B
In this article, we investigate the surface tension, seg!” the self-consis@ent_field model, the external potential is

ment density profiles, and interaction potential fptanaj interpreted as being induced by the presence of the other

polymer-adsorbing surfaces. Analytical expressions, valid foPOlymer segments|

any polymer length, are derived in the limit efeakly ad- U(r)=kgTuv ¢(r), (2.6)

sorbing polymers. Our expression for the free energy is CONyherey is the so-calledxcluded volumgarameter. In this
sistent with the linear response model for bulk polymersd way, the set of Eqs(2.1)—(2.3) becomes self-consistently

the Semenov single order parameter free engfg¥e pay  closed. This approach has formed the basis of many theoret-
particular attention to the segment density profile at largg.4 treatments in the literatute®

distances from the surface and the interaction between sur-

faces at large separations. lated later—only the ground state contributidn<0) in the

The outline of the paper is as follows: In the next sectiongjgenfunction expansion remains and the summation may be
we discuss the self-consistent field theory in the context Ofimited to the first term only

which our calculations are made. In Secs. Il and IV we , N Ee kT

provide a detailed derivation of the free energy from the ~ C(I:T"\M=¥o(r) Yo (r') e " =oer, 27
Edwards equations in the case of weak external figk. This is the so-called ground state dominance
Il and weak polymer adsorptidiSec. IV). In Secs. V and approximationt The Edwards equation, E¢2.1), and seg-
VI, the free energy derived is used to determine surface terment density, Eq(2.3), can then be written as

sion, segment density profiles, and interaction potential for 2 Eo

polymer adsorbing surfaces. We end with a discussion of EVZ P(r)y=v |z/;(r)|21,//(r)—kB—Tz/;(r),

results.

For very long chains—a more precise criterion is formu-

BN =[N, (2.9
where we have defineg(r)=(N,N)¥2y(r). It may now
Il. SELF-CONSISTENT FIELD THEORY be noted that thesame equatioriollows from the minimi-

zation of the following free energy functional:
The Green functiorG(r,r’,N) describes the statistical F[ 4]
weight of a single polymer chain of lengbhwith one end at ——=
r and the other end at'. The Green function can be deter- Ke
mined by solving the Edwards equation,

a2 U EO
- 24~ 4_ 0 2
[ |5 1w wtoes Gl e
(2.9
The last term is added to fix the total number of segments,

9 aerr _a2VzG SN[
G UM = S VPG(r )= L G(rr ), NpN:fdr|¢(r)|2_ (2.10
(2.1
o - The free energy can be rewritten in terms of the segment
with initial condition density, ¢(r)=|#(r)|?. One then has
lim G(r,r',n)=a(r—r"), 22 Fl¢] a® [Vo(nI® v 2
n—0 KaT —fdr 2_4W+§(¢(r)_¢b) , (21D
wherea is the polymer segment length abldr) is an as yet  where the uniform bulk densityp,=N,N/V, is related to
unspecified external potential. Eo/kgT=v¢,. Furthermore, we subtracted tieonstant
In terms of the Green function, one may construct thepyk free energy in order for the above free energy to be the
average segment density, excesdree energy.
f’g‘dnfdr’fdr” G(r',r.n) G(r,r",N—n) The expression for the free energy in E2..11) has been

— — , the starting point of many density functional treatments for
Jar'far" G(r',r",N) 53 polymer solutions. Due to the nature of the ground state
23 dominance approximation, this treatment is, however, limited
whereN,, is the total number of polymer chains. This pref- to infinitely long chains and semidilute polymer solutions.
actor determines the scale of the Green function. As willThe question thus naturally arises whether a similar free en-

é(r)=Ng
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ergy density functional may be formulated without making lim 8Z(z,n)=0. (3.9
use of the ground state dominance approximation. In the n—o
present article we construct such a free energy without mal

: ; T Iﬂ'/\/e now rewrite these differential equations in terms of a
ing the ground state dominance approximation.

single differential equation for the densit§¢(z) alone.

From the first integral we then proceed to construct the free

IIl. INHOMOGENEOUS SYSTEM energy functional. Only later do we explicitly solve the re-
Ultimately, we are interested in the case of polymer ag-Sulting diffe_rential equation fors¢(z) and determine the

sorption onto a solid surface, but for now we start by con-corresponding excess free energy.

sidering arinfinite system, without the presence of a surface, ~ 1he linearized differential equations can be solved by

in which the segment density profile only depends on oné€ParatingZ(z,n) into one part that no longer dependsron

coordinatez, ¢(r)=¢(z). Furthermore, often we are only @nd one that stilldoes depend onn: 6Z(z,n)=(z)

interested in the departure of the density profile with respect” @(z.n). The differential equation in E3.6) is then split

to the bulk density az=+ and introduced¢(z)=¢(z) UP @S

- ¢b! with |imzﬂiw (l)(Z)Z d)b' 9 a2 (92
A further reduction that we make, but could have made ﬁ—na(z,n)= 3 O,,—Zga(z,n), (3.9

quite generally, is to integrate the Green function over one of
the chain’s ends. This defines the statistical weight of a poly- a2 42

mer chain of lengtin with one end fixed at position, 6 32 W(2)=v 6¢(2), (3.10
G(r n)EJ dr’ G(r,r’,n). (3.1  With the segment densifjEq. (3.7)] now given by
2 N
In the bulk regionG(r,n)— Gy(n), which is independent of Sp(2)=2 ¢ h(z)+ %f dna(z,n), (3.1)
0

r. By solving the Edwards equation with the initial condition

[Eq. (2.2)], one finds that in the bullGy(n)=e™* %" Itis  and the initial conditior Eq. (3.8)],
now convenient to redefine the statistical weight such so as

to absorb this triviah-dependence, limo a(z,n)=—y(2). 312
Z(r,n)=e’ %" f dr’ G(r,r’,n). (3.2 In this section, we obtain a solution to these differential
equations for thénfinite system with no boundaries present,
In the geometry under consideration, we have th@t,n) i.e.,, —»o<z<w, and leave the more complicated situation of

=Z(z,n). The Edwards equatiofEq. (2.1)] and segment asemi-infinitesystem in the presence of a solid surface to the
density[Eq. (2.3)] in the self-consistent field approximation next section.

[Eq. (2.6)] are then given by For the infinite system, the solution to the differential
5 2 equation fora(z,n) in Eq. (3.9, with the initial condition
J a“c Jd
SnZzn)= e —5Z(z,n) ~v($(2) = ¢p) Z(zn), Eqg. (3.12, reads
3.3 3\ —3(z' - 2)?
b a(z,n)z—(zwm112 f_xdz z,/;(z)exp(—Zna2 .
d(2)= N Jo dn Z(z,n) Z(z,N—n), (3.9 (3.13
Inserting the above expression fafz,n) into Eq.(3.11), we
with the initial condition, now have for the density profile in terms ¢{z),
lim Z(z,n)=1. (3.9 by (= z'-z
o 5¢(2)=2 ¢ w<z>—R—Gf_mdz' w(z'>a( ZRG),
An exact solution of the above coupled differential equations (3.14

can only be found when certain further approximations are ) _
made. In the following we consideveakfields leading to ~Where the radius of gyratioRg=yNa’/6, and where we

small deviations from bulk behavior. have defined

Weak fields: Linear response theory The assumption >
of a weak field implies thatv¢(z)=¢(z) — pp,<¢, and a(x)= —exp(—x?)—2 |x| erfo(|x|). (3.1
6Z(z,n)=Z(z,n)—1<1. Linearization of Egs.(3.3 and \

(3.4) then leads to The Fourier transform of Eq3.14) gives

J 2 5 ~ - -
%5Z(Z,n)= 3 ﬁﬁz(z,n)—v op(2), (3.6 0p(K)=2 ¢y, (k) — 2 ¢pp'@(2kRg) ¥(k), (3.16

) \ where the ~tilde refers _to the Fourier transform of the
si(z)= 22 f dn sz(z,n), (37 funciion, J(=fdze " y(z) and W2)=(2m)

N Jo X fdk ¥ (k). Explicitly, we have @(x)=(4/x?)[1

with the initial condition, —exp(—x3/4)]. Solving Eq.(3.16) for (k) then gives
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5 1 5H(K) Fourier transform of the direct correlation function is given
P(k)= 3 by 1—a(2kRg) " (3.17 by the Debye function,
fe -1_ 2n2
Next, we Fourier transform the original differential equation Co(k) "= N fo(k°Rg). (3.29
for (z) in Eq. (3.10), A further important connection with previous work
forms the expression for the free energy proposed by
a® K2T(K) =0 5d(k 3.1 SemenoV? It has the following form:
& KB =0 5(K). (3.18

Fsell®] (= a’® ¢'(2)% v 2 2 12
With the expression fofi(k) in Eq. (3.17) inserted into it, ~AkgT wadz 24 42 T 29— P 92
this is written as

~ 1 ” ” ’ 1/2
1 50 cud@|+ 5 | az] azieiten

"N TRy Y M 19

o — (D[ P(2) = p(2')]
where the Debye function is defined ds(x)=(2/x?)

X [exp(—x)—1+x]. The back Fourier transform of E8.19 " fm dK o2 1—e W¥Re—Kk2RZ e KRG
then finally yields the equation fa¥¢(z) sought after . o€ e KRG _ 1+Kk2R2
o « dk ek(@z=7) (3.29
- dz' 5¢(z’)f — 5=V 0¢(2).
épN f—oc —» 27 fp(K?RG) This form for the free energy is derived by Semeliow

(320  what is termed the “main approximation” which captures the

2 - -
We may now construct the free energy for which the Euler—{T€€ energy tad(1/N%). Itis pointed out by Semend¥that

Lagrange equation is given by the equation above. We findthe free energy reduces to the free energy in(B@1), when
¢(z) is expanded around the bulk density . The first term

F[6¢] 1 o o, , in Eq. (3.29 is the leading correction in i/ to ground state
AksT 2 o N ledzjixdz od(2) 64(2') dominance and gives a description on the same level as the
two-order parameter mod#i.
= dk ek@?) e ) Of course, without the existence of adsorption potentials
X fﬁx o W + 2 fﬁxdz[(SqS(z)] . responsible for the existence of an inhomogeneity in the sys-

tem, the solution of the Euler—Lagrange equation in Eq.

(32D (3.19 for 6B(K) yields the trivial resultsp(k)=0 and,
This expression for the free energy, with the correspondingherefore, 5¢(z)=0. Since the Edwards equation is the
Euler—Lagrange equation in E€.20), is the main result of Euler—Lagrange equation that minimizes the free energy in
this section. Eq. (3.21), this result indicates that, from an energetic point

The free energy constructed from E(B.20 is only  Of view, the most profitable situation is whef(z)= ¢y,

uniquely defined up to a constant, but we do know that theeverywhere. Of more interest is therefore themi-infinite
free energy in Eq(3.21) should reduce to the expression System (G<z<=), considered next, in which the value of
obtained in the ground state dominance approximation, Ed_he density at the surface differs from the bulk value due the
(2.11), in the limit N—c. That this is indeed the case may Presence of an interaction with a solid surface.
be verified by using that fp(k?R3) *~21k’R%
—— (N a%/12)8"(z—z'), and integrating by parts yielding
F[56] f” 2 IV. POLYMER ADSORPTION

AT _mdz{mb[a«ﬁ’(z)]%%[&ﬁ(z)]z. (3.22

We now turn to the situation of a polymer solution in
contact with a solid surfacevall), located az=0. The solid
One may verify that this expression indeed corresponds tgurface is considered to be impenetrable to the polymer so
the free energy in Eq(2.1) with the density expanded that the density is defined only fa>0 [see the density
around the bulk density. Note that the conditkbRz—,  profile in Fig. 4a)]. An attractive interaction with the wall is
implies that the description is strictly valid for distances consideredat z=0,
smaller than the polymer’s radius of gyratiary 1/kk<Rg. )

The first term in the expression for the free energy in Eq. Uvwa(2) _ 35(2) 4.1)
(3.21) could also have been derived from a linear response ~ KgT 6 d '

analysis, The inverse of the extrapolation lengtth, is a measure of

the surface interaction strength and is responsible for an en-
SF=3kgT f dff dr’ Cy(r,r') 8é(r) ¢(r'), (3.23  hanced polymer adsorptiog(0)> ¢,,, whend>0.
Even though the solid surface is considered to be impen-
in which Cy(r,r’')=Cy(|r—r’]) is the bulk polymer direct etrable, so that$(z)=0 for z<O0, the polymer segment
correlation function. For Gaussian chains in solution, thedensity is not equal to zero at the wall in this treatment



J. Chem. Phys., Vol. 119, No. 6, 8 August 2003 Free energy formalism for polymer adsorption 3487

[¢(0)#0]. Such a description is therefore expected to be 84(2)
valid only for enhanced polymer adsorption and for distances (a)
beyond a certain microscopic distancea) away from the
surface! -
Eisenriegler and co-worket4® and other' have ad-
dressed the related problem of polymer depletion, in which
there is no additional interaction with the wall considered,
assuming thé&Dirichlet) boundary conditiong(0)=0. They
showed that under these circumstances analytic solutions for
the polymer partition function could be obtained. In the o >
present situation, such an analytic solution cannot be ob-
tained in general. However, when we assume that the exter-
nal fields are weak, i.e., when we consider the caseestk Se(z:h) (©)
adsorption an analytic solution can indeed be formulated.
Weak adsorption: Before turning to the formulation of
the appropriate boundary conditions in the case of polymer
adsorption, we come back to the expression for the free en- | >
ergy in the ground state dominance approximation. The free h 0 h 2h z
energy for weak adsorption is then given by §8.22 t0  gg. 1. sketches of the polymer density profile as a function of the distance
which a term containing the interaction with the solid surfaceto a solid surface(a) 64(z) is the polymer density profile near a single

is addedl, surface az=0; (b) 5¢(z) is the same density profile as (g), symmetri-
cally extended t@<0; (c) 8¢¢(z;h) is the polymer density profile between

80e(2)

F[8¢] o a2 , U ) two surfaces ar=0 andz=h, periodically extended to whole space.
— = 4 + —
e~ | 2| g o0 @1+ ST50(2)]
2
- % % #(0). (4.20 z=0, the above differential equation reduces to the usual

Edwards equation in Ed3.3) with the additional term lead-

The minimization of the above free energy leads to the foliNg to the boundary condition,

lowing Euler—Lagrange equation and boundary condition for 1

Sd(2): EZ(z,n) =" aZ(z,n) i (4.6
5 z=0 z=0
54" (2)=v 5H(2), Again, we introducesZ(z,n)=2Z(z,n)—1=a(z,n)+ ¥(z),
12¢ and the symmetrically extended functiores,(z,n) and
2 ¥e(2), and expand inZ(z,n)<1. The differential equation
8¢'(0)=— Al by - (4.3  for ag(z,n) then becomes

, , ] a2 ¢

We turn next to the evaluation of the full free energy, which %ae(z,n)= 3 Fae(z,n). (4.7

we expect to reduce to E®.2) in the limit N— .

Since the presence of the solid surface precludes thene may, again, verify that this expression reduces to the
polymer for z<0, the partition functionZ(z,n) is defined equation obtained in Eq3.9), now complemented by the
only for z=0. It turns out to be mathematically convenient to boundary condition,
extendZ(z,n) also forz<0. Here we choose to extelsgm-

metrically [_see Fig. 1b)] and define a partition function ia(z,n) -0 4.9
Z(z,n) defined forall z as Jz 20
Z(z,n)=Z(—2z,n)O(—2)+2Z(z,n)O(2z), (4.4  The differential equation fory.(z) reads

where®(x) is the Heaviside-function. a? & a’1

The presence of the potential induced by the surface g 772 Ve(2) =0 9be(2) = 5 5 8(2). (4.9
modifies the external field in E¢2.6). The result is that the . ] ] ) .
Edwards equation in Eq3.3) now becomes This expression reduces to the equation obtained in Eq.

(3.10 with the additional term leading to the boundary

d a? ¢ condition,

—=Ze(Z,N)= = ——5Ze(2,n) ~v(Pe(2) — Pp) Ze(2,1)

an 6 Jz P 1

a2 1 7 V@ s (4.10
+ gaé(Z)Ze(Z,n). (4.5 z=0

We may now solve the differential equation fa¢z,n)
Since the term containing the second derivative with respedh Eq. (3.9) taking into account the boundary condition in
to z is the only term that varies rapidly as a functiorzafear  Eq. (4.8). One may show that
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l/ZJocd , , 3(2 +Z)
a(z,n)=— 4 Z ) ex —2—
(2m="\2mma 92 "2) 2n

-3(z'-2)°

+ex “ona (z>0).

(4.1

The segment density profile is obtained by inserting the

above expression fax(z,n) into Eq. (3.11). We then arrive
at

op(z)= 2¢b¢(2)——f dz' (z')

zZ'—z
“\ 2Rq

zZ'+z

X
“\ 2Re

(z>0), (4.12

where a(x) is defined earliefEq. (3.15]. This expression
for 6¢(z) is symmetrically extended fa<0,

56(2)=2 by e(2) %fidzf V() “(22;62)'
(4.13

Blokhuis, Skau, and Avalos

Fel 5bel "
AkgT _8¢b f dzJ dz' 8¢pe(z) Spa(Z')
xao| o]+ | dds6u2)T
a 1
3 g %0, (4.19

where ¢¢(0)= ¢+ do(0). From the symmetrically ex-
tended free energy, we may now go back to the free energy
in terms of(z) instead ofp.(z). Keeping in mind that the
free energy of the symmetrically extended system is twice
the free energy of the semi-infinite system, i,=2 F, we

find

Flog]
AkBT 8¢b szJ dz' 8¢'(z)6¢'(Z")
z—z’) z+7'
X0\ SR~ D( 2Ra

f d2[5¢(2)]2———¢(0) (4.20

One may note that the above expression for the symmetrin this way we have constructed the free energy functional
cally extended density profile is the same as the expressiogy weak polymer adsorption. We should verify that this ex-

for 6¢(z) in the previous section, E@3.14).

pression for the free energy reduces to the free energy given

In order to proceed as before, we need to determine thgy £q. (4.2 for ground state dominance whéh—c. One
Fourier transform of Eq(4.13 and the Edwards equation in may show that this is indeed the case by using that in this

Eqg. (4.9. One finds

8he(K)=2 ¢y (k) —2 ¢ w(2kRg) e(K), (4.14
o~ a?1
- —k Ye(K)=v Spa(k)— 39 (4.15

Substituting the expression far(k) in Eq. (4.19 into Eq.
(4.14) gives

a? k2 - 21

(4.19

The back Fourier transform of this equation gives

z—7'
f dz' 5¢g(z )aD( ZRG>
21
365(2),

1
4 ¢, N

=v 0¢pe(2) — (4.17)

where we have defined

= dk ek
aD(X)EJ Py =

27 1-a(k) (4.18

Again, we may construct the free energy for which the
Euler—Lagrange equation is equal to the Edwards equation in

Eq. (4.17). One finds

limit ap((z+2')/2Rs)— (N a%/3)8(z+27').

V. POLYMER DENSITY PROFILE
AND SURFACE TENSION

In this section we turn our attention to obtaining explicit
solutions for the segment density profile and surface tension.

A. Polymer density profile

An explicit solution for the polymer segment density
profile is obtained by solvin@g(k) from Eq. (4.16). This
gives

k?RZ— 1+ exp — k2R3)

k* & RE+4 K’ RG—4+4 exp —K°RE) |’

(5.

where the bulk correlation lengttt,=a/(3v ¢)Y2 The
Fourier transform ofS¢e(k) is

¢b &b

~ 4 ¢y, &
Sull= 28 b[

She(Z) f dk 'kZé

4k2—e+¢e exp(— 4k e)
X AT 4K e+ o exp — 4K%s) |
where we have introduced the paramet@s the(square of

the bulk correlation lengthé,, divided by the polymer’s
radius of gyration,

&2
" RZ v N

(5.2

(5.3
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FIG. 2. Polymer segment density profilégh(z)/ ¢y, , as a function ok/Rg

from MC simulations(Ref. 23 (circles with the analytlcal expression in  FIG. 3. Numerical solution fof8(z/Rg)| as a function ofz/Rg (circles);

Eq. (5.4 (solid curve. In the MC simulationsN= 200, a3 ¢,=0.0216; the solid curve is the approximate expression for the asymptotic behavior
Rs/a=9.76; surface interaction strength=1.0 kgT (Ref. 23. In Eq.  (z>Rg) given by Eq.(5.9.

(5.4: v=a% £=0.46; d=(1/3)a/\/6. The inset shows the same polymer

segment density profile on a full scale. The dashed curve i$34).shifted

by a lattice distanca.

Sh(2)= ¢tfb fo dk

005(2k2/5b)} b &b

K+1 | °2md
The segment density profilés(z) thus becomes " de cog2kz/ &) 3 Po éb dt Os( tz)
¢b & 2kz 0 (k2+1)2 A e
s02)= =15 | ake S( £ ) e
b x 1_e_t _tze_t +O 2 (5 5)
4k2_8+sexq_4k2/8) —t —l+t2 (8 )1 .

(5.9

X| 7 2 2|
4k'+4k"—e+eexp—4ke) where we have defined=2kRg /&, . The first two integrals

can be carried out
This expression is our final result for the segment density

profile valid for any chain length. We first investigate Eq. ¢b &p o228 °
(5.4) by comparing it to the segment density profile obtained 6p()=—4— o 8
in MC simulations by de Joannist al?® In Fig. 2, the re-
duced segment densiy$(z)/ ¢y, is shown as a function of _83/2’3(i
z/Rg. For the MC simulationgcircles, the following pa- Rg
rameter values were used: chain lenytk 200, bulk density where we have defined
a% ¢,=0.0216, radius of gyratioRg/a=29.76, and surface
interaction strengtle = 1.0 kg T.% For the evaluation of the 1 (=~
analytical expression in E@5.4) (solid curve, we have set B(x)= Ejo dtcogxt)
v=a? (good solvent which givese=0.46. The relation be-
tween the value ok, and the extrapolation lengtth is less ~ The leading term in Eq(5.6) corresponds to the segment
transparent; we have now seét1/3 in units ofa/\/6. The  density profile in the ground state dominance approximation.
value ofd determines the scale @fp(z) and is chosen such One may verify that this profile indeed satisfies the Euler—
that the depth of the minima for the segment density profile-agrange equation and boundary condition in Eg3).
are approximately equal. Both the leading term and the first correctiondrare
Even though the adsorption strength is quite high in theexponentially decaying functions dff&,; the next term,
MC simulations, Eq(5.4) gives a fair description of the full however, varies as a function bfRs . This means that even
polymer segment density profilinset Fig. 2. Good agree- as this term is subdominant iy at distances much larger
ment is obtained for the “overshoot” of the polymer segmentthan the bulk correlation length, it becomes the dominant
density profile, which may be further improved by shifting contribution}®*?
the density profile by a lattice distanee(dashed curve ¢b & 7
We may further investigate the expression for the seg- 8¢(z)=— 3’23<R—
ment density profile in Eq5.4) by expanding ire<1. Since G
smalle implies largeN, we thus should reproduce the results In Fig. 3, we have plotte@(z/Rg) (circles as a function of
derived previously in the ground state dominancez/Rg.[To showB(z/Rg) on a logarithmic scale the absolute
approximatiot and those by Semenaat all®!° The three value has been takdnOne finds that at large distances,
leading terms in the expansion énof Eq. (5.4) are B(Z/Rg) exhibits anoscillatory behavior. These oscillations

V4
_ e* 22/§b

1+
&b

+0(e?) |, (5.9

1_e—t2_t2 —t2

“Co14t?

(5.7

+0(e?) (z>¢,). (5.9
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FIG. 5. Reduced surface tensiodo/Ao._, as a function of e

mine the exponential decay and the oscillation period of the polymer density=2/(v ¢, N) (solid curve. The dashed curve is the asymptotic expression

profile, respectivelysee Eq(5.11)], as a function ok =2/(v ¢, N).

are also observédlin numerical solutions of the density pro-
file in the Scheutjens and Fleer lattice model for polymers.

It is interesting to further quantify the behavior of the
density profile at large distances>Rg. One may show
that, for largex [see also Eq(118) in Ref. 16,

for Ao given in Eq.(5.16).

B. Surface tension

The surface tension is obtained by inserting the density
profile in Eq. (5.2) into the expression for the free energy
given by Eq.(4.19 [or the density profile in Eq(5.4) into
Eq. (4.20]. However, the expression for the free energy may
be simplified by first using the Euler—Lagrange equation in

X)=Cpe "0*sin(Byx+ x>1), 5.9 y o
A=Co WBox+ao) ( ) 59 Eq. (4.17. Multiplying both sides in Eq(4.17) by 38¢4(2),
where integrating over, and adding the result to the free energy in
Eq. (4.19, one finds

Ao=Im[W(1,—1/e)+1]¥?~2.217792...,

Fe 20  a®¢(0) a215 .
Bo=RedW(1,—1/e)+1]"2~1.682188... AkeT keT 3 d 64 <(0), .12
Co=— LJAZT B2~ — 0.695897... , so that the surface tension is given by

G e S (513
a0=arctaonlBo)%0.921879... ) (51@ kBT 6 d 12d : :

with W(k,x) the LambertW-function?® The polymer density  The first term in this expression is the constant contribution
profile therefore falls as an oscillating exponential on theto the surface tension that remains even when the density
scale of the polymer’s radius of gyration. The asymptoticprofile is equal to the bulk density everywhee(z) = ¢y, .
behavior as given by E@5.9) is shown as the solid curve in To show more directly the influence of polymer adsorption

Fig. 3. on the surface tension, it is therefore convenient to subtract
The asymptotic behavior of the density profile was de-this constant,

termined under the assumption thais small. It is interest-
ing to investigate the asymptotic behavior of the density pro-
file directly from the full expression in Ed5.4). One finds
that also then the density profile is a decaying sinusoid,

Aoc o a2 by a’1

T kT T8 d - 123700 ®19

Insertingz=0 in Eq.(5.4) thus gives for the surface tension,

A a? 1 (=
o ¢b§b_f dk
™ Jo

ke 6
o 4K>—g+eexp —4k?e)
4KA+4K2—e+eexp —4kie)|

This is our final result for the surface tension valid for all
Eq. (5.10. The value of the coefficientd andB were phe- values of the parameter. In Fig. 5, the rescaled surface
nomenologically determined in Ref. 28 by fitting E§.11)  tension,Ac/Ao.—q, is shown as a function ot (solid

to their numerically obtained density profiles. It was foundcurve. As expected, the contribution to the surface tension
that A= 1/0.19/6 =2.1 and B, .= 27/1.5/6=1.7 in  due to polymer adsorption decreases when the polymer chain
excellent agreement with the analytical results in &q10. length becomes shortee ).

BZ+
Re &

Sp(z)xe™ (AZRa) gjn (z>Rg). (5.11)
The coefficientsA and B, that determine the exponential
decay and the oscillation period of the polymer density pro-
file, respectively, depentmoderately on ¢ (see Fig. 4. In

the limit e— 0, A andB are equal to the valuek, andBg in

(5.195
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It is interesting to compare this expression to previous _ 4 ¢, g =
results obtained in the limit of large polymer length. In an d¢.(k;h)=
expansion ine we find for Ag,

o
o
M
@
=
=3
=~

2 2
AO’_ a2 ¢b§b € a2 ) y — L( R 21-2i—eX|:( k R ) ;
KT 12 & 1=3 - B0) e+ 0|, (5.1 k* £8 RE+4 K°R5—4+4 expg —k°R3) |
with ©3
) 5 The back Fourier transform gives the segment density pro-
1 (= [1-e V—t2et file
/3(0)=—J dtf ———————|~0.154042... . :
47 Jo e '—1+¢? By &2 2z
o
(517) 5¢(Z,h) f:)db 2 CO% h )
For ¢=0, the ground state dominance result in the weak A
adsorption limit is recoveretiThe asymptotic formula in Eq. 4 kﬁ— et+eexp —4kﬁ/s)
(5.16) is shown as the dashed curve in Fig. 5. The expansion X2 KT 4K ot e expl—4Kk0s) | (6.9

deviates from the full expression when=1.
where we have defindd,=nw&,/h. This is the final expres-
sion for the segment density profile between two plates at
distanceh valid for all e. One may verify that at infinite
VI. INTERACTION BETWEEN TWO PLANAR separationj—«), the summatiqn reduces tq an_integration
SURFACES and Eq.(6.4) reduces to the previous expression in Exq4).
Again, one may expand the segment density,in

¢ &p | COSH(2z—h)/&y)
sinh(h/ &)

In this section, we consider the density profile and inter-
action energy of two planar surfaces separated at a distanggy(z;h) =
h. This calculation is of particular interest for the description d

of the interaction between colloidal particles mediated by a e[ (h/&,)cosi(2z—h)/&,)
polymer solution. 8 sint?(h/ &)
b
A. Pol densit fil
olymer density profile cosh(2z—h)/&,) — (22/ &)sin( (22— h)/ &)
The calculation presented here is closely related to the + sinh(h/&,)

case of polymer adsorption onto a single planar surface.
Again, it is convenient to extend the polymer density profile ap | 2
(between G<z=h) to the whole space. Here, we extend the - B( Re R
density profileperiodically[see Fig. 1c)]. Instead of a single

delta function, the external potential that induces such a pewhere we have defined
riodic profile is an infinite sum of delta functions. The

+0(e 2)] (6.9

o —2_ 2 —t?
Euler—Lagrange equation for the extended density profile, )= — t 1-e n—thie 6.6
8¢e(z;h), thus becomekcf. Eq. (4.17)], By) :E cogxty) e—tﬁ_lﬂﬁ . 69
f dz' 5l(z';h) z-7' and where,=27n/y. The functionB(x;y) is defined such
4 ¢b “p 2R¢ that it reduces tg@(x) defined in Eq(5.7) wheny—~. The
. leading term in Eq(6.5) is the ground state dominance result
_ a’1 for the polymer density profile between two planar polymer-
=v 0de(zh) — 7 dn :2 (z=nh). 6.0 adsorbing surfaces in the weak adsorption limit.

The total free energy is thdrf. Eq. (4.19],

Fol 0¢e] -1 B. Interaction potential
= dz dz Spe(z;h)S5pa(z;h)
AkeT ~ 8¢,N We now turn to the derivation of the interaction potential
B between two planar surfaces. Consider again the free energy
X ap| == f dZ 6¢e(z;h)1? for the whole system as given by E®.2). Like the surface

tension for the single surface, this expression may be reduced
21 . by first using the Euler—Lagrange equation in E&j1). One

33 > dzpe(z;h)8(z—nh). (6.2  then obtains,

n=—w — 00

. . . . . Fe(h)  a®1

The density profiled¢(z;h) is obtained by solving the =——== E [2dp+ Sde(nh;h)]. (6.7)
v S . A kgT 6 dn=

Euler—Lagrange equation in E@.1). Again, it is convenient
to Fourier transform the Euler—Lagrange equation in Eqfor the free energy of the two-surface system, one therefore
(6.1), and then solve fob¢p.(k;h). One finds has
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F(h) a1 a’1 Uth) F(h) 20

a1
AkBTZ—gaﬁbb—ga&f)(O:h)- (6.9 kB—T=—AkBT—kB—T=—Ea[acﬁ(o;h)—é(ﬁ(o;oo)].
(6.9

The interaction potentidl (h) is defined as the free energy
(per unit arepof the two-surface system with the free energy The interaction potential is obtained by inserting the expres-
at infinite separation subtracted, sion for the density profile given in E@6.4),

_fw dk[ 4K>—g+eexp —4k?e)

h = 4KA+4K2—e+eexp—4k%e)

— o0

uch) a2¢b§b[w§b - [ 4K2—g+ e exp—4k?/e)

keT 6 md? 2 4KI+AKE— e+ exp—4KY e) ” (6.10

An alternative but equivalent expression may be derivedion for 8(x) is derived by replacing the term in square
in terms of the density profile of theingle surface. This brackets in Eq(5.7) with a Gaussian for smatl. The sum-
expression is derived by using the fact that the density profilenation overn is subsequently approximated by an integral,
of the two-surface system is given by the sum of all the

single-surface density profilesg¢(z;h)==,84(z+nh). - (n_h 1 - f‘” S(”_ht )
nleBRG 477[121 0dtco =€

The interaction potential may therefore also be written as G
U(h) a1l i R
=—— =2 J¢(nh - - (3n?n?RE) . _C
keT 3 a0 8y 2 ¢ N TH

2a” ¢ &y i * dkco 2nhk This approximation for intermediate distances is shown as
=1 Jo & the solid curve in Fig. 6. For the full interaction potential in

this region we thus have
4Kk>—g+eexp —4k?e)

X IR 4K e+ 6 exp — 4K75)

- (61D Uth)  ¢pép 1
keT  4d?Nh

(ép<h<Rg). (6.15

This expression, or the equivalent expression in(Bd.0), is
our final result for the interaction potential valid for all ~ The sign of this contribution ipositive indicating that be-

One may expand ie to compare with previous results yond a certain distance the interaction becomesulsive
) This distance is of the order of the bulk correlation length.
U(h) _._a ®b éb 1 At large separation$1> R, the summation oven may
KeT 342 | eEH_1 be limited to the first term onlyz,8(nh/Rg)~ B(h/Rg).
_ The asymptotic behavior gB(x) was previously given in
_ a—2hig
_ (ZhlgP)’Ll € ° Eqg. (5.9 and is shown as the solid curve in Fig. 6. We thus
32 sintf(h/ &) find for the interaction potential,
- nh
—e¥2 3 3(— +0(e?) |. (6.12
n=1 RG

The leading term in Eq6.12 corresponds to the interaction ZB'
potential in the ground state dominance approximation. The *
negative sign indicates that the interaction between two
plates isattractive'®=° E

The leading term and the first correctiondnare expo- 102}
nentially decaying functions dfi/ ¢,; the next term, how-
ever, varies as a function d¢f/Rg. Therefore, at distances
much larger than the bulk correlation length, it becomes the
dominant contribution,

Uh) a¢,¢ ” nh
kB_T: 3(?2 bamgl ﬂ(R—G +0(e?) (h>§&,).

(6.13

In Fig. 6,2,8(nh/Rg) is plotted as a function di/Rg. [To ol <olution fof A nction off
show3, B(nh/Rg) on a logarithmic scale the absolute value F'C: 8 Numerical solution fof=,_,A(nh/Rg)| as a function of/Rs

. . . . ) . (circles; the solid curves are the approximate expressions for the asymptotic
has begn takehOne may identify different regimes, at IN- pehavior in the regiong,<h<Rg andh>Rg, given by Eqs(6.14 and
termediate distanceg,<h<<Rg, an approximate expres- (5.9), respectively.
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coils is tempting, but it should be kept in mind that the poly-
mer coils are still highly entangled forming a transient net-
work of mesh size,.

(h>Rg>&p). (6.16 A similar picture emerges for thmteraction potential
between two polymer-adsorbing surfaces; at close separa-
%ion, the interaction igttractiveand decays exponentially as
h/&,. At a separation of typically a few,, the interaction
becomegepulsiveand then oscillates between an exponen-
tially decreasing attractive/repulsive interaction on a scale
determined byRg . The repulsive interaction was previously
obtained in the context of the two-order parameter mdgel;

with th? numerical valu_e of the coefficients ‘find_B’ tha_t whereas the presence of oscillations on the scalRfvas
determine the exponential decay and the oscillation period Qﬁreviously noted by Semend¥

the interaction potential, given previously in Fig. 4.

Uth)  24yép
keT  d’°NRg

Bgh
CO e (th/RG) Sih( L + (4 %))
Rg

At these large separations, the interaction between two pl
nar surfaces is oscillatoty and falls of exponentially with
h/Rg. This feature is preserved also wherfis not small,

U(h)xe™ (AVRe) sjn

Bh+
R_G o

(h>Rg~&,), (6.17

We have assumed that deviations from bulk behavior are
small—an assumption which holds for weak adsorption, but
which also holds for strong adsorption at large distances. The
VII. DISCUSSION description given for the distal behavior of the density profile
and interaction potential is therefore also valid f&irong

In this article, we have investigated the surface tension; | q ! ivle shift in the di
segment density profile, and interaction potential for polymelpo ymer adsorption, up to a possible shiit in the distance to

adsorbing(planay surfaces. Analytical expressions for thesethe solid s-urface(see, €.g. F'g' R Furthermore, an impor- -
quantities, valid for any polymer length, are derived in thetant benefit from the expressions derived here, is that it is

limit of weakly adsorbing polymers. Particular attention is also possible to investigate the distal behavior of the segment

paid to the behavior of the segment density profile at IargéjenSIty profile and the mteracpon potential wheris not

distances and the interaction potential between two polyme _ma}II. These 'results are especially relevant. when the polymer

adsorbing surfaces at large separations. chain length is not so large or, even whignis large, when
The relevant parameter connected to the polymer chaiH1e bulk polymer concentration is low.

length is the square of the ratio of the bulk correlation length
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