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2. Theory

2.1 Potential energy surfaces

In the treatment of the dynamics of a molecule–surface reaction, the
ground state potential energy surface (PES) arises from the solution of
the electronic Schrödinger equation for the problem, as is done in the
framework of the Born–Oppenheimer approximation,1 which is used
throughout this thesis. The PES for a molecule interacting with a sur-
face can be written as2

𝑉( ⃗𝑟, ⃗𝑞) = 𝑉6D( ⃗𝑟; ⃗𝑞id) + 𝑉coup( ⃗𝑟, ⃗𝑞) + 𝑉strain( ⃗𝑞), (2.1)

where ⃗𝑟 are the molecular degrees of freedom, ⃗𝑞 the surface degrees
of freedom, 𝑉6D( ⃗𝑟; ⃗𝑞id) is the six-dimensional (6D) PES for the system
where the surface atoms are in their ideal positions, 𝑉strain( ⃗𝑞) a correc-
tion term for displacement of surface atoms in absence of the molecule
and 𝑉coup( ⃗𝑟, ⃗𝑞) a further correction term for the displacement of surface
atoms when the molecule is present. This “coupling” potential couples
the motion of the surface atoms and the impinging molecule.

For the case of a molecule interacting with a frozen ideal surface,
only 𝑉6D( ⃗𝑟; ⃗𝑞id) is required. As this approximation is at the basis of
most theoretical surface science studies, also in chapters 4 to 6 of this
thesis, in the remainder of this section the interpolation of 𝑉6D( ⃗𝑟; ⃗𝑞id) is
described. The static corrugation model (SCM) is described in chapter 3.

2.1.1 Corrugation reducing procedure

For the PES of a diatomic molecule interacting with a frozen ideal sur-
face a rather efficient interpolation procedure is available, which is
called the corrugation reducing procedure (CRP).3,4 In the CRP, the
molecule–surface PES is written as

𝑉6D( ⃗𝑟) = 𝐼6D( ⃗𝑟) +
2

∑
𝑖

𝑉3D
𝑖 ( ⃗𝜌𝑖), (2.2)

where ⃗𝑟 are the coordinates of the molecule, 𝑉3D
𝑖 is the atom–surface

potential evaluated for the coordinates ⃗𝜌𝑖 of each atom 𝑖 of the molecule
and 𝐼6D is the so-called interpolation function, which is defined by this
equation. The inclusion of 𝑉3D

𝑖 serves to reduce the corrugation of the
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2.1. Potential energy surfaces

function 𝐼6D compared to 𝑉6D, and 𝐼6D needs to be interpolated in some
way over the molecular coordinates ⃗𝑟. The atom–surface potential can
further be written as

𝑉3D
𝑖 ( ⃗𝜌𝑖) = 𝐼3D

𝑖 ( ⃗𝜌𝑖) +
𝑁

∑
𝑗

𝑉1D(𝑅𝑖𝑗), (2.3)

where 𝑅𝑖𝑗 is the distance between atom 𝑖 of the molecule and atom 𝑗 of
the surface, 𝑉1D a one-dimensional (1D) function which reduces the
corrugation of 𝑉3D

𝑖 , and 𝐼3D
𝑖 another interpolation function which is

defined by this equation and needs to be interpolated over the atomic
coordinates ⃗𝜌𝑖. A common choice for 𝑉1D is the interaction of a hydro-
gen atom above a top layer atom.

By performing these two steps, the corrugation of 𝐼6D is reduced in
the 𝑋, 𝑌, 𝜗 and 𝜑 degrees of freedom with respect to 𝑉6D, allowing
for an easier interpolation.3 Often in CRP potentials an interpolation
scheme is used for 𝐼3D

𝑖 and 𝐼6D which takes into account the symmetry
of the surface. An example of such a scheme, based on the method given
for H2/Cu(100) in reference 4, is described below. It is important to note
that it is, in principle, possible to use other interpolation schemes than
this, and that the interpolation scheme given in section 2.1.2 is clearly
not the only possible scheme.

2.1.2 Symmetry-adapted interpolation

To interpolate 𝐼3D and 𝐼6D (or, if the CRP is not applied, 𝑉3D and 𝑉6D) of-
ten symmetry can be used to lower the number of points needed in the
interpolation. This is because usually a periodic lattice is considered,
with all the surface atoms fixed in their ideal lattice positions. Addi-
tionally, for the interpolation in the plane of the surface, additional
symmetry may be present in the form of, e.g., mirror planes and rota-
tion axes. Furthermore, for the interpolation over the angular degrees
of freedom even more symmetry may be present, when for example
a homonuclear diatomic is considered or when the molecule is above
a high-symmetry site of the surface, where an 𝑛-fold rotation axis is
present. These possibilities are considered in this section and from this
an interpolation scheme is derived which has been reported only for spe-
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cific symmetries in the literature3,4 and is similar to the scheme used to
construct the PES for references 5 and 6.

2.1.2.1 The atom–surface potential

The atom–surface potential only depends on three degrees of freedom:
the lateral coordinates 𝑢 and 𝑣, and the atom–surface distance 𝑧. The
𝑧 coordinate does not exhibit any symmetry due to the presence of
the surface, and as such can be eliminated from the discussion of sym-
metry. As the 𝑢 and 𝑣 coordinates provide two dimensions and the PES
is periodic in these degrees of freedom, the symmetry in these coordin-
ates can be described by a wallpaper group, of which 17 exist.7,8 For
the atom–surface potential, the determination of the wallpaper group
which needs to be used is simple and can be found by considering the
symmetry inherent in the positions of the surface atoms. Periodic basis
functions that satisfy the wallpaper group symmetry and are based
on Fourier expansions have been worked out in the literature for all
of the wallpaper groups.7 In the Fourier expansion, the ⃗𝑟lat = (𝑢, 𝑣)
dependence of the PES is written as

𝑉2D( ⃗𝑟lat) = ∑
𝑘1,𝑘2

𝑞𝑘1,𝑘2
exp(𝑖 ⃗𝑘 ⃗𝑟lat), (2.4)

with ⃗𝑘 = 𝑘1 ⃗𝑏1 + 𝑘2 ⃗𝑏2, ⃗𝑏1 and ⃗𝑏2 the reciprocal lattice vectors, 𝑘1 and
𝑘2 the indices of the basis function and 𝑞𝑘1,𝑘2

the (complex) coefficient
belonging to that basis function. Because 𝑉2D represents a PES, 𝑉2D ∈
ℝ, and it is therefore convenient to rewrite equation (2.4) to use real
coefficients. This is done by

𝑉2D( ⃗𝑟lat) = 𝑎0,0 + ∑
𝑘1,𝑘2≠(0,0)

𝑎𝑘1,𝑘2
cos( ⃗𝑘 ⃗𝑟lat) + 𝑏𝑘1,𝑘2

sin( ⃗𝑘 ⃗𝑟lat). (2.5)

Symmetry adapted basis functions 𝑊𝑗(𝑢, 𝑣) can then be obtained by
considering for which (𝑘1, 𝑘2) terms of equation (2.5) the coefficients are
related by symmetry, and can contain up to twelve terms for the most
symmetric wallpaper group (p6mm).7 The first basis function is always
𝑊0(𝑢, 𝑣) = 1, and the remainder is dependent on the symmetry of the
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2.1. Potential energy surfaces

surface. It is noted that some sine terms will cancel out due to symmetry,
as sin(𝑥) + sin(−𝑥) = 0, and as such, these are discarded.

A simple way to satisfy the constraints on the atom–surface potential
is to first obtain at 𝑁 sites 𝑉atom

𝑖 (𝑧), where 𝑖 is a particular site. This can
easily be achieved by spline interpolation over 𝑧 of a number of points
computed with density functional theory (DFT). When this is known, a
set of 𝑁 basis functions 𝑊𝑗(𝑢, 𝑣) needs to be chosen which are used to
perform the interpolation over 𝑢 and 𝑣. This yields a series of equations
(one for each site at which the potential is known) of the form

𝑁
∑

𝑗
𝑊𝑗(𝑢𝑖, 𝑣𝑖)𝑐𝑗(𝑧) = 𝑉atom

𝑖 (𝑧), (2.6)

with 𝑢𝑖 and 𝑣𝑖 the coordinates for site 𝑖. The above equation can be re-
written as a matrix-vector multiplication

⎛⎜⎜⎜⎜⎜⎜⎜⎜
⎝

𝑊1(𝑢1, 𝑣1) 𝑊2(𝑢1, 𝑣1) … 𝑊𝑁(𝑢1, 𝑣1)
𝑊1(𝑢2, 𝑣2) 𝑊2(𝑢2, 𝑣2) … 𝑊𝑁(𝑢2, 𝑣2)

⋮ ⋮ ⋱ ⋮
𝑊1(𝑢𝑁 , 𝑣𝑁) 𝑊2(𝑢𝑁 , 𝑣𝑁) … 𝑊𝑁(𝑢𝑁 , 𝑣𝑁)

⎞⎟⎟⎟⎟⎟⎟⎟⎟
⎠

⎛⎜⎜⎜⎜⎜⎜⎜⎜
⎝

𝑐1
𝑐2
⋮

𝑐𝑁

⎞⎟⎟⎟⎟⎟⎟⎟⎟
⎠

=
⎛⎜⎜⎜⎜⎜⎜⎜⎜
⎝

𝑉atom
1

𝑉atom
2
⋮

𝑉atom
𝑁

⎞⎟⎟⎟⎟⎟⎟⎟⎟
⎠
(2.7)

or 𝑾 ⃗𝑐 = 𝑉⃗. The coefficients can then be obtained by 𝑾−1𝑉⃗ = ⃗𝑐. Note
that ⃗𝑐 depends on 𝑧 due to 𝑉⃗, but 𝑾 does not depend on 𝑧. The resulting
potential can then be obtained by

𝑉3D(𝑢, 𝑣, 𝑧) =
𝑁

∑
𝑗

𝑊𝑗(𝑢, 𝑣)𝑐𝑗(𝑧). (2.8)

The question which remains is which symmetry adapted basis func-
tions should be used. Once the symmetry of the surface unit cell is
known, and thus the symmetry of the PES is known, the basis func-
tions can be chosen. This procedure is not entirely straightforward, and
care must be taken that the matrix 𝑾 remains invertible, i.e., no linearly
dependent rows may be present. No two basis functions should there-
fore give the same value for all of the geometries at which the potential
is known (aliasing). One particularly important thing to note is that
sometimes a lower order term needs to be discarded because the basis
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function is zero at all (𝑢, 𝑣) positions for which the potential is known.
The choice of the basis set does not only depend on the symmetry of
the surface, but may also depend on the sites at which the potential is
known.

2.1.2.2 The molecule–surface potential

The molecule–surface potential is more difficult to interpolate as more
degrees of freedom are taken into account. Not only does an interpol-
ation need to be performed over 𝑈, 𝑉 and 𝑍, but also over 𝑟, 𝜗 and
𝜑. Similar to the case for the atom–surface potential, no symmetry
can be present in the 𝑍 direction, nor can there be symmetry in the
internal coordinate 𝑟. The angular degrees of freedom 𝜗 and 𝜑 do show
symmetry. Using the usual spherical coordinate system with the po-
lar angle 𝜗 between 0° and 180°, and the azimuthal angle 𝜑 between
0° and 360°, 𝑉6D(𝜗, 𝜑) = 𝑉6D(180° − 𝜗, 𝜑 + 180°) for homonuclear
diatomic molecules like H2. The symmetry in 𝜑 depends on whether
a homonuclear diatomic is considered, but also on the presence of
mirror planes and rotation axes. For a homonuclear diatomic with
𝜗 = 90°, 𝑉6D(𝜗 = 90°, 𝜑) = 𝑉6D(𝜗 = 90°, 𝜑 + 180°). If the center
of mass of the molecule is above a mirror plane, for some value of
𝜑0, 𝑉6D(𝜑 − 𝜑0) = 𝑉6D(𝜑0 − 𝜑) and 𝑉6D is even around 𝜑 = 𝜑0.
If the center of mass of a molecule is above a 𝑛-fold rotation axis,
𝑉6D(𝜑) = 𝑉6D(𝜑 + 360°/𝑛).

As a first step, the interpolation over 𝑍 and 𝑟 is performed for each
two-dimensional (2D) cut using a 2D cubic spline interpolation. Then,
at each site, the interpolation over 𝜑 is performed for each individual
value of 𝜗. For this interpolation the first 𝑁 terms of the Fourier expan-
sion are used, with 𝑁 the number of values of 𝜑 for which the potential
is known. The first few terms of this expansion, if a mirror plane passes
through the point (𝑈, 𝑉), are

1, cos (𝑛𝜑 − 𝜑0) , cos (2𝑛𝜑 − 𝜑0) , … , (2.9)

with 𝑛 the order of the rotational axis present at this site and 𝜑0 the 𝜑
orientation at which the molecule is aligned with the mirror plane. If
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2.2. Density functional theory

no mirror plane passes through this point, the first terms are

1, cos (𝑛𝜑) , sin (𝑛𝜑) , cos (2𝑛𝜑) , sin (2𝑛𝜑) , … . (2.10)

Note that in case of a homonuclear molecule that is parallel to the sur-
face (𝜗 = 90°), an additional twofold rotational symmetry is present in
𝜑 and this should be taken into account in 𝑛. The interpolation over 𝜗 is
then performed, in which again an interpolation over the first 𝑁 terms
of the Fourier expansion is done. In this case, the basis is given by

1, cos (𝑛𝜗) , sin (𝑛𝜗) , cos (2𝑛𝜗) , sin (2𝑛𝜗) , … , (2.11)

with 𝑛 equal to 2 for a homonuclear molecule and 𝑛 equal to 1 for a
heteronuclear molecule.

Finally, the interpolation over 𝑈 and 𝑉 needs to be performed. In
the interpolation over 𝑈 and 𝑉 the symmetry of 𝜑 also needs to be taken
into account. In a formal derivation from group theory this would res-
ult in a basis set of direct products of functions in 𝜑 and functions in
𝑈 and 𝑉. This can, however, also be taken into account by mapping
𝑉4D(𝑍, 𝑟, 𝜗, 𝜑) to all positions in the surface unit cell and then interpol-
ating over 𝑈 and 𝑉 with a Fourier expansion similar to the one given in
equation (2.5).3,4 In this case the symmetry is imposed by applying the
symmetry operators on the data rather than the basis functions. The
interpolation over 𝑈 and 𝑉 is then based on p1 symmetry (only transla-
tion), because if the interpolation is done for a fixed 𝜑, only for 𝜗 = 0°
a higher symmetry than p1 is present. In order for the final PES to have
the correct symmetry, all terms belonging to a particular “order” (i.e., a
symmetry-adapted basis function for the symmetry group of the atom–
surface PES) need to be taken into account separately in the p1 interpol-
ation. If this is not possible due to the number of points on which the
potential is known, some of these terms may need to be combined.

2.2 Density functional theory

In order to obtain the potential energy for a particular geometry, which
needs to be done for many geometries to compute a PES, an electronic
structure method is needed. An efficient method to compute single
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points for the PES is DFT.9,10 In DFT, in contrast to other electronic struc-
ture methods, the potential energy is written as a functional of the elec-
tron density 𝑛( ⃗𝑟) of the system, instead of computing it from a wave
function. As a result, the potential energy can be computed rather ef-
ficiently, as the electron density in a system with 𝑁 electrons only de-
pends on three degrees of freedom, and the method scales as 𝑁3 instead
of the 𝑁𝑚 scaling with 𝑚 ≥ 4 for wave function based methods.

Hohenberg and Kohn9 showed that for a system of electrons in an
external potential the ground state wave function is a unique functional
of 𝑛( ⃗𝑟). It was also shown that DFT is in principle variational, i.e., the
application of the Hamiltonian to an electron density which is not equi-
valent to the ground state electron density will result in a higher energy
than the ground state energy.

In the DFT method proposed by Kohn and Sham,10 a fictitious sys-
tem consisting of non-interacting electrons in an effective external po-
tential is considered. By comparing this fictitious system to the interact-
ing system, the Schrödinger equation for the interacting system can be
formulated as a set of 𝑁 single-electron equations, often referred to as
the Kohn–Sham equations,

[−∇2

2 + 𝑉KS( ⃗𝑟)] 𝜙𝑖( ⃗𝑟) = 𝜖𝑖𝜙𝑖( ⃗𝑟), (2.12)

in which the first term represents the kinetic energy of the electron, and
the second term the interactions between the electron and the other
particles, called the Kohn–Sham potential 𝑉KS. The electron density of
the system can be computed by

𝑛( ⃗𝑟) =
𝑁

∑
𝑖=1

∣𝜙𝑖( ⃗𝑟)∣2 (2.13)

and the Kohn–Sham potential is given by

𝑉KS( ⃗𝑟) = 𝑉ext( ⃗𝑟) + 𝑉H( ⃗𝑟) + 𝑉XC( ⃗𝑟), (2.14)

in which 𝑉ext( ⃗𝑟) is the external potential, 𝑉H is the Hartree (Coulomb)
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potential, given by

𝑉H( ⃗𝑟) = ∫ 𝑛( ⃗𝑟′)
∣ ⃗𝑟 − ⃗𝑟′∣

d ⃗𝑟′, (2.15)

and 𝑉XC the exchange–correlation (XC) potential, given by

𝑉XC( ⃗𝑟) = 𝛿𝐸XC [𝑛]
𝛿𝑛( ⃗𝑟) , (2.16)

which represents the error made by the use of the classical Coulomb po-
tential and the kinetic energy of the system of non-interacting electrons.
The XC functional 𝐸XC is not known exactly and is therefore approxim-
ated in practical calculations. These approximations are discussed in
the next section.

2.2.1 The exchange–correlation functional

The unknown part of the complete density functional is called the XC
functional, and it is clear that, because this part of the functional is not
known exactly, the quality of practical applications of DFT depends
strongly on the form of the XC functional that is chosen for a calcula-
tion. The simplest reasonable approximation is called the local density
approximation (LDA), where the XC functional is written as10

𝐸LDA
XC [𝑛] = ∫ 𝑛( ⃗𝑟)𝜖LDA

XC (𝑛( ⃗𝑟))d ⃗𝑟, (2.17)

in which 𝑛( ⃗𝑟) is the electron density, and 𝜖LDA
XC is a function which de-

pends only locally on the density. In the LDA, the assumption is there-
fore made that the XC energy of a system only depends locally on the
electron density. For the LDA, conventionally the result from the ho-
mogeneous electron gas (HEG) is taken, which has an exact solution for
the exchange energy, but needs to be approximated for the correlation
energy:

𝜖LDA
XC (𝑛( ⃗𝑟)) = 𝜖HEG

X (𝑛( ⃗𝑟)) + 𝜖LDA
C (𝑛( ⃗𝑟)), (2.18)

in which 𝜖HEG
X is given by

𝜖HEG
X (𝑛( ⃗𝑟)) = −3

4 (3𝑛( ⃗𝑟)
𝜋 )

1/3
. (2.19)
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Approximations for the HEG correlation energy are mostly based on
Quantum Monte Carlo data by Ceperley and Alder.11 Several popular
approximations for the LDA correlation functional are given in refer-
ences 12–14. Although LDA functionals work rather well for solids and
in particular metals, a less good performance is to be expected for sys-
tems which have an electron density far away from the HEG, such as
molecules.15 The interaction of molecules with a surface is similarly not
well described: for various strongly activated H2–metal surface systems
no or only a very small barrier to dissociation is found.16–18

The next level of approximations is the generalized gradient approx-
imation (GGA).19,20 In the GGA, the XC energy is still evaluated point-
wise as in the LDA, but instead of the functional depending pointwise
on the electron density (𝑛) only, the gradient of the electron density (∇𝑛)
is added into the functional,

𝐸GGA
XC [𝑛] = ∫ 𝑛( ⃗𝑟)𝜖GGA

XC (𝑛( ⃗𝑟), ∇𝑛( ⃗𝑟))d ⃗𝑟. (2.20)

Such a functional is often called a semi-local functional due to the added
density gradient dependence. Many semi-local functionals are written
using so-called exchange or exchange–correlation enhancement factors:

𝜖GGA
𝑋(𝐶)(𝑛( ⃗𝑟), ∇𝑛( ⃗𝑟)) = 𝐹𝑋(𝐶)(𝑛( ⃗𝑟), ∇𝑛( ⃗𝑟))𝜖LDA

𝑋 (𝑛( ⃗𝑟)), (2.21)

where 𝐹𝑋(𝐶) is the exchange(–correlation) enhancement factor. The ex-
change enhancement factor 𝐹𝑋 is commonly written as a function of the
reduced density gradient 𝑠:

𝑠 =
∣∇𝑛( ⃗𝑟)∣

2𝑘𝐹( ⃗𝑟)𝑛( ⃗𝑟) =
∣∇𝑛( ⃗𝑟)∣

2(3𝜋2)1/3𝑛4/3( ⃗𝑟)
. (2.22)

Equation (2.21) provides a large amount of freedom, even if known con-
straints21,22 on the XC energy are taken into account.23,24 The number of
GGA functionals that exist in the literature are therefore considerable,
and libraries have been created to easily evaluate such functionals.25 In
figure 2.1 the exchange enhancement factor is shown for several popular
exchange functionals.
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Figure 2.1 Exchange enhancement factor for several popular GGA exchange
functionals.

In surface science, the PW9121 (or the similar PBE22) and RPBE23 XC
functionals are rather popular. The PBE and RPBE XC functionals only
differ in the exchange functional, which for PBE is determined by

𝐹𝑋(𝑠) = 1 + 𝜅 − 𝜅
1 + 𝜇𝑠2/𝜅

(2.23)

and for RPBE by

𝐹𝑋(𝑠) = 1 + 𝜅 (1 − e−𝜇𝑠2/𝜅) . (2.24)

In PBE and RPBE, the parameter 𝜅 is chosen in such a way that the Lieb–
Oxford bound26 is locally (and therefore also globally) satisfied.22,27 𝜇
is chosen to reproduce the LDA linear response by cancelling with cor-
relation.22

For molecule–metal surface interactions, the GGA works consider-
ably better16–18 than the LDA, as also indicated by the wide variety of
PESs computed with such methods that are described in the literature
(e.g., references 5, 28–32). Unfortunately, however, for solids the GGA
does not always yield improvements. Only if GGA functionals specific-
ally constructed to describe solids are used a good description of solids
is obtained.33
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Improving beyond the GGA can be done in many ways, but not all
methods are feasible at present for computing a PES for a molecule in-
teracting with a metal surface. The next step on the “Jacob’s ladder”
proposed by Perdew and Schmidt34 is the meta-generalized gradient ap-
proximation (meta-GGA). In the meta-GGA, apart from the gradient of
the density, also the kinetic energy density and/or the Laplacian of the
density is added. One advantage for surface science is that a meta-GGA
can, using the added variables, better distinguish between molecules
and solids, as illustrated by the revTPSS functional.35 It is possible to
go even further, although it is not immediately apparent whether in all
cases the application of such functionals to molecule–surface reactions
is feasible. For example, the next step on the ladder is the “hyper-GGA”,
of which hybrid functionals such as B3LYP are an example.34 In these
functionals, Hartree-Fock exchange is added into the functional, which
makes the computational cost for molecule–surface reactions consider-
able and unfeasible at present for a whole PES.

It is important to note that long range interactions such as van der
Waals effects are not (properly) described when local or semi-local (i.e.,
up to meta-GGA level) functionals are used. Various methods36 have
been used to overcome this problem, some more and some less applic-
able to problems involving metal surfaces. A popular method is the
DFT-D3 method by Grimme et al.,37 in which a pairwise potential based
on 𝐶6 coefficients computed from time-dependent density functional
theory (TD-DFT) is added, in contrast to earlier methods,38,39 where
(semi)empirical values were used. Tkatchenko and Scheffler40 have re-
ported a method where 𝐶6 coefficients are obtained from the mean-field
ground state electron density. Other approaches are also possible. Dion
et al.41 have reported a “seamless” non-local XC functional (vdW-DF)
that can describe van der Waals systems. Since then, other functionals
have been reported42–49 that attempt to improve over the original vdW-
DF functional, by either changing the exchange functional, the correla-
tion functional or both. The computational method of Román-Pérez and
Soler50 has allowed the vdW-DF41 and vdW-DF245 correlation function-
als to be evaluated self-consistently.
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2.3. Quasi-classical dynamics

2.2.2 Periodic DFT using a plane wave basis set

When performing calculations of molecules on a periodic metal surface,
the periodicity of the surface needs to be taken into account in order to
avoid “edge” effects. One way of avoiding this is to use a sufficiently
large cluster of surface atoms. Such calculations however quickly be-
come expensive with the increased number of electrons. Another ap-
proach is to build the periodicity into the DFT calculation, by using
a periodic basis set. For this basis set, plane waves are used and this
method is then commonly referred to as plane wave DFT.

Although using plane waves as a basis has many upsides, there are
also some downsides. First of all, generally a large number of plane
waves are needed. Second, the entire simulation cell (including the ad-
sorbate) is repeated, and not only the surface itself. This effect can be
made arbitrarily small by enlarging the simulation cell so that the cov-
erage of the surface can be decreased systematically. Finally, increas-
ing the vacuum size in between two mirror images of a slab is penal-
ized because more plane waves are needed. A plane wave expansion
is however in other ways advantageous. For example, the basis set can
be systematically improved with a single parameter and converting the
wave functions between real space and momentum space can be done
efficiently using fast Fourier transforms (FFTs).

2.3 Quasi-classical dynamics

In order to understand and compare to experimental measurements, dy-
namical properties need to be computed. In this thesis primarily the
quasi-classical trajectory (QCT) method51 is used for this purpose. In
the QCT method, dynamical properties are obtained by computing tra-
jectories for an ensemble of initial conditions. Each trajectory is propag-
ated for a particular time until an outcome has been determined for this
trajectory, such as dissociative chemisorption or scattering. When all
the trajectories have been computed, reaction and scattering probabil-
ities are obtained by counting how many trajectories show a particular
outcome.
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2.3.1 Initial conditions

In order to perform (quasi-)classical dynamics calculations initial posi-
tions and velocities are needed, as well as the mass of the particles. For
H2 dissociation on a metal surface the initial positions and velocities
can be determined rather easily. The H2 molecule is initially placed far
away from the surface, where the potential does not depend on 𝑍, with
a particular velocity towards the surface that corresponds to the per-
pendicular incidence energy 𝐸⊥. A random impact site is chosen and, if
off-normal incidence is considered, a velocity vector is set up matching
constraints from the parallel incidence energy 𝐸∥ or the polar incidence
angle 𝜗𝑖 and the azimuthal incidence angle 𝜑𝑖. The orientation of the
molecule 𝜗 and 𝜑 is randomly chosen based on the selected rotational
state, with the initial angular momentum 𝐿 of the molecule fixed by
𝐿 = √𝐽(𝐽 + 1)ℏ and the orientation of the angular momentum vector
chosen randomly with the constraint cos 𝜗𝐿 = 𝑚𝐽/√𝐽(𝐽 + 1), where 𝜗𝐿
is the angle between the angular momentum vector and the surface nor-
mal, and 𝑚𝐽 is the magnetic rotational quantum number. To take into
account the zero-point energy (ZPE) of the H2 molecule, the vibrational
states of the molecule are calculated using the Fourier grid Hamiltonian
method.52 The H2 molecule is initially given the amount of energy as-
sociated with a particular vibrational state by randomly sampling pos-
itions and momenta from a 1D classical dynamics calculation of the vi-
brating molecule, in which the total energy is equivalent to the energy
of the selected vibrational state.

2.3.2 Propagation

To integrate the equations of motion, two different propagators are
used. For the ab initio molecular dynamics (AIMD) calculations using
the VASP code,53–56 the leapfrog algorithm implemented in VASP was
used. In the leapfrog algorithm, the representation of the velocities
is staggered by half a time step compared to the representation of the
positions. The positions are updated by

⃗𝑥 (𝑡 + Δ𝑡) = ⃗𝑥 (𝑡) + ⃗𝑣 (𝑡 + Δ𝑡/2) Δ𝑡, (2.25)
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and the velocities by

⃗𝑣 (𝑡 + Δ𝑡/2) = ⃗𝑣 (𝑡 − Δ𝑡/2) + ⃗𝑎(𝑡)Δ𝑡, (2.26)

where the accelerations are computed from the forces 𝐹 at time 𝑡. It is
noted that this particular propagator is closely related to the Velocity
Verlet propagator, where the velocities and positions are taken at the
same time and can be evaluated by

⃗𝑣 (𝑡 + Δ𝑡/2) = ⃗𝑣(𝑡) + ⃗𝑎(𝑡)Δ𝑡/2 (2.27)
⃗𝑥 (𝑡 + Δ𝑡) = ⃗𝑥(𝑡) + ⃗𝑣 (𝑡 + Δ𝑡/2) Δ𝑡 (2.28)
⃗𝑣 (𝑡 + Δ𝑡) = ⃗𝑣 (𝑡 + Δ𝑡/2) + ⃗𝑎(𝑡 + Δ𝑡)Δ𝑡/2. (2.29)

It is noted here that equations (2.25) and (2.28) are equivalent, while
substituting equation (2.29), with the substitution 𝑡 → 𝑡 − Δ𝑡, into
equation (2.27) gives equation (2.26). The Velocity Verlet and leapfrog
algorithms are therefore the same.57 The advantage of the leapfrog
algorithm is that with 𝑛 force evaluations 𝑛 time steps can be made,
whereas with the Velocity Verlet algorithm the 𝑛th time step cannot
be completed as equation (2.29) cannot be evaluated for the 𝑛th step
without performing one extra force evaluation.

In the classical dynamics based on the CRP interpolated PESs, the ex-
trapolation method by Stoer and Bulirsch58 was used. In this method
successively smaller time steps are used. This information is then used
to extrapolate to an infinitely small time step.

2.3.3 Analysis

In a trajectory the molecule is considered to have reacted when the H–H
distance 𝑟 first reaches a particular value. A molecule is considered to
have scattered when the molecule is far away from the surface, where no
interaction is present, and also has a momentum away from the surface.
After a certain amount of time 𝑡cut, if neither event has occurred, the
molecule is considered to be trapped.

The reaction probability 𝑃𝑟 can then be obtained from

𝑃𝑟 = 𝑁𝑟/𝑁total, (2.30)
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where 𝑁𝑟 is the number of reacted trajectories and 𝑁total the total num-
ber of trajectories. Additional observables can be computed with the
methods described in section 2.5. It should be noted that in quasi-
classical dynamics certain observables, such as molecular beam sticking
probabilities or degeneracy-averaged reaction probabilities, can also be
computed by imposing specific initial conditions. In these cases 𝑃𝑟 rep-
resents that particular observable, rather than the fully state-resolved
reaction probability.

2.4 Quantum dynamics

A full description of the theory of quantum dynamics for a molecule–
surface reaction is beyond the scope of this thesis. The interested reader
is referred to reference 59.

For the quantum dynamics calculations a time-dependent wave
packet (TDWP)60,61 method was used. To represent the wave packet
in 𝑍, 𝑟, 𝑋 and 𝑌, a discrete variable representation (DVR)62 was used,
and to represent the wave packet in the angular degrees of freedom,
a finite base representation (FBR)63,64 was used. To transform the
wave function from the FBR space to the DVR space, and vice versa,
FFTs65 and discrete associated Gauss–Legendre transforms63,64 were
used. To propagate the wave packet according to the time dependent
Schrödinger equation, the split operator method66 is used. The initial
wave packet is placed far away from the surface, where only a negligibly
small interaction is present, and is written as a product of a Gaussian
wave packet for motion perpendicular to the surface, plane waves for
motion parallel to the surface and a rovibrational wave function de-
scribing the initial state of the molecule.61 The reflected wave packet
is analysed using the scattering amplitude formalism67–69 at 𝑍 = 𝑍∞,
yielding S-matrix elements for state-to-state scattering. For large 𝑟 or
𝑍, optical potentials70 are used to absorb the reacted (𝑟) or analysed
(𝑍) wave packet. Scattering probabilities were obtained from S-matrix
elements over the entire range of energies present in the wave packet.
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The fully initial state-resolved reaction probability is defined as

𝑃𝑟(𝜈, 𝐽, 𝑚𝐽) = 1 − ∑
𝜈′,𝐽′,𝑚′

𝐽 ,
𝑛,𝑚

𝑃scat(𝜈, 𝐽, 𝑚𝐽 → 𝜈′, 𝐽′, 𝑚′
𝐽 , 𝑛, 𝑚), (2.31)

where 𝑃scat(𝜈, 𝐽, 𝑚𝐽 → 𝜈′, 𝐽′, 𝑚′
𝐽 , 𝑛, 𝑚) are the state to state scattering

probabilities, 𝜈 (𝜈′), 𝐽 (𝐽′), 𝑚𝐽 (𝑚′
𝐽) the initial (final) vibrational, rota-

tional and magnetic rotational quantum numbers, respectively, and 𝑛
and 𝑚 the quantum numbers for diffraction.

2.5 Computation of observables

2.5.1 Initial state-resolved reaction probability

Degeneracy averaged reaction probabilities 𝑃deg can be computed by

𝑃deg(𝜈, 𝐽) =
𝐽

∑
𝑚𝐽=0

(2 − 𝛿𝑚𝐽0) 𝑃𝑟(𝜈, 𝐽, 𝑚𝐽)/(2𝐽 + 1), (2.32)

in which 𝑃𝑟 is the fully initial state-resolved reaction probability and 𝛿
the Kronecker delta.

2.5.2 Rotational quadrupole alignment

The rotational quadrupole alignment parameter is a measure of the de-
pendence of the reaction on the orientation of the molecule with respect
to the surface. It can be written as

𝐴(2)
0 = ⟨3 cos2 𝜗𝐿 − 1⟩ , (2.33)

in which 𝜗𝐿 is the angle between the angular momentum vector and the
surface normal. It can also be computed as71

𝐴(2)
0 (𝜈, 𝐽) =

∑𝑚𝐽
𝑃𝑟(𝜈, 𝐽, 𝑚𝐽) ( 3𝑚𝐽

2

𝐽(𝐽+1) − 1)

∑𝑚𝐽
𝑃𝑟(𝜈, 𝐽, 𝑚𝐽)

. (2.34)
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2.5.3 Molecular beam sticking probabilities

The molecular beams used in experiments to measure sticking probab-
ilities do generally not consist of molecules in a single state with one
specific amount of energy. The experimental distributions should there-
fore be taken into account when comparing theoretical results to ex-
perimental data. The experimental conditions are taken into account
in two steps. First, the initial state-resolved reaction probabilities are
Boltzmann averaged over the rovibrational states populated in the mo-
lecular beam. Second, the experimental spread of incidence energies is
taken into account. The first point is addressed by

𝑅mono(𝐸trans; 𝑇n) = ∑
𝜈,𝐽

𝐹𝐵(𝜈, 𝐽; 𝑇n)𝑃deg(𝐸trans, 𝜈, 𝐽). (2.35)

𝑅mono is the mono-energetic reaction probability averaged over all states
present in the molecular beam obtained with a nozzle temperature 𝑇n.
The reaction probability of each state is weighed with the Boltzmann
factor

𝐹𝐵(𝜈, 𝐽; 𝑇n) = 𝑤(𝐽)𝐹(𝜈, 𝐽; 𝑇n)
∑

𝜈′,𝐽′≡𝐽 (mod 2)
𝐹(𝜈′, 𝐽′; 𝑇n)

, (2.36)

in which

𝐹(𝜈, 𝐽; 𝑇n) = (2𝐽 + 1) exp (−𝐸vib(𝜈, 𝐽)/(𝑘𝐵𝑇n))
⋅ exp (−𝐸rot(𝜈, 𝐽)/(0.8 ⋅ 𝑘𝐵𝑇n)) . (2.37)

In equation (2.36) the summation runs only over the values of 𝐽′ that
have the same parity as 𝐽. 𝐸vib and 𝐸rot are the vibrational and rota-
tional energy, respectively, of the (𝜈, 𝐽) state and 𝑘𝐵 is the Boltzmann
constant. In these equations, it is assumed that the rotational temperat-
ure of the molecules in the beam is lower than the nozzle temperature
(𝑇rot = 0.8⋅𝑇n).72 It is also assumed that the fractions of ortho- and para-
H2 and D2 are equivalent to the high temperature limit, given by 𝑤(𝐽).
This is usually the case in experiments, as the gas cylinder is stored at
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room temperature and conversion of ortho- and para-hydrogen does
not happen on the time scale of the experiment. For H2, 𝑤(𝐽) is equal to
1/4 for even 𝐽 and 3/4 for odd 𝐽. For D2, 𝑤(𝐽) is equal to 2/3 for even 𝐽
and 1/3 for odd 𝐽.

The mono-energetic reaction probability is then averaged over the
translational energy distribution by6

𝑅beam =
∫∞

0 𝑓 (𝑣𝑖; 𝑇n)𝑅mono(𝐸trans; 𝑇n)d𝑣𝑖

∫∞
0 𝑓 (𝑣𝑖; 𝑇n)d𝑣𝑖

. (2.38)

In this equation 𝑓 is the flux weighted velocity distribution, which is
given by73,74

𝑓 (𝑣𝑖; 𝑇n)d𝑣𝑖 = 𝐶𝑣𝑖
3 exp [−(𝑣𝑖 − 𝑣0)2/𝛼2] d𝑣𝑖. (2.39)

In equation (2.39) 𝐶 is a constant, 𝑣𝑖 the velocity of the molecule, 𝑣0 is the
stream velocity and 𝛼 is a parameter describing the width of the velocity
distribution.

2.5.4 Vibrational efficacy

The vibrational efficacy is a measure of how “efficiently” vibrational en-
ergy can be used to promote reaction relative to (normal) translational
energy.75,76 It can be computed by

𝜒𝜈(𝐽) = 𝐸0(𝜈 = 0, 𝐽) − 𝐸0(𝜈 = 1, 𝐽)
𝐸vib(𝜈 = 1, 𝐽) − 𝐸vib(𝜈 = 0, 𝐽) = Δ𝐸0

Δ𝐸vib
, (2.40)

in which 𝐸vib(𝜈, 𝐽) is the vibrational energy corresponding to a particu-
lar state of the gas-phase molecule and 𝐸0(𝜈, 𝐽) is the energy for which
𝑃𝑟(𝐸0; 𝜈, 𝐽) = 𝑃𝑟,0(𝜈, 𝐽), where 𝑃𝑟,0(𝜈, 𝐽) is a particular value of the reac-
tion probability. This reaction probability is commonly taken to be half
the saturation value of the reaction probability.75 In calculations often
the convention is used that 𝑃𝑟,0(𝜈 = 0, 𝐽) = 𝑃𝑟,0(𝜈 = 1, 𝐽). This con-
vention may differ from the one often used by experimentalists if the
saturation values differ for 𝜈 = 0 and 𝜈 = 1, or if a 𝑃𝑟,0 is selected that
does not correspond to half the saturation value for any 𝜈.
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2.5.5 Diffraction probabilities

In chapter 4 a comparison is made between experimental and theoret-
ical diffraction probabilities. To compare with the experimental diffrac-
tion probabilities,77 first rovibrationally elastic diffraction probabilities
were computed by

𝑃𝑛𝑚(𝜈, 𝐽, 𝑚𝐽) =
𝐽

∑
𝑚𝐽″=0

( (2 − 𝛿𝑚𝐽″0) ⋅ (2.41)

𝑃scat(𝜈, 𝐽, 𝑚𝐽 → 𝜈′ = 𝜈, 𝐽′ = 𝐽, 𝑚𝐽
″, 𝑛, 𝑚)),

where 𝑃𝑛𝑚 is the rovibrationally elastic probability for scattering into
the diffraction state denoted by the 𝑛 and 𝑚 quantum numbers. These
probabilities are then degeneracy averaged by

𝑃𝑛𝑚(𝜈, 𝐽) =
𝐽

∑
𝑚𝐽=−𝐽

𝑃𝑛𝑚(𝜈, 𝐽, 𝑚𝐽)/(2𝐽 + 1). (2.42)

Because in experiments mostly 𝐽 = 0 and 𝐽 = 1 H2 were present with
a narrow energy distribution,77,78 in particular at the lowest incidence
energies, a reasonable approximation should be the use of a beam of
cold 𝑛-H2 (25 % 𝐽 = 0, 75 % 𝐽 = 1) with a monochromatic energy. In the
calculations performed in chapter 4 this approximation is made.
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