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Introduction.

One of the most pleasant ways to familiarize oneself with the basic language of abstract

algebraic geometry is to study Galois theory for schemes. In these notes we prove the main

theorem of this theory, assuming äs known only the most fundamental properties of schemes.

The first five sections of Hartshorne's book [10], Chapter II, contain more than we need.

The main theory of Galois theory for schemes classifies the finite etale coverings of a

connected scheme X in terms of the fundamental group π(Χ) of X. After the main theorem

has been proved, we treat a few elementary examples; but a systematic discussion of the

existing techniques to calculate the fundamental group falls outside the scope of these notes.

For a precise Statement of the theorem that we shall prove we refer to Section 1. Here

we give an informal explanation.

We first consider the case of topological spaces. Let Χ, Υ be topological spaces, and

/ : Υ —> X a continuous map. We call / : Υ —> X a trivial covering if Υ may be identified

with X x E for some discrete set E, in such a way that / becomes the projection Χ χ E —> X

on the first coordinate. The map / is said to be a covering of X if it is locally a trivial

covering, i.e. if X can be covered by open sets U for which / : f~l(U] —> U is a trivial

covering. An example of a non-trivial covering is suggested in Figure 1.

Figure l

This is an example of a finite covering, i.e. for each χ e X the set /-1(χ) C Υ is finite.

We call #f~'L(x) the degree of the covering at x; so the covering of Figure l has everywhere

degree 2. A map from a covering / : Υ —>· X to a covering g : Z —* X is a continuous map

h : Υ -» Z for which / = gh.

Υ -Α, ζ

f\ /9

X

If X satisfies certain conditions then all coverings of X can be described by means of the

fundamental group π(Χ) of X. Suppose first that X is pathwise connected, and fix XQ G X.
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Then π(Χ) is defined to be the group of homotopy classes of paths in X from x0 to x0. It is

a theorem from algebraic topology that if X is connected, locally pathwise connected, and

semilocally simply connected (see [8;19]), the fundamental group π(Χ) classifies all coverings

of X, in the following sense. There is a one-to-one correspondence between coverings of X,

up to isomorphism, and sets that are provided with an action of the group 7r(JT), also up to

isomorphism. This correspondence is such that maps between coverings give rise to maps

between the corresponding sets that respect the 7r(̂ i)-action, and conversely. In other words,

the category of coverings of X is equivalent to the category of sets provided with an action

οίπ(Χ).

There exist similar theories for wider classes of spaces, see [19, Notes to Chapter V]. In

these theories the fundamental group is not defined with paths, but the existence of a group

for which the coverings of X admit the above description is proved. This group is then

defined to be the fundamental group of X.

A particularly wide class of spaces X can be treated if one only wishes to classify the

finite coverings of X. For this it suffices that X is connected, i.e. has exactly one connected

component. (In these notes the empty space is not considered to be connected.) For any

connected space X there is a topological group π(Χ) such that the category of finite coverings

of X is equivalent to the category of finite discrete sets provided with a continuous action

of π(Χ). This result, which is difficult to locate in the literature [2], is treated in detail in

these notes (see (1.15)), because of the close analogy with the case of schemes.

To find an analogue of the notion of a finite covering for schemes, one could repeat the

definition given above. The only changes are that / : Υ —> X should be a morphism of

schemes, and that E should be finite. This is, however, not the "correct" definition. Not

only does it give nothing new (Exercise 5.22(a)), but it is too restrictive in the sense that

many topological coverings cease to be coverings if one passes to the direct scheme-theoretic

analogue. To illustrate this, and to show how finite etale coverings are more general, we

consider an example.

Define g G C[U, V] by g = V3 + 2V2 - 15V - 4t/, and let C be the curve {(u, v) € C χ C :

g(u,v) = 0}. We consider the map / : C —»· C sending (u, v) to u. Some real points of C

and their images under / in E are drawn in Figure 2. For each u e C, the number #f~~l(u)

of points mapping to u is the number of zeros of g(u, V) = V3 + W2 — 15V — 4u, and this

is 3 unless the discriminant of g(u, V) vanishes. This discriminant equals —432u2 + 2288it +

14400 = -16(27w + 100)(u-9), so #f~l(u) = 3 for u e C-{-100/27, 9}. From this it can

be deduced that / becomes a covering if points with u = —100/27 or u = 9 are removed;

i.e., if X = C - {-100/27, 9} and Υ = f~l[X] C C then / : Υ -» X is a finite covering of

topological spaces, and the degree is 3 everywhere.



The scheme-theoretic analogue is äs follows. The scheme corresponding to X is Spec

A, where A = C[U, ((27C7 + 100)([7 - 9))-1], and Υ corresponds to Spec 5, where B =

A[V]/gA[V]. The morphism Spec B —* Spec A is not locally a trivial covering in the same

way äs this is true for the topological spaces. To see this, one looks at the generic point ξ

of Spec A. Its local ring is the field of fractions Q(Ä) = C(U) of A, and the fibre of Spec

B —» Spec A over ξ is the spectrum of Q(B}. That is a cubic field extension of Q(A), so

Spec Q(B] —> Spec Q(Ä) is not a "trivial covering", and Spec B —» Spec A is not "trivial"

in a neighborhood of £.

Figure 2
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It is true that Spec B — »· Spec A is a fimte etale covenng The precise definition of this

notion is given m Section l Translatmg this definition in concrete terms, one finds that the

local "triviahty" condition from the topological definition has been replaced by an analogous

algebraic condition, namely that a certam d^scnm^nant does not vanish locally (cf Exercises

l 3 and l 6) In our topological example we saw that the existence of three pomts of Υ

mapping to u was imphed by the non-vamshmg of the discnmmant at u, for u G X

In the seheme-theoretic example this is still true if one restricts to closed pomts u G

Spec A, smce these have an algebraically closed residue class field C, but the non-closed

pomt u = ξ has a residue class field C({7) that is not algebraically closed, and there is only

one pomt of Spec B that maps to ξ, to compensate for this it is "three times äs large" in

the sense that its residue class field is a cubic extension of C(f7)

The algebraic nature of the definition of "fimte etale" makes it also work well for fields

different from C, which is not the case for the topological definition To illustrate this we

wnte, for a subfield K C C

YK = Yn(KxK} = {(u,v}<EK xK g(u,v} = 0, M £ {-100/27, 9}} ,

Xk = ΧΠΚ = K- (-100/27, 9} ,

AK = [̂ί7,((27ί/ + 100)(t/ -9))-1],

B κ = AKv/gAK[V] ,

with g = V3 + 2V2 - 15V - 4Z7 äs above

Consider first K = R The map YR — *· XR (see Figure 2) is still a covenng, but it

does not have degree 3 everywhere, at pomts u with u > 9 or u < —100/27 the degree is

one The algebraic definition, however, takes the "mvisible pomts" mto account, and Spec

B«. — » Spec A®, is a fimte etale covenng that has everywhere degree 3 (The degree is defined

m Section 5 )

For K — Q, the map YK — » XK is not even a covenng any more u = 0 has three Originals

in YQ, but u = l/n has none, fern 6 Z, n -φ 0 The morpmsm Spec BK — » Spec AK, however,

is a fimte etale covering for K = Q, and m fact for every subfield K" of C

The mam theorem to be proved m these notes asserts that for a connected scheine X the

fimte etale covermgs of X can be classified m precisely the same way äs the fimte covenngs

of a connected topological space A precise Statement of the theorem is given m Section l,

see 111 If X is the spectrum of a field, the theorem is essentially a reformulation of the

classical Galois theory for fields The connection is explamed m detail m Section 2 Section

3 contams an axiomatic treatment of the sort of categones that we are mterested in The

proof of the theorem is thereby reduced to the verification of the axioms For the case of



finite coverings of a connected topological space this verificatiou is already done in Section

3, by way of example. The "affine" Information that we need for the proof of the theorem

is assembled in Section 4, and Section 5 contains the proof of the theorem. In Section 6 we

show that the definitions we use are equivalent to those found in the literature, and we prove

a theorem that enables us to treat some very elementary examples. The reader who wishes

to see examples of greater interest is encouraged to go on and read [20, Chapter I, §5;9;22].

It is a natural question how to classify the finite etale coverings (or finite coverings) of

a scheme (or topological space) X that is not connected. If, topologically, X is the disjoint

union of its connected components, then such a classification is easily derived from our main

theorem, cf. [9, Expose V, numero 9]. For the case of an affine scheme, see [18]. The general

case, however, seems not to have been dealt with.

Prerequisites and conventions.

Sets. By φ8 we denote the cardinality of a set 5.

Topology. Topological spaces are not assumed to be Hausdorff. The empty space is not

connected.

Categories and functors. Only a very basic familiarity with these notions is assumed.

Most terms from category theory are defined where they are needed. See also [12].

Commutative algebra. Rings are always assumed to be commutative with l, except in

Exercises 1.18 and 4.40. The unit element is preserved by all ring homomorphisms, belongs

to all subrings, and acts äs the identity on all modules. The group of units of a ring A is

denoted by A*. If A is a ring, an A-algebra is a ring B equipped with a ring homomorphism

A —> B. Everything we need from commutative algebra can be found in [1]. Projective

modules, which are not in [1], are treated in Section 4.

Fields. We assume familiarity with ordinary finite Galois theory for fields. Infinite Galois

theory is treated in Section 2. Several examples and exercises make use of valuation theory

and algebraic number theory; see [5],[l7],[26].

Scheines. Everything we need about schemes can be found in [10, Chapter II, Sections

1-5]. Schemes need not be separated, and are not assumed to be locally noetherian. The

empt} scheme is not connected.

Some exercises need more background. Appropriate references will then be given.



l Statement of the niain theorem

In this section we state the main theorem to be proved in these notes, and we discuss the

relationship with algebraic topology.

1.1 Free modules

Let A be a ring and M a module over A. A collection of elements (wl)ml of M is called

a basis of M (over A] if for every χ G M there is a unique collection (ot)m/ of elements of

A such that a% ~ 0 for all but finitely many ι G / and χ = Σί£/ ô . If M has a basis it

is called free (over A). If A is not the zero ring and M is free with basis (wl)ini, then the

cardinality #/ only depends on M, and not on the choice of the basis (Exercise 1.1). It is

called the rank of M over A, notation: rankyi(M). If M is a finitely generated free module

then the rank is finite (Exercise 1.1).

Let M be a finitely generated free A-module with basis wit u>2, · · · , wn and let / : M — ·> M

be .Α-linear. Then

for certain al:; G A, and the trace Tr(/) of / is defined by

Tr(/) =

ί=1

This is an element of A that only depends on /, and not on the choice of the basis (see 4.8,

or Exercise 1.2). It is easily checked that the map Tr : Hom^M, M) — > A is linear.

1.2 Separable algebras

Let A be a ring, B an A-algebra, and suppose that B is finitely generated and free äs an

A-module. For every b G B the map m^ : B — > £? defined by m&(x) = 6x is Α-linear, and

the trace Tr(6) or ΎΪΒ/Α$) is defined to be Tr(m&). The map Tr: £? — > A is easily seen to be

Α-linear and to satisfy Tr(o) — rank^-B) · α for α G A.

The A-module Hom^-B, A) is clearly free over A with the same rank äs B. Define the A-

linear map φ : B — > HoniA(ß, A) by (<j)(x)}(y} = Tr(xy), for x, y G -ß. If 0 is an isomorphism

we call J3 separable over A, or a /ree separable A-algebra if we wish to stress the condition

that B is finitely generated and free äs an A-module. See Exercise 1.3 for a reformulation of

this definition. In 4.13 and 6.10 we shall define the notion of separability for wider classes

of A-algebras.
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1.3 Examples

For any integer n ̂  0 the A-algebra An, with component-wise ring operations, is clearly a

free separable A-algebra. If A — Z there are no others (see 1.12 and 6.18), and the same

thing is true if A is an algebraically closed field (see Theorem 2.7). Generally, if K is a field,

then the free separable ΛΓ-algebras are precisely the Ä'-algebras of the form Yll=1 Bt, where

each Bl is a finite separable field extension of K in the sense of Galois theory,a nd i i> 0, see

Theorem 2 7. Further examples are found in Exercises 1.5 and 1.6.

1.4 Finite etale morphism

A morphism / : Υ —*· X of schemes is finite etale if there exists a covering of X by open

affine subsets Ul = Spec A, such that for each t the open subscheme /~1(ί/ί) of F is affine,

and equal to Spec B%, where jBt is a free separable A-algebra. In this Situation we also say

that / : Υ —·» X is a finite etale covering of X.

In 6.9 we shall see that this definition is equivalent to the one found in the literature.

Note that a finite etale morphism is finite [10, Chaptei II, Section 3], so for every open

affine subset U = Spec A of X the open subscheme f~l(U] of Υ is affine, f~l(U] = Spec B,

where 5 is a finitely generated A-module. However, in this Situation B need not be free äs

an A-module, but it is projective, see Section 4 and 5.2.

1.5 Examples

For any non-negative integer n and any scheme X, the disjoint union X JJ X [] ·.. JJ Jf of

n copies of X, with the obvious morphism to X, is easily seen to be a finite etale covering

of X, Again it is true that for X = Spec Z there are no others (see 1.12 and 6.18). If

X = Spec K, where K is a field, the finite etale coverings Υ —> X are precisely given by

y = JJ*=l Spec Bn with ̂  and i äs in 1.3. If X = Spec A, where A is the ring of algebraic

integers in an algebraic number field K, then the finite etale coverings Υ -» X are precisely

given by Υ = TJ*=] Spec A, where i ̂  0 and where for each ι the ring A is the ring of

algebraic integers in a finite extension K% of K that is unramified at all non-zero prime

ideals of A, see 6.18.

1.6 Morphisms of coverings

A morphism from a finite etale covering / : Υ —> X to a finite etale covering g : Z —> X is

a morphism of schemes h : Υ —> Z for which / = gh. This notion enables us to speak of the

category of finite etale coverings ofX, for any fixed scheme X, notation FEtx.



Our main theorem will describe this category for connected X. (Connected means for

us that the space of X has exactly one connected component; m particular X = 0 is not

connected.)

1.7 Projective limits

A partially ordered set / is called directed if for any two z, j € / there exists k G / satisfying

k ̂  ι and k ̂  j. A projective system consists of a directed partially ordered set /, a collection

of sets (5Ί)ιε/ and a collection of maps (fv : 5t —> Ŝ )̂ /, t>, satisfying the conditions

/„ = (identity on 5Ί) for each ι e /,

ΛΑ = /jfc ° /tj for a11 *, j, fc E J with z^j^k.

The projective limit of such a system, notation

lim 5l or lim 5Ί

*~ i6/

(the maps /y are usually clear from the context) is defined by

lim S; = {(z,),g/ G JJS, : /„(a;,) = ̂  for all t,j € I with ι ̂ j} .

*~ ie/

If all Sl are groups, or rings, or modules over a ring A, and all /y are group homomorphisms,

or ring homomorphisms, or A-module homomorphisms, then lim^_ St is a group, or a ring,

or an A-module. Likewise, if all Sl are topological spaces, then lim̂  Sl can be made into a

topological space by giving f]l£/ St the product topology and lim^_ Sl the relative topology.

1.8 Profinite groups

Let /, ̂)ie./·, (/lj)t,Je/, iäj be a projective system in which the wt are ̂nzie groups and the

/13 group homomorphisms. then π = lim̂  -κ% is a group, and if each ΊΪ% is endowed with the

discrete topology then π is a topological space, by 1.7. In fact, ττ is a topological group in

the sense that the maps ττ χ ττ —> π, (a;,y) t—> £$/ and ττ —> π, χ ι—* χ"1, are continuous.

Α topological group that arises in this way is called a profimte group. Profinite groups are

compact (Exercise 1.9(a)) and totally disconnected; it can be proved that conversely every

compact totally disconnected topological group is profinite (see [5, Chapter V, Theorem l}}.

A homomorphism of profinite groups is a continuous group homomorphism. An isomorphism

is a homomorphismwith a two-sided inverse that is again a homomorphism. Since each

continuous bijection from a compact space to a Hausdorff space is a homeomorphism, each

bijective homomorphismis an isomorphism.



1.9 Examples

Let G be an arbitrary group, and / the collection of normal subgroups of finite index of G.

Let / be partially ordered by N ̂  N' & N C N'. Then the collection of groups (G/N)NeI

gives rise to a projective System of finite groups, the transition maps G/N — > G /N' (for

N ̂  N') being the canonical homomorphisms. Hence G = lim<_ G/N is a profinite group,

and it is called the profinite completion of G. In particular we have

n>0

the set of positive integers being partially ordered by divisibility. Since each Z/nZ is a ring,

Z is in fact a profinite ring (definition obvious).

Next let p be a prime number, and / the set of positive integers, totally ordered in

the usual way. Then (Z/pnZ)n>0, with the obvious transition maps Z/pnZ — » Z/pmZ (for

n ̂  m), is a projective System, and

is a profinite group. It is in fact a profinite ring, the ring of p-adic integers.

Other important examples of profinite groups occur in infinite Galois theory, see Theorem

2.2.

1.10 Group actions

Let G be a group. An action (on the left) of G on a set E is said to be trivial if ae — e for

all σ 6 G, e 6 E, and free if σε ̂  e for all σ ζ G, σ ̂  l and all e E E. It is said to be

transitive if E has exactly one orbit under G; in particular E is then non-empty.

A G-set is a set E equipped with an action of G on E. A morphism from a G-set E to

a G-set E' is a map / : E — » E' satisfying /(σε) = σ/(ε) for all σ e G and e E E. This

enables us to speak about the category of G-sets.

If E is a G-set we write EG = {e e E : σε = e for all σ e G}.

Next let π be a profinite group. A ττ-set is a set E equipped with an action of π on E

that is continuous in the sense that the map π χ Ε — > E defining the action is continuous,

if E has the discrete topology and π χ Ε the product topology. (See Exercise 1.19 for a

reformulation.) A morphism of ττ-sets is defined äs above, and the category of finite ττ-sets

is denoted by ττ-sets.

We are now able to formulate the main theorem of Galois theory for schemes.
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1.11 Main Theorem Let X be a connected scheme. Then there exists a profimte

group 7Γ, umquely determined up to isomorphism, such that the category F_Etx of fimte etale

covermgs of X is equivalent to the category π -sets of fimte sets on whichn acts continuously.

This theorem will be proved in 5.25. The profinite group π occurring in the theoreni is

called the fundamental group of X, notation: π(Χ).

1.12 Examples

The disjoint union of n copies of X corresponds, under the equivalence in 1.11, to a finite

set of n elements on which π acts trivially. The fact that for X = Spec Z there are no other

finite etale coverings of X is thus expressed by the group 7r(Spec Z) being trivial. The same

is true for /r(Spec K], where K is an algebraically closed field. More generally, if K is an

arbitrary field, then yr(Spec K) is the Galois group of the separable closure of K over K, see

2.4 and 2.9. In this case we will prove Theorem 1.11 (except for the uniqueness Statement)

in Section 2, where we shall see that the theorem is only a reformulation of classical Galois

theory. In particular, π (Spec K) = Z if K is a finite field (see 2.5).

Next let X = Spec A, where A is the ring of integers in an algebraic number field K.

Then TrpsT) is the Galois group of M over K, where M is the maximal algebraic extension of

K that is unramified at all non-zero prime ideals of A. More generally, if α e A, a ̂  0, then

yr(Spec -A[^j) is the Galois group, over K , of the maximal algebraic extension of K that is

unramified at all non-zero prime ideals of A not dividing a. These facts will be proved in

6.18.

If p is a prime number, then 7r(Spec Z» p) = Z, see 6.18. More examples will be given in

1.16 and 6.24.

1.13 The topological fundamental group

In the introduction we defined coverings of a topological space X, and maps between such

coverings. This leads to the category of coverings of X. If X satisfies certain conditions then

this category has a description analogous to the one given in 1.11, äs follows.

For χ G X, the fundamental group π(Χ,χ] is the group of homotopy classes of closed

paths through X; see [8],[19] for details. Now suppose that X is connected, locally pathwise

connected, and semilocally simply connected; the last condition means that every χ e X has

a neighborhood U such that the natural map π (U, x] —» π(Χ,χ) is trivial. Then the group

π(Χ, x) is independent of the choice of χ G X, up to isomorphism, and denoting it by π(Χ)

we have the following theorem.

10



1.14 Theorem Lei X be a topological space satisfying the above condztzons. Then the

category of covenngs of X ts eqmvalent to the category ofn(X)-sets.

For the proof of this theorem we refer to [8, Chapitre IX, numero 6], [19, Chapter V].

The analogy with 1.11 is not complete: the fundamental group π(Χ) has no topology,

and the 7r(X)-sets need not be finite, As was said in the introduction, one obtains a much

closer analogy by only considering fimte coverings.

1.15 Theorem Lei X be a connected topological space. Then there exists a profimte

group π(Χ], umquely deterrmned up to isomorphism, such that the category of fimte covenngs

of X ts eqmvalent to the category 7rpi)-sets of fimte sets on which π(Χ) acts contmuously.

The proof of this theorem is given in 3.10.

Theorem 1.15 is weaker than 1.14 in the sense that it only classifies fimte coverings of

X, but it does so for a much wider class of topological spaces.

If X satisfies the conditions stated just before 1.14, then the group π(Χ] from 1.15 is the

profinite completion of the fundamental group π(Χ) occurring in 1.14, see Exercise 1.24.

The analogy between 1.11 and 1.15 is more than formal. If X is a nonsingular variety

over C, and Xh is the associated complex analytic space (see [10, Appendix B]), then the

algebraically defined fundamental group π(Χ] from Theorem 1.11 is isomorphic to the topo-

logically defined fundamental group Tt(Xh) from Theorem 1.15, which in turn is the profinite

completion of the classical fundamental group from 1.14. (See [10, p.442] and [20, pp.40 &

118] for references.) This opens the possibility to calculate the algebraic fundamental group

by topological means. This connection can even be used to calculate fundamental groups of

schemes in characteristic p (see [9], [22] and the discussion in [20, Chapter I, Section 5]).

1.16 Example

If K is a field, then π(Ρ̂ ) = ?r(Spec K], where P̂  denotes the projective line over K. If

moreover char(Ä) = 0, then also 7Γ(Α̂ ) = ?r(Spec K), where A^ is the affine line over K.

(See 6.22 and 6.23.) For K = C, this shows that ττ(Ρ̂ ) and ττ(Α£) are both trivial. This is

consistent with the above remarks, since the associated complex analytic spaces are simply

connected, nence have a trivial fundamental group.

11



Exercises for Section l

1.1 Let A be a ring, A ̂  0, and M an A-module with basis (tüj)l€/.

(a) Prove that there is a ring homomorphism from A to a field k, and that

#/ = dinifcM (g> A A;.

(b) Suppose that M is a finitely generated A-module. Prove that #/ is finite.

1.2 (a) Let u>i, w%, . . . , wn be a basis for M over A, and

li?Wj G M (l ̂  z ̂  n)

with αυ G A. Prove: νι,νζ, . . . ,vn is a basis for M over

(b) The trace Tr((7) of an n x n-matrix (7 = (cl3)i<li:i<n over A is defined by

Prove that

Tr(OD) = Tr(DC) ,

1) - Tr(C)

for n x ?i-matrices C, D, E over A with det(E) £ A*.

(c) Prove that the trace of an A-endomorphism of a finitely generated free module, äs

defined in 1.1, is independent of the choice of the basis.

1.3 Let B be an A-algebra that is finitely generated and free äs an A-module,

with basis wi,Wz, · · · , wn. Prove B is separable over A >̂ det(Tr(wjtüJ))1<jJ<n) G A*.

1.4 Let B be a free separable A-algebra, A' an A-algebra, and B1 = B <8u A'. Prove that

B' is a free separable A'-algebra.

1.5 Let K be an algebraic number field with discriminant Δ and ring of integers A. Prove

that A[̂ ] is a free separable Z[̂ ]-algebra.

1.6 (a) Let α G A. Prove that A[X]/(X'2 — a) is a free separable A-algebra if and only if

2α G A*.

(b) Let, more generally, / G A[X] be a monic polynomial. Prove that A[X]/(f) is a

free separable A-algebra if and only if the discriminant Δ(/) of / belongs to A*.
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1.7 Suppose that the scheme X is the disjoint union of two schemes Χ', Χ". Prove that the

category FEtx is equivalent to a suitably defined "product category" FEtx, x FEtx„ .

1.8 Let S — lim,- Sz be a projective limit äs in 1.7, and define for each j G / the projection

map I3 : S -> S3 by /7((xl)l€/) = £r Prove that the System (S', (/j)je/) has the

following "universal property".

(i) fi3°fi = fi for alH,.? <E /with ϊ rgj;

(ii) if T is a set and (<?,, : T — > S3)3̂ j is a collection of maps satisfying /y o gl = g3 (for

all z, j G / with z ̂  j?) then there is a unique map g : T -̂  S such that g3 = fj o g for

all je/.

Prove further that this universal property characterizes (5, (/j)̂ e/) in the following

sense: if S" is a set and (/j : S' — > S3}3€i a collection of maps satisfying the analogues

of (i),(ü), then there is a unique bijection f : S' —* S such that f'3 — f3 o f for all

je/.

1.9 Let the notation be äs in 1.7, and S = lim<_ 5Ί.

(a) Suppose that all sets Sl are endowed with a compact Hausdorff topology, that all

ST, are non-empty and that all maps fl3 are continuous. Prove that S is non-empty and

compact. [Hmt: Apply Tikhonov's theorem.]

(b) Suppose that all sets 3τ are fimte and non-empty. Prove that S ̂  0.

(c) Suppose that / is countable, that all Sl are non-empty, and that all maps ft3 are

surjective. Prove that S ̂  0.

(d) Let / be the collection of all finite subsets of R, and let / be partially ordered

by inclusion. For each ι G /, let Sr be the set of mjective maps φ : ι — »· Z, and let

y : Q% _> 5̂  (for j C z) map ^ to its restrictions <j)\j. Prove that this defines a

projective eystem in which all St are non-empty and all fl3 are surjective, but that the

projective limit S is empty.

1.10 Prove: If ττ̂  is a profinite group for each j in a set J, then Hjeĵ  is a profinite

group.

1.11 (Open and closed subgroups of profinite groups.) Let ττ = lim^TTj C Πίε*71"*

be a profinite group, with all πτ finite groups, and f3 : π — >· π^ the projection maps äs

in Exercise 1.8, for j E I. Let further π' C π be a subgroup.

(a) Prove π' is open <̂  π' is closed and of finite index <4> 3j e J : ker f3 C ττ'.
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(b) Prove π' is closed 4Φ π' there is a System of subgroups (pl C Trjig/ with π' =

π Π (ILe/Ρί) (inside ILei71"«) ̂  there *s a System of subgroups (pt C 7Tj)ie/ with

vr' = π Π (Hie/Pi} an(̂  f°r which in addition flj[pl] = p3 for all i,j £ I with ι ̂ j>.

(c) Prove that π' is profinite if it is closed.

(d) Suppose that π' is a closed normal subgroup. Prove that ττ/ττ', with the quotient

topology, is profinite.

1.12 (a) Let G be a group, and G its profinite completion. Prove that there is a natural

group homomorphism/ : G —> G for which f[G] is dense in G.

(b) Prove: if G is a free group, then the natural map / : G —> G from (a) is injective.

(c) Let G = (a,b,c,d : aba~1 = b2, bcb~1 = c2, cdc~~1 = d2, dad~l — a2). Prove that G is

infinite and that G is trivial (see [24, 1.1.4]).

1.13 Let p be a prime number, and Zp the ring of p-adic integers defined in 1.9. Prove:

(a) Z; = Zp-pZp;

(b) each α 6 Zp — {0} can be uniquely written in the form α = upn with w 6 Z*,

n e Z, n ̂  0;

(c) Zp is a local domain with residue class field Fp.

1.14 Prove that there is an isomorphism Z = f3 prime Zp of topological rings

(definition obvious).

1.15 Let ZHJ = limZ/10nZ.

n§l

(a) Prove that each α e ZIQ has a unique representation α = Σ™=0 c„10n with

cne{0,l,...,9}.

(b) Prove that there exists a unique continuous function v : Z10 —> M such that

ü(a) = (number of factors 2 in a)"1 for each positive integer a.

(c) Let (an)̂ L0 be a sequence of positive integers not divisible by 10 such that the

number of factors 2 in an tends to infinity for n —*· oo. Prove that the sum of the digits

of an in the decimal System tends to infinity for n —» oo.

1.16 (a) Prove that each α G Z has a unique representation α = Ŷ =1 cnn\ with

cn E {0,1,. ..,n}.
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(b) Let b G Z, b ̂  0, and define the sequence (an)̂ =0 of non- negative integers by

a0 = b, an+i = 2an. Prove that (an)̂ =o converges in Z, and that lim.̂ ™̂ e Z is

independent of b.

(c) Let α = limn_oo an äs in (b), and write α = Σ̂  cnn\ äs in (1). Compute cn for

i <; n ̂  10.

1.17 A subset J of a partially ordered set / is called cofinal if Vi G / : Bj £ J : j ̂  i.

(a) Prove: if J is a cofinal subset of a directed partially ordered set, then J is directed.

(b) Let the notation be äs in 1.7, and let J C / be a cofinal subset. Prove that there

is a canonical bijection lim S., = lim 3τ.

(c) Prove that Z = lim Z/n!Z.

n>0

1.18 (Compact rings are profinite.) In this exercise, rings are not necessarily commu-

tative. Let R be a compact Hausdorff topological ring with 1. It is the purpose of this

exercise to show that R is a profinite ring.

(a) For an open neighborhood U of 0 in R, let V = {x E R : R x R C U}. Prove that

V is Ά neighborhood of 0 in R. If moreover U is an additive subgroup of R, prove that

V is an open two-sided ideal of R.

(b) Let χ : R -> M/Z be a continuous group homomorphism. Prove that ker χ is open

in R. [Eint: Choose U in (a) such that x[U] C M/Z contains no non-trivial subgroup

of M/Z.]

(c) Derive from (b) that the open additive subgroups U form a neighborhood base

for 0 in R (see [11, Theorems 24.26 and 7.7]) and that the same is true for the open

two-sided ideals.

(d) Conclude that R = lim̂ .R/V, the limit ranging over the open two-sided ideals

V C R, and that R is profinite.

1.19 Let π be a profinite group acting on a set E. Prove that the action is continuous if

and only if for each e G E the stabilizer ττβ = {σ € π : ae = e} is open in vr, and for

finite E if and only if the kernel π' = (σ e π : σε = e for all e 6 E} of the action is

open in π.

1.20 Let G be a group with profinite completion G. Prove that the category of finite

G-sets is equivalent to the category G-sets.
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1.21 (a) Prove that the category Ζ,-sets is equivalent to the category whose objects are

pairs (E, σ), with E a finite set and σ a permutation of E, a morphism from (E, σ) to

(E1, σ') being a map / : E — > E' satisfying /σ = σ' f.

(b) Construct a profinite group π containing Z äs a closed normal subgroup of index

2, such that the category π-sets is equivalent to the category whose objects are triples

(E, σ, r), with E a finite set and σ and r permutations of E for which σ2 = r2 = id̂ ,

a morphismfrom (£?, σ, r) to (E', σ', r') being a map / : J5 — > E" satisfying /σ = σ'/

and /r = r'/.

1.22 Let p be a prime number. Prove that ?r(Spec Z[]) is infinite.

1.23 Let A be the ring of integers of an algebraic number field K. The narrow ideal class

group C* of K is the group of fractional A-ideals modulo the subgroup {Aa : a e

K*, σ (a) > 0 for every field homomorphisnur : K — > R}. Let π = vr(Spec A), and

denote by π' the closure of the commutator subgroup of π. Prove that ττ/π' = C*.

[Hint: Use class field theory [5], [17].]

1.24 Let it be given that under the equivalence of categories in 1.14 finite coverings and

finite sets correspond to each other. Deduce from this and Exercise 1.20 that the

profinite group π(Χ) occurring in 1.15 is the profinite completion of the group π(Χ]

occurring in 1.14, if X is äs in 1.14.

1.25 Let X be the topological space {0, l, 2, 3},

the open sets being 0, {0}, {2}, (0, 2}, {0, l, 2}, {0, 3, 2}, X.

Prove that π(Χ) = Z.

1.26 (a) Let π be a profinite group such that x2 — l for all χ Ε π. Prove that ττ = (Z/2Z)n

for a uniquely determined cardinal number n, which is equal to the Z/2Z-dimension

of the group of continuous group homomorphisms π — > Z/2Z.

(b) Let G be the additive group of a Z/2Z-vector space of dimension k, where k is an

infinite cardinal. Prove that G = (Z/2Z)2k äs profinite groups.

(c) Construct a profinite group that is not isomorphic to the profinite completion of

any abstract group.

1.27 Let X be an infinite topological space whose closed sets are exactly the finite subsets

of X and X itself.
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(a) Prove that every covering of X is trivial (see the Introduction), that X is connected,

and that the group π(Χ) from 1.15 is trivial.

(b) Suppose that X is countable. Prove that X is not pathwise connected.

(c) Suppose that φΧ ̂  #R. Prove that X is locally pathwise connected and semilo-

cally simply connected, and that π(Χ) is trivial.

1.28 Let X be an irreducible topological space. Prove that the group π(Χ) from 1.15 is

trivial.

1.29 Put A = Z[<v/=3], B = Z[X]/(X4 + X2 + 1) and β = (X mod X4 + X2 + 1) e ß.

View B äs an A-algebra via the ring homomorphism.A — > B mapping >/— 3 to β — ß~l.

Prove that B is a free separable A-algebra.

1.30 Let p be a prime number, ττ the profinite group Πη>ι ̂/Pn̂ ) and ττ' C ττ the closure

of the subgroup generated by (l mod pn}̂ =i.

(a) Prove that π' = Zp äs profinite groups, and that π' is a pttre subgroup of ττ; i.e.

ΤΤΪΤΓ' = π' Π τηττ for all m e Z.

(b) Prove that there is an isomorphisnrTr = ττ' χ (ττ/π') of abstract groups. [Hint: First

look at finitely generated subgroups of ττ/π', next use compactness of ττ.]

(c) Prove that ττ and π' χ (ττ/ττ') are not isomorphic äs profinite groups.
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2 Galois theory for fields

In this section we explain the connection between the Main Theorem 1.1 and classical Galois

theory for fields. We denote by K a field. It is our purpose to show that the category of free

separable /i-algebras is anti-equivalent to the category of finite ττ-sets, for a certain profmite

group 7Γ. This is a special case of the Main Theorem, with X = Spec K. In the general

proof we shall use the contents of this section only for algebraically closed K. In that case,

which is much simpler, the group π is trivial, so that the category of finite ττ-sets is just the

category of finite sets.

We assume, in this section, familiarity with the theory of finite Galois extensions of fields.

2.1 Infinite Galois theory

Let K C L be a field extension. We call K C L a Galois extension if K C L is algebraic and

there exists a subgroup G C Aut(L) such that K — LG; here we use the notation LG from

1.10. If K C L is a Galois extension we define the Galois group Gsl(L/K) to be Aut̂ (L);

then we have K = LGal(W.

Let K be a fixed algebraic closure of K. If F C K[X] — {0} is any collection of non-zero

polynomials, the Splitting field of F over K is the subfield of K generated by K and the

zeros of the polynomials in F. We recall that / G K[X] — {0} is called separable if it has no

multiple zero in K, and that a E K is called separable over K if the irreducible polynomial of

a over K is separable. We denote this irreducible polynomial by /£. Let L be a subfield of

K containing K. We call L separable over K if each α G L is separable over K, and normal

over K if for each a E L the polynomial /£ splits completely in linear factors in L[X].

2.2 Theorem Let K be a field, and L a subfield of K containing K. Denote by I

the sei of subfields E of L for which E is a finite Galois extension of K . Then I , when

partially ordered by inclusion, is a directed partially ordered set. Moreover, the following

four assertwns are eqmvalent:

(i) L is a Galois eqmvalent of K ;

(ii) L is normal and separable over K;

(iii) There is a set F C K[X] — {0} of separable polynomials such that L is the sphttmg

field of F over K;

(iv) \JEeI
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Finally, if these conditions are saüsfied, then there is a group isomorphism

Gal(L/K) ̂ limGal(F//<).

E&I

Remark. The projective limit, in the final assertion, is defined with respect to the

natural restriction maps Gal(E/K) -> Gal(E'/K), for E, E' e I, E' C E. Since the groups

Gel(E/K), for E E I are finite, the isomorphism in the theorem shows that Gal(L/K) may

be considered äs a profinite group, äs we shall do in the sequel. In particular, G&l(L/K) is

compact and Hausdorff. The topology on Gal(L/K) is called the Krull topology (Wolfgang

Krull, German mathematician, 1899-1971). See Exercise 2.3(a) for a different description of

this topology.

Proof of 2.2. If E, E1 G / then E E1 e 7 so / is directed.

(i) =Φ> (ii) Suppose that K C L is Galois, with group G. Let a E L. Since a is algebraic

over K, the orbit Ga of a under G is finite. The polynomial g = fl/seGâ  ~ 0) has

coefficients in LG = K, and g (ex) = 0, so 5 is divisible by /£. Since # splits completely into

linear factors in L[Jf], and has no multiple zeros, the same is true for /£. (It is in fact easy

to see that g = /£.) Therefore L is normal and separable over K.

(ii) => (iii) Simply take F = {/£ : α G L}.

(iii) => (iv) For every finite set F' C F, the Splitting field of F' over Ä" belongs to /. The

union of the fields in / obtained in this way is the Splitting field of F over K, which is L.

(iv) => (i) It suffices to construct, for each a e L - K, an element r e Aut̂ (L) for which

τ(α) ̂  a. Choose EQ 6 / with a. G EQ. Since EQ is finite Galois over K, there exists

p G Gal(EO/-ftT) with p(a) ̂ a. Because K is an algebraic closure of EQ, the Jf-isomorphism

p : EQ -̂  F/o can be extended to a K-isomorphism σ : K ̂  K. For each F e / we have

aF = F, since F is Galois over K. But L = Uße/ -#> so also σ^ = ^> and r = ̂ |L is now

the required /T-automorphism of L with τ (a) ̂  a.

To prove the final assertion, we map Gal(L/K) to limGal(F/̂ ) by sending σ to (σ\Ε)Ε€ΐ.

Bei

It is straightforward to verify that this is a well-defined group isomorphism. This proves

Theorem 2.2.
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2.3 Main theorem of Galois theory. Let K C L be a Galois extension offields

with Galois group G. Then the mtermediate fields of K C L correspond bijectively to the

closed subgroups ofG. More precisely, the maps {E : Eis a subfield of L containing K}{H :

H is a closed subgroup of G} defined by

-H
φ(Ε] = AutB(L) , ψ(Η} = L

are bijective and inverse to each other. This correspondence reverses the inclusion relatwns,

K corresponds to G and L to {id̂ }. // E corresponds to H, then we have

(a) K C E is finite 4=> H is open; and [E : K] = mdex[G : H] if H is open;

(b) E C L is Galois with Gal(L/E) = H (äs topological groups);

(c) σ [E] corresponds to σΗσ~ι, for every σ 6 G;

(d) K C E is Galois <£> H is a normal subgroup ofG; and Gal(E/K) = G/ H (äs topological

groups) if K C E is Galois.

Proof. Let first E be an mtermediate field. Since K C L is normal and separable, the

same is true for E C L, so E C L is Galois and we can speak about Gsl(L/E}. Using that

the sets

Ua>F = (r G G : r\F = σ F} C G , for σ € G, F C L, #F < oo ,

form a base for the open sets of G, and similarly for Gal(L/J5), one easily sees that the

inclusion map Gal(L/.E) — > G is continuous. It follows that the image is compact, hence

closed in G, so that the map φ is well defined. Also, since E C L is Galois we have

LGol(L/E) = E) so ψφ(Ε̂  = E

Next let H C G be a closed subgroup, E = ψ(Η] = LH ', and J = φφ(Η] = Autß(L).

We wish to prove that H = J. The inclusion H C J is obvious. Conversely, let σ e J. In

order to prove that σ & H it suffices to show that σ is in the closure of H, which is H itself;

in other words, given a finite subset F C L it suffices to show that UffiF Π H ̂  0. Choose

M e / (see 2.2) with F C M. Restricting the elements of if to M we obtain a subgroup if'

of the finite group Gal(M/Ä"), and MH' = LH ΠΜ = ΕΠΜ. By the main theorem of finite

Galois theory, the extension MH C M is Galois with group if'. But σ\Μ is the identity

on E Π M - MH/, so σ\Μ 6 Gal(M/MH') = ff'. Hence σ\Μ = r\M for some τ e H, and

therefore r e Ζ7σ,κ Π if , äs required.
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This completes the proof that φ and ψ are bijective and inverse to each other. It is clear

that they reverse inclusions, that φ(Κ) = G and that ·0({ΐαι,}) = L.

Let E correspond to H. The map that assigns to each σ G G its restriction to E yields

in an obvious way an injective map

G/H —* (r : E —> L : τ is a field homomorphism, r\K = idK} .

This map is also surjective, since each r : E ̂  τ[Ε] C L, r\K = ϊάκ}, can be extended

to an automorphism p of the algebraic closure, and then p\L € Ga\.(L/K] since K C L is

normal.

We conclude that the above map is bijective. If K C E is finite, then the number of field

homomorphisms r : E -> L with r|K = id^ is [E1 : K], so then ff is of finite index [E : K]

in G; since jfi and its cosets are closed this implies that H is open. Conversely, suppose that

H is open. Since G is compact, H is of finite index in G. By the above, there are precisely

index [G : H] field homomorphisms τ : E —» L with r\K — Ίάκ. It follows that for any

finite extension K C E' with E' C E there are at most index [G : H] field homomorphisms

r : E1 —> L with r|Ä~ = id#, since any such r can be extended to E. Hence [E1 : K] ̂

index[G* : H] for all those E', and since E is the Union of all E' this implies that [E : K] is

finite. This proves (a).

Above we saw already that there is a continuous bijection Gal(L/E) —* H. Since each

continuous bijection from a compact space to a Hausdorff space is a homeomorphism this

proves (b).

Assertion (c) is proved äs in finite Galois theory.

By 2.2, the extension K C E is Galois if and only iff it is normal, so if and only if

σ[Ε] = E for all σ G G. By (c) this occurs if and only if H is normal in G. Suppose

that these conditions are satisfied. Then the set of field homomorphisms τ : E ~> L with

r K = idK may be identified with Gal (E/K}. Hence we have a bijection G/H -̂  Gal(E/K},

which is easily checked to be a continuous group homomorphism, if we give G/H the quotient

topology. As in (b) it follows that the map is a homeomorphism. This proves (d).

This coucludes the proof of 2.3.

2.4 Separable closure

Let K be a field, and K an algebraic closure of K. The separable closure Ks of K is defined

by

Ks — {x € K : χ is separable over K} .
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This is a subfield of K, and Ks = K if and only if K is perfect; in particular, Ks = K if

char(Jfi) = 0. Prom 2.2 it follows that K C Ks is Galois. The Galois group Gal(Ks/K) is

called the absolute Galois group of fi.

Observe that any finite separable field extension K C E can be embedded in Ks. Using

2.3(a),(c) we conclude that there is a bijective correspondence between isomorphism classes

of finite separable extension fields E οι K and conjugacy classes of open subgroups of the

absolute Galois group of K.

2.5 Example

Let ¥q be a finite field, with algebraic closure ¥q. The only finite extensions of ¥q in ¥g are

the fields F9n = {a e ¥q : aqn = a} for n e Z, n > l. Each Fr is Galois over F„ with

Gal(Fgn/Fg) = Z/nZ, the generator of Z/nZ corresponding to the Probenius automorphism

F with -Ρ(α) = α9 for all a. Taking projective limits, we see that the absolute Galois group

¥g is isomorphic to Z, with l 6 Z corresponding to F 6 Gal(Fg/F9). The closure of the

subgroup generated by F is equal to the whole group Gal(Fg/Fg). This is expressed by

saying that F is a topological generator of Gal(Fg/F9).

2.6 Finite algebras

Theorem Let B be a finite d^mens^onal algebra over a field K. Then B = Πί==ι -̂  for

some t G Z>0 and certain K-algebras ΒΪ that are local with nilpotent maximal ideals.

Proof. If B is a domain, then for any b € B — {0}, the map B —·> B, χ H-» öx, is injective,

so by dimension considerations also surjective, so that 6 G B*. This shows that -ß is a field

if it is a domain. Applying this to B/1p, for p c B prime, we see that any prime ideal p of

B is maximal If .Μι,Α̂ ,... ,M.n are distinct maximal ideals of B, then by the Chinese

remainder theorem the natural map B —*· ΠΓ=ι Β/λ4ι is surjective, so n ̂  diniffl?. This

shows that B has only finitely many maximal ideals, say MI, -M2, - - - , Mt. The intersection

Dli -Mi is the intersection of all prime ideals of B, so it is the nilradical \/Ö of £?. Since B

is obviously noetherian, the ideal \/Ö is nilpotent, so Π*=ι -ΜΓ = 0 for 7V sufficiently large.

The .Mi are pairwise relatively prime, so the same is true for the M^, and the Chinese

remainder theorem therefore gives an isomorphism B -̂  Π*=ι B/M̂ . Here B, = B/'M? is

local, since Μτ/Μ1? is its only maximal ideal, and it is clearly nilpotent. This proves 2.6.

The decomposition in 2.6 is uniquely determined, see Exercise 2.23.

A similar theorem, with a slightly more complicated proof, is true for Artin rings, see [l,

Chapter 8].
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2.7 Separable algebras

Theorem Let k be a field with algebraic closure K and B a fimte dimensional K-algebra.

Denote by B the K-algebra B ®K K. Then the followmg four assertions are equivalent:

(i) B ŝ separable over K;

(ii) B is separable over K;

(iii) B = Kn äs K-algebras, for some n ̂  0;

(iv) B = Πι=ι BI as K-algebras, where each Βτ is a fimte separable field extension of K.

Proof. (i)=>(ii). Let Wi,w2, . . . ,wn be a ÄT-basis for B. Then Wi®l, u>2®l, · . . ,

is a Ä'-basis for B. It follows that the diagram

B — > B

K — > K

(the horizontal arrows are the natural inclusions) is commutative. Hence TTB/K(WZW:J) =

Trß/Ä-((wi <8> 1)(Ίϋ, <8> 1)), and (i) =̂  (ii) now follows from Exercise 1.3.

(iii) =>· (ii) is obvious (cf. 1.3).

(ii) =Φ· (iii). Applying 2.6 to K, B we see that B = J]"=i Cj for certain local J?-algebras

C3 with nilpotent maximal ideais Mr Since B is separable over K it clearly follows that

each Cj is separable over K. Let j be fixed, and let φ : C3 — >· K be any K'-linear function.

By 1.2 there exists c£C3 with φ(χ) = Tr(cx) for all χ € Cr Taking χ e M-, and observing

that nilpotent maps have trace zero (over a field), we see that M., C ker φ. This is true for

each φ, so M-, = {0} and C3 is a field. Since C, is finite over K and K algebraically closed

we conclude that C, = ̂, as required.

(iv) =Φ· (iii). By the theorem of the primitive element we have B% = K(ßl) = K[X]/(ft)

with fl e K[X] separable and irreducible. Hence Bt = K[X]/(f,), and since /z splits into

distinct linear factors X — ô  in K[X] the Chinese remainder theorem now implies that

Ä = Π̂ Κ[̂ ]/(Χ - a?J) ̂  j?deg(/*). This implies (iii).

(iii) =Φ· (iv). Write 5 = fj*=1 5j as in 2.6. For each b E B the subalgebra K[b] generated

by b is isomorphic to K[X]/(fb) for some /& 6 ̂ [̂"] — {0}· Tensoring the injective map

K[X]/(fb) ̂  K[b] c B with ̂  we find an injective map K[X]/(fb) -* B. Thus by (iii) it

follows that K[X]/(fb) has no non-zero nilpotent elements, which means that /& is a separable

polynomial. In particular, if b is nilpotent the Xn € (/&) for some n, so X G (/&) and 6 = 0.

23



This implies that all Bl are fields. If b — (&i,..., bt) € Π!=ι Bl = B is arbitrary then fb

equals the 1cm of the irreducible polynomials of the bl over K, so these are all separable.

Therefore all B% are separable field extensions of K, äs required. (See also Exercise 2.24.)

This proves 2.7

The technique used in this proof of making an algebra trivial by means of an extension

of the base ring will later play an important role.

2.8 Remark. Let K be a field, and π its absolute Galois group (see 2.4). Combining

2.7, (i) =4> (iv), with the remark made in 2.4 we see that giving a free separable K-algebra B

is equivalent to giving a finite sequence of conjugacy classes of open subgroups of π, uniquely

determined up to order. Decomposing a finite ττ-set (see 1.10) into orbits under π we see

that finite π-sets are specified by exactly the same data, a finite sequence πι,τ^,..., 7rt of

open subgroups of π corresponding to the disjoint union of the π-sets ττ/πχ. This yields

a one-to-one correspondence between free separable K-algebras and finite π-sets. A more

formal Statement appears in the following theorem, where the correspondence is extended

to morphisms between the objects.

2.9 Theorem. Let K be a field and π its absolute Galois group (see 2Λ). Then the

categones ̂ SAlg of free separable K-algebras and π-sets of fimte sets with a conttnuous

action are anti-equivalent.

Remark. It is clear from the definition in 1.4 that Ä"SAlg is anti-equivalent to FEtg-Dec K.

So Theorem 2.9 is exactly the case X = Spec K of the Main Theorem 1.11, except for the

uniqueness Statement in 1.11.

Proof. The Statement of the theorem means that there are contravariant functors F :

#SAlg —> π-sets are G : π-sets —» ̂ -SAlg such that FG and GF are naturally equivalent

to the identity functors on π-setsand ̂ SAlg, respectively. This in turn means, for GF, that

there is a collection of isomorphisms ΘΒ · B —> GF(B], one for each object B of

such that for any morphism/ : B —* C in ̂-SAlg, the diagram

B -̂  C

ΘΒ

GF(B) -̂ V GF(C)

is commutative; and analogously for FG.
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We shall now first define F. Let Ka be a separable closure of K, so that π = Gal(Ks/K).

For each free separable J3-algebra, let

F(B) = AlgK(B, Ks} ,

the set of Ä"-algebra homomorphisms B — > Ks. If g : B — > Ks is such a homomorphismand

σ G π, then σ o g : 5 — > Ks is also such a homomorphism. This provides us with an action

of the abstract group π on AlgK(B, Ks). In order to see that this action is continuous, and

that AlgK(B, Ks] is a fimte vr-set (see 1.10), we write B = Π*=ι ̂ as in 2-7(iv)> and viewing

B% as a subfield of Ks we write ßj = K** with ̂  c ι an open subgroup (see 2.4), for each z.

Then A\gK(B,Ks} may be identified with the disjoint union of the sets AlgK(K̂ Ks), for

l ̂  ι ̂  i. Here Alĝ (Ä"J, ÄTS) is the set of field homomorphisms Kf — > Ks that are the

identity on K, and as we have seen in the proof of the Main Theorem 2.3 (with G, H, E, L for

π, π», Ä"Jl, -FG) this set may be identified with π/π^ and clearly this identification respects the

π-action. We conclude that Algx(B, Ks) may be identified with the disjoint union JJ*=1 ττ/ττ̂

and since the πι are open in ττ this is a finite set on which π acts continuously.

This proves that F(B) is an object of π-sets. Let / : B — » C7 be a morphismin ̂ SAlg,

i.e. a X-algebra homomorphismfrom a free separable Ä"-algebra B to a free separable K-

algebra C. Then we define F(f) : F(C] -H. F(5) by F(/)(̂ ) = y o /, for a /f-algebra

homomorphism^ : C -̂  Ks. This is evidently a morphismof π-sets, and it is now straight-

forward to verify that F is a contravariant functor ̂ SAlg — » π-sets.

Next we define G. For a finite π-set E, let

the set of morphisms of π-sets E -̂  Ks; this makes sense, since the underlying set of Ks is

a π-set. The K-algebra structure on Ks induces a K-algebra structure on G (E), by

{/ + 9}(e] = f(e] + 9(e) , (fg)(e) = f(e)g(e) ,

(kf)(e)k-f(e) , l(e) = l

for all f,g e G(Ä), k E K, e E E. In order to see that G(E) is fimte dimensional and

separable as a Ä"-algebra we decompose E into its orbits under π, say E = Π*=ι -ΕΊ· Then

G (E) may be identified with the product of the K-algebras G(EZ), for l ̂  ι ̂  i. As a

π-set, we may identify E?, with π/πι for some open subgroup πζ C π, see Exercise 1.19. Each

morphismof π-sets g : π/πι —> ffs must be given by g(o"irt) = er (a) for some a & Ks (namely,

α = #(πι)), and conversely if α G ÄTS then this is a well defined map of π-sets if and only

if a e K*\ Thus we see that ΜθΓπ(π/π,, Ks] may be identified with KJ% and this is an
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Identification of ÄT-algebras. We conclude that G (E) = Π*=ι Kl\ and by 2.3(a) and 2.7 this

is a finite dimensional separable K-algebza.

If / : E -+ D is a morphismof ττ-sets then G(/) : G (D] -> G(F), G(f)(g) = g o /, is a

morphismof ίί-algebras, and this makes G into a contravariant functor π-sets — > /̂ SAlgj.

The functors F and G let Πι=ι ̂Τ* and Du=i 7Γ/7Γ» correspond to each other, so clearly

B = GF(B] and E = FG(E] for any free separable /C-algebra B and any finite ττ-set E. We

must now choose these isomorphisms in such a way that they are well behaved with respect

to morphisms, äs made precise at the beginning of this proof.

For a free separable JT-algebra £?, define

ΘΒ : B -> GF(B) = Μοτπ(ΑΙξκ(Β, Ka], Ks]

by &B(b}(g] = g(b}, for b G B and g 6 AlgÄr(5, Ä"s). This is easily seen to be a well-defined

ίί-algebra homomorphism. If / : B — > C is a morphismin ̂ rSAlg then the diagram

B -̂  C

ΘΒ\ \θσ

GF(B] GF(C]

is commutative, since for b G B and g G MgK(C, Ks] we have

0?co/)(6)(0) = ec(f(b))(g)=g(f(b)),

{(GF(f)}(0B(b))}(g} = {eB(b}

For ß = Π*=ι -̂ Γ1 one checks in a straightforward way that ΘΒ is an isomorphism. Hence ΘΒ

is an isomorphismfor all B, and GF is naturally equivalent to the identify functor of ß-SAlg.

The proof that FG is naturally equivalent to the identity functor of ττ-sets is completely

analogous. For a finite ττ-set E, one defines

ηΕ : E -> FG(F) = AlgK(MorT(£;, Xs), AT8)

by r]E(e}(g] = g(e), foieeE and g e MorT(F, Ä"s). This is easily seen to be a well-defined

morphismof ττ-sets, and if / : E — >· D is a morphismof π-sets then by a calculation similar

to the above one the diagram

E -t* D

FG(E) ^V FG(D)
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is commutative. For E = ]Jl=1 TT/TTJ the map Τ\Ε is an isomorphism, so this is true for all E,

äs required.

This completes the proof of Theorem 2.9.

27



Exercises for Section 2

2.1 Let K C L be a Galois extension of fields, and / a set of subfields E C L with K C_ E

for which

[E : K] < oo for every E G /

Prove t hat /, when partially ordered by inclusion, is directed (see 1.7).

2.2 Let K C L be a Galois extension of fields, and I any directed set of subfields E C. L

with K C E Galois for which IJ.ee/ ̂  — L. Prove that there is an isomorphismof

profinite groups Gal(L/Ä") = lim _ Gal(E/K}. (N.B.: the groups Gal(E/K) need
E<=I

not be finite here, they are merely profinite.)

2.3 (a) Let K C L be a Galois extension of fields, with Galois group G. View G äs a

subset of the set LL of all functions L — > L. Let L be given the discrete topology and

LL the product topology. Prove that the topology of the profinite group G corncides

with the relative topology inside LL.

(b) Conversely, let L be any field and G C Aut(L) a subgroup that is compact when

viewed äs a subset of LL (topologized äs in (a)). Prove that L° C L is Galois with

Galois group G.

(c) Prove that any profinite group is isomorphic to the Galois group of a suitably

chosen Galois extension of fields.

2.4 Let K C L be a Galois extension of fields. Prove that Gal(L/K) is not countably

infinite.

2.5 Let K C L be a Galois extension of fields, 5 C G&\(L/K) any subset, and E =

[x G L : Ν/σ e S : σ(χ] = χ}. Prove that Gal(L/E) is the closure of the subgroup of

Gal(L/Ä") generated by S.

2.6 Let K C L be a Galois extension of fields, and H' C H C Gal(LfK) closed subgroups

with index[# : H1] < oo. Prove that LH C LH> is finite, and that [LH> : LH] -

index[/i : H']. Which part of the conclusion is still true if H', H are not necessarily

closed?
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2.7 Let K, L, F be subfields of a field Ω, and suppose that K C L is Galois and that

K C F. Prove that F C L · F is Galois, and that Gal(L · F/F] ̂ Gal(L/L Π F) (äs

topological groups).

2.8 Let K be a field. Prove that for every Galois extension K C L the group Qal(L/K]

is isomorphic to a quotient of the absolute Galois group of K.

2.9 (a) Suppose that H is a fimte subgroup of the absolute Galois group of a field K.

Prove that #H ̂  2 and ## = l if char̂ ) > 0. [Ami: [15, Theorem 56].]

(b) Let K be a field with separable closure Ks, and a <Ξ Ks, a $ K. Let E1 be a subfield

of Ks containing K that is maximal with respect to the property of not containing a.

Prove that Gal(K„/E) = Z/2Z or Gal(Ks/E) = Zp for some prime number p.

2.10 A Steimtz number or supernatural number is a formal expression α = Π r>nmePa<J>\

where α (p) G {0, l, 2,..., 00} for each prime number p. If α = Πρρα^ is a Steinitz

number, we denote by αΖ the subgroup of Z corresponding to Πρ-Ρα^^ρ (with ρ°°Ζρ =

{0}) under the isomorphism Z = ΠΡ^Ρ (Exercise 1.14).

(a) Prove that the map α ι—> αΖ from the set of Steinitz numbers to the set of closed

subgroups of Z is bijective. Prove also that αΖ is open if and only if α is fimte (i.e.

Epa(p)<°°)·

(b) Let Wq be a finite field, with algebraic closure ¥q. For a Steinitz number a, let Fga

be the set of all χ G ¥q for which [¥q(x) : Fg] divides α (in an obvious sense). Prove

that the map α ι-> F9a is a bijection from the set of Steinitz numbers to the set of

intermediate fields of ¥q C ¥q. [Ernst Steinitz, German mathematician, 1871-1928.]

2.11 Let G be a profinite group. We call G procychc if there exists σ Ε G such that

the subgroup generated by σ is dense in G. Prove that the following assertions are

equivalent:

(i) G is procyclic;

(ii) G is the projective limit of finite cyclic groups;

(üi) G = Z/aZ for some Steinitz number a (Exercise 2.10);

(iv) for any pair of open subgroups H, H' C G with index[G*: H] = index[G( : H B']

we have H = H'.

Prove also that the Steinitz number α in (iii) is unique if it exists.
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2.12 Let K be a field with separable closure Ks. Prove that the absolute Galois group of

K is procyclic (see Exercise 2.11) if and only if K has, for any positive integer n, at

most one extension of degree n within Ks\ and that it is isomorphic to Z if and only if

K has, for any positive integer n, exactly one extension of degree n within K3.

2.13 (a) Let E be a torsion abelian group. Prove that E has exactly one Z-module

structure, and that the scalar multiplication Z x E — * E defining this module structure

is continuous, if E is given the discrete topology.

(b) Let E be the group of groups of unity in Q*. Prove that the map Z* — > Aut(E]

induced by (a) is an isomorphismof groups.

(c) Write Q(Coo) = Q(-E), with E äs in (b). Prove that Q C Q(Coo) is Galois, and

that the natural map Gal(Q(Coo)/Q) —» A.ut(E) = Z* is an isomorphismof topological

groups.

(d) Prove that there are isomorphisms

Z* ̂  JJ Z* ̂ Z* χ (Ζ/2Ζ) x JJ (Z /(p - 1))Z

P prime p prime

of topological groups.

2.14 Let Q(VQ) be the subfield of Q generated by {̂ x : x E Q). Prove that Q C

is Galois, and that the map

-» Hom(Q*,{±l}) ,

σ ι— > (α t— > σ(\/α)/·\/ο)

(for σ e Gal(Q(v/Q), a e Q*) is an isomorphismof topological groups, if Homo(Q, {±1})

has the relative topology inside {±1}̂ * . Prove also that this Galois group is isomorphic

to the product of a countably infinite collection of copies of {±1}.

2.15 Let a € Q*, n e Z*, and write α — b/c, 6, c € Z — {0}. Prove that there is a sequence

(n,j)̂0 of integers ̂ for which

ητ > 0, gcd(nt, 26c) = 1 for ^ ̂  0,

n = lim nj in Z .
Ϊ— >OO

Define the Jacobi symbol ( a ) G {±1} by (-) e {±1} by (-) = lim (—)/(—),
\ / "̂  '*' ^ ^oo 77"j 77-j

6 c
where ( — ), ( — ) are the ordinary Jacobi Symbols. Prove that this is well-defined

vn/ vn/
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and independent of the choices made. Prove also that the map Q* χ Z* —» {±1},

(a, n) H-> (—), is continuous and bimultiplicative (Q* has the discrete topology).
/v

2.16 Let the notation be äs in Exercises 2.13, 2.14 and 2.15. Prove that (ζ

and that the induced homomorphism

Z* ̂  Gal(Q(Coo)/Q) -> Gal(Q(vWQ = Hom(Q*, {±1})

Λ C\
maps n 6 Z* to the homomorphismsending α e Q* to (—).

n

2.17 (Kummer theory.) Let K be a field with algebraic closure K and m a positive

integer. Suppose that K contains a primitive m-th root of unity £m, and let Em C K*

be the subgroup generated by £m. Prove that there is a bijective correspondence

between the collection of subfields L C K for which

K C L is Galois, Gal(L/K} is abelian, V σ e Gal(L/#) : σ771 = idL

and the collection of subgroups W C K* for which K*m C W] this correspondence

maps L to L*m Π K* and M/ to tf^1/«). Prove also that if L corresponds to W,

there is an isomorphismof topological groups Gal(L/K) ̂> Hom(W/K*m, Em] has the

relative topology in (Em)w/Kfm, where each Em is discrete.

2.18 (Artin-Schreier theory.) Let K be a field with algebraic closure K and let p =

chai(K} > 0. Prove that there is a bijective correspondence between the collection of

subfields L C K for which

K C L is Galois, Gal(L/K) is abelian, V σ € Gal(K/L) : σρ = idL

and the collection of additive subgroups W C K* for which $[K] C W, where p :

K -> K is defined by p(x) = xp - X] this correspondence maps L to p [L] n Ä" and

W to K(p'"1[W/]). Prove also that if L corresponds to W, there is an isomorphismof

topological groups Gal(L/Ä") ̂ Eom(W/p[K},¥p'} mappinga to (a+$[K] -> σ(β}~β,

where p(/?) = a).

2.19 Let K be a field, /fs its separable closure, m a positive integer not divisible by

char(.Ä') and w the number of m-th roots of unity in K.

(a) Let for τ G Gal(Ks/K) the integer c(r) be such that r((m) = ζ̂ Γ\ where Cm

denotes a primitive m-th root of unity. Prove that w is the greatest common divisor

of m and all numbers c(r) — 1), r G Gsl(Ks/K).
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(b) Let α e K. Prove that the Splitting field of Xm — a over K is abelian over K if

and only if aw = bm for some b <E K. [Hint for the "only if' part: if am = a φ 0, prove

that aĉ /r(a) e K* for all r.]

In the following two exercises we shall study the Galois group of

L = Q(°\/Q) = Q(a e Q : 3m e Z>0 : am G Q)

over Q. We write

) (see Exercise 2.13(c)),

£;m = {group of m-th roots of unity} C M*,

Q = multiplicative group of positive rational numbers.

If A is a multiplicatively written abelian group we write Am = {am : a 6 Λ} for m € Z.

2.20 (a) Prove that Q Π M*m = Q"»/s«*("».2). n̂i: Exercise 2.19.]

(b) Let Lm = M {a € Q : am 6 Q), for m e %>?. Prove that M C Lm is Galois, and

that there is an isomorphismof topological groups

Gal(Lm/M) ̂ Hom(g,Ê (m'2))

mapping σ to (a t-»· a(a1//m)/a1/m).

(c) Define Em —> En by C |-> Cm//n f°r n dividing m, and let E = lim ̂ with respect

to these maps. Prove that E = Z äs topological groups.

(d) Prove that M C L is Galois and that the isomorphisms in (b) combine to yield an

isomorphismof topological groups

Gal(Lm/M) ̂ Hom(Q, E2) ;

here Homo(Q, E2} has the relative topology in (E"2}®. Prove also that this Galois group

is isomorphic to the product of a countably infinite collection of copies of Z.

2.21 (a) Prove that there is a function Q χ (Ζ>κ) —>· L* such that, if the image of (a, n)

is denoted by a1/", we have

(o1/")" - α , (ab}1/n = al/n b1/n , (α1/™)™/™ = aVn

for all a,b & Q and n,m G Z>o with n dividing m.
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(b) Let Γ be the semidirect product Eomo(Q, E) >J Z* with the product topology,

the action of Z* on Eomo(Q, E) being induced by the natural Z-module structure

on each En (cf. Exercise 2.13(a)). Prove that Γ is isomorphic to the group of those

automorphisms of the abelian group {x 6 L* : 3m > 0 : xm E Q*} that are the

identity on Q*. Prove further that there exists a continuous group homomorphism</> :

Gal(L/Q) —>· Γ such that the diagram

Gal(L/Q) -Λ Γ

Gal(M/Q) -̂  Z*

is commutative; here the vertical maps are the canonical ones and the bottom isomor-

phismis from Exercise 2.13(c).

(c) Let H = {(/,c) € Γ : V« e Q : (/(a) mod £2) = (f)} where E/E2 is identified

with EI = {±1} and the Jacobi symbol (̂ ) is äs in Exercise 2.15. Prove that H is a,

closed subgroup of Γ.

(d) Prove that φ yields an isomorphism Gal(£/Q) ̂ H of topological groups. [Hint:

use Exercises 2.16 and 2.20(d).]

(e) Prove that Gal(L/M) is the closure of the commutator subgroup of Gal(£/Q), and

that Gal(L/Q) is not a semidirect product of Gal(M/Q) and Gal(L/M).

2.22 Let K be a field that is complete with respect to a discrete nontrivial valuation,

and Ks the separable closure of K. Let Kunr be the composite of all L c Ks for

which K C L is finite and unramified, and Kir the composite of all L c Ks for which

K C L is finite and tamely ramified; here "unramified" and "tamely ramified" include

separabüity of the residue class field extension.

(a) Prove that K C Kunr is Galois, and Gal(Kunr/K) = G&l(ks/k], where k is the

residue class field of K ancl ks its separable closure.

(b) Prove that Kunr C Ktr is Galois, and that G8l(Ktr/Kunr} is isomorphic to Z if

char(fc) = 0 and to Z/ZP if char(A;) = p > 0, with Zp embedded in Z äs in Exercise

1.14.

(c) Prove that K C Ktr is Galois, that Ga,l(Ktr/K) is a semidirect product of G&\(ks/k)

and Z or Z/ZP (äs in (b)), and determine the action of Gal(ks/k) on Z or Z/ZP.

(d) Suppose that #k = q < oo. Prove that G&l(Ktr/K) is isomorphic to the profinite

completion of the group (a, b : oba~l = bq).
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(e) Prove that Ktr = Ka = K if char(A;) = 0, and that Gal(Ks/Ktr) is a pro-p-group if

char(fc) = p > 0. (A pro-p-group is a projective limit of finite p-groups.)

(f) Prove that G&l(Ks/K) is a semidirect product of Gal(Ktr/K) and Gal(Ks/Ktr}.

[Hznt: [23, Chapitre II, Proposition 3 and Chapitre I, Proposition 16].]

2.23 (a) Let A be a local ring and χ E A such that x2 = x. Prove that χ = 0 or χ = 1.

(b) Prove that any ring isomorphismf]ls=1 Λ -̂  Π*=ι-^7> where the A% and Ä, are

local rings and s, t < oo, is induced by a bijection σ : {l, 2,..., s} —> {l, 2,..., t} and

isomorphisms A% -̂  βσ(ι), l ̂  z ̂  s.

2.24 Let 5 be a finite dimensional algebra over a field K, and write B = Π!=ι Α as m

2.6, where Bl has maximal ideal mz. Let K% = {x G 5z/rrij : x is separable over K}.

Prove that the number of K-algebra homomorphisms B —* K equals Ŷ l=i[Kl : K],

and use this to give an alternative proof of 2.7, (iii) => (iv).

2.25 Let B be a free separable algebra over a field K, and write B = Π*=ι -̂  as m 2.7(iv).

Let L be any field extension of K. Prove that B®KL = Ldim/i(ß) as L-algebras if and

only if L contains for each ι a subfield that is /i-isomorphic to the normal closure of

Br over K.

2.26 Let π be a profinite group, ττ' C vr an open subgroup,a nd p C π the normalizer of ττ'

in π. Prove that the automorphismgroup of the vr-set π/ττ' in the category of ττ-sets is

isomorphic to ρ/π'. In particular, this automorphismgroup is isomorphic to ττ/ττ' if π'

is normal in π.

2.27 Show that under the anti-equivalence of Theorem 2.9 injective maps correspond to

surjective maps, surjective maps to injective maps, and fields to transitive ττ-sets (i.e.,

consisting of exactly one orbit).

2.28 Let K C L be a finite Galois extension.

(a) Show that intermediate fields E of K C L can be described categorically as equiva-

lence classes of injective (or monomorphic) morphisms E —·> L, two morphisms E -̂ » L

and E' —> L being equivalent if / = /'p for some isomorphism E -̂  E'.

(b) Show how the bijective correspondence between subgroups of Aut̂ (L) and inter-

mediate fields of K C L can be deduced from Theorem 2.9.
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2.29 Let K be a field, M a Galois extension of K, and B a finite dimeasional /T-algebra.

If .£? <S>A- M = M χ Μ χ ... χ Μ äs M-algebras we say that M splits B. Prove that

the category of ff-algebras that are split by M is anti-equivalent to Gal(M/K)-sets.
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3 Galois categories

This section contains an axiomatic characterization of categories that are equivalent to

vr-sets (see 1.10) for some profinite group π. Our axiom System is slightly simpler than

that of Grothendieck [9, Expose V, numero 4] in that it does not mention "strict" epimor-

phisms. Our proof of the main result of this section, Theorem 3.5, was influenced by the

treatment in [13, Section 8.4]. As an application we prove the topological theorem 1.15.

We now first list the axioms, and explain the terms used afterwards.

3.1 Definition.

Let C be a category and F a covariant functor from C to the category sets of finite sets.

We say that C is a Galois category with fundamental functor F if the following six conditions

are satisfied.

(Gl) There is a terrmnal object in C, and the fibred product of any two objects

over a third one exists in C.

(G2) Finite sums exist in C, in particular an initial object, and for any object

in C the quotient by a finite group of automorphisms exists.

(G3) Any morphismw in C can be written äs u = u'u" where u" is an eprnior-

phism and u' a monomorphism, and any monomorphismu : X —> Υ in C

is an isomorphism of X with a direct summand of Y.

(G4) The functor F transforms terminal objects in terminal objects and com-

mutes with fibred products.

(G5) The functor F commutes with finite sums, transforms epimorphisms in

epimorphisms, and commutes with passage to the quotient by a finite group

of automorphisms.

(G6) If w is a morphism in C such that F(u) is an isomorphism, then u is a

isomorphism.

3.2 Explanation.

(Gl) A terminal object of a category C is an object Z such that for every object X there

exists exactly one morphism X —> Z in C. Clearly, a terminal object is uniquely determined

up to isomorphism, if it exists. We denote one by 1. In sets the terminal objects are the

one-elements sets.

Suppose we are given objects X, Y, S and morphisms X —> S and Υ —» S in a category C.

The fibred product of X and Y over S is an object, denoted by X xs Y, together with

morphisms called projections pi : X xsY —> X, pi : X Xs Y —>· Y, which make a
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commutative diagram with the given morphisms X — >· S, Υ — > £>, such that given any

object Z with morphisms f : Z — * X, g : Z — >· Υ that make a commutative diagram with

X -̂  S and y — > 5*, there exists a unique morphism 0 : Z — > A" x^ Υ such that f = ρ\θ and

XXSY — > y

X —-> 5'

The fibred product is uniquely determined up to isomorphism, if it exists. We write Χ χ Υ

instead of X Xi Y; this is the product of X and Y. In sets the fibred product X xs Υ is

the set of all pairs (x, y) in the cartesian product of X and y for which χ and y have the

same image in S; if the maps X —> S, Y —> S are inclusions this may be identified with the

mtersection of X and Y.

The notions of a terminal object and a fibred product are special cases of the notion of

a left hmit, see Exercises 3.1 and 3.2. Condition G l implies that C has arbitrary finite left

limits, see Exercise 3.3.

(G2) Let (-Xi)ie/ be a collection of objects of a category C. The sum of the Xt is an

object, denoted by LIie/̂ , together with morphisms q3 : X3 -> JJ^j^ for each j € /, such

that for any object y of C and any collection of morphisms f., : X3 —> y, j € /, there is a

unique morphism / : Ui6/ Xt —> y such that /_, = /g-, for all j e /. The sum is unique up

to isomorphism if it exists. In the category of sets the sum of the X% is their disjoint umon.

We say that fimte sums exist in C if any fimte collection of objects has a sum in C.

This is the case in s eis. The empty collection of objects has a sum if and only if C has an

initial object, i.e. an object, to be denoted by 0, with the property that for every object X

there is exactly onc morphism 0 -> X in C. In sets the empty set is an initial object.

If / is finite, I = Oi, z2,. ·., *n}> we may write **i II -^»2IJ ''' IIX̂  instead of []ie/ X%.

Let X be an object of C and G a finite subgroup of the group of automorphisms of X in

C. The quotieut of X by G is an object of C, denoted by X/G, together with a morphism

p : X -» X/G satisfying p = ρσ for all σ G G, such that for any morphism / : X -> y in C

satisfying / = ja for all σ G G there is a unique morphism 0 : X/G -» y for which p = 0p.

Such a quotient is unique up to isomorphism if it exists. In sets we can take X/G to be the

set of oi'bits of X under G.

Axiom G2 requires that certain finite right limits exist in C; see Exercise 3.4. It follows

immediately from the main result of this section, Theorem 3.5, that in fact arbitrary finite
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right limits exist in a Galois category.

(G3) Let / : X —> Υ be a morphlsm in C. We call / an epimorphism if for any object Z

and any morphisms g, h : Υ —> Z with gf — hf we have g — h, and a monomorphism if for

any object Z and any morphisms g, h : Z —·» X with /# = //i we have g = h. In sets a map

/ is an epimorphism if and only if it is surjective, and a monomorphism if and only if it is

injective. Since any map is a surjection followed by an injection, a decomposition u = u'u"

äs in G3 exists in sets.

The morphism u : X —> Υ is called an isomorphism of X with a direct summand of Υ if

there is a morphism g2 : Z —> Υ such that Y, together with g χ = u : X —> Y" and <?2 : Z —> Υ

is the sum of X and Z. Taking Z to be the complement of the image of u we see that in

sets any monomorphism has this property.

(G4) This condition is equivalent to the condition that F commutes with arbitrary finite

left limits (given Gl); see Exercise 3.6(a). A functor F with this property is called left exact.

(G5) This condition is satisfied if F commutes with arbitrary finite right limits, i.e. if F

is right exact; see Exercise 3.7. Theorem 3.5 implies that any fundamental functor F on a

Galois category C is right exact, but this is not obvious from G5.

3.3 Examples of Galois categories.

It is easy to see that the category sets is a Galois category, the fundamental functor F being

the identity functor. In the same way one verifies that, for a profinite group vr, the category

ττ-sets of finite sets with a continuous π-action is a Galois category. In this case one takes

F to be the forgetful functor π-sets —> π-sets.

The main result of this section, Theorem 3.5, asserts that any essentially small Galois

category C is equivalent to π-sets for a uniquely determined profinite group π. Here we

call C essentially small if it is equivalent to a category whose objects form a set. (Clearly,

ττ-sets is essentially small.)

Let K be a field, and let C be the opposite of the category ̂ SAlg of free separable

X-algebras. From Theorem 2.9 it follows immediately that C is a Galois category, and from

the proof of 2.9 we see that we can take F to be defined by F(B) — MgK(B, Ks), where Ks

is a separable closure of K. A direct verification of the axioms G1-G6, depending on 2.7, is

outlined in Exercise 3.9.

Further examples will be discussed in 3.6 and 3.7.
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3.4 The automorphism group of a fundamental functor.

Let C be a Galois category with fundamental functor F. An automorphism of F is an

invertible morphism of functors F —> F. Equivalently, an automorphism σ of F is a collection

of bijections σ χ : F(X) —> F(X), one for each object X of C, such that for each morphism

/ : Υ —> Z in C the diagram

F(Y) -̂  F(Z]

σγ\ \σζ
ψ 4-

F(F) -̂  F(Z)

is commutative. Denoting by Sp(x) the finite group of permutations of F(X] we can consider

the automorphism group Aut(F) of F äs a subgroup

Aut(F) C Ex SF(X) ,

the product ranging over the objects X of C; it is supposed here that C is small, i.e. that

its objects form a set. Let Τΐχ Sp(x) be endowed with the product topology, with each Sp(x)

discrete. Then for each morphism / : Υ —» Z the set {(σ χ) e ΐΐχ Sp(x) : azF(f) — F(f)aY}

is closed, so Aut(F) is a closed subgroup of ΐΐχ Sp(x). From Exercises 1.10 and l.ll(c) it

thus follows that Aut(F) may be considered äs a profimte group, äs we shall do in the

sequel. Since we may replace C by an equivalent category, the foregoing is also valid if C

is essentially small instead of small.

For any object X of C, the profinite group Aut(F) acts continuously on the finite set

F(X). Let the resulting Aut(F)-set be called H(X}. If / : Υ —> Z is any morphism in C

then by the commutativity of the above diagram F(/) is a morphism of Aut(F}-sets. Hence

putting H(f) = F(/) we see that H : C —» Aut(F)-sets is a functor, and that F is the

composite of H and the forgetful functor Aut(F)-sets -> sets.

If we take C = ττ-sets for some profinite group π, and F the forgetful functor to sets,

then one finds that Aut(F] may be identified with π, and that H : C -> Aui(F)-sets is the

identity functor; see Exercise 3.11. In the general case we have the following theorem.

3.5 Theorem Let C be an essentially small Galois category with fundamental func-

tor F. Then we have:

(a) The functor H : C —» Aut(F)-sets defined m 3.4 ̂s an eqmvalence of categones;

(b) If π is a profinite group such that the categones C and π-sets are equivalent by an

equwalence that, when composed with the forgetful functor π-sets —* π-sets, yields the

functor F, then π is canonically isornorphic to Aut(F);
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(c) If F' is a second fundamental functor on C then F and F' are isomorphic;

(d) //π is a profimte group such that the categones C and ττ-sets are eqmvalent, then

there is an isomorphism of profimte groups π = Aut(F) that is canomcally determmed

up to an inner automorphism of Aut(F).

For the proof of the theorem, see 3.11-3.19.

3.6 Example.

Let X be a connected scheme and χ a "geometric point" of X, i.e. a morphism

χ : Spec Ω —> X for some algebraically closed field Ω. As we shall see in 5.23, there is

a functor FEtx —> FEtgpec Ω sending Υ to Υ x χ Spec Ω. Composed with the equivalence

FEtq —* sets from 2.9, this yields a functor Fx : FEt^ —» sets. We shall prove that

FEtx is a Galois category with fundamental functor Fx by verifying the axioms G1-G6;

see Theorem 5.24. From Theorem 3.5 we shall then deduce the Main Theorem 1.11, with

7Γ = Aut(FK). The latter profinite group is denoted by yrpf, x}, the fundamental group of

X in x. If x' is another geometric point of X, then 3.5(d) implies that π(Χ,χ) = π(Χ,χ')

by an isomorphismthat is canonical up to an inner automorphism. This is analogous to the

Situation with the fundamental group that is defined in algebraic topology with homotopy

classes of closed paths; see 1.13.

3.7 Finite coverings.

Let X be a topological space, x G X, and C the category of finite coverings of X. Let the

functor Fx : C -> sets send a covering / : Υ —» X to f'1(x}. We shall prove that, if X is

connected, C is a Galois category with fundamental functor Fx, and deduce Theorem 1.15

from 3.5. The basic tool in the verification of axioms G1-G6 is the following lemma.

3.8 Lemma Let Χ,Υ,Ζ be topological spaces, f : Υ -+ X and g : Z -» X finite

coverings, h : Υ —» Z a continuous map with f — gh, and x e X. Then there exists an open

neighborhood U ofx m X such that f, g and h are "trivial above U ", i.e. such that there exist

finite discrete sets D and E, homeomorphisms a : f~l(U] —> U x D and β : g~l(U] —» U x E
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and a map φ : D —> E such that the diagram

a

U idu U

zs commutat^υe; here the maps U x D —> U and U x E —> U are the projections on the first

coordmate.

Proof of 3.8. By the definition of "finite covering" there exist open neighborhoods U'

and U" of x in X, finite discrete sets D and E and homeomorphisms a : f~l(U'} —» U' x D,

β : g"1 (U") -> U" x E such that the diagrams

~a U1 x D g'1 (U") ~ß U" χ Ε

^ Λ /

U' U"

commute. Let now first U = U' ΓΊ U"; then these assertions are also valid with U' and U"

replaced by U. Since h maps f~l(U] to g~l(U], there is a continuous map ßha~l : U x D —>

U x E. It respects the projections to U, so it maps each (u, d) 6 U x D to (w, φη(ά}} Ε U xE

for some map φη : D —> E. Let φ = φχ. The two obvious maps U x D -̂  D -̂  E and

UxD -̂  UxE -̂  E combine into a continuous map U x D —> E x E, (u, d] i—> (</>(cZ), φυ(ά}},

niapping {χ} χ D to the diagonal in E χ £λ Since the diagonal is open in E x E there is an

open neighborhood of {x] x D in U x D that is also mapped to this diagonal, and since D

is finite this open neighborhood may be taken of the form VxD, with V C X open. Then

φ = φν for all v € V. Replacing U by V one now finds that Lemma 3.8 is proved.

3.9 Finite coverings: verification of the axioms.

Let X be a topoiogical space, and C the category of finite coverings of X. We first verify

axioms Gl, G2, G3 for C.

(Gl) The trivial covering idx : X -» X is clearly a terminal object of C. If g : Y —> Z,

h:W->Zaxe morphisms in C, then the fibred product is

Υ χζ W = {(y, w) G Y x W : g(y) = h(w} in Z} .
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It must be shown that this space, with the obvious map to X, is a finite covering of X.

Let χ G X. There is a neighborhood U of χ in X above which the coverings Υ —> X,

Z —> X and the map g : Υ —> Z are trivial in the sense of Lemma 3.8. Replacing U

by a smaller neighborhood, if necessary, we may assume that also the covering W —>· X

and the map h : W —> Z are trivial above [7. Then it is straightforward to verify that

p : Υ Xz W -+ X is trivial above U in the sense that the restriction of p to p~l(U} can be

factored into a homeomorphism p'1 (U) -̂  U x E, for some finite discrete set E, and the

projection U x E —> U.

(G2) One takes finite sums in C by forming disjoint unions in an obvious way. In

particular, the unique covering / : Υ -* X with Υ — 0 is an initial object in C. Next let

/ : Υ —» X be a finite covering and G a finite group of automorphisms of this covering.

Then the space Y/G of orbits of Υ under G, provided with the quotient topology and with

the obvious maps to X, is a quotient of Υ by G. It must of course be checked that this is a

finite covering of X. To do this one observes that each x e X has a neighborhood U in X

above which not only the covering Υ —> X is trivial but each element of G äs well, in the

sense of Lemma 3.8.

(G3) For the verification of this axiom we refer to Exercise 3.14.

Next let Fx : C —>· sets be defined äs in 3.7. We show that Fx satisfies G4 and G 5 for

any x G X.

(G4) This is obvious from the explicit descriptions of terminal objects and fibred products

in C and sets; see Gl above and 3.2.

(G5) This is likewise obvious (cf. Exercise 3.14(b)).

Finally, assume that X is connected. We prove that axiom G6 is satisfied äs well.

(G6) Let h : Υ —» Z be a morphism in C. Then Fx(h) is the restriction of h to the fibres

above x, and this map is bijective if and only if the map φ from Lemma 3.8 is bijective. Hence

from this lemma we see that each of the sets {x e X : Fx(h] is bijective} and {x e X : Fx(h)

is not bijective} is open in X. Since X is connected, one of the two sets is X and the other

is empty. Therefore, if Fx(ti) is bijective for at least one x € X then h is bijective, hence an

isomorphism because it is open (Exercises 3.13 and 3.12).

We conclude that, if X is connected, C is a Galois category with fundamental functor

Fx, for any x 6 X.

3.10 Finite coverings: proof of Theorem 1.15

Let the notation be äs in 3.9, with X connected. Since every covering Υ —* X is equivalent

to one in which the underlying set of Υ is a subset of X x Z, the category C is essentially
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small. It is also a Galois category, by 3.9, so by Theorem 3.5(a) it is equivalent to ττ-sets for

some profinite group π. Moreover, by 3.5(d) the profinite group π is uniquely determined,

up to isomorphism. This proves Theorem 1.15.

As in 3.6 we can speak about π(Χ,χ} = A\A(FX), the fundamental group of X in z,

for χ e X; and for x,x' £ X we have π(Χ,χ) = π(Χ,Χ') by an isomorphismthat is only

canonical up to an inner automorphism.

3.11 Proof of Theorem 3.5. Let C be a Galois category with fundamental

functor F. We begin with the proof of Theorem 3.5. Without loss of generality we assume

that C is small (3.4).

3.12 Subobjects and connected components.

A subobject of an object X of C is a monomorphism Υ —> X, two subobjects Υ —* X,

Υ' —» X being considered the same if there is an isomorphismY -̂  Y' making the diagram

y ̂  γι

\ /

X

commutative. By Exercise 3.15(b) each subobject Y —> X gives rise to a subset F(Y) c

F(X}. The intersecüon of two subobjects Y —> X, Y' —> X is Y xx Y', with its natural

morphism to X (see Exercise 3.16). By G4 we have F(Y xx Y') = F(Y] Π F(Y') inside

F(X); with G6 it thus follows that two objects Y —> X, Y' —* X are the same if and only

if F(Y) = F(Y') äs subsets of F(X).

An object X is called connected if it has precisely two distinct subobjects, namely 0 —» X,

where 0 denotes an initial object (see 3.2, G2), and id̂  : X —> X. Notice that an initial

object is not connected. See Exercise 3.17 for the meaning of connectedness in several Galois

categories.

If X is not connected then there is a subobject Y -> X with 0 = F(0) ̂ F(Y) ̂  F(X).

Using G3 one then finds Z such that X may be identified with Y [] Z so that F(X) is, by

G5, equal to the disjoint union of F(Y) and F(Z}. Arguing by induction on #F(X] one

concludes that every object of C is the sum of its connected subobjects. The latter objects

are called the connected components of the object. Likewise it follows that any subobject of

X is the sum of a subset of the set of connected components of X.
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3.13 "Prorepresentability" of F.

Let A be a connected object of C, and α 6 F(A). We claim that for each X the map

is injective] here Morc(A, 5) is the set of morphisms from A to X. To prove the claim,

suppose /, g : A — > X are such that F(f)(a) = F(g)(a). Since F commutes with equalizers

(Exercise 3.6(a)), the equalizer C of / and g is a subobject of A with α e •F(C'). By the

connectedness of A this implies that C = A, so / = g, äs required.

Denote by I the set of all pairs (A, a), where A is connected and α 6 -F(A). Write

(A, a) ̂ (ß, 6) if b = F(f)(d) for some / 6 Morc(A, £?); by the injectivity proved above, this

/ is unique if it exists. If both (A, a) ̂  (B, 6) and (B, 6) ̂ (A, a) in /, with corresponding

morphisms f : A —> B, g : B —> A, then the uniqueness implies that gf = id^ and

fg = idß, so that (A, a) and (B,b) are the same up to isomorphism. It follows that ̂  is a

partial ordering on the set of isomorphism classes of elements of /.

We claim that the resulting partially ordered set is directed (1.7). To prove this, let

(A, a) (B, b) € /, and let C be the connected component of A χ Β for which F(C], considered

äs a subset of F(A xB) = F(A) χ F(B) (axiom G4), contains the pair (a, b}. Then (C, (a, b))

precedes both (A, a) and (B, b) in /, äs required.

If (A, a) > (B, b) in / then the diagram of induced maps Morc(v4., X) is commutative for

any X, so there is a map

F(X}

is commutative for any X, so there is a map

lim MoTC(A,X)->F(X) ;

see Exercise 3.18 for the definition of the injective limit lim. We claim that this map is

bijective. Injectivity follows from the injectivity proved above. Further, if χ € F(X) then

χ e F(A) for some connected component A of X, and the map Moic(A,X) —> F(X)

corresponding to the pair (A, χ) ζ I sends the canonical monomorphism A -> X to χ e

F(X). This implies surjectivity.
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If X —> Υ is a morphism in C then the induced maps Morc(A,X) —> Moic(A, Y), for

, a) e /, combine to a map between the injective limits, and the diagram

(Â ) —> F(X)

l l

limMorc(AF) —> F(Y]

is commutative. We conclude that the functor F is naturally eqmvalent to the functor

lim Morc(A -). This is expressed by saying that F is "prorepresentable".

3.14 Galois objects.

Let A be counected. Then #Autc(A) ̂ #Morc(A A) <? F(A), so Autc(A) is finite. We call

A a Galois object if the quotient A/Autc(A) (axiom G2) is the terminal object 1. This is the

case if and only if the map F(A)/Autc(A) = F(A)/Autc(A) -» F(l) = l is an isomorphism,

so if and only if Autc(A) acts transitively on F(A). Then clearly #Autc(A.) ̂ #F(A], so

for a connected Galois object A we have Autc(A) = Morc(A A) and #Autc(A) = #F(A),

and Auic(A) acts freely and transitively on F(A) (see (1.10)).

Let X be an arbitrary object of C. We claim that there exists (A, a) E. I with A Galois

such that the injective map MoTc(A,X) —> F(X] from 3.13 is bijective.

To construct (A, a), put Υ = XF^X\ the product of a number of copies of X, one for

each element of F(X) (axiom Gl). Let α be the element of F(Y) = F(X)FW (axiom G4)

whose x-th coordinate is x, for χ E F(X), and let A be the connected component of Υ for

which a E F(A). We claim that (A, a) has the desired properties.

Denote the composite of the canonical monomorphism A —> Υ with the projection on the

x-th coordinate Υ = XF(X) -» X by px, for x E F(X). Then the map Morc(A X) -> F(X)

sends px to x, for χ 6 F(X), so it is surjective. We knew already that it is injective, so it is

bijective, and it follows at the same time that each morphism A —» X is of the form px.

Next let a' be another element of F(A). Prom Morc(A,X) = #F(X] it follows that the

injective map Morc(A X) —> F(X) induced by (A, a') is also bijective. This means that the

coordinates of a', when viewed äs an element of F(Y] — F(X)F(X\ are precisely all elements

of F(X), each occurring once. Hence there is an automorphism σ of Υ = XF(X\ permuting

the factors, such that F(a) maps α to a1. This automorphism transforms the connected

component A οι Υ into a connected component A of Y, and from a' E F(A) Π F(A') (inside

F(Y)) we see that we must have A = A'. We conclude that A has an automorphism sending

α to a', so that A is indeed a Galois object.
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3.15 Constmction of π.

Put J = {(A, a) G / : A is Galois}. We prove that J is a cofinal subset of / (Exercise 1.17).

Let (B, b) 6 /. By 3.14 there is a connected Galois object A such that there is a morphism

/ : A -> B. By G3 and the connectedness of B the map F(f) : F(A] —» F(B) is surjective,

so F(f)(a) = b for some α 6 -F(A)· Now (A, a) € J, and (A α) ̂  (B,b), äs required. Let

/' : A —> 5 be another morphism. By the surjectivity of F(f) there exists a' E F(A) with

F(f)(a') = F(f')(a), and since A is Galois there is σ e Autc(A) with a' = F(a}(a). Then

F(fa)(a) = F(/')(a), so /σ = /' by the injectivity of Morc(A,5) -> ̂ (-B). We conclude

that the natural action of Autc(̂ 4) on Morc(A B) is transitive.

Since J is cofinal in / the result of 3.13 implies that F is naturally equivalent to the

functor lim Morc(A ~ )·
—> J

Let (A, a), (B, b} e J be such that (A, a) ̂  (5, 6), with corresponding morphism f:A—> B.

For each σ € Autc(̂ 4) there is a unique r G Auto (B} for which

A -t+ B

σ τ
Φ

A -̂  B

commutes, namely, the autornorphism τ with F(r}(b] = F(fa)(a). The map Auto (A) —>

Autc(-ß) sending σ to r in this Situation is clearly a group homomorphism. It is surjective,

since by the transitivity proved above each rf is of the form /σ. Thus we obtain a projective

System of finite groups with surjective transition maps. We write π for the projective limit

lim Autc(A), which is a profinite group.

3.16 A functor to ττ-sets.

Let X be an object of C. For each connected Galois object A, the group Autc(A) acts on

Morc(Ax) by (σ,/) H-» fa~l. This action is, for (A, a) ̂  (B,b) in J, compatible with the

maps Autc(A) —> Autc(ß), Morc(ß,X) —> Morc(A,X), so it gives rise to a continuous

ττ-action on the finite set lim Morc(A, X) = F(X).

If X —> y is a morphism in C then it is easy to check that the induced map

lim Morc(A, X) —> lim Morc(A,y) is a morphism of 7r-sets. Hence if we write H(X)
—> J > J

for the set F(X] equipped with the π-action just defined, and H(f) — F(f] for a morphism

/ in C, then H is a functor C —·> vr-sets that composed with the forgetful functor ττ-sets —*

sets yields F. (We shall see in 3.19 that this H is the same one äs in 3.4.)

46



3.17 The effect on connected objects.

Let B be a connected object, and let (A, a) € J be such that Μοτα(Α,Β) -̂  F(J5). In

3.15 we proved that Autc(-A) acts transitively on Morc(A, B), so we have an isomorphism

of π-sets

with H äs in 3.16, where G C Autc(A) is the subgroup

G = {σ e Autc(A) : /σ = /}

for some fixed / : A — > B.

Since the natural map π — > Autc(̂ 4) is surjective, the action of π on H (B) is transitive.

Hence H maps connected objects of the category C to connected objects of the category

π-sets (Exercise 3.17(a)).

Since fa — f for all σ G G, the morphism / : A — » B induces a morphism g : A/G — » B.

We claim that this is an isomorphism. To prove this, it suffices to check that F(g) is an

isomorphism. In any case F(g) is surjective, since F(f) is. Further F(A/G) = F(A)/G has

cardinality #(Autc(A)/G), because the action of Autc(̂ 4) on F(A) is free and transitive.

Since also F(B] has cardinality #(Autc(A)/G) this completes the proof.

3.18 An equivalence of categories.

To prove that the functor H : C — > π-sets from 3.16 is an equivalence it suffices to check

that (i) each finite π-set is isomorphic to one of the form H(X), for an object X of C; and

(ii) for every two objects X,Y of C the functor H yields a bijective map Morc(X, Y) — >

Μοτ7Τ(Η(Χ),Η(Υ)) (see Exercise 3.20).

We first prove (i). Every finite π-set is isomorphic to a finite sum of transitive π-sets,

and the functor H preserves finite sums since F does. Hence it suffices to consider a tran-

sitive ττ-set, and any such is of the form Auic(A)/G for sorne connected Galois object A

and some subgroup G C Autc(̂ 4) (cf. Exercise 1.19). Let α e F(A). Then the map

Autc (A) = MoTC(A,A) -» F(A) sending / to F(f}(a) is bijective, and F(A] with the ττ-

action (σ, F(f)(a)) i-* F(/a~1)(a) is H (A). Thus H (A) is isomorphic to the π-set Autc(̂ 4)

on which π acts by left multiplication, by F(f}(a) H-> /~1. Since F is a functor, Autc(A)

and its subgroup G act in a second way on H (A) = F(A), namely by (σ, χ) -> F(a)(z);

under the identification of π-sets -f/"(>l) = Autc(A) just given this is right multiplication by

σ"1. We tlms see that the quotient H(A]/G in the category π-sets is the π-set Autc(A)/G.

Since the natural map F(A)/G —> F(A/G) is an isomorphism, by G5, the same is true for

H, so we have H (A/ G) = Autc(A)/G in ττ-sets. This proves (i).
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Το prove (ii), let Χ, Υ be objects of C. The map MoTC(X, Y) -> Morc(X, Y) to be proved

bijective is in any case injective, by Exercise 3.6(b). If X = Ui=i ̂  tnen Morc(X, Y) =

IIi=i Morc(.Xi, Y), by the definition of JJ, and since H preserves finite sums we have an

analogous decomposition for Morc(̂ , Y)· In this way the question is reduced to the case

that X is connected. If X — > Y is any morphism, factored äs X — >· Z — > Y with X — - >

Z epimorphic and Z — * Y monomorphic, then the connectedness of X implies that Z is

connected (Exercise 3.21), so Z is one of the connected components of Y. If we write

Y = ]J[i=1YJ, the Y3 being the connected components of Y, then it easily follows that

Morcpf, Y) = U*=1 Morc(̂ , Yj) for connected X, and since also H(X] is connected (3.17)

there is a similar decomposition for Μοτπ(Η(Χ], Η (Υ)}. The question has now been reduced

to the case that both X and Y are connected.

Let X and Y be connected. Choosing (A, a) G J sufficiently large we can write X = A/G\

and Y = A/Gz for certain subgroups Gi,<32 C Autc(A) with #(X) = Autc(A)/Gi,

#(Y) ̂ AutcCA)/«^ (see 3.17). Any π-homomorphism Autc(A)/Gi -> Autc(A)/G2 is of

the form rG\ ι— > τσ02 for some uniquely determined σ(?2 G Autc(A)/G2, and for given aG2

this is a well-defined π-homomorphism if and only ifda C oG^. Hence #Μοτπ(Η(Χ), Η(Υ}}

#{σ(?2 6 Autc(̂ 4)/G2 : (7ισ C aG2}. To count Morc(̂ , Y) we use that for any / G

MOTC(X, Y) there exists σ e Autc(̂ 4) for which the diagram

A -̂

A -̂  A/G2 = Y

with natural horizontal maps hl commutes; namely, choose a! e F(A) with F(h-2)(a'} =

F(fhi)(a), and σ with F(a)(a) — a'. We have /ι2σ = /ι2σ' <& σ'σ~ι € G2 <̂ > G2a = G2a', so

/ uniquely determines the coset G%a. Conversely, a given element σ G Autc(-<4) gives rise to

a morphism / : X — ->· Y if and only if /ι2σ factors via A/G\, so if and only if /ι2στ = /ι2σ for

all r G GI, so if and only if aGi C G2a. Therefore #Morc(X, Y) = #{G2a : aGl C Ο2σ},

and replacing σ by σ"1 we see that this is the same äs φΜθΐπ(Η(Χ),Η(Υ)}. This proves

(ii).

We have proved that the functor H defined in 3.16 is an equivalence of categories.
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3.19 End of proof of Theorem 3.5.

We first prove (b). Let π be any profinite group and H : C —> π-sets any equivalence that

composed with the forgetful functor F\ : ττ-sets —> sets yields F. Then Aut(F) = Aut(.F\),

since H is an equivalence, and Aut(Fi) = ττ by Exercise 3.11. Hence π = Aut(F). This

proves (b).

To prove (a), we apply (b) to the group ττ constructed in 3.15 and the functor H defined

in 3.16. Then H is an equivalence by 3.18, and composed with the forgetful functor to sets

it yields F. Hence by (b) we may identify π with Aut(F), and then H becomes identified

with the functor from 3.4 (cf. Exercise 3.11(c)). This implies (a).

To prove (c), let F' : C —* sets be a second fundamental functor. We have

lim Morc(A -) ̂ F , lim Morc(A -) ̂ F' ,
—>· J —t J

with J äs defined in 3.15 and J' defined similarly for F'. Since all pairs (A, a) e J with the

same A are isomorphic, we may replace J by a subset J0 containing exactly one pair (A, a)

for each connected Galois object. Similarly, choose J'Q C J' such that J'Q contains exactly

one pair (A, a') for each connected Galois object A; it should be noted that the definitions

of "connected" and "Galois" (3.12 and 3.14) do not refer to a fundamental functor. If

(A, a), (B, b} e -/o and g : A —» B is a niorphism, then there is a unique β e Aatc(B) for

which F(ß] sends F(g}(a) to b. Then f = ßg satisfies F(f)(a) = b, so (A, a) ̂ (B, b) in J0. It

follows easily that (A, a) ̂  (B, b) in J0 if and only if the corresponding elements (A, a'), (B, b'}

of J'Q satisfy (A,a1} ̂  (B,V}\ but the morphisms /,/' : A ->· B with F(f}(a] = b and

F'(f')(a') = b1 are not necessarily the same. For each a e Autc(A) there exists 7 e Autc(B)

for which the diagram

A -̂  B

a \ 7
4- ^

A -A B

commutes, with /, /' äs above. Mapping α to 7 we obtain a projective System of finite non-

empty sets Antc(A), with A ranging over the connected Galois objects. By Exercise 1.9(b)

the projective limit is nonempty, so we can make a simultaneous choice of a A G

such that all diagrams

A -̂  B

aA

A -̂  B
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äs above commute. These automorphisms induce an isomorphism

lim Morc(A, -) = limMorc(A, -), so F = F'. This proves (c).
-» ΛΟ -+ J'0

Finally, we prove (d). Let H' : C —> ττ-sets be an equivalence, and -F' the composite with

the fundamental functor to sets. Then π == Aut(F') by (b), and since F' == F by (c) there

is an isomorphism of profinite groups Aut(-F') = Aut(F) that is canonically determined up

to an inner automorphism.

This completes the proof of Theorem 3.5.

3.20 Theorem Let C and C' be essentially small Galois categories, F : C' —s- sets α

fundamental functor and G : C —> C' a functor such that F = F'G %s a fundamental functor

for C. Let H : C' —+ π-sets and H' : C' —* π sets be the equivalence from Theorem 3.5(a),

with π = Aut(.F), ττ' = Aut(F'). TTien there zs α natural continuous group homomorphism

π' -> π such that the functor G' : π-sets -» vr'-sets that endows a π-set with the π'-action

mduced by τι' —> π gwes rzse ίο α commutative diagram

c -?-* a

H\ H'

fr — sets —> ττ' — sets .

Proof. Each automorphism (ay) of F', with Y" ranging over the objects of C', gives

rise to an automorphism (σ χ) of F, with σ χ = σ'α̂  for each object X of C. The resulting

map Aut(-F') —> Aut(F) is easily seen to be a continuous group homomorphism (cf. Exercise

3.10) and to have the property stated in the theorem. This proves 3.20.

3.21 Examples.

Let X and X' be connected topological spaces, / : X' —·> X a continuous map, x' G X'

and χ — f(x'} G X- Denote the categories of finite coverings of X and X' by C and C',

respectively. Then there is a functor G : C -» C' with G(F) = y xx X' = {(y, z) E Υ x X' :

y and z have the same image in X}. Using the notation of 3.7 we have FX>G = Fx, so the

conditions of 3.20 are satisfied. Hence we find a natural continuous group homomorphism

Tt(X', x') —> Trpi, x). It follows that π is a functor from the category of connected topological

spaces with base point to the category of profinite groups (cf. Exercise 3.22).

Let K' be a field and K a subfield. Then there is a functor ̂ SAlg —» χ/SAlg sending A

to A ®K K'. Passing to the opposite categories and defining the fundamental functor F' by

F'(B) = AlgK,(B, K's] (cf. 3.3) one finds that the conditions of 3.20 are satisfied. This gives
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rise to a continuous group homomorphismyr' —* ττ, where π', ττ are the absolute Galois groups

of K', K, respectively. It is easily seen that this is simply the map restricting the action of

π' on K's to K3i which may be considered äs a subfield of K's.
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Exercises for Section 3

3.1 (Left limits and right limits [12].) A directed graph D consists of a set V = V&

of verhces, a set E = Ep of edges, a source map s = S& : E —+ V and a target map

i = tr> · E —> V"; each e € E is to be thought of äs an arrow from s(e) to i(e). Let D

be a directed graph and C a category. A D-diagram in C is a map that assigns to each

v E V an object Xv of C and to each e £ E a, morphism fe from Xs(e) to X̂ ) in C.

A morphism from a D-diagram ((Xv)vev(fe)eeE} to a D-diagram ((Yv)veV'(ge)eeE) is

a collection of morphisms (hv : X,, —> Yv}v&v m C such that ht(e}fe = gehs(e) for all

e£ E.

(a) Show that the D-diagrams in C form a category. We denote this category by CD.

(b) Show that there exists a functor Γ : C —> CD mapping an object X to the constant

D-diagram with Xv = X for all v 6 l/ and /e = id^ for all e <E A, and mapping a

morphism Λ,: X —> Υ to the morphism (̂ )υεν· with all hv = h.

(c) A left hrmt of a D-diagram A in C is an object limA of C such that Honic (—, 1ΐπυ4) =

Ηοηιοο(Γ(—), Ä) äs functors on C. Prove that limA is unique up to isomorphism if it

exists, and that the notion of a left limit generalizes that of a projective limit (see 1.7

and Exercise 1.8).

(d) Show that C admits left limits on all D-diagrams in C if and only if the functor

Γ : C —> CD has a nghi adjomi lim : CD —> C, i.e.

Homc(-,lim-)^HomCD(r(-),-) .

If this right adjoint exists, we say that C admits left hmits over D.

(e) A right hrmt of a D-diagram A in C is an object lim/l of C such that
—>

Homc(limA, —) = HomCö(A, Γ(—)). Formulate and prove the analogues of the asser-

tions in (c) and (d). If Γ has a left adjoint lim : CD —> C we say that C admits right
—»

limits over D.

3.2 (Left limits in axiom Gl.) Let C be a category.

(a) Prove that C admits left limits over the empty directed graph (with V = E = 0)

if and only if C has a terminal object.

(b) Prove that C admits left limits over the directed graph ·—>-*— <—· if and only

if the fibred product of any two objects over a third one exists in C.
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3.3 (Equalizers and finite left limits.) Let C be a category. An equahzer of two

morphisms /, g : X —* Υ in C is a left limit of the D-diagram /, g : Χ ̂  Υ, with

D = r\ . We say that C has equahzers if it admits left limits over D = r\ . We say

that C has fimte products if it admits left limits over any D with V finite and E = 0.

We say that C has fimte left limits if it admits left limits over any finite D (i.e. with

V and E finite).

(a) Suppose that C satisfies Gl (see 3.1), and let /, g : X -> Υ be morphisms in C. Let

X XKX be formed with respect to / and g. Prove that there exists a natural morphism

X XYX —> X xX and a diagonal morphism X -> Χ χ X such that X xXxX (Χ χγX]

is an equalizer of / and g.

(b) Prove that C satisfies Gl if and only if it has equalizers and finite products, and if

and only if it has finite left limits.

3.4 (Right limits in axiom G2.) Left C be a category.

(a) Prove that C admits right limits over the empty directed graph if and only if C

has an initial object.

(b) Prove that the following three assertions are equivalent: (i) finite sums exist in C;

(ii) any two objects Χ, Υ of C have a sum X TJ Υ in C, and C has an initial object;

(iii) C admits right limits over any directed graph D with V finite and E empty.

(c) Show how the quotient X/G of an object X by a finite subgroup G C. Aut(X) can

be interpreted äs a right limit.

3.5 Let / : X —> Υ be a morphism in a category C. Prove that / is an epimorphism if and

only if Y, together with Ίάγ : Υ -> Υ and / : Χ —>· Υ, is a right limit of the diagram

Υ <— X —> Υ in which both arrows equal /.

3.6 Left C be a category satisfying Gl, and F a covariant functor from C to the category

of sets.

(a) Prove that F satisfies G4 if and only if it commutes with equalizers and with finite

products, and if and only if it commutes with arbitrary finite left limits.

(b) Suppose that F satisfies G4 and G6, and let /, g : X —> Υ be morphisms in C with

F(f} = F(g). Prove that f = g.

3.7 Let C be a category and F a covariant functor from C to the category of sets. Suppose

that F commutes with finite right limits. Prove that F satisfies G4. [Hmt: Exercises

3.4 and 3.5.]
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3.8 Let C be the category of modules over a ring A, and F a covariant functor from C to the

category of abelian groups. Suppose that F is add^t^ve, i.e., that for any two A-modules

X,Y the map F : Hom^X, Y) —> Hom(F(Jsi), F(Y)} is a group homomorphism.

(a) Prove that F commutes with finite products.

(b) Prove that a sequence 0—> X —> Υ —* Z in C is exact if and only if X, with the

map X —> Υ and the zero map X —·> Z, is an equalizer of / and the zero map Υ —> Z.

(c) Prove that F, when composed with the forgetful functor to the category of sets, is

left exact if and only if for every exact sequence 0 —>· X —> Υ —> Z in C the sequence

0 -> F(X) ->· F(Y) -> F(Z) is exact.

3.9 Let K be a field, with algebraic closure K. In this exercise, A, B and C denote free

separable Ä"-algebras.

(a) Prove that if A —> B, A —>· C are K-algebra homomorphisms, B <S>A C is a free

separable K-algebra. [Hint: 2.7.]

(b)) Let G be a finite group of K-algebra automorphisms of A, and extend G by

K-linearity to A ®K K. Prove that (A ®K K}G = AG ®K K and K-algebras, and that

AG is a free separable A"-algebra. [Hmt: use a basis of K over K.}

(c) Let / : A —> 5 be a /i-algebra homomorphism. Prove that f[A] is a free separable

K-algebra, and that f[A] = {b e B : b <g> l = l <g> 6 in B ®A B}.

(d) Deduce that the opposite of the category of free separable ίί-algebras is a Galois

category, with F(A) = AlgK(A, K) = AlgK(A,Ks)\ here K3 is a separable closure of

K.

3.10 Let C be an essentially small Galois category with fundamental functor F.

Prove that a base for the open neighborhoods of id^ in Aut(F) is given by the sets

(σ G Aut(F) : σχ is the identity on F(X)}, with X ranging over the objects of C.

3.11 Let π be a profrmte group, and F the fundamental functor from π-sets to the category

sets of finite sets.

(a) Prove that an automorphism σ of F is completely determlried by the maps σπ/π/ :

Ρ(π/π') —> F(TT/TT'), with π' ranging over the open normal subgroups of π. (The action

of 7Γ on π/π' is induced by left multiplication.)

(b) Let π' be an open normal subgroup of π. Prove that the group of π-sets-automorphisms

on the ττ-set ττ/ττ' is isomorphic to the group π/π', with r € π/π' acting äs right multi-

plication by r"1. Prove also that any set-theoretic map π/π' —> π/π' commutmg with
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all TT-sets-automorphisms of π/π' is given by left multiplication by some element of

π/π'.

(c) Conclude that Aut(F) may be identified with π, and that the functor H : ττ-sets ->

Aut(F)-sets defined in 3.4 is the identity functor.

3.12 Let X be a topological space, and / : X —> Υ a finite covering. Prove that / is open

and closed.

3.13 Let X, Y, Z be topological spaces, / : Υ -> X and g : Z ->· X finite coverings, and

h : Υ —>· Z a continuous map with / = gh. Prove that h is a finite covering.

3.14 Let X be a connected topological space, C the category of finite coverings of X, and

h : Υ —> Z a morphlsm in C.

(a) Prove that the image of h is open and closed in Z.

(b) Prove that h is injective if and only if it is a monomorphism, and that h is surjective

if and only if it is an epimorphism.

(c) Prove that C satisfies axiom G3.

3.15 Let C be a category and F : C —> sets be a functor such that axioms G l, G4, G6

are satisfied. Let further / : Υ —>· X be a morphism in C.

(a) Prove that / is a monomorphism if and only if the first projection pi : Υ XXY —> Υ

is an isomorphism.

(b) Prove that / is a monomorphism if and only if F(f) is injective.

3.16 Let C be a category, Υ —> X «— X1 morphisms in C, and suppose that the fibred

product ΥχχΥ' exists. Prove: if Υ —> X is a monomorphism, then so is Υ xx Y' —»· Y' ·

and if both Y —» X and Y' —> X are monomorphisms, then so is Υ Χχ Υ' —» X.

3.17 (a) Let π be a profinite group and E a finite ττ-set. Prove that E, äs an object of

ττ-sets, is connected if and only if the action of π οη Ε is transitive.

(b) Let K be a field and A a free separable K-algebra. Prove that A, äs an object of

the category opposite to ̂ SAlg, is connected if and only if A is a field.

(c) Let X be a connected topological space and Y —* X a finite covering. Prove that

Y —» X, äs an object of the category of finite coverings of X, is connected if and only

if Y is connected äs a topological space.
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(d) Let X be a connected scheme and Υ — » X a finite etale covering. Prove that

Υ — > X,as an object of FEtx, is connected if and only if the scheme Υ is connected.

(See Exercise 5.16.)

3.18 (Injective limits.) An mjective System of sets consists of a directed partially ordered

set /, a collection of sets (S%}l&i and a collection of maps (fl3 : Sl — > 5i_7)Ije/i ̂.,

satisfying the conditions

/„ = (identity on S») for each i e /,

Λ* = /jfe ° Λ, for all i, j, fc G / with i^j^k.

Call χ E Sl equwalent to y £ S., if there exists k £ I with k ̂  z, k ̂  j and

in

(a) Prove that this is an equivalence relation on the disjoint union of the sets St. The

set of equivalence classes is called the mjective hrmt of the System, notation: lim Sl or

(b) Prove that the injective limit can be interpreted äs a right limit (Exercise 3.1).

(c) Suppose that / ̂  0, that all Sl are groups and that all fl3 are group homomor-

phisms. Show that lim Sl has a natural group structure.

(d) Let I be the set of positive integers, ordered by divisibility. For n, m G /, n

dividing m, let Z/nZ — * Z/mZ be the group homomorphism mapping (l mod n) to

(m/n mod m). Prove that lim Z/nZ =

3.19 Describe the connected Galois objects in the category π-sets, for a profmite group

7Γ. Do the same thing for the category opposite to ̂ -SAlg, for a field K.

3.20 Let H be a covariant functor from a category C to a category D. Prove that &H is

an equivalence of categories if and only if the following two conditions are satisfied:

(i) every object of D is isomorphic to one of the form H(X), for an object X of C;

(ii) for any two objects Χ, Υ of C the functor H yields a bijective map Morc(̂ ", Y} —>

MoiO(H(X),H(Y)).

3.21 Let X —> Z be an epimorphism in a Galois category, and W -+ Z a subobject

different from 0, Z. Prove that WxzX-*Xisa subobject different from 0, X.
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3.22 Let Gal be the category whose objects are pairs (C, F) where C is a small Galois

category and F a fundamental functor on C. A morphism(C, F) —> (C', F') is a

functor G : C -> C' with F = F'G. Prove that the assignment (C, F} i-> Aut(F)

extends to a contravariant functor from Gal to the category of profinite groups with

continuous group homomorphisms. Is this functor an anti-equivalence of categories?

3.23 Let π' —>· vr be a homomorphism of profinite groups and G' : π-sets —> ττ'-sets the

induced functor (see 3.20).

(a) Prove that π' —» vr is surjective if and only if G' sends connected ττ-sets to connected

p'-sets.

(b) Prove that π' —> π is injective if and only if for every connected object X' of ττ'-sets

there is an object X of π-sets and a connected component Y' of G'(X] such that there

is a Tr'-homomorphism Y' -* X'.

3.24 Let C be a category and F : C -* sets a covariant functor. Prove that the following

two assertions are equivalent:

(i) C is a Galois category with fundamental functor F;

(ii) for every set S of objects of C there is a set T of objects of C with S C T such

that the category D whose objects are the elements of T, with the same morphisms äs

in C, is a small Galois category with fundamental functor F|D.

3.25 Let C be a Galois category with fundamental functor F, let A be a connected object

of C (cf. 3.12), and α G F(A). By CA we denote the category whose objects are

morphisms / : X —> A in C, a morphism from f : X —> Ato g :Y —^ A in CA being

a morphism h : X —* Υ in C for which / = gh.

(a) Define the functor Fa : CA ~> sets by sending / : X —> A to the subset F(f)~1(a)

of F(X). Prove that CA is a Galois category with fundamental functor Fa.

(b) Define the functor G : C -> CA by G(X) = (XxA -> A) (the canonical projection).

Prove that FaG is a fundamental functor on C.

(c) Prove that if C is small the profinite group Aut(F0) is isomorphic to an open

subgroup of Aut(F).

(d) Define the functor J : CA -* C by J(X -* A] = X. Prove that (J, G) is an adjoint

pair of functors, i.e.,

Morc(J(n̂ ) = MoiCA(Y,G(X))

functorially in X and Y,
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