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‘On the anomalous phase-relation between first and second harmonic in the radial velocity

of ¢ Geminorum and related stars, by % /Z0ltjer Fr.

* The radial velocity of an adiabatically - pulsating
star generally is an uneven periodic function of a
linear function of the time with period 2r. However,
if the deviations from adiabatic conditions are taken
into account, the symmetric periodic solution of the
equations of motion does not longer hold: the periodic
solution is asymmetric. This asymmetry is very small
in a star like o Cephel but strongly developed in &
Geminorum and in some stars of period intermediate
between the periods of these two stars. The theoretical
" interpretation of this fact is the subject of this paper.

1. Consider a spherically symmetric star perfor-
ming a radial pulsation. Refer the state of this star
toa “normal’ state: a'state of hydrostatic equilibrium
corresponding to given values of the entropy # of the
unit of mass; the quantities belonging to this state
are to be denoted by the subscript z. Introduce the
functions s; (r.) (=1, 2,. . .) of the radius-vector 7,,

proportional to that value of logr—r which corresponds

n
to an infinitesimal excitation of only the fundamental
mode of vibration with number 7, the factor of pro-
portionality to be determined by the requirement:

fs;z onratdrn =1,

p denoting the density and the integral extending
from centre to surface. The quantity r may be
expanded in the series

i =2 CGs; (7n)',
Ta T

the coefficients C; being functions of the time ¢
Denote the total. energy of the star (the sum of
kinetic energy, internal energy and gravitational
energy) by 4nH; H is a function of the variables C;,
the derivatives of these variables with regard to #
C; and ,of the time ¢ introduced by the oscillation of
the entropy 7. Then, the hydrodynamical equatlon

may be resolved into the system of ordinary differen-
tial equations 1):
W _H 4G _aH
dt  3C;,  dt IC;
If only adiabatic pulsations' are considered, 7 is
constant with regard to the variable ¢; the functlon i
may be chosen equal to .

Introduction of the variables [ and w by the
equations:

W/
C; = VTJ cos w;, .
transforms the system of differential equations into

the set:
df; _ 2H dw; oH
dt dw;’ dt )
These equations may be written, with a sufficient

degree of approximation, in a form that separates
the adiabatic and non-adiabatic. parts:

afi _ s J__BH(’n=‘nn) dw;  QH(n=1)
i 3 aﬂ 1]

dt 0 w; dt
o; denotes the damping-constant belonging to the
fundamental mode of vibration with number i.:

(i =

1,2,...).

Ci = —l/zjim sin w

2. If only the interaction of the first two degrees
of freedom is considered and the development of the
function H is restricted to those interaction terms of
lowest order which are predommant if #, and n, are
nearly commensurable in the ratio of 2 : 1, this
function may be restricted to the terms:

H= mJi+ e o+ ke i I/ECOS (2w; — w,).

Then a periodic solution of the differential equa-
tions exists in which w, and w, are linear functions of
the time and J;, J, and the argument 3 = 2w, —w

1) A more extensive analysis may be found in a former paper:
B.AN. No 303.
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are constant. These constant values result from the
equations:

— 20 i+ 2ke i}/ Jasin =o

— 20 h— ke i ]/72_sin3 =0
—ny + kyp Sy I/Jz <J1—2_.I]2> cosS = o.

Hence

o Ji + 20‘2‘]21= o
2 =k |/ Josin®

21y — My = Gﬁ — 2> 12 |/7; cos$ =
_<z_j -+ 2) ks ]/72 cos3. ‘

These equations determine the pulsation: the
amplitude of the first harmonic term and the relative
amplitude and phase of the second harmonic term.
As w, = 2w;—2, the value of S mieasures the difference
of phase between the two harmonic, terms; this
quantity results from the equation:

24 204 -
tan S = ———Z—j————i.
271 — 7y
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The radial velocity is with a-sufficient degree of
| approximation equal to:

— g1y {\/Zn—‘]l sy sinw; + 2 \/zn—Jz’»s2 sin (2w;—3)¢.
1 2

The anomalous phase-relation between the two
harmonic terms which exists in the radial velocity
of £ Geminorum would involve a value of 2n,—n,
nearly equal to zero. However, as, to attain a suffi-
ciently large amplitude of the first harmonic, it is
necessary to suppose the coefficient £, extremely
small, this interpretation is somewhat artificial;
moreover, a small value of £, would exclude the
possibility of restricting the consideration to two
degrees of freedom only.

3. If the consideration-includes three degrees of
freedom, the equations which determine the elements
of the periodic solution become less simple. However,
to conform to_ actual conditions, the analysis is re-
stricted to the case: k;, = o and «, = o. If only those -
terms of the function H that are essential, if 7, n,
and n, are nearly proportional to the values 1, 2 and
3, are taken into account, the development of this
function is given by the relation:

H=mn Ji+ ny Jo+ 1, Js F ks ]/J1J2J3 cos (w; + wy — w;) + ki Ji l/j; cos (3wy — wy) + ly Ji%
Then the values of the variables J;, Ji, J5, 3, 3 =3 w,—w, in the periodic solution are determined by the

equations:

— 20y Ji + ki l/Jljzjs sin (3'—3) + 3 kyg i VJ:; sin3’ =o
kias ]/ Jljzja sin (3'—3) = o

— 20 [ —

ny — My + kigg l/m <\7I; -

kos |/ JoJaJs sin (3'—9

)= kg J ] Jasin® =o

_I—> cos (3'—9) + 3 ks V JiJs cosS + 4l Ji=o
2 /s

I

ny — Ny + kigg l/j1J2Ja <ﬁ—£f—3> cos (§'—3) + ki Ji2 l/—js <27¥;—‘ ;ﬁ) COSS“' + 6 '111 Ji=o.

Hence: « — 0, sin (3'—5) = o. between first and third harmonic.

it 3t = (5=) ] Suppose the solution of the equation sin (3'—3) =o
to be 3'—% = o. Then the values of J;, J5, J5, 9’
result from the equations:

Thus the phase-relation between first and second
harmonic in the radial velocity is determined by that

oy i+ 32 Js=o0
204 1/73 + ks i2sinS’ = o

2my — ny + kygs i/J1J2J3 (%”“TT) + 3 ks 1/7;73 cosS + 4l Ji=o

ny — ng + kg l/j1J2J3< J 2J>+k13J1 VJ:;(zI“ﬁ>COSS ‘|‘6l11.]1*“°

regards the functional relation between the generation
of . energy and the temperature. Then the values of

Denote the quantity — 5 —= by p4; it is determined
ot
Jis Jes Js and 3’ are determined by the equations:

by the internal constitution of the star, especially as

I
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21 — 712-‘1‘ kiog szl 1/7;< yA

4
=,

LEIDEN

ki Jysing’ =

YA

437
— 2\a3 p?

>+ 3k Jiptcos3 + 4l Ji=o0

sm—ny — 20 (g )T TR g oss 4 60 =0

The solution of these equations may be effected by . . 2pt .
multlplication of the fourthh equation with an factor required is 1—3pt and the resulting §um-
appropriate factor and addition of the result to the equation:
third equation so as to eliminate the V' Jo-term. The

T 1 NNt YV 1 _ﬂc/(w>=
2n n2+1_3y_4(3”1 n3) 21/72 + ks Jo 1_3”4‘305«* + 4+ 3p4ln J1=o.

As p2 must be a small quantity the influence of

cos 3’ on the resulting ]/E value may be neglected.

Then, with a sufficient degree of approximation,
]/ J» is given by the relation:
]/ 7; _1I Kigs p? )
S 22m—ny+ 40y Sy

If the value of 27n,—n, is nearly zero, the value of

1k

1;3 Then the fourth
11

equation approximates to a determination of cos 3’

by the equation:

1/ J: is nearly equal to 3

2
‘%%ﬁ? Jicos3' = 3m—n; — II L + 6l i

4. A more detailed investigation of the preceding
solution requires some knowledge of the coefficients
kias k13, k1ss, ;- A computation of these quantities
involves the functional relation between the internal
energy and the variables p and w, density and
entropy. This computation may be considerably
simplified by development in terms of a quantity
that will be supposed small and be taken into account
only as far as the first power: the ratio of gas-pressure
to radiation-pressure in the “normal’’ state of the star.

The adiabatic relation connects the temperature 7T°
and density p by the equation:

T3pn

(77:> ;; +1p,, pn T

E_ 2P lo

P" s
pn and II, denote gas-pressure and radlatlon-pressure
in the “normal” state of the star. As only terms of

the first order in P

T, 2re to be retained, this equation
n

d R ds;
A ARETC

the quantity y being equal to § + dy. Hence, the

possibility exists of transforming some integrals
needed in the development of the energy-function

dyP,,_

is aequivalent to the relation:

<TT>3 pn§1+1p,, Pn}——<0n>1+ 873 —E&

The internal energy per unit mass, U, then is
equal to:
I
= 4 dy
3—(I+357)<‘°”> -
As the total pressure P, equals II, (1 + 6 dy),

this equation is aequivalent to the relation:

I

U—3%<‘i> <I—3Sy+5ylog:>

The factor < is connected with the development

Pn
1 of ;{ by the relation:

= 2
pr dr,, Pa Tn-

Hence the function 4% f < U—f Af’> d M,, fdenoting

the constant of gravitation and A, the mass inside
the sphere with radius 7, may -be developed in
ascending powers of the functions Cy, Gy, ... Itis to
be taken into account that, if dy = o, the function s,
is constant; hence the variation of s, from "centre to

. . . ds
surface and the differential coefficient zr—l are quan-
n
tities of the order of dy.
The functions s; (r,) are solutions of the dlfferenual

equation:

d P,
dr -+ pnr,.> = 0;

in powers of C;, C,,.

first to be considered.
Multiplication of the s,-equation with s; and the

sg-equation with s,, integration of the sum of the

. These transformations are.
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products from centre to surface of the star and
reduction of the result by partial integration leads
to the equation'

jP,, Tt
o G5y ds, dr,

The integral f Pt & 7.

partial integration to be equal to:

— f Sy dir,, <P,, 7t ZSI> dr,.

2 @5y dsg 3
T, T fP r? ay§

may be shown by

o G5y ds,
fP" o dr, O

The coefﬁments of the development of the energy- |

function f ( U—f

coefficient of C;2 Cy:

coefficient of C;3C,: —6om f $1% 85 <I + g—

I
3
coeflicient of G;C,Cj:

- 4 31 f,,
coeflicient of C,4:

The value of 7,2 may be derived to the same degree
of approximation in Jdy by consideration of the
differential equation which determines the function
$1(rm). Integration of this equation from centre to
surface leads to the relation:

fur

taking. into account the boundary values required
for the function s, (7,);. partial integration reduces
this equation to the form:

f&y P, .2 dr,

f Pn Tat A1y

r,,) dr, = o,

n? =

coefficient of Cy% Cy: 21 1,2 5,(c)

LEIDEN

9]5152Mrn3drn=

>d M, needed in the analysis of

ds,
d
ds, oy
d_>P 72 aydr,,,

28 . ds, ds, ds, g
s (- S G dn T T

, 45y dsg
—d;, Z—-})P T,, dr,,,

397rfsl4 P, 12 dy dr, .

B.A.N. 359

as y =§ + Jy, partial integration of the right-

hand member reduces: this relation to the
equation:
o 45y ds

d( )—|—2773253 ar, .

ass 9
G dry dra + dr,

Hence, substitution of the value of the last factor .
of the integrand from the differential equation that
determines s, leads to the equations:

27 1 sy

2 slszP Tn 6y< 35 dr,,)d

the preceding sections are those of C;2 C,, C;3 C,,
G, G, C; and 014, the values to the requlred order of
approximation in dy are:

187:[s1232<1—|—£ﬁ' 2>P,,r,,26ydr,.;
- - 3%

.

' le ds, ds, d(sps3)
v dT ar. + 9515585 + 35173: ar,

This equation, together with the condition to be
satisfied by the multiplicative constant of integration

in the function s;: | ga7a%s,2 dr, = 1, allows a reduction

of the computed coefficients in the development of

the energy-function to a form in which a numerical
estimate of their values may be performed more
readily. Denote the central value of a function s by
s(c) and -use the n,’-equation in adding as denomi-

nator the integral |dy P, 7% dr.; then, to the required

order of approximation in Jy, the values of the
coefficients are:

. -92(")< 12‘(1‘;.?>P,,r,,257d7’n

3 Sy dr,

52 (€)

.
bl

f P, 1,2 0y dra

Al
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20 ‘ f%(l—}—iﬁ?&)ﬂrnzaydr,,
coefficient of C;3 Cy: — —3—7r ne? 51(¢) s3(¢) % _3 5 4T ;
f Py 1, Oy dra
, $1(ra)  Sa(ra)  s5(1a) ~ $1(7a) sa(ra)  sa(rn)
coefficientof C; C,C; : 47 nlziz(—;)(ss—)(cz f( g—f 73 d s1(¢) d S5 (€) d s3(¢) + Oy %—— 4 51 (¢) 1a® d 83 (€) d s3(¢) +
o ' , dra  drn  dn 9 ¥ dn dra
52("") $5(ra) Sy(ra)  S5(7)
51(72) $3(Tn) S3(7n
+ 1((0)> 82((0)> ;((rc)) +in 55(c) s3(c) — 4,04 5 (c) d 53 (¢c) > P, 12 dr, |: fP,. ra2 Oy dra;
2\ % 3 dr. dr,, dr,
coefficient of C*: %3 7,2 52 (c).
Each integral-quotient is the mean value of the | cos(2w;—u;),cos (3w;—w;),cos (wl—l—wz—wg),cosowl.

s-combination involved with weight-factor P, 72,0y dr;
the central value of each s-combination is equal to
unity. Denote the mean values respectively by the
symbols ay,, 955, 71s5-

The determination of the coefficients ky,, kw, kia3,s
l;; involves the transformation of the products
Cos2w; COS w,, COS 3w, COS Wy, COS Wy COS W, COS Ws,
cos 4w, and retention only of the terms needed:

2n
k12="52(5)]/”11/ Z1a1g, kg=—

gy = ]/_3 Sa (c c) l/ ]/2 n,

The values of the coeflicients of development in
the function H, derived in the preceding section,
allow a more detailed consideration of the periodic
solutions of the differential equations. The range of
possibilities being large, it is superfluous to start
from a supposed internal constitution in the “normal”
state of the star. A more real elucidation of the
problem is reached by assigning plausible values to
the quantities involved, so as to produce a relation
between the several harmonics in the radial velocity
that closely resembles the actual condition of
¢ Geminorum and related stars.

The coefficient k;, will be supposed to be zero; to
this end an increase of dy from centre to boundary
is necessary.

pu— L ,
The factorsl/ inﬁ and 1/3—n-n—1 will be approxi-
- 2 3

mated to by the value 1.

. Some knowledge of the increase of the functions
(1) and & 55 (1a) from centre to boundary being

s (c) 53 (¢)

necessary, the surface values of these functions are

~ taken to be 10 and jo.

As each C; moreover introduces a factor l/z—‘]’

and transition to the development of the function
H requires a division by the factor 4n, the values of -
the coeflicients to the required order of approximation
in dy easily follow. These values are:

‘/83 NCHIC) VgL

I
°'1za, L= ‘82512 (¢)-

The ratio of the amplitude of the third harmonic

& then

is equal to 36, the

to that of the first harmonic is adopted to be =
\
2 5, Jlto 185na Js

s-values being taien at the suarface of the star. Hence,
neglecting the difference between s, (r.) and s (72)
in the determination of the multiplicative constant
of integration involved the ratio of J, to J; has the
value 3 X 36 X 2500.

Then the value of u? is equal to 1 : 300 |3

the ratio of

The value of 22 - is estimated at 1073 1).

The adopted values are plausible estimates from
existing theoretical computations relating to some
supposed internal constitution of the star in the
“normal” state of equilibrium, supplemented as
regards p? by the observational value of the ratio
of the amplitudes of first and third harmonic in the
radial velocity. Starting from these values the periodic

1) Cf. Miss H. A. KLuvver’s computation of the damping-
constant in B.4.N. No. 313, p. 293.
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solution derived in section 3 may now be considered
more closely.

Firstly, the value of the amphtude of the second
harmonic can be determined if 2 n,—ny is sufficiently

close to zero. As |/ J, = : I—Cligf
11

. .. T—
amplitude of the second harmonic in -
n

V3, 00 500 5 @
78 % 5 (e) 512 (e)

Hence, the value at the surface of the star is equal to

p2, the value of the

Tn.
isequal to:

T P T1235
the deviations of Sz_gg and ? 8 from 1 are neglected.
/ 1

Substitution of the adopted p2-value gives the value
T128

This value must be compared with an obser-
2340

. : I I 1
vational value of % X = X = . Hence, a value

2 I 6
of |o95| equal to about 15 ‘1‘-5 necessary to effect an
- agreement with the theoretical value in the considered
circumstances.

As 74,3 is the mean value of a form quadratic in the

S5 (1) 83 $3 ()
52(¢) 7 53 (0)
large in the outer part of the star, no objection to this
agreement exists on this account.

Secondly, the value of the amplitude of the first

functions 2\ and their derivatives, which are

R . .
harmonic in , determined by the equation

n

205 2+ ki3 J; sin 37 = o,

is equal to
s l/zfl — ]/“4“3 ng _pPs®
1 - o 3 7
7y ng  ny kygsind
As the anomalous phase-relation between the first
and second harmonic is the object of the analysis,
that value of |sin $'| is to be considered which is, as

regards order of magnitude, 1. Substitution of the
value of £;; and the adopted values of the remaining

LEIDEN

'l/laml
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constants reduces the right-hand member to the value
0'00 . .
7 ; the quantity o5 sin 3’ has been supposed to

be positive. A value of |o,5] equal to about io would
suffice to reduce this amplitude to the value of about

1 . : . .
—, required by observation. As |o,,| is a mean value
20

of a function of 2\ 55(rn)

55(6)

. . sa(r
the quantity |y, | as the mean value relating to 32((;)) ,
- 2

which value has been supposed to be zero, a value

and its derivative analogous to

equal to Sio, though rather small, may be admitted.

However, it is to be remembered that the adopted
values of the constants involved in the theoretical
analysis are rather uncertain.

Thirdly, the damping-constant «, , is determined by
the adopted values of «; and p2. The alternative
procedure to derive p? from theoretical values of «,
and «; would have been preferable from a strictly
theoretical point of view; however, as the theory of the
energy-generation in the starisinvolved in the determi--
nation of «;, the procedure adopted is more convinc-
ing; moreover the procedures are aequivalent. As
o, + 3 a5 ut = o, the adopted values of «; and 4 require

. @&
a value of the ratio 073 equal to —o'9 X 10°. A rather

uncertain theoreticall estimate . of this ratio, derived
from Miss H. A. KLuvvER’s 1) computation of the
damping-constants leads to a value of about — 10°.
As a change in the value of p? involved is quite possible,
this agreement must not be considered to have large
weight.

6. The periodic solution considered in section 3
has been developed supposing the quantity 27, —n,
sufficiently small. Hence, the admissible values of
3m;—n, are restricted to a small range, as thrice the
first quantity diminished by twice the second quantlty
is nearly constant. The quantlty 3ny—ng is related
to cos S' by the equation:

ny—ng + Kygg p? l/ﬁ (%—2*:;> + kyg Jy <g —'2—24> cosS’ + 61 Ji=o.

Hence, the relation between the values of 37,—n,.

and cos 9’ is determined by the value of - /c13 S’

This quantity, being equal to 22 kli‘l; multiplied by

the square of the amplitude of the first harmonic in

n

®,approximately equals— % ny073,the amplitudere-

. I
“ferred to being taken equal to Py

Hence, the small range of valucs of =——— 3m— con51

dered in the precedlng sections adets a con-
siderable range in the value of cos $’, whence in the
value of $'.

1) lc. p. 297.
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