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Shot-Noise in Non-Degenerate Semiconductors
with Energy-Dependent Elastic Scattering

H. Schomerus1, E.G. Mishchenko1·2, and C.W.J. Beenakker1

1 Instituut-Lorentz, Universiteil Leiden, P. O. Box 9506, 2300 RA Leiden,
The Netherlands

2 L. D. Landau Institute for Theoretical Physics, Kosygin 2, Moscow 117334, Russia

Abstract. We investigale current fluctuations in non-degenerate Semiconductors,
on length scales intermediate between t he elastic and inelastic mean free paths.
The shot-noise power P is suppressed below the Poisson value Ppoiasoa — 2e7 (afc
mean current 7) by the Coulomb repulsion of the carriers. We consider a power-law
depenclence of the elastic scattering time τ oc εα on kinetic energy ε and present
an exact solution of the non-linear kinetic equations in the regime of space-charge
limited conduction. The ratio P/Ppoisson decreases from 0.38 to 0 in the ränge
-£ < a < 1.

l Introduction

The noise power P of current fluctuations in an electron gas in thermal
equilibrium (at temperature T) is related by the Johnson-Nyquist formula
P = 4kTG (with k Boltzmann's constant) to the linear-response conductance
G = limv/_i.o dl/dV (with 7 the mean current in response to an applied
voltage V). This formula can be generalized to a large applied voltage, P =
4kT(V/I)(dI/dV)2, provided the electron gas remains in local equilibrium
with the lattice. Local equilibrium requires inelastic scattering. When the
couductor is shorter t h an the inelastic mean free path /m and the potential
drop V is large enough, the Johnson-Nyquist formula no longer applies and
a measurement of current noise (then also called shot noise) reveals more
detailed Information about the transport of Charge carriers—in particular
about their correlations. The maximal noise level Pp0isson = 2e/ is attained
in absence of all correlations (both in the injection process äs well äs in the
subsequent transport). Examples are vacuum diodes at large bias in absence
of space-charge effects and tunneling diodes with low transmissivity,

Here we consider the transport through a disordered semiconductor of
length L terminated by two metal contacts, under the conditions of elastic
scattering (/ <C L <C lm, with / the elastic mean free path). In a degenerate
conductor correlations are induced by the Pauli exclusion principle (for a
review of the theory of shot noise in this Situation see Ref. [1]) and the shot
noise has the universal value P — gPpoisson ß]> [3].

Al low carrier conceutration the electron gas is non-degenerate, and the
Pauli principle is ineffrctive. Becausc carriers can novv a r rumula l e , giving
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rise to space-charge effects, they become correlated through Coulomb re-
pulsion. This is the Situation which we want to study presently. In a re-
rent Monte-Carlo Simulation [4] a shot-noise suppression factor of about
P/Ppoisson = 1/3 was found in the regime of space-charge limited transport;
an energy-independent elastic scattering rate was assumed. The coincidence
with the noise level obtained in the degenerate Situation attracted a lot of
attention [5], The degree of universality is less pronounced here since the
number actually clepends on the geometry and dimensionality—äs well äs
the scattering mechanism [6], [7], [8].

In Ref. [6] the problem was investigated for an energy-independent elastic
scattering time r, using the kinetic theory of non-equilibrium fluctuations
(reviewed in Ref. [9]). The non-linear kinetic equations were solved in a cer-
tain approximation (the drift approximation), with the result P/PpOJSson =
0.3410. In Ref. [7] we obtained an exact solution, giving P/Ppoisson = 0.3097,
and also consiclered a power-law dependence τ ~ εα on the kinetic energy
ε. For a = — ^ (corresponding to short-range impurity scattering or quasi-
elastic acoustic phonon scattering [10]) we found the exact result P/Pp0isson =
0.3777. For oi.her values of α we only presented results within the drift approx-
imation. In this work we derive the exact solution in the ränge —| < α < 1.
As we will cliscuss, n slioukl be in this ränge for space-charge limited con-
cluction to be realized.

2 The Drift-Diffusion Equation

We consider a three-dimensional conductor of length L and cross-sectional
area A terminated by two contacts. The equilibrium density /?eq of charge
carriers (charge e, effective mass 771) in the decoupled conductor is assumed
to be much lower than (he density pc of those carriers that are energetically
allowed (at a given voltage V) to enter the conductor from the contacts.
(A possible realization would be an intrinsic or barely doped semiconductor
between two metal contacts or two heavily doped semiconducting regions.)
The dielectric conatant of the conductor is κ. The temperature T is assumed
to be so high that the electron gas is degenerate, and a large voltage drop
V S> kT/e is maintained between the contacts. Transport is assumed to be
diffusive and elastic, l < L < lm. We assume a power-law energy depenclence

τ (ε) = TOEC

(1)

of the elastic scattering time on the kinetic energy ε. We want to calculate
the zero-freqnency component

P = 2 i at16I(t)SI(t + t')
J — OO

(2)

\ of the noise power of the fluctuations δ!(ί) of the electric current /(/) =
ϊ + δ Ι ( Ι ) a r o i i n d it.s moan 7.
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We use Cartesian coordinates x, y, z with χ parallel to the conductor (the
current source is al χ = 0, the drain at χ = L). To linear order in the
fluctuations, the Iransverse coordinates can be ignored. In the zero-frequency
limit the current is independent on χ because of the continuity equation and
is given by the drift-diffusion equation [6], [7]

/(ί) = - l
άσ(ε)

]~ΊΓ + SJ(x,t). (3)

The electric iiekl E ( x , t ) is related to the laterally integrated charge density
p ( x , t ) by the Poisson equation

O 1

K—E(x,t) = -p(x,t),
dx' A' (4)

where we omitted the low background charge density — peq. The fluctuating
source δJ(x, ε, t) accounts for the stochasticity of individual scattering events
and h äs the correlator

SJ(x,t)SJ(x', t') = 2AS(t - t ')S(x - x') l de σ(ε)Ρ(χ,ε). (5)

Here and in Eq. (3), Ρ ( χ , ε , ί ) — ρ ( χ , ε , ί ) / ε ν ( ε ) with the density of states
ν(ε) = 4τΓ?7ΐ(2)7?ε)1/'2 = //οε1/2 (we set Planck's constant h = l ) . The conduc-
tivity σ (ε) — &ιν(ε]Ό(ε] — σοεα+3/2 is the product of the density of states
and the diffusion constant D(e) = v2r/3 = Doea+l.

3 Space-Charge Limited Conduction

For a large voltage drop V between the two metal contacts and a high carrier
density pc in the contacts, the charge injected into the semiconductor is much
higher than the equilibrium charge /?eq, which can then be neglected. For
sufficiently high V and pc the System enters the regimeof space-charge limited
conduction [11], defined by the boundary condition

E ( x , t ) = 0 at x = 0. (6)

liq. (6) states (hat the bpace charge Q = JQ' p ( x ) d x in the bemiconclucLoi· is
preciaely balanced by the surface charge at the current drain. At the drain
we have the absorbing boundary condition

p ( x , t ) = Q at x = L. (7)

W i l l i this boundary condition we again neglect /9eq.
To dctermine the electric field inside the semiconductor we proceecl äs

follows. Since scaltering is elastic, the total encrgy « = ε — ί'ψ(,ν,ί) of eacli
carrier is preservod. Tho jjoteutial gain —βφ(χ,ί) (wi t l i L·! = —-Οφ/dx} domi-
nales over the i n i t i a l thermal excitation energy of order kT almost throughoul
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the whole semiconductor; only close to the current source (in a thin boundary
layer) this is not the case. We can therefore approximate the kinetic energy
ε « —εφ and introduce this into Ο(ε) and der/οίε. Substituting into Eq. (3)
one obtains

p ( x , t )

, (L I(t)-SJ(x,t)

•Jx σ0[-βφ(χ',ί)}"+*/*'

<~L _, I(t)-SJ(x,t)

D0

[
Jx

(8)

(9)

where the absorbing boundary conditions have been used. From the Poisson
equation (4) we find the third-order, non-linear, inhomogeneous differential
equation

= Βϊ[1 + δί(χ, t)},

6i(x,t) —
I(t}-6J(x,t)

(10)

(H)

for the potential profile φ(χ,ί). Primes denote differentiation with respect to
x, and B = 6/βαμοκ,Α with μο = ero/m.

Since the potential difference V between source and drain does not fluctu-
ate, we have the two boundary conditions ^>(0,i) = 0, </>(£, i) = —V. Eqs. (6)
and (7) imply two additional boundary conditions, 0'(0,ί) = Ο, φ"(L, t) = 0.

The differential equation (10) and the accompanying boundary condi-
tions possess two remarkable scaling properties: The product ΒΪ of material
Parameters and mean current J and the length L can be eliminated by intro-
duction of the scaled potential

The rescalod differential equation reads

- l + δι,

(12)

(13)

which has to be solvecl with the boundary conditions χ(Ο,ί) — Ο, χ(1,ί) =

(L3Bl)
~l/(a+2)

V, χ'(Ο,ί) = Ο, χ"(1,ί) = 0. The scaling properties entail
that the shot-noise suppression factor depends only on the exponent a, but
no longer on the pararneters L, A, V, TQ, and κ.

Wc will solve Üiis boundary value problcm for χ = ·χ + δχ, first for the
mean (Section 4) and then for the fluctuations (Section 5), in both cases
neglecting teims quadratic in δχ.
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4 Average Profiles

and the Current-Voltage Characteristic

The averaged equation (13) for the rescaled mean Potential χ(χ) reads

(14)

We seek a solution which fulfills the three boundary conditions χ(0) = 0,
λ''(0) = Ο, χ " ( l ) = 0. The value of χ at the current drain determines the
current-voltage characteristic

l (V) =
a+2

(15)

We now construct χ(χ). The function χα(χ) = aox13 with β = 3/(2 + ce) and
«o = [2ß(ß — 1)(4 — ß)]~ solves the differential equation and satisfies the
boundary conditions at χ = 0, but χ'ό(χ) ^ 0 for any finite x. We substitute
into Eq. (14) the ansatz χ(χ) = Y^Q αιΧΊΐ+@ , consisting of χο(χ) times a
power series in ΧΊ , with 7 a positive power to be determined. This ansatz
proves fruitful since both terms on the left-hand side of Eq. (14) give the
same powers of x, starting with order a;0 in coincidence with the right-hand
side. By power matching one obtains in first order the value for CZQ given
above. The second order leaves QI äs a free coefficient, but fixes the power

The coefficients a, for / > 2 are thenT = (8 - 5/3 + λ/-32 + 40/? + /32)/4
given recursively äs a function of α ϊ , which is finally determined from the
conclition χ" (l) = 0.

In Fig. l the profiles of the potential φ oc χ, the electric field E oc χ', and
the charge density p oc χ" are plotted for various values of a. The coefficient
\'(1) appearing in the current-voltage characteristic (15) can be read off from
this plot. The behavior at the current source changes qualitatively at α = — |
(see Section 7).

5 Fluctuations

The rescaled fluctuations δχ(χ,ί) = ψ(χ,ί) fulfill the linear differential equa-
tion

" - 4(α + 1)χαχ"'] φ = (16)

The solution of the inhomogeneous equation is found with help of the three
inclependent Solutions of the homogeneous equation £[ψ] = Ο, ψι(χ) = x'(x),

(17)2 (x')
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Ι-Θ-

o= 0.75
oc= 0.50
o= 0.25
o= 0.00
a=-0.25
a=-0.50
oc=-0.75

IQ. l -

x/L

Fig. 1. Profile of the mean electrical potential φ [in units of_(L3ß/)1/(a+2), with
B = 6m/ea+1TOKA}, the electric field E [in units of (L3ß/)1/(a+2)/i], and the
Charge density p [in units of K(L3ß/)1/(a+2)/i2], following from Eq. (14) for dif-
ferent values of a.
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where we have defined VV(x) = ·φ\ (χ)ψ'2(χ)—ψΊ (x)i>z(x) · The special solution
which fulfills φ ( 0 , ί ) = ψ'(0,ί) = ψ ( Ι , ί ) = 0 is

The condition ψ"(\.,1) — 0 relates the fluctuating current 5l to the
Langevin current S J. The resulting expression is of the form

ri
l \ dxSJ(x,t)g(x),

Jo
(19)

with the definitions C = fQ dxQ(x),

C( \ W^L J \ X I = .-„χ«/,/ dx'

The shot-noise power is found by substituting Eq. (19) into Eq. (2) and
invoking the correlator (5) for the Langevin current. This results in

p dx U(x] (21)

with K(x) = 2 Α { ά ε σ ( ε ) Γ ( χ , ε ) w 2 σ 0 [ ~ ε φ ( χ ) } α + 3 / 2 ^ ( χ ) . Eq. (8) gives

/2, Λ
X ' (X )

, (22)

where we integrated with help of Eq. (14) and used χ"(1) = 0.

In Fig. 2 we plot the ratio P/Pp0;SSoa as a function of the parameter
α (solid curve). The shot-noise suppression factor P/Ppoisson = 0.3777 for
cv = — ^ and goes to zero as a — > 1.

6 Drift Approximation

A simple formula for the shot-noise suppression factor can be found when one

neglects the diffusion term in Eq. (3) and considers instead of Eq. (13) the
corresponding differential equation (4α + 6)χαχ'χ" — l+Si . The is the drift
approximation of Ref. [6]. The order of the differential equation is reduced
by one, so that we also have to drop one of the boundary conditions. The

absorbing boundary condition χ" (Ί, t) = 0 is the most reasonable candidate,
because even for the resulting mean profile χ ( χ ) = bgx^ with β = 3(2 + α)-1

and 60 = [ß2(ß ~~ l)]"'3''3 most carriers remain concentrated close to the
current source. The differential equation for the fluclnations αψ/χ+ Φ'/χ' -l·
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0
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α

Fig. 2. Shot-noise power P as a function of a. The exact result (solid curve) is
compared with the approximate result (24) (dashed curve).

Ψ"Ix" = öi can be solved with help of the homogeneous Solutions ·ψ\(χ) =
xß~l and ·φζ(χ) = x3~20. The inhomogeneous solution that fulfills ψ(0, t) = 0,
ψ'(Ο,ί) = 0 is

= b0

ß(ß - 1
4-3/3

Γ
/ dx1

Jo

1] δί(χ', t). (23)

We demand that the voltage does not fluctuate, ψ (l, i) = 0, and obtain

Eq. (19) with riow Q(x) = l — x3/3~4. The shot noise power is finally found

from Eq. (21) with U(x) = PPo-lsso„x^ß^ /J dx'

* i ·* Poisson —
6(α - 2)(16α2 + 36α - 157)

5(2α-5)(8α-17)(13

This is the dashed curve in Fig. 2.

(24)

7 Discussion

The shot-noise suppression factor P/Pp0isson varies from 0.38 to 0 in the
ränge — | < α < l, which includes the case of an energy-independent elastic

scattering rate (a = 0, P/Pp0isson = 0.3097) and the case of short-range scat-
tering by uncharged impurities or quasi-elastic scattering by acoustic phonons

(Q = -\, P/Ppoisson = 0.3777). The results in the drift approximation (24)
are about 10% larger. Our values are soinewhat smaller than those following

from the nuinerical simulations of Gonzalez et al., who found P/Pp0isson = 5
for a = 0 [4] and P/F\>oisson = 0.42 - 0.44 for a = -\ [12].
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Our considcrations require the exponent α to be in the ränge — i < a < l.
For a < -| tho mcan frce path l oc ε

α+1/2 diverges at srnall kinetic encrgies.
The carriers at the currcnt source therefore enter the conductor ballistically
and accumulate only at a finite distance from the injection point. Fig. l
indicates that the Charge density at the current source must be zero if one
insists that the electric field vanishes. Nagaev [8] has shown that füll shot
noise, P = Pp0iSSon, follows for α = -|. Presumably, P/Pp0\sson will decrease
monotonically from l for α = -| to 0.38 for a = -\, but we have no theory
for this ränge of a's. For a > l the resistance R becomes infinitely large,
because the coefficient χ(1) in the current-voltage characteristic (15) diverges.
An intuitive undcrstanding can be obtained by equating the potential gain
φ ~ (£>ί)3/<2α+4) (acquired by diffusing close to the current source for a time
i) with the increase in kinetic energy ε: For a > l this time t oc e^1"")/3 is
seen to diverge for small ε. We found that the shot-noise power vanishes äs
α ->· 1. Presumably, a non-zero answer for P would follow for a > l if the
non-zero thermal energy and finite charge density at the current source is
accounted for. This remains an open problem.

Discussions with 0. M. Bulashenko, T. Gonzalez, J. M. J. van Leeuwen,
and W. van Saarloos are gratefully acknowledged. This work was supported
by the European Community (Program for the Training and Mobility of
Researchers) and by the Dutch Science Foundation NWO/FOM.
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Transport and Noise of Entangled Electrons

Eugene V. Sukhorukov, Daniel Loss, and Guido Burkard

Department of Physics and Astronomy, University of Basel,
Klingelbergstrasse 82, CH-4056 Basel, Switzerland

Abstract. We consider a scattering set-up with an entangler and beam Splitter
where the currcnt noise exhibits bunching behavior for electronic singlet states and
antibunching behavior for triplet states. We show that the entanglement of two elec-
trons in the double-dot can be detected in mesoscopic transport measurements. In
the cotunneling regime the singlet and triplet states lead to phase-coherent current
contributions of opposite signs and to Aharonov-Bohm and Berry phase oscillations
in response to magnetic fields. We analyze the Fermi liquid effects in the transport
of entangled electrons.

l Introduction

The availability of pairwise entangled qubits - Einstein-Podolsky-Rosen
(EPR) pairs [1] - is a necessary prerequisite in quantum communication [2].
The prime example of an EPR pair considered here is the singlet/triplet state
formed by two electron spins [3], [4]. Its main feature is its non-locality: If we
separate the two electrons from each other in real space, their total spin state
can still remain entangled. Such non-locality gives rise to striking phenom-
ena such äs violations of Bell inequalities and quantum teleportation and has
been investigated for photons [5], [6], but not yet for massive particles such
äs electrons, let alone in a solid state environment. In this work we discuss
specific properties of transport and noise of entangled electrons äs a result of
two-particle coherence and nonlocality.

In Sect. (2) we propose and analyze an experimental set-up (see Fig. la)
by which the entanglement of mobile electrons can be detected in noise mea-
surements with a beam splitter [7]. The entangler is assumed to be a device by
which we can generate entangled electron states, a specific realization being
the doublc-dot systcm [3]. The presence of a beam splitter cnsures that the
electrons leaving the entangler have a finite amplitude to be interchanged.
Thus we can expect that the current-current correlations (noise) measured in
leads 3 and/or 4 are sensitive to the symmetry of the orbital pari of the wave
function [8]. Since the spin singlet of two electrons is uniquely associated with
a Symmetrie orbital wave-function, and the triplet with an antisymmetric one
we have a means to distinguish singlets from triplets through a bunching or
antibunching sigriature. It is well-known [10] that bosons (fermions) show
bunching (antibunching) behavior [11]. Antibunching is so far considered for
electrons in Lho normal statt! both in theory [12], [13] and in cxperiments


