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Abstract. We calculate the joint probability distnibution of the Wigner—Smith time-delay matrix
Q = —1i5~105/de and the scattering matnix S for scattering from a chaotic cavity with 1deal pomt
contacts To this end we prove a conjecture by Wigner about the unitary invanance property of
the distribution functional P[S(e)] of energy-dependent scattering matrices S(g) The distribution
of the inverse of the eigenvalues 1), , ty of O 1s found to be the Laguerre ensemble from
random-matrnx theory The eigenvalue density p(7) 1s computed using the method of orthogonal
polynomials Thus general theory has applications to the thermopower, magnetoconductance, and
capacitance of a quantum dot

1. Introduction

The time delay in a quantum mechanical scattering problem is related to the energy derivative of
the scattering matrix S(g). Although the notion of such a relationship goes back to the historical
works of Eisenbud [1] and Wigner [2], the first to propose a matrix equation linking time delay
and scattering matrix was Smith [3]. He introduced the Hermitian matrix Q = —iAS~19.5/de,
now known as the Wigner-Smith time-delay matrix, and interpreted its diagonal elements as
the time delay of a wavepacket incident upon the scatterer in one of N scattering channels.
The eigenvalues 1, ..., Ty of Q are referred to as the ‘proper delay times’.

In recent years, the issue of time delay and its connection to the scattering matrix has
received considerable attention in the context of chaotic scattering [4-19]. Examples include
the scattering of electromagnetic or sound waves from chaotic ‘billiards’ and the transport of
electrons through so-called ‘chaotic quantum dots’ [20]. In both cases the scattering matrix
S and the time-delay matrix Q have a sensitive and complicated dependence on microscopic
parameters, such as the energy ¢, the shape of the cavity, or (in the electronic case) the magnetic
field. As a result, a statistical approach is justified, in which one addresses the statistical
distribution of S and Q for an ensemble of chaotic cavities, rather than the precise value of
these matrices for a specific cavity.

For the scattering matrix S, there is considerable theoretical [8,21-24] and experimental
[25-28] evidence that its distribution is uniform in the group of N x N unitary matrices,
restricted only by fundamental symmetries, if the cavity is coupled to the outside world via
ballistic point contacts. This universal distribution is Dyson’s circular ensemble of random-
matrix theory [29,30]. The fundamental problem is to calculate the distribution of the time-
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delay matrix Q for this case of ideal coupling Known results include moments of tr Q {4,12,13]
and the entire distribution for the case N = 1 [13, 15] of a scalar scattering matrix

In a recent paper {[17] we succeeded 1n computing the entire distribution for any
dimensionality N of the scattering matrix We found that the eigenvalues t;, 72, Ty of
Q are statistically independent of the scattering matrix S, with a distribution that 1s most
conveniently expressed in terms of the inverse delay times v, = 1/7,,

N/2 —
Poi. yw) o[ [Im—w P [l Peprns (a1
1<J k

Here 8 = 1,2, 4 depending on the presence or absence of time-reversal and spin-rotation
symmetry, Ty = 27 i/ A 18 the Heisenberg time, and A 1s the mean level spacing of the closed
cavity The function P 1s zero if any one of the y,’s 1s negative This distribution 1s known
i random-matrix theory as the (generalized) Laguerre ensemble [30] The eigenvectors of Q
are not independent of S, except 1n the case 8 = 2 of broken time-reversal symmetry For any
B the correlations are transformed away 1f Q 1s replaced by the symmetrized matrix

0, = —ms—l/za—s—s-‘/2 (12)
ae
which has the same eigenvalues as Q@ The matrix of eigenvectors U which diagonalizes
Q. = Udiag(zr;, ,ty)UT 15 independent of S and the 7,’s, and uniformly distributed 1n
the orthogonal, unitary, or symplectic group (for 8 = 1, 2, or 4, respectively)

In this paper we present a detailed and self contained derivation of these results, focussing
on those parts of the derivation that have not been discussed or were only briefly discussed
in [17] We feel that a detailed presentation of this derivation 1s important, because 1t relies
on an old conjecture by Wigner [31] that had not been proven before in the literature (An
unpublished proof 1s given in [32]) The conjecture concerns the invariance of the distribution
functional P[S(g)] of the ensemble of energy-dependent scattering matrices under unitary
transformations S(g) — VS(g)V' (with V, V' two energy-independent unitary matrices) Our
proof of Wigner’s conjecture 1s based on the Hamiltonian approach to chaotic scattering [33],
which connects the scattering matrix S(e) of the open cavity with leads to the Hamiltonian H
of the closed cavity without leads It describes the so-called ‘zero-dimensional’ or ‘ergodic’
Irmit 1 which the time needed for ergodic exploration of the (open) cavity is much smaller
than the typical escape time In {24] one of the authors (PWB) used the Hamiltonian approach
to derive the unitary invanance of the distribution function P(S) of the scattering matrix at a
fixed energy This unitary invariance 1s known as Dyson’s circular ensemble [29] Wigner’s
conjecture 18 the much more far reaching statement of the unitary invanance of the distribution
Sfunctional P[S(g)]

The outline of this paper 1s as follows In section 2 we formulate Wigner’s conjecture 1n
its most general form for arbitrary dimensionality N of the scattering matnix (Wigner only
considered the scalar case N = 1) The proof follows 1n section 3 In section 4 we show how
the distribution of the matrices S and Q follows from this, now proven, conjecture Then,
in section 5, the density of proper delay times 1s computed using the theory of orthogonal
polynomials

Historically, the Wigner—-Smith matrix Q o« 9S/de was ntroduced to study the time
evolution of a wavepacket This application 1s limited to the average delay time [4], essentially
because knowledge of the full ume dependence also requires higher derivatives of S than the
first Nevertheless, there exist physical observables that are entirely determined by @ Some
examples that have been discussed 1n the recent literature are the capacitance or admittance
of a quantum dot [34], and the thermopower [35] In addition to the energy derivative 35/d¢,
one may study the derivative of S with respect to an arbitrary external parameter X Such a
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parameter can represent the shape of the cavity, the magnetic field, or a local umpurity potential
Recent examples of parametric derivatives range from conductance derivatives [36] and charge
pumping [37] in quantum dots to spontaneous emission [38] and photodissociation [39] in
optical cavities The distribution of 3.5/3X can be obtained by methods stmular to those used
for the derivation of 35/d¢ A brief discussion is given n section 6 We conclude 1n section 7

2. Probability distribution of the scattering matrix and Wigner’s conjecture

In order to describe the energy dependence of the scattering matrix S(¢), we make use of the
so-called Hamiltonian approach to chaotic scattering [8,33,40] In this approach, the N x N
scattering matrix S(g) 1s expressed in terms of an M x M random Hermitian matrix A and an
M x N coupling matrix W,

S, H)y=1=2mWie —H+imWwWH™'w #B))

The Hermitian matrix H models the Hamiltonian of the closed cavity, 1ts dimension M being
taken to infinity at the end of the calculation The coupling matrix W contains matrix elements
between the scattering states 1n the leads and the states localized in the cavity We distinguish
three symmetry classes, labelled by the parameter 8 S = 1 (2) in the presence (absence)
of time-reversal symmetry and § = 4 1n the piesence of both time reversal symmetry and
spin—orbit scattering The elements of H are real (complex, quaternion) numbers for g = 1
(2, 4) The symmetries of H umply the following symmetries for § § 1s umtary symmetric
(B = 1), unitary (8 = 2), or unttary self dual (8 = 4)

For the problem of chaotic scattering one considers a statistical ensemble of cavities, which
may be obtained by, for example, varying the shape of the cavity We ask for the average of
some function f[S(g1), , S(en)] over the ensemble In the Hamiltonian approach, this
ensemble average 1s represented by an integration over the matrix 7, which is taken to be a
random Hermitian matrix with probability distribution P (),

(IS, . Sem) = / dHP(H) f[S(er, H), . S(en, H)] 22)
Usually H 1s taken from the Gaussian ensembles from random-matrix theory [30],

Pt

aMa’ i 23

M
P(H) « exp <—ZF(E,,)> F(E) =
n=1
where £y, E,, , E)y are the eigenvalues of H The precise choice of F(E) is not important
in the it M — oo [5,41]
The ensemble average defined by equation (2 2) can also be formulated 1n terms of a
distribution function of the scattering matrix S

(fISCen), ,S(Sn)])E/dSl dSpP(er, . &n S1, L S)f(S1, LS 24

Here P (g, &,, ,&ny ST, , Sp) 1s the joint probability distribution of the scattering matrix
S at the energies €1, &, , ey The measure dS 1s the unique measure that 1s invariant under
transformations

S-—> VSV’ (25)

where V and V' are arbitrary unitary matrices (V' = VI for B = land V' = VR for § = 4
where T denotes the transpose and R the dual of a matrix)

Statistical averages of the form (2 2) are completely characterized by the N eigenvalues
of W'W For the case of ballistic point contacts (or ‘ideal leads’), these eigenvalues are all
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equal to MA /n? [8,24,33]. After application of suitable basis transformations on S and A
one therefore has W, = 8,,(MA)/?/m forp =1,...,M,n =1,..., N. In this case, the
distribution P (e, S) of S(¢) at one single energy is found to be particularly simple [8,24],

P(e; S) = constant. (2.6)

Equation (2.6) is the starting point of the ‘scattering-matrix approach’ to chaotic scattering [5].
The ensemble of scattering matrices that is defined by the probability distribution (2.6) and
the invariant measure dS is Dyson’s circular ensemble from random-matrix theory [29].
Depending on the symmetry class, we distinguish the circular orthogonal, unitary, and
symplectic ensembles (COE, CUE, CSE) for 8 = 1, 2, and 4 respectively.

The distribution function (2.6) is invariant under the transformation (2.5). Wigner [31]
conjectured that the unitary invariance extends to the distribution functional P{S(¢)}, i.e. to
the whole energy-dependent S-matrix ensemble. In other words, Wigner’s conjecture is that
(for any n) P(sy, ..., &4 S1, ..., Sy) is invariant under a simuitaneous transformation

S;—> VS,V j=1,...,n, Q.7

where V and V' are arbitrary unitary matrices (V' = V7, VR for 8 = 1, 4).

3. Proof of Wigner’s conjecture

Our proof of Wigner’s conjecture consists of two parts. We first present an alternative random-
matrix approach for the energy dependence of the scattering matrix [16], and then show that
in this approach the invariance property (2.7) is manifest.

In the alternative random-matrix approach, the role of the M x M matrix H is taken over
by an M x M unitary matrix U,

S(e) = Uyy — Uy (e77/M2 4 Uzz)_1 Uz (3.1

Here the matrices Uy, Uyz, Usy, and Uz, denote four subblocks of U, of size N x N,
Nx(M—N),(M—N)xN,and (M — N) x (M — N), respectively,

Un Un N
U= . 3.2
( Uy Un ) M — N ©6-2)

The energy dependence of S enters through the phase factor exp(—2wie/MA). The matrix U
is distributed according to the appropriate circular ensemble: U is distributed according to the
circular ensemble, COE (CUE, CSE) for 8 = 1 (2, 4).

We now show that equation (3.1) with M >> N is equivalent to the Hamiltonian approach
(2.1). Equivalence of the circular ensemble and the Hamiltonian approach at energy & = 0
was proven in [24]. This allows us to write the M x M unitary matrix U in terms of an M x M
Hermitian matrix H and an M x M coupling matrix W,

U=1+2niW(H-—inWwWhH'w. (3.3)

The matrix H is distributed according to the Lorentzian ensemble [24], which in the large-
M limit is equivalent to the Gaussian ensemble (2.3). (The Lorentzian ensemble has
F(E) = 3(BM +2 — B) In(M?A? + 72E?)).

The coupling matrix W is a square matrix with elements W, = 7718,,(MA)"/2. We
separate W into two rectangular blocks W, and W, of size M x N and M x (M — N),
respectively,

W = (W), W) 34
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and substitute equation (3.3) into equation (3.1). The result is
S(e) =1 —27iW (e = H — sH +in W, W)W, (3.5)

where the M x M matrix §H is defined as

e 0 N
8H=< 0 e—(MA/m)tan(me/MA) ) M —N "~ (3.6)

Apart from the term §H, equation (3.5) is the same as equation (2.1) in the Hamiltonian
approach. The extra term §H is irrelevant in the limit M — co at fixed N, because the
diagonal matrix §H contains only a finite number of matrix elements that are of order &, the
others being of order £2/M A. (One easily verifies that such a perturbation does not change
eigenvalues and eigenvectors of H in the limit M — ©0). This proves the equivalence of the
alternative random-matrix approach (3.1) and the Hamiltonian approach (2.1).

It remains to derive the unitary invariance of P[S(e)] from equation (3.1). Since the
matrix U is chosen from the circular ensemble, its distribution is invariant under a mapping
U — U'UU”, where U’ and U” are arbitrary M X M unitary matrices (U"U™ = 1if 8 = 1, 4).
We now choose

, _(V 0O\ N s (V' O\ N
U“(o 1>}M—N U‘(o 1)}M—N S

where V and V' are arbitrary unitary N x N matrices (V*V’' = 1if 8 = 1,4). Invariance
of P(U) under the transformation U — U’UU” with the choice (3.7) implies, in view of
equation (3.1), invariance of P[S(g)] under the transformation

S(g) = VSV’ 3.8)

which is Wigner’s conjecture.

A central role in our proof of Wigner’s conjecture is played by the random-matrix model
(3.1), which expresses the energy-dependent N x N scattering matrix S(g) in terms of an
energy-independent M x M random unitary matrix U. This model was first proposed in [16],
following a more physical reasoning than the formal derivation given above. It is insightful
to briefly repeat the reasoning of [16]. We consider the scattering matrix S at energy ¢ = 0
and then shift the energy by an amount ¢. Equivalently, we can replace the energy shift £ by
a uniform decrease 8V = —¢g/e of the potential V in the quantum dot. Since the quantum
dot is chaotic, we may localize §V in a closed lead (a stub), see figure 1. The stub contains
M — N > N modes to ensure that it faithfully represents a spatially homogeneous potential
drop V. The scattering properties of the system consisting of the dot, the N-mode lead, and
the (M — N)-mode stub are described by the (M — N)-dimensional reflection matrix ry of the
stub and the M-dimensional scattering matrix U of the cavity at energy & = 0, with the stub

cavity stub
V=0 V=0

Figure 1. Physical motivation of equation (3.1), explained in the text.
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replaced by an open lead. The advantage of localizing the potential shift 8V inside the stub is
that the energy dependence of r; is very simple,

rs(e) = —exp(—2mie/MA). (3.9

The matrix U is energy independent by construction. It is taken from the circular ensemble,
because scattering from the dot is chaotic. (The matrix r, is not random.) Expressing the
scattering matrix S(g) in terms of U and rg(e) then yields equation (3.1).

4. Distribution of the time-delay matrix

In this section we combine Wigner’s conjecture for the invariance properties of the scattering
matrix ensemble and the Hamiltonian approach to chaotic scattering, to compute the joint
distribution P(S, Q.) of the scattering matrix S(g) and its symmetrized energy derivative

3S
0, = —iﬁS“‘/za—S“/2. @.n
&

The matrix Q. is a real symmetric (Hermitian, quaternion self-dual) matrix for 8 = 1 (2,
4). The joint distribution P(S, Q.) of S and Q. is defined through a relation similar to
equations (2.2) and (2.4),

(fIS(e), Q) = /dHP(H) fIS(e, H), Qe(e, H)] = /deQs f(S, QP(S, Q)
(4.2)

where f(S, Q) is an arbitrary function of S and Q..

Application of Wigner’s conjecture is the key to the calculation of P(S, Q). To see this,
we first consider the distribution function P (e, — £1; S;, S3) of the scattering matrix S(g) at
the energies &1 and &;, for which the invariance property (2.7) implies

P(ey—&1; S1,82) = P(es — 61, VSV, VS,V)) = P (62 —en—1, —5'1“”2525;“”2) . (4.3)

For the second equality we have chosen V = V/ = iSl_l/z. In the limit &, — & = ¢, one
finds from equation (4.3) that the joint distribution P (S, Q) of the scattering matrix S(¢) and

the symmetrized time-delay matrix Q. does not depend on the scattering matrix S,
P(S, Q¢) = P(—1, Q). 4.4

Hence, to find P(S, Q,) it is sufficient to calculate the integral (4.2) for a function f(S, Q,)
of the form

(8, 0e) =48(S, =D f(Qe) 4.5)

where f(Q.) is an arbitrary function of Q. and §(S, —1) is the delta function at § = —1 on
the manifold of unitary symmetric (unitary, unitary self-dual) matrices for 8 =1 (2, 4).

We now turn to the evaluation of the integral (4.2), with f of the form (4.5), using the
Hamiltonian approach. We note that (2.1) can be rewritten as

2
S=—1+ K=aWw' w. 4.6
1+iK e —H @9
The energy derivative of S is given by
N 1 1 1
9 i W @7
de 1+iK (¢—H)? 1+iK
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We decompose the Hermitian matrix 7 1n equation (4 2) into its eigenvalues and eigenvectors
H = Yy Ey, where E 1s the diagonal matrix containing the eigenvalues E, of H as entries
and v 1s the orthogonal (unitary, symplectic) matrix of the eigenvectors of H for 8 = 1 (2, 4),

(f(S. Qo) = / dy / dE,  dEy Ju(E)P(E)fIS(e, YEY ), Qele, EY )]
M 48
Iu(E) = []IE, - E,I*
p<o
Here dy 1s the invariant measure on the orthogonal (unitary, symplectic) group and Jy(E) 1s
the Jacobian for the variable transformation H — v, E [30]
We now make the special choice (4 5) for (S, Q,) Intetms of the matrices ¥ and E,
the matrix K from equation (4 6) reads
MA M *
Kmn = ‘l’mﬁl//np (4 9)
T = e—-Ep
Inspecting (4 6), we see that the limit § — —1 corresponds to the case when all N eigenvalues
of X diverge or, equivalently, when at least N out of M eigenvalues E, of H tend to the energy
& Let us label these eigenvalues Ey, ,Ey,1¢ |E, —¢] — 01 the mit § — —1 for
p =1, , N Inthis hmut, the sum in (4 9) can be restricted to the first N terms and neither
S nor 35/9¢ depends on the eigenvalues E, or on the matrix elements ¥,,, with m > N or
p > N Therefore we can perform the integration with respect to the latter, resulting 1n

(8(S, -1 f(Qe) = /dQs F(@e)P(=1, Qc)

= /d\ll P(\Il)/dEl dENP(E|, ,EN)S(S,-1)f(0;) (4 10)

where W 1s the N x N matrix containing the rescaled eigenvector elements ¥,,, M'/% for

I €< m,p < N, the integration measure d¥ = HZ p=1 d¥,,, P(W¥) 1s the distribution

of W after integration over the remaining matrix elements of v, and P(E,, , En) 1s the
distribution of the eigenvalues E,, ,Ey after integration over the remaining eigenvalues E,,,
p > N Near S = —1 we have from equations (4 6), (4 7), and (4 9),
S = —1+Qrui/AVY T diag(E| —e, ,Ey— )W 4 11)
0 = ¥ ! 4 12)

where 1y = 27 i/ A 1s the Heisenberg time  In the limit M 3> N, the matrix elements of W
are Gaussian distributed with zero mean and unit vaniance [30],

P(¥) o exp[—(8/2) tr W] (4 13)
Because of the delta function § (S, —1),1t1s sufficient toknow P(E;, , Ey)for|E,—¢e| — 0,
p =1, , N In this case, P(E;, , Ey) 1s entirely determined by the Jacobian
Jy(E;, , Ey),uptoanumerical factor which results from the integration over the remaining
M — N eigenvalues of H,

N
P(Ei, EN)x|]IE, - E.f (4 14)
p<o

We have now succeeded 1n transforming the integial (4 2) over an M x M matrix H to
the wntegral (4 10), which 1s formulated 1n terms of N x N matrices only At this point, 1t 1s
convenient to rewrite the mtegration over the N elgenvalues Ey, , En as amatrix integration
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to avoid the singularity of P(E,,...,Exy)at Ey = ... = Ey = &. To this end we exploit
the fact that the distribution of W is invariant with respect to a transformation of the type
WV — OW, O being an orthogonal (unitary, symplectic) matrix for 8 = 1 (2, 4). We apply this
transformation for arbitrary O and average over O with respect to the invariant measure dO.
Then, we substitute the Hermitian N x N-matrix H = OF diag (Eq, ..., Eny)O — ¢ and the
corresponding Jacobian exactly cancels the singular level-repulsion factor of P(Ey, ..., Ex),

(8(5, =1 f(Qe)) /d\l’ P(‘P)/dH5(S,—1)f(Qe)

1

x fd\y P(\p)dea(\w“Hw—l)f[er*“ v, (4.15)

(The proportionality sign indicates that we have omitted a normalization constant.) Three
more variable transformations are needed to calculate the integral (4.15). First, we replace
the integration variable H by H' = W'~ HW~!. The Jacobian det(¥WH)NB+2-8)/2 of this
transformation can be derived using the singular value decomposition of ¥ [42]. The integral
(4.15) becomes

(5(S, =1 F(00)) /dw P(\IJ)/dH’&(H') det(WWwHyNE2-B)/2 ¢ [rﬁw*"\p-l]
= /d\y exp[—(B/2) tr\wﬁ]det(\wf)Wﬂ”—ﬂ)ﬂf[rH\vT“‘qu]. (4.16)

Next, we note that the integrand depends on the Hermitian matrix I' = WW' /7y only, and
replace the integration variable W by I' = WW'/1y. The Jacobian of this transformation
[43,44] provides an extra factor oc det(I")#/2716(T"), where #(I") = 1 if all eigenvalues of I’
are positive and 8(I") = 0 otherwise. Finally, we replace I" by its inverse Q = I'"!. Since
this variable transformation has a Jacobian det(Q)#¥+2~# we arrive at

(8(S, =1 f(Qe)) / dQ6(Q) det(Q)PN/>~28 exp[—Brutr 071 /21 £(Q). (4.17)

Using equations (4.4) and (4.10) we thus find the joint probability distribution P(S, Q.) of
the scattering matrix S and the symmetrized time-delay matrix Q,,

P(S, Qo) = P(=1, Q) = 6(Q¢) det(Qe) P22 exp[—pry tr ;' /2). (4.18)
The corresponding distribution of the eigenvalues 71, ..., Ty of Q., the proper delay
times, then reads
P, ., tn) o [ ] 1w = wl? [ [ 0G) 7 2PN/272 expl— B/ (2Ta)]. (4.19)
n<m n
Alternatively, the distribution of the rates y; = 1/7; is given by
PO, vw) o [ lvn = vl [ [0mv NP expl—Bruya/2).  (4.20)
n<m n

This distribution is known in random-matrix theory as the generalized Laguerre ensemble [30].
The eigenvectors of Q. are uniformly distributed according to the invariant measure of the
orthogonal (unitary, symplectic) group.

5. Density of proper delay times

The distributions (4.19) and (4.20) have a form which allows one to apply the standard technique
of orthogonal polynomials [30] to determine the density or the correlation functions of the
eigenvalues of Q; (orI" = Q_'). The N-dependent exponent is somewhat unusual and implies
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that the set of orthogonal polynomials 1s different for each value of N. Such ensembles have
been studied in mathematical physics [45,46].

We restrict ourselves to the simplest case 8 = 2 of broken time-reversal symmetry. For
a simplified notation, we use the dimensionless escape rates x, = y,Ty = Tu/T, Which are
distributed according to

peeraw) o [T =) [Twnt)  wwy =x¥e™. .0
n<m n

The generalized Laguerre polynomuals L{V)(x) are orthogonal with respect to the weight
function wy (x). The method of orthogonal polynomials relates the correlation functions of
the x,’s to these polynomials. Here we consider only the density

fols) N
p(x) =/0 dxp .. .dxy pxri,...,xn) ) 8(x = Xy) (5.2)
n=1

which is given by the series

=2 LM (x) 2wy (x)n!

p(x) = (5.3)
— (N +n)!
Using the recurrence relation [47]
n+ DL =@n+ N+1=x)LM @) — (n+ ML (x) (5.4)

with LéN)(x) = 1and LgN)(x) = N+1—x, itis possible to evaluate equation (5.3) efficiently
for small N. For large N, one can use an asymptotic expansion of the Laguerre polynomials
to find the closed expression

1
p(x) = E\/—N2+6Nx — x2, (5.5)

The corresponding density for the proper delay times t© = ty/x thus reads

p(r) = -0 —1) 1= %(3 +8). (5.6)

2mwt?

The limit N — ¢ is rapidly approached for N 2 3, see figure 2.

._.
oy
!

p(T)Ty/N?

0.5

Figure 2. Density of proper delay times Shown are the
densities for N = 1 (full line), N = 3 (dashed line), both
computed from equation (5 3), and the hmit N — oo
(dotted line) given by equation (5 6)
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0 0.5 1 1.5 2
Nt/Ty

Figure 3. Density of partial delay times, from [13] Shown are the densities for N = 1 (full line),
N = 3 (dashed line) and N = 100 (dotted line) The limut N > 1 corresponds to a Gaussian with
mean 1 and width 1/3/N

It is instructive to compare the density of the proper delay times 7, with the density of
partial delay times studied by Fyodorov, Sommers, and Savin [4, 13]. The partial delay times
t, are defined in terms of the eigenvalues e'®* of the scattering matrix S,

Ay
de
Compared to the definition of proper delay times as eigenvalues of the Wigner—Smith matrix,
we see that for the partial delay times the order of the operations of energy derivative and
diagonalization is reversed. This order is irrelevant forthe sum ), 7, = 3, 1,, corresponding
to the first moment of the density, but higher moments are different (unless N = 1). The density
of partial delay times was obtained in [4, 13] by the supersymmetric approach,

_ 1 f—H N+2 —t/t

pl) = (N — D1y ( t ) © ’ 5-8)
Notice that this density corresponds to the contribution from the first Laguerre polynomal
in the summation (5.3). For N > 2, there are also contributions from higher-order Laguerre
polynomials and therefore the two densities do not coincide. In figure 3, the density of the
partial delay times is shown for N = 1, 3, 100. For N > 1, equation (5.8) becomes a Gaussian
of mean 1 and width 1/+~/N. The qualitative difference between p(1) and p(2) is due to the
absence of level repulsion for the partial delay times. Unlike for the proper delay times, we
do not know of a physical quantity that is determined by the partial delay tumes.

t, =Hh

.7)

6. General parametric derivatives

So far we have restricted our discussion to the energy derivative of the scattering matrix. It is
also of interest to know the derivatives with respect to external parameters. Examples of such
parameters are a magnetic field, the shape of the cavity, or a local potential. In this section we
present and prove an extension of Wigner’s conjecture to the ensemble of scattering matrices
S(g, X) that depend both on energy and on an external parameter X, and then use it to compute
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the distribution of the symmetrized derivative

N
= —is™2—5712, 6.1
Ox i e (6.1)
In the Hamiltonian approach, the parameter dependence of the scattering matrix is

modelled through equation (2.1) with a parameter-dependent random Hermitian matrix H(X),
S(e, X;H) =1 =21iW'[e — H(X) +inWWT]"!w H(X) =H+XH. (6.2)

The matrix H’ is a random Hermitian, Gaussian distributed, symmetric (antisymmetric) matrix
if X denotes a shape change (magnetic field), or H; ; = 8irdr if X denotes the local potential
at site . (In random-matrix theory, the site r is represented by an index 1 < r < M, see
e.g. [38]). As we argue below, the invariance property (2.7), which was conjectured by Wigner
for the ensemble of energy-dependent scattering matrices, is also valid for the more general
ensemble of parameter- and energy-dependent scattering matrices S(g, X). That is to say,
the distribution functional P[S(e, X)] of the ensemble of matrix-valued functions S(g, X) is
invariant under transformations

S, X) — VS, X))V’ (6.3)

where V and V' are arbitrary unitary matrices (V*V' = 1 if 8 = 1,4). The proof of
this invariance property follows similar lines to that in section 3: First, one shows that the
Hamiltonian approach (6.2) for the ensemble of parameter-dependent scattering matrices is
equivalent to a formulation [48] in terms of unitary matrices of a form similar to equation (3.1),

S(e, X) = Uy, + Uny [expl—27i(s — XH')/MA] = Un] ™ Un. (6.4)

Second, one verifies that in the formulation (6.4) the invariance property (6.3) is manifest,
completing the proof.

Using the invariance property (6.3), we can now compute the distribution of Qx. For
simplicity, we restrict ourselves to the case that the matrices H and H’ have the same, Gaussian,
distribution. As in the case of the energy derivative of the scattering matrix, see section 4, it is
sufficient to consider the special point S = —1. From equations (4.6) and (6.2) we find that at
S=-1

Ox =w T HY! P(H') o exp(—p tr H?/16) (6.5a)
H, = — (@a/R)M™ 2y "y M, Y. (6.5b)
7Ry

Repeating the steps outlined in the previous section, we find that the distribution of Qy is
Gaussian with a width set by Q,,

P(S, Q¢, Ox) o (det Q) 2PN =338/2 exp [—g tr (rHQ;‘ + %(m o;! Qx)2ﬂ : (6.6)

The reason why the time-delay matrix Q. sets the scale for the matrix Q x characterizing the
response to the external parameter X can be understood in a picture of classical trajectories [49]:
for long delay times, the scattering properties are more sensitive to a perturbation of the system
than for short delay times. Such an explanation in terms of classical trajectories is valid in the
semiclassical limit N — oo only. Our exact result (6.6) makes the relation between time delay
and parameter response precise in the fully quantum mechanical regime of a small number of
channels N.

The invariance property (6.3) and the Gaussian distribution (6.6) also hold if the scattering
matrix depends on more than one external parameter. If the scattering matrix depends
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on parameters X,..., X,, the matrices Ox, (j = 1,...,n) all have the same Gaussian
distribution, with a width set by the symmetrized time-delay matrix Q,,
P(S, Q¢, Qx,, - -» Qx,) o (det Q) ~N/2-PNs2=Plm/2

1 n
X exp [—g tr (m 07 +3 D (wm ;! Qx,)2ﬂ : 6.7)
J=1

7. Conclusion

In summary, we have presented a detailed derivation of the joint distribution P (S, Q,) of the
scattering matrix S and the symmetrized time-delay matrix Q, = —iAS™2(35/9)S™1/? of
a chaotic cavity with ideal leads. Our result, which was first reported in [17], reads

P(S, Q:) o 0(Q;) det(Qe) PN 2=2*F exp(—pry tr 071 /2) (7.1)

where Ty = 27 #i/A is the Heisenberg time and A is the mean level spacing in the cavity.
The distribution P(S, Q.) depends on the eigenvalues 7y, ..., Ty of Q. only; it does not
depend on S, or on the eigenvectors of Q.. Our derivation was based on an old conjecture by
Wigner [31], which we have proved in this paper, that the distribution functional P[S(g)] of the
ensemble of energy-dependent scattering matrices is invariant under unitary transformations.
We generalized Wigner’s conjecture to the dependence of S on an external parameter X and
derived the distribution of parametric derivatives.

Throughout this paper we assumed ideal coupling of the chaotic cavity to the electron
reservoirs. This requires ballistic point contacts. For the case of non-ideal coupling, i.e.
if the point contacts contain a tunnel barrier, the distribution of the scattering matrix S is
given by the more general Poisson kernel instead of the circular ensemble [24, 50]. For this
situation, application of Wigner’s conjecture is not correct and our method cannot be used
to determine P(S, Q.). A possibility to overcome this difficulty is to separate the direct
and the fully ergodic scattering processes, by expressing the scattering matrix for non-ideal
coupling as a composition of an N x N scattering matrix S, of a fully ergodic and chaotic
scatterer and a scattering matrix Sq,, of dimension 2N x 2N describing the direct scattering
processes [24,42,51],

S =7 +1(1 — Sergr’) ™" Sergt (7.2

where the matrices r, r’, ¢, and ¢’ are N x N submatrices of Sq,,

r t
Sair = ( P ) - (73)

The energy dependence of Sy, can be neglected on energy scales corresponding to the invetse
dwell time inside the cavity. Thus one obtains a relation between the statistical distributions
of the time-delay matrices for the cases of non-ideal and ideal coupling. What remains is the
cumbersome mathematical problem of performing the corresponding transformation of the
different matrix variables. To our knowledge, no closed-form formula for the joint distribution
of § and Q, is known, except for the case N =1 [51].

The supersymmetric approach used in [4, 12, 13, 33] is typically more general and
systematic concerning the issue of non-ideal coupling, since there the particular symmetries of
the scattering matrix ensemble in the ideal coupling case are not directly exploited. On the other
hand, this technique is usually restricted to the computation of certain Green function averages
only, and does not give access to the full distribution of the time-delay matrix. We believe
that, in principle, in the supersymmetric approach it should be possible to determine averages
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of the form (tr(Q")) for arbitrary n (and hence the density of delay times) and for arbitrary
coupling, without having to increase the dimension of the supermatrices involved. However,
1n order to obtain access to the full distribution of the matrix Q,, or at least to moments of
the type ((tr @)"), one has to increase the dimension of the supermatrices accordingly, which
makes 1t apparently impossible to go beyond the case n = 2 [4, 12, 13]. It 1s amusing that
the (now proven) half-a-century old conjecture of Wigner provides a route to the simple result
(7 1) that seems unreachable by later supersymmetric techniques
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