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Abstract

An analytical and numerical study of transmission of radiation through a multi-mode wave-
guide contaming a 1andom medium with a complex dielectric constant & = &' + 12" 1s presented
Depending on the sign of &, the medium 1s absorbing or amplifying. The transmitted mtensity
decays exponentially o exp(—L/¢) as the waveguide length L — oo, regardless of the sign of
¢"" The localization length ¢ 15 computed as a function of the mean frec path /, the absorption
or amplification length |¢| ™", and the number of modes 1n the waveguide N. The method used
1s an extension of the Fokker—Planck approach of Dorokhov, Mcllo, Pereyra and Kumar to non-
unitary scattering matrices. Asymptotically exact results aie obtained for N > 1 and |a|» 1/N?1.

An approximate mterpolation formula for all ¢ agiees rcasonably well with numerical sunulations

PACS. 78.45.-+-h, 42.25.Bs; 72.15.Rn; 78 20 C1

1. Introduction

Localization of waves in one-dimensional random media has been studied exten-
sively, both for optical and for electronic systems [1,2]. An analytical solution for the
case of weak disorder (mean free path / much greater than the wavelength 1) was ob-
tamed as early as 1959 by Gertsenshtein and Vasil’ev [3]. The transmittance 7 (being
the ratio of transmitted and incident intensity) has a log-normal distribution for large
lengths L of the system, with a mean ({InT) = —L/¢ characterized by a localization
length & cqual to the mean free path.
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This early work was concerned with the propagation of classical waves, and hence
included also the effect of absorption In the presence of absorption the transmittance
decays faster, accordmmg to [4,5] {In T) = (¢—1"")L, where |g| 1s the mverse absorption
length (o < 0) Absorption 1s the result of a positive imaginary pait ¢ of the (1elative)
dielectiic constant ¢ = ¢ +1¢”” For a homogeneous ¢ one has

o= =2k Imv1 -+~ -k 1f [{"]<1, (1)

where k 1s the wavenumber A negative ¢ coiresponds to amplification by stimulated
emission of radiation, with mverse amplification length ¢ > 0 Piopagation of waves
through amplifying one-dimensional random media has been studied m [6-11] In the
limit L - oo amplification also leads to a faster decay of the ttansmittance, accoiding
to (InT) = (—|o| — /1L [8,9]

A natural extension of these studies 1s to waveguides which contain more than a
single propagating mode Localization in such “quasi-one-dimensional” systems has
been studied on the basis of a scaling theory [12], a supersymmetric field theory [13],
or a Fokker—Planck equation [14,15] It 1s found that the localization length for N
modes 1s enhanced by a factor of oidet NV 1elative to the single-mode case These
mvestigations were concerned with quantum mechanical, rather than classical waves,
and therefore did not nclude absorption It 1s the puipose of the present paper to
extend the Fokker Planck approach of Dorokhov, Mello, Pereyia and Kumar [14,15]
(DMPK) to mclude the effects on the transmittance of a non-zero imaginary part of
the dielectric constant

According to the general duality ielation [9], the localization length 1s an even
function of ¢ for any N,

o) =<¢(—0) (12)
It follows that both absorption and amplification lead to a faster decay of the transmit-
tance for large L For N> 1 we find that, to a good approximation,

1 J—

& (N+ DI

This result becomes exact 1 the two limits |o|> 1/N?/ and || <1/N?] We compare
with numerical solutions of the Helmholtz equation, and find 1easonably good agiee-

+ (6® +2|o|/D)'? (13)

ment over the whole range of ¢

The outline of the paper 1s as follows In Section 2 we formulate the scattering
problem and summarize the duality relation of [9] In Section 3 we deiive a Fokker
Planck equation for the transmission and reflection eigenvalues 7, Z,, n = 1,2, N
These ate eigenvalues of the matrix products #7 and 7 !, respectively, where ¢ and r
are the transmission and reflection matrices of the waveguide For ¢ = 0 the Fokkei—
Planck equation 1s the DMPK equation [14,15] A reduced Fokker Planck equation,
contamning only the %,’s, was previously obtained and studied m [16,17] To obtain
the localization length one needs to include also the Z,’s, which are no longer related
to the #,’s when o # 0 We find that a closed Fokker-Planck equation contaming
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,’s and 9,;’s exists only for N=1 If N > 1 thete appears an additional set of “slow
variables,” consisting of eigenvectors of 771 m a basis whete #1 1s diagonal (These
new variables do not appeat when ¢ = 0, because then ¥ and #' commute ) Because
of these additional relevant vatiables we have not been able to make as much progiess
mn the solution of the Fokkei—Planck equation for ¢ # 0 as one can for ¢ = 0 [18]
In Section 4 we show that a closed evolution equation for (In7) can be obtamed 1f
|o| > 1/N?l, which leads to the second tetm m Eq (13) (This tetm could also have
been obtained from the incoheient radiative transfer theory for ¢ < 0, but not fo
g >0) To contiast the multi-mode and single-mode cases, we also briefly discuss mn
Section 4 the derivation of the localization length for N=1 (Ow N =1 1esults weie
given without detivation 1n {9] ) Fally, in Section 5 we compaie the analytical results
for the multi-mode case with numeiical simulations

2. Formulation of the scattering problem

We consider a 1andom medium of length L with a spatially fluctuating dielectric
constant ¢ = ¢ + 1&”, embedded mn an N-mode waveguide with ¢ = 1 The scatteling
matiix S 1s a 2V x 2N mattix 1elating mcoming and outgoing modes at some fiequency
o It has the block stiucture

r/ tl
S:(t ’>, (2 1)

whete ¢, ¢ are the transmission mattices and 7, #' the reflection matrices We troduce
the sets of transmussion and teflection eigenvalues {7, }, {7,'}, {%.}, {Z#,}, being the
eigenvalues of #f, ¢/'T, rrt, 17171, 1espectively Total transmuttances and reflectances
are defined by

T =N"!'Trul, R=N""Trml, (2 2a)
T'=N""Teddl, R =NT"Ti:/' (2 2b)

Here T and R’ aie the transmitted and 1eflected intensity divided by the mcident mten-
sity from the left Similaily, 7" and R coniespond to incident intensity fiom the right
By taking the ttace m Eq (22) we are assuming diffuse illummation, 1e that the
mcident itensity 1s equally distributed over the N modes Two systems which differ
only 1n the sign of ¢/(r) are called dual Scattering matiices of dual systems aie 1elated

by [9]
S(eMSI(=e"y =1 (23)

This duality 1elation takes the place of the unttatity constraint when &” # 0

An optical system usually possesses time-1eversal symmetiy, as a 1esult of which
S(e"MS*(—¢"y=1 Combming this telation with Eq (23), we find that S=S5T 15 a
symmetric matrix Hence 7, = 7" and T = T’ (The 1eflectances R and R’ may differ )
The case of broken time-1eversal symmetty might also be physically 1elevant [19], and
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1s included here for completeness In the absence of time-ieveisal symmetty S 15 an
arbitrary complex matrix

The duality relation (2 3) has consequences for the teflection and tiansmission eigen-
values of two dual systems [9] If N =1 the 1elation

TE")RE") = T'(=" )R (—") (24)

holds for all L If N =1 we have two relations for L — oo,

im 2,(") = lm 2, '(—"), (25)
L—oo L—oo

Im L7 InZ,(¢”)= Im L™ "In Z;(—¢") (26)
L—oo L—oo

The transmuttance 7 = N ' > 7, 1s dominated by the largest transnussion ergenvalue,
hence

Im L' 7"y = lim L~ InT(=¢") 27
L—o00 1 —co

In other woids, two dual systems have the same localization length, as stated m
Eq (12)

3. Fokker—Planck equation

We derive a Fokker—Planck equation for the evolution of the distribution of scatteting
matrices with mcreasing length L of the waveguirde In the absence of gamn o1 loss (o=
0), the evolution equation 1s known as the Dorokhov—Mello—Pcieyra Kumar (DMPK)
equation [14,15] Orngmal dertvations of this equation telied on the unitanty of the
scatterng matrix, making use of the mvailant measwe on the unitary gioup and the
polar decomposition of a unitary matiix These derivations cannot readily be generalized
to the case ¢ # 0, in particular because the scatterng matiix no longer admits a polat
decomposition (This means that the matiix products 77T and #! do not commute ) The
alternative derivation of the DMPK equation [18] does not use the polai decomposition
and 1s suttable for our purpose

Without loss of genetality we can wiite the transmussion and 1eflection submatiices
of the scatteting matrix as follows,

o (" Y UVR'W  UVT'Z
“\t ) \vvTW —vV'VRZ

Heie U, UV, V', W, W', Z,Z" ate N xN umtary matiices, while R, R’, T, T’ ate diagonal
matrices whose elements are the 1eflection and tiansmission eigenvalues {%,}, {4},
{7}, {7,'} For ¢ = 0, the unitarity constiaint SST =1 umplies U = U’, V = V',
W=w,Z=7,and R=R"=1-T=1-T Eq (31) then constitutes the polar
decomposition of the scatteting matiix In this case one can derive a Fokker Planck
equation for the evolution of only ttansmission or only 1efllection eigenvalues If ¢ # 0,

€AY
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the Fokker Planck equation contains both the transmission and reflection eigenvalues,
as well as elements of the matiix Q= V¥’ 1elating eigenvectors of 71 and 771 The
only constiait on the scattering matiix 1f ¢ # 0 1s imposed by time-1eveisal symmetry,
which requutes S=S7, hence W=UT Z=VT, w'=U0'T, Z/=V'T, T=T

The Fokkei—Planck equation desciibes the evolution of slow vauables after the
elimmation of fast vatiables In our problem fast vaiables vary on the scale of
the wavelength 4, while slow vaiiables vaiy on the scale of the mean fiee path /
o1 the amplification length |¢|~' We assume that both / and |¢|~' ate much gieater
than 4 (This tequutes |¢”| <1 ) The slow vauables mclude {2,}, {,} and elements
of O = V1V’ We denote this set of slow vatiables collectively by {®,} Each @, 1s
mciemented by 0@, 1f a thin slice of length oL (/7 <3L <) 1s added to the waveguide
of length L The inciements are of oider (6L/1)"/? and can be calculated peituibatively
We specify an apptopriate statistical ensemble for the scattetring matiix 35 of the thin
slice and computc moments of 39, The fitst two moments are of otrder oL/1,

(0®,) = a, 5L/ 4 O(OL)1)*?, (3 2a)
(0®,0®,) = a,, OL/1 + O(OL/1)*? (3 2b)

Higher moments have no tetm of oider 0L/l Accoiding to the geneial theory of
Browman motion [20], the Fokkei—Planck equation for the joint ptobability distribution
P({®,},L) 1eads

oP 0 1 »?
%22—23%#f+§%:&ﬁ€%P (33)

The average {( ) mn Eq (32) 1s defined by the statistics of 05 We specify this
statistics using simplifying featuies of the waveguide geometry (length > width), which
Justify the equivalent channel o1 1sottopy approximation [15,21] We assume that am-
plification o1 absoiption 1n the thin slice 1s mdependent of the scatteting channel This
entails the 1elation

686" =14+ 60L, (34)
where & 1s a modal and spatial average of the mverse amplification length ¢ If & 1s

spatially constant, one has

N
Z Im (1 — w?/w® + "), (35)

n 1

2k

G=-=
N

where o, 1s the cutoff fiequency of mode n For N — oo, the sum ovet modes can be
replaced by an mtegial The tesult depends on the dumensionality of the waveguide,

G =2k for a 3D waveguide, (3 6a)
G=—(n/2)e” for a 2D wavegude, (3 6b)

wheie we have used that |¢”| <1
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Eq (3 4) ensuies the existence of a polar decomposition for 65,

UpV ORW, Ugv oTZ >
- ( Vo/STW, —Vg/SRZ,

with 0T + R = 1 4+ 3L Note that a polar decomposition for 4S does not 1mply a
polar decompositton for §, because the special block structure of Eq (3 7) 1s lost upon
composition of scattering matrices We make the 1sotropy assumption that the matrices
Uy, Vo, Wy, Zy are umformly distributed 1n the unitary gioup In the piesence of time-
reversal symmetry one has W, = U] and Z, = V] In the absence of time-reversal
symmetry all four unitary matrices are mdependent The diagonal matiices R and 0T
may have arbitrary distributions We specify the first moments,

(37)

(TréR) = NSLJI,  (TréT) =N +N(y — 1)3L/I, (38)

where we have defined y = ¢/ The mean free path / m Eq (3 8) 1s related to the
mean free path /i of radiative transfer theory by [18]
[=(4/3)], for a 3D waveguide, (3 9a)
[ =(n/2)l, for a 2D waveguide (3 9b)
This completes the specification of the statistical ensemble for 65

We need the increments A%, A7, of reflection and tiansmission eigenvalues to first
order in OL/I,

() @) | AR AR%n)
Ay = AR + AR + 3 | S (3 10a)
ms£n
A3 AT AT,,L’
ATy = AT + ATD + 3 | w2 (3 10b)
ms#n ’”

The matrices of perturbation AR, AR AT AT aie expressed through unitary
matrices Q = VIV, U =2Z'Uy, W = WyV' and diagonal matrices T, R, 5T, OR,
AR(”:[VEUMWU—RHHC}, G 11a)
AR® = —/RU(1 — sT)UVR + WIORW + VRUVSRWRIVTVSRUTVR
— |41 — STYPR + VROVERWVROVERIZ(1 = R) + He]
(3 11b)
AT = [QJEU\/(?EWQTTJrHc , 3 11¢)
AT® = OVRUVSRIW Q! TOW ' VSRU VRO
- [%QWT(I — STYWOI'T — OVRUVIRIWVRUVSRWO!T + H cJ
(3 11d)
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(The abbieviation H ¢ stands for Hermitian conjugate ) The moments (3 2) are com-
puted by first averaging over the unitary matrices Up, Wy and then averagmmg over 6R
and 0T using Eq (3 8) Averages over umitaty matiices follow fiom

<Un/ Unl> (517171(5/(1 > (3 12a)

(U,U

1
kY mik U;)k/ Ul]>';> = mak/(()npémq + (3"[](5,“1)) (3 12b)
Without time-1eversal symmetry aveiages over U and W, ate independent With time-
1eversal symmetry we have W, = U] so that only a single average remains The 1esults

ate as follows

With time-1eversal symmetry

UPLYOR) = 1420 ~ Dy + (z +3 92)

N + 1 m
1 '%u(] - %m )2 + %m(l - %n )2
13
Py Ry — Do ’ (3 132)
msEn
4(371/)1 2
(1/OL)Y(6 % 0R ) = N %,,(l R, (3 13b)
T
1/0L)Y{6.F, -1 — -
UBLYOT) = 7i(r = 1)+ 2
g— l“lﬂ y + ZI
X AHH + Z 9* + Elll + Z nm 9—’—; % b (3 13C)
m##n m=n
2
(l/(SL)<(5'/”(3‘/I”> N + 1 (SI”N / AIIN + /"'/IHE””) ) (3 l3d)
4
(Z/(SL)<()%(S%H1> = “‘ﬁ%ﬁm(l - %/71)|Qnm|z (3 136)
Without time-iever sal symmetiy
%H
(OLYOR) = 1+2(y = )%y + — Z Ry
9 _ 249 — Ry
+ l Z </2n(1 %m) + ]m(l Qn) , (3 148.)

Ry — R
it n m

(/SLY( SRS Rm) = %@(1 An)*, (3 14b)
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Ty InAun + TnA
(LYOT) = Zy(y = D)+ 57 (Am + D 22— | (3 14c)
o n m
20um 5
2
(1/51‘)<59;5%ﬂ7> = _ﬁ 6;@!"(1 - @m)'Qnm,Q (3 146)

We have abbreviated 4, = (ORQ"),,, and F,,, = [((OVRO"),m|?

The moments of 6%, contain only the set of reflection eigenvalues {2,}, so that
from Eq (33) we can immediately write down a Fokker—Planck equation for the
distribution of the £,’s In terms of varables u, = 1/(%,—1) € (—o0, —1)U(0,00) 1t
reads [16]

0 2

X a,un /)) Z

m#n Hom

+ YBN+2—B)P| , (3 15)

where the symmetry index f = 1(2) corresponds to the case of unbroken (broken)
time-1eversal symmetry The evolution of the reflection eigenvalues 1s mdependent of
the transmission eigenvalues — but not vice versa The evolution of the 7, s depends
on the %,’s, and m addition on the slow variables contained in the unitaty matiix QO
To obtain a closed Fokkei—Planck equation we also need to compute increments and
moments of O The resulting exptessions are lengthy and will not be wiitten down
here

In the single-mode case (N = 1) this complication does not arise, because Q = /¢
drops out of the scalars 4 and F' The single transmission and reflection eigenval-
ues 7, # comcide with the transmittance and reflectance 7, R defined by Eq (2 2)
The resulting Fokker—Planck equation 1s [9]

op 0 &

= o _ . 2 . 2
I 7 [(L=RY +29R1P + =5 R(1 R)2
d & d
——T( =14+ R)P+ T R(1 — R)P
57 TO = 1T+ R)P 4 5 TPRP = 2= n TR(1 = R) (316)

In the case of absorption (y < 0), Eq (3 16) s equivalent to the moments equations [5]

4. Localization length

The Iimit L — oo of the distribution of the reflection eigenvalues follows duectly
from Eq (3 15), by equating the left-hand-side to zero The 1esulting distribution P
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1s that of the Laguenie ensemble of 1andom matiix theory [16],

P({u}y o< [Ty — ! T [ expl—y(BN+2—B)1u] 41)

1<y k

The distribution looks the same for both signs of y, but the suppott (and the normal-
1zation constant) s different @, >0 for y >0, and g, < —1 for y <0 To detetmine
the localization length we need the distribution of the transmission eigenvalues m the
large-L limit We consider the cases N =1 and N> 1

41 Swigle-mode waveguide

We compute the distiibution P(7, L) of the transmission probability thiough a single-
mode waveguide in the hmit L — oo In the case of absoiption (y < 0) this calculation
was done by Rammal and Doucot [4], and by Freilikher et al [5] We generalize then
results to the case of amphfication (y > 0) The two cases are essentially different
because, while the mean value of R 1s fimite 1n the case of absorption,

(R)oo = 1 —2ye P E1(2y) for y <0, (42)
1t diverges i the case of amplification The mean value of In R 1s finite 1n both cases,

C + In2y — ¥ Ei(—2y) for y>0,

5 (43)
—C —1In(-2y)+e “Ei(2y) fory<0

(n Ry = {

Heie C 1s Eulet’s constant and Ei(x) = f xoodt ¢/t 1s the exponential integral The
telation

(InR(7))oo = —(INR(=7))oo 44

holds, m accoidance with the duality telation (2 5)
We now show that the asymptotic L — oo distribution of 7' 1s log-normal, with
mean and vatiance of In 7 given by

(InT) = (1 + Iy)L/1 + 2e(y) + O(/L), (4 5a)
_fo for y <0,
<= { C +1In2y —e® Ei(—-2y) for y>0, (45b)

var In T = [2 + 4|y|e®M [Ex(—2|y)1L/1 4+ 0(1) (4 6)

The constant c(y) ~ —2yIny 1if 0 <y<1 Note that vai In T <{In 7')? for L//>1 The
localization length & = /(1 +]y|) ! 1s independent of the sign of y, m accordance with
the duality 1elation (1 2)

These results are casy to establish for the case of absotption, when Eq (3 16) implies
the evolution equattons [4,5]

0 0
lﬁﬂnT):—l—f—y, lavallnT~2(R>, for y <0 47)
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Making use of the mmtial conditton 7 — 1 for L — 0 and the asymptotic value (4 2)
of (R), one readily obtains Eqs (4 5) and (4 6) for y <0

In the case of amplification, the evolution equations (4 7) hold only for lengths L
smaller than L. =~ [c(y)/|y] For L < L, stimulated emission enhances transmission
through the waveguide On larger length scales stimulated emission reduces transmis-
sion Technically, the evolution equations (4 7) break down for L — oo because the
mtegration by parts of the Fokker—Planck equation produces a non-zero boundary term
if L>1L, To extend Eqs (45) and (4 6) to the case y > 0 wc use the dualty 1ela-
tton (2 4) It implies that for N = 1 the distribution of the 1atio 7/R 1s an even function
of y Eq (45) for y> 0 follows directly from the equality

(In T()/R(7)) = (In T(=7)/R(=7)) , (48)

which holds for all L, plus Eq (4 4), which holds for L — oo The constant ¢(y) for
y > 0 equals (In R(y))eo and 1s substituted from Eq (4 3) The duality of T(y)/R(y) also
implies Eq (4 6) for the variance, provided the covartance ((In7InR)) = {In T InR) —
(InT){ln R) remains finite as L — co We have checked this duectly fiom the Fokket
Planck equation (3 16), and found the finite large-L limat

{(InTInR)) oo = —2&% Et(=27)c(y) — c(y)?
[e ]
—Qy/mufmﬂﬁﬂ%qﬂ—hfm for y>0 (49)
0

42 Multi-mode waveguide

We next consider a waveguide with NV > 1 modes We compute the localization length
&= —limp_o L™ {InT) m the case of absorption, and mclude the case of amplification
mvoking duality For absotption the average reflectance (R) = N~'(3" (1 + 1/u))
remains finite as L — oo The large-L limit (R)., follows from the distribution (4 1),
using known formulas for the eigenvalue density in the Laguerre ensemble [22] For
ly|N2> 1 the result 1s

(Ryoo = 1+ Iyl =/ IPIQ2 + ) + O(U/N), 7 <0 (410)

The evolution of transmission eigenvalues 15 governced by the Fokkei—Planck equa-
tion (3 3), with coefficients given by (32), (313) and (3 14) Each %, has its own
localization length &, = —lim;_,oo L™ 'In 7, We ordet the &,’s from laige to small,
& > & > > £y This mmplies that for L — oo the separation of the 7,’s becomes
exponentially large, 7> 7, > > 95 Hence we may approximate

In+ T —1 forn>m,
7~ (4 11a)
Ty = Im 1  forn<m,
Tudun + Tathwn [ Ay For n>m -
Ty~ I Amm for n <m
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The Fokket—Plank equation (3 3) simphfies considerably and leads to the following
equation for the laigest trtansmission eigenvalue

) {—1—1V|+<R>—*IT<A11+FH> foo f=1,

1S (In 77) = N (412)
—1 =] +(B) = §{dn) for =2

oL

For |y|N?>1 we may substitute Eq (4 10) for (R) and omit the tetms with (4;)
and (F|;) The 1esulting localization length 1s given by

1= @2+ )+ O/N) (413)

Because of duality, Eq (4 13) holds 1egaidless of the sign of y It agiees with 1adiative
transfer theoty for y < 0, but not for y > 0 Indeed, the exponential decay of the
transmitted intensity n the case of amplification 1s an mterference effect, which 1s not
contained 1n the theory of radiative transfer

Eq (413) 1s asymptotically exact for |y|>1/N? For smallet |y| we cannot com-
pute & rigorously because the distuibution of the mattices A and F 1s not known
An mterpolative formula for all y can be obtained by substituting for (A;;) and (F7;)
m Eq (412) then L — oo hnuts when y = 0, which ate (4,,) = (Fy;) =1 In this
way, we artive at the localization length

~1

G/ v B 4 14)

FN+2—B

which nterpolates between the known [13,14,23] value of & for y =0 and Eq (4 13)
for |y|> 1/N?

The localhization length & 1s the laigest of the eigenvalue-dependent localization
lengths &, What about the other &£,’s? For y = 0 1t 1s known [14,15,23] that the
mvetse localization lengths are equally spaced, and satisfy the sum rule Y~ 1/¢, = N/I
We have not succeeded in detiving the spacings for y # 0, but we have been able to
detive the sum 1ule fiom the Fokker Planck equation (by computing the L-dependence
of (3°,In,)) The 1esult 15 exact and 1eads

E=1

N
Y & =+ N (415)

n—I

5. Numerical results

To test the analytical predictions on a model system, we have numerically solved a
discietized vetsion of the Helmholtz equation,

[V?+ K2e(r)]E(r) =0, (1)

on a two-dimensional squate lattice (lattice constant d, length L, width W) The 1eal
pait £’ of the dielectiic constant was chosen 1andomly fiom site to site with a uniform
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Fig 1 Localization length ¢ = —lim; o, L '{InT) of a disordered waveguide (N = 10) veisus the

modal avciage ¢ of the mmverse absorption o1 amplification length Data pomts are numetical solutions of
the discietized (lattice constant d) two dimensional Helmholtz equation for the case of absoiption (squaies)
and amplification (circles) The curves aie the analytical prediction (4 14) for the casc ff = 1 (unbioken
time-reversal symmetry) for / = 29 6d [solid curve, determined fiom Eq (53)] and fo1 / = 26 1d [dashed
curve, determined from Eq (54)] The nset shows the same data on a lineai, rather than logarithmic, scale

distribution between 1:0¢ The mmagmaiy part ¢” was the same at all sites The
scattering matrix was computed using the recutsive Green function techmque [24]

The parameter & 1s obtained from the analytical solution of the discretized Helmholtz
equation 1 the absence of disorder (de=0) The complex longitudinal wavenumber k;,
of transverse mode » then satisfies the dispersion relation

cos(kyd ) + cos(nmd/W) =2 — L(kd)*(1 +1£"), (52)

which determmnes & according to ¢ = —2N~'Im ), 4, Simulations with £’ = 0 weie
used to obtamn /, either from the large-L relation [14]

—Im L™ NInT) =[3(N + 111 ', (53)
/ —o00
or from the large-N relation [25]
Jim (T = (1 +L/)™! 54

The parameters chosen were W =25d, k=122d~", cotresponding to N =10, /=29 6d
fiom Eq (53) and / = 26 1d from Eq (54) The localization length was computed
as a function of ¢ from the L-dependence of In7 up to 40/, averaged over 150
realizations of the disorder Results are shown m Fig 1 The localization length 1s the
same for absorption and amplification, within the numerical accuracy Compatison with
the analytical result (4 14) for f = 1 1s plotted for the two values of the mean fice
path The agreement 1s quite reasonable, given the approximate nature of Eq (4 14)
n the regime |y|N? ~ 1 (corresponding to |Gld ~ 107%)

In conclusion, we have shown how absoiption o1 amplification can be ncorpo-
rated into the Dorokhov—Mello-Pereyra—Kumar equation for transmission through a
multi-mode waveguide The technical difficulty of the multi-mode case 1s that the
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Fokkei—Planck equation for the tiansmission eigenvalues 7, depends not just on the
ttansmission and 1eflection eigenvalues 7,, %,, but also on the eigenvectors of the
mattices #! and rr! We could compute the localization length n the two regimes,
|7|> 1/N? and |y| <1/N?, and have given an mterpolation formula for the intetmediate
regime An exact solution for all y remains an unsolved problem
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