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We evaluate the wavevector dependent (short-time) diffusion coefficient D(k) for spherical particles in Suspension. Our
analysis is valid up to high concentrations and fully takes into account the many-body hydrodynamic interactions between
an arbitrary number of spheres. By resumming moreover a certain class of correlations, we obtain results which agree well
with avaüable experimental data for the small and large wavevector limits of D(k).

1. Recently [ l ] we evaluated the concentration
dependence of the (short-time) self-diffusion coefficient
for spherical particles suspended in a fluid. This quan-
tity, denoted byDs, is the large-fc limit of a wavevector
dependent diffusion coefficient D(k), which describes
the initial decay of the dynamic structurefactor S(k, t)
measured by inelastic light or neutron scattering [2].
In our analysis [ l ] we resummed the hydrodynamic
interactions between an arbitrary number of spheres.
The importance of these many-body interactions has
been demonstrated both theoretically [3] and experi-
mentally [4]. By including at most two-point correla-
tions between the spheres, we obtained in ref. [1] a
reasonable agreement with experimental results for
£>s [4], for volume fractions φ Λ> 0.30. At higher con-
centrations the calculated values were too large, in-
dicating the importance of higher Order correlations.

The extension to ref. [1] presented here is twofold:
(i) we extend the formalism to diffusion at arbitrary
(non-zero) values of the wavevector ;(ii) we resum to
all Orders the contributions due to a certain class of
correlations, the so-called ring-correlations, thereby ob-
taining results forD s which agree with the experimental
data up to the highest volume fractions.

2. The (short-time) diffusion coefficient D(k) is given

by[2]

Χ **: <μ;-, exp [i* · (R - R)] ),
ij=l '' ' l

(l)

in terms of an average of the mobility tensor μ{.· of
spheres i and/, which have positions Rj and R.· respec-
tively. The mobilities depend on the whole configura-
tion of the N spheres and may be calculated from the
linear Stokes equation [5]. Also, S(k) is the static struc-
turefactor and £B and T denote Boltzmann's constant
and the temperature respectively.

Adopting the notation used in ref. [1], we may
write φ1

S(k)D(k)lDQ - l

= -k-2N~lkk:P<[nA(l -nQA)~ln] (k\k))P. (2)

In eq. (2) an average is taken of the k,k element of the
integral operator between braces. The propagator^l is
a matrix of which the elements characterize a hydro-
dynamic interaction between two induced-force multi-
poles. The microscopic numberdensity of the spheres is
given by n. In r representation, the elements ofA are
convolution operators and n is a diagonal operator. The
objectP = l — Q projects out the flrst multipole mo-
ment of an induced force. The Stokes—Einstein value

* The operator A used in eq. (2) corresponds tocß~1s>i in ref.
[1]·
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of the diffusion coefficient is denoted byß0. In the
limit k -> °°, eq. (2) reduces to the expression for Ds

given in ref. [ l ].

3. The expression between braces in eq. (2) may be
expanded in powers of the density fluctuations δη =
n — «Q, where «Q is the average numberdensity of the
spheres. In ref. [1] we evaluated.Ds to second order in
this so-called fluctuation expansion. There is however
a certain class of contributions due to correlations
which may be resummed to all Orders. To this end we
define for arbitrary JQ a renormalized propagator Ay0

by

We choose JQ to be a function of the concentration «Q,

TQÜ —QAy (r = 0)] =«0 , (4)

wherey!7o(r) is the kernel of the operator^47Q defined
above. One may now prove the identity

L7, (5)A(\ -nQAyln=A (\ -δγβΛ

where y = γ0 + δγ = «γ0/770 is a renormalized vertex
and A 7o is a cut-out propagator with kernel

ÄjQ(r) = Ayo(r) for r Φ 0, ÄJo(r=0) = 0. (6)

In ref. [1] we defined a renormalized propagator
A„0 according to eq. (3), with JQ equal to «Q, and
proved the identity

A(l-nQAT1n=An(l Γη, (7)
v O

which did not contain a renormalized vertex, nor a cut-
out propagator. Both expressions (5) and (7) are equiv-
alent. However, the zeroth order term in the δγ-expan-
sion differs from the corresponding term in the ö«-ex-
pansion: the latter contains the füll hydrodynamic inter-
actions between an arbitrary number of spheres in the
absence of correlations, while the former moreover con-
tains a class of self-correlations. In a diagrammatic re-
presentation this class corresponds to ringdiagrams.
Through formulae (3) and (4) the resummation of these
diagrams.is performed algebraically. Furthermore, the
contributions of order (δγ)2 in the δγ-expansion are
much smaller than those of order (δ«)2 in the fluctua-
tion expansion described in ref. [1]. This indicates that
the former expansion converges faster than the latter
one. We remark that to linear order in the density γ0

equals «Q and both fluctuation expansions are identical.

o

Fig. l. D0/D(k) äs a function of the wavevector k times the
particle radius a, for five values of the volume fraction ψ.

4. We have evaluatedD(fc) given by eq. (2) up to and
including terms of second order in δγ, using eq. (5).
The pair distributionfunction (necessary for the calcula-
tion ofS(k) and <(δγ)2>) was approximated by the solu-
tion of the Percus—Yevick equation. The resulting wave-
vector dependence ofZ>0/Z)(Ä:) is plotted in fig. l, for
five values of the volume fraction φ [note that in the ab-
sence of hydrodynamic interactionsZ)0/Z)(Ä;) equals the

1.6-

1.2

o
O

0.8

0.4

O.1 0.2 0.3 0.4 0.5

Fig. 2. DS/D0 and DC/D0 äs a function of the volume fraction
φ. The solid lines give the results of our calculations. Experi-
mental data for DB (shown by dots) are from ref. [4]; for Dc,
dots are from ref. [6] and triangles from ref. [7].
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structurefactor S(k)] . In fig. 2 we have plotted the con-
centration dependence of the two limits

D = lim D(k) and D = lim D(k),
c k-*°°

(8)

together with experimental results. The theoretical
values for the self-diffusion coefficient Ds are given for
φ < 0.45, while the values for the collective diffusion
coefficient Dc are only shown for φ < 0.30. At higher
concentrations the calculated values for Dc become
less and less reliable due to cancellations.

ForZ>s agreement with the experiments of Pusey
and van Megen [4] is obtained, up to the highest (ex-
perimental) volume fractions. The experimental data
[6,7] forDc indicate that this quantity is rather insen-
sitive to changes in the concentration over a large ränge
of volume fractions; a remarkable result, which is con-
firmed by our calculations.

Details of this work will be given elsewhere.

This investigation was performed äs part of the re-
search programme of the "Stichting voor Fundamen-
teel Onderzoek der Materie" (F.O.M.), with financial
support from the "Nederlandse organisatie voor Zuiver
Wetenschappelijk Onderzoek" (Z.W.O.).
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