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The region of instability for planar reaction fronts of cubic autocatalysis between ionic species under
constant electric field has been determined accurately. The ratio of diffusion coefficients at the onset
of instability &, is substantially varied by the component-dependent drift and directly proportional
to the concentration of the autocatalyst behind the fr8gptas é.,=2.300285. This opens the
possibility to use electric field as a control parameter for reaction-front instabilities. The dispersion
relation calculated from the linear stability analysis of the full system is in good agreement with the
initial evolution of the Fourier modes associated with the slightly perturbed planar reaction front
obtained by the direct integration of the governing equations in two spatial dimension99®
American Institute of Physic§S0021-96069)50148-7

I. INTRODUCTION which is not restricted to the neighborhood of the onset of
instability.

In this work we carry out a linear stability analysis of the
two-dimensional system of cubic autocatalysis between

Autocatalytic reaction-diffusion fronts with short-range
activation may lose stability and result in cellular front full
structures. This diffusion-driven lateral instability has been ionic species under constant electric field in order to locate

sj[udiled tth(r)]rou_ghlly in tCUbiC a;}gég{gata%%i‘é, \r']VhiCh is the £ the region of lateral instability. The factors affecting the sta-
simpiest chemical system exhibiting the pheénomenon. Xbility are stated and the onset of instability is determined

ptenn:ental stuld!es fhave reptorgled tlhe eX|ste?ce ]?f Cte"maéccurately. One surprising finding, derived analytically, is
structures evolving from unstable planar reaction Tronts Uy, .+ ihe critical ratio of diffusion coefficients,, is linearly

;jher 'Sﬁthirm?l tcot?fm'o?s n tht? %]o;ﬁtel—a;trsenouts a’mﬁj related to the concentration of the autocatalyst behind the
le Cb orl ?r: € ra:). |otnafe react:_t|ot. -he &kle.r dsys tem NaS front Bs. The dispersion relation is also calculated and com-
aiso been the subject of quantitative analysisd extension pared to the temporal behavior of the Fourier modes in the

o three spa}tlal Q|men§|oﬁ§. : . . front evolved from a slightly perturbed planar reaction front.
In reactions involving ionic species, externally imposed

electric field may have a dramatic effect on the spatiotempo-I GOVERNING EQUATIONS
ral behavior as a result of the component-dependent migra{-' Q
tion as observed in the excitable Belousov—Zhabotinsky  Under a constant electric field, reaction fronts of cubic

reaction?*® one-dimensional propagating fronts of the autocatalysis are governed by

iodate—arsenous acid reactiinand mosaic patterns of the

methylene blue—sulfide—oxygen syst&hwhen the applied o SV2a—zpe 5(9_a —ap? (1a)
electric field is constant, the effect is similar to that of dif- 97 23 '

ferential flow;*'“a component-dependent drift arises witha B 28

constant velocity. Rovinskgt al!® have investigated the sta- e V2B— ZBsa_g +afB?, (1b)

bility of planar autocatalytic fronts in the presence of differ-
ential flow and found that a selective drift in the direction of wherea and 8 are the dimensionless concentrations of reac-
front propagation either stabilizes or destabilizes the planatant A with chargez, and autocatalysB with chargezg
front structure near the onset of instability depending on theelative to the initial concentration & far ahead of the front
orientation of the flow. By applying a thin-reaction-front and V2= 92/9¢2+ 9%/ dn?. The ratio of the diffusion coeffi-
approximationt® Horvath et al}” have furthermore presented cients is taken aé=D ,/Dg ande represents the dimension-
that destabilization is enhanced when the ionic migratiorless electric field strength. For planar fronts, it is convenient
tends to separate the components. The concentration of the introduce a new coordinaté= ¢—cr that travels at the
autocatalyst behind the front has been shown to play an imsame velocityc as the front, upon which the equations in Eq.
portant role in the electric field induced lateral instability, (1) then become
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B 2a da )
0_5W+(C_ZA85)E_6¥'8 y (2a)
d’B dg
02@2“"(0_288)&*'“521 (Zb)

since in the new coordinate systend,f,7), daldr=0,
daldn=0 and the same holds fg@. The boundary condi-
tions are given ag(+»)—1, B(+»)—0 representing the
reactant side ahead of the front anq—«)—0, B(—=)

— B the product side behind the front, while the concentra

tion gradients vanish at both limits. The existence of a reac
tion front requires that both coefficients of the concentration

gradients in Eq(2) be positive, leading to an expression for
the final concentration of the autocatalyst behind the tfont
as

Av
C—Zge '

C—2Zped

)

S c—2zge

In this equation, which can be simply obtained by adding

Egs. (2a) and (2b) and integrating between the limitav
=(zg—zp0)¢ is the difference in the drift velocity of the

components relative to the reactant. In the case of unequal

mobilities (zg# z55), therefore, the drift induced by electric

field variesB by increasing or decreasing the spatial overlap

of the components.

IIl. LINEAR STABILITY ANALYSIS OF PLANAR
FRONTS

For the stability analysis we first rescale the variables

and coordinates according to=a, B=p/Bs, {={\Bs 7
= nVBs, andF= 72 to obtain

JE S~ Qo dw -

g @
B =y Qo IB _-

s =Vt gp_ +aR, (4D)

whereQy=c—z,e . A small spatial perturbation of the pla-
nar solutiona(?), Bo(2) is then introduced as

(77 =a0(D)+ kgo a1 (D b 7,7), (58
B 7 7)=Bo(D)+ go Bui(D du(.7), (5b)

wherek is the wave number associated with the perturbation.

After the substitution of Eq(5) into Eq.(4) and linearization

in ¢, the various spatial modes decouple. Taking then the

form of exp7+ik7), we obtain
gk

el =l

Bsw+ k?
where matrix operatoIE is given as

w+ 8'K?
0

gk

Bix ©

|
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5 ” + Q4 J B2 -
. 0~ Po - 22!0,80
. gz i
[ = (D
B2 - +Qg e B
Bo — 0 = T £&Po
a? aL

with &' = 8/ Bs andQ{=Q,/B32. The planar front loses sta-
bility when o becomes positive for spatial modes in the
range of O<k<Kkax representing a long-wavelength
instability!® The k=0 mode corresponds to the homoge-
neous translation in the direction of propagation

o dag -~
ao(§+d§)=ao(£)+d—zd§, (83

o e~ dBg -
Bo(§+d§)—ﬁo(§)+d—zd§, (8b)

to which the planar solution is invariant. The translation
mode @a,/dZ,dB,/d?)T is a right zero mode of as
dag
d¢
dBo
d¢
which is the scaled version of the linearized form of E),
and hence haw=0. By comparing Eqgs(5) and (8), we
realize thaf@, o and B, o are d@,/d{ and dB,/d{, respec-
tively, and that these indeed comprise the eigenvector be-
longing to the zero eigenvalue of

The onset of lateral instability occurs whdm/d(k?) at
k=0 changes its sign from negative to positive as some pa-
rameter is varied; we therefore investigate the behavior of
the w—k? curve in the vicinity of the origin. When the wave
number is slightly increased so thit is of O(e) with €

being an arbitrarily small positive numbes takes on a
value of O(€) and the solution of Eq(6) also changes as

(€)

(109

(10b)

wherea’ andB’ are ofO(e) as well. Following the substi-
tution of Eq.(10) into Eq. (6), the zeroth-order terms ia
return the solution fok= 0, while the first-order terms yield

o
0 el a5
- |=L{_. | (11
0 Bsw+K? dBo B’
dZ

Sincel has a zero eigenvalue, the solvability condition of
Eqg. (1) (Ref. 20 leads to
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dao o=+ "), (16)
vl g\ [0tk 0 dz | - _ %_ .
f 5 ~ | d¢=0, (12 with a relaxation technlqﬁé as all other modes decay rap-
—= \ e 0 Bso+tk % idly, leaving the desired eigenvector after a transient fime.
d7 The integration is carried out using tlevODE package on

i ) 8001 points with a spacing &Z=0.05. The onset of insta-
whereys, andy, are the components of the right zero eigen-yiv is determined by varyings’ iteratively with a maxi-

vector of the adjoint matrix operator mum tolerance of 10° for the integral in Eq(15).

5 92 o! d 7 - B. Dispersion relation
~, <o -~ Po
. a? 74 Fo The dispersion relation may simply be calculated by tak-
L= P 3 . (13 ing a new form for the perturbation [¢yaqy
- 2'51/0730 TZ - Q(,)_ + 2“0,80 ~Pq equk%)v ¢kﬁl,k: (PB equk“ﬁ)] from
a 724 i
Rewriting Eq.(12) as 7 [(%) (5’k2 O)(%) .
= +

+oo dag Bo B % P8 0 AL 40

wj,x Yr———*+Bs d¢ *JT

a version of Eq(6). After a transient period,de,/J7)/ ¢,
e da d73 and (@¢z/d7)] ¢ g become constant, yielding within a set
= _sz S’ ,/,1_°+ ¢2—° d?Z, (14) error of 0.1%. A is increased, the initial condition is taken
d 7 as the mode obtained in the previous run, using the same
method as that applied for calculatigig and,. The results
Yire transformed into the unscaled coordinate system of Eq.
(1) as w,8§—>w and ky/B<—k, and compared to those ob-

where the integral on the left-hand side may be set to unit
with proper normalization of the eigenvector, leads to

do e da dZB tained from the direct integration of Eql) applying an
5 =— f S 1/11—~0+ ¢2—~° dz_ (15 operator-splitting method with a Crank—Nicholson sch&me
d(k) 1, -, - d¢ on a 501x 401 grid with a spacing of 0.9, a time step of 0.01,

and Neumann boundary conditions. For initial conditions,
the planar boundary separating the two steady states is per-
turbed by shifting one randomly chosen grid line by one
point in the direction of propagation. During the calculations
the grid is adjusted in order to keep the front in the center.
The coefficients of the Fourier cosine series associated with
the front position—defined as the location of maximum re-
action rate along/—are determined at given intervals, the
initial time dependence of which yields for the various
modes.

Planar fronts at various therefore lose stability when the
integral in Eq.(15) becomes negative a¥ exceeds some
critical value which implies that in the original parameters,
the instability threshold can be written &= 5.,8s. More-
over, we see that there is a singig for the onset of insta-
bility because in Eq(9) §'— § andQ,—c ase—0. Hence
the condition in Eq(15) leads to that applied by Kapral and
co-worker$ for reaction-diffusion fronts in the absence of
drift (8,,=2.300 ate=0).

V. NUMERICAL STUDY V. RESULTS AND DISCUSSION

When the drift caused by electric field tends to separate
the components, i.eAv<O0, a critical field strengtlz, ex-

The one-dimensional front profile governed by E2).is  ists, beyond which reaction fronts fall apart and give rise to
represented by a heteroclinic orbit in the, 3,d3/d{) phase  two independent electrophoretic fronts spreading with in-
space connecting the two steady states corresponding to teeasing distance between them. For the systematic study
boundary condition8: By applying a standard shooting with reactantA diffusing slightly faster than autocatalyst
method using thevobe packageé? we select velocities for g (1< 8<3), we have chosen pairs of charges so that sepa-
which the trajectory leaving the state &t—c along the ration occurs at negative fiefd,the result of which may
unstable manifold approaches the statgat-« along the readily be transfered to opposite charges by a simple change
stable manifold. The upper branch of the solution containgf signs. For the onset of instability,,= 2.3002 in accor-
the minimum velocities generally selected by one-dance with the results of Kapral and co-workers in the ab-
dimensional stable fronts propagating into the unstablgence of drift, and hence the critical ratio of diffusion coef-
state;® and the turning point at the end of this branch repreicients is given as,=2.3002, . The planar front remains
sents the limit for a reaction-front solutiGi For the deter-  staple for equal diffusion coefficients because the minimum
mination of &, the front profile is taken from the final of s, is slightly above unity as shown in Fig. 1. Since the
shooting and the eigenvector of the adjoint matrix operatogoncentration of the autocatalyst behind the fregts solely
L* is calculated from a function of the ratio of diffusion coefficient§ and the

A. Region of instability
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FIG. 1. Phase diagram showing the regions of stable planar reaction fronE}IG'I . Disrz)eizrsion reIatE)n in trle unscaled coo;dinat(; s?{stem forbin ex-
(SPB; lateral instability (LI); electrophoretic fronts (EF) in the amp|> e case dA_ -1 _ZE;]_ +I.ld’ T——%;)f.l(iurveds drorE tdel_ mefo;itié'ty
(6,Bs)-plane. Curves calculated from the linear stability analysis represengnaySIs are drawn wit _solid iné foy=1.4 and dashed fineé foo=1.5.
the onset of instability with solid lined,= 2.30028.) and the extinction of ymbols represent the eigenvalues of the Fourier modes associated with the
reaction-diffusion fronts with dashed Iirne ’ s front evolved from a perturbed planar front in the full 2D problem with

' for 6=1.4 and] for 5=1.3.

1.0 1.2 1.4

difference in the drift velocity of the componentsv, the . . .
region of stability is presented in theS,(Av)-plane for all range ofk for growing modes in the unscgled _coc.)rdlmate
charges in Fig. 2 utilizing the relationship system shrmk_s becausg of the decrt_easngrl.Thls IS 1n
accordance with our earlier results on integrating @&g.not
Av:ﬁgz(ﬁs— 1)c.—o, only the amplitude of cellular strU(l:;ure but also the indi-
obtained from the definition 0Q; and Eq.(3) with c,_q V|dualhcell siz€ |Increr?ses t.owarellcgr. i f . f
=0.590 147 for the onset of instability. Planar fronts lose W en we plot the region o SFab' ity as a uncthn_o
stability as the separation of components is increased, i.eg,lectrlc_ field ;trgngg]th forla_glvenfp(:]lw of cgﬁ_rges, two Q'Stht
Av is decreased, resulting in the formation of cellular struc iﬁzgaggsoinize’retv:rsr: dagt;ri]soinér:agle?j '_'[t_'hG: froernr;ips;etm-
tures. Further decrease in the difference of drift velocitiessembgies the general picture in Fid. 2 while the latter reveals
leads to the extinction of reaction fronts. Figure 2 also shows divisi f%h P £ inst ng:t ' it of th i
that the critical ratio of diffusion coefficients,, can be sub- a division ot the region ot Instabiity as a resuft ot the un
stantially decreased by approaching. conditional stability of planar fronts for adl at equal mobili-
The dispersion relation is illustrated for an example cas
above and below the onset of instability in Fig. 3. The tem-
poral eigenvalues are in good agreement with those of th¥!- CONCLUSION
We have determined the region of lateral instability ac-

individual modes present in the initial growth or decay of a
small random perturbation obtained from the direct integraxyrately by applying a linear stability analysis on the full

(18)

eties, as shown in Fig. 4.

tion of Eqg.(1). The calculation ofv(k) at §=5.0, i.e., farther

from the onset of instability, indicates that even though pla-
nar fronts become more unstable on approachipg the 3.0 r —
/
EF /U
8 20 g
3.0 T ) e
i s SPF
EF | L 1.0 Lt :
25} SPF 1 -0.10 -0.05 0.00 0.05
€

i
[}
i
[
1
]
620t !
]
]
i
]
!
]

15}
I
)
/
. 1.0
1.0 |/ . ) . 1 e
-0.20 -0.10 0.00 0.10 0.20
AV FIG. 4. Typical diagram showing the regions of stable planar reaction fronts
(SPH; lateral instability(LI); electrophoretic front$EF) in the (5,¢)-plane
FIG. 2. Phase diagram showing the regions of stable planar reaction frontgith the relation of mobilities unchangétbp), and reversed af=2 (bot-
electrophoretic fronts (EF) in the tom). Curves from the linear stability analysis represent the onset of insta-

(SPB; lateral instability (LI);
(8,Av)-plane. Curves calculated from the linear stability analysis represenbility with solid line and the extinction of reaction-diffusion fronts with
the onset of instability with solid line and the extinction of reaction- dashed line. The corresponding chargeszre — 1, zg=+1 (top) and z,

=1, zz=2 (bottom.

diffusion fronts with dashed line.
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