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Abstract Let T™ be the m-dimensional unit torus, m € N. The torsional rigidity of an
open set 2 C T™ is the integral with respect to Lebesgue measure over all starting points
x € € of the expected lifetime in €2 of a Brownian motion starting at x. In this paper we
consider 2 = T™\B[0, t], the complement of the path B[O, ¢] of an independent Brownian
motion up to time . We compute the leading order asymptotic behaviour of the expectation
of the torsional rigidity in the limit as t — o00. For m = 2 the main contribution comes
from the components in T2\B[0, ] whose inradius is comparable to the largest inradius,
while for m = 3 most of ’H‘3\ﬂ[0, t] contributes. A similar result holds for m > 4 after
the Brownian path is replaced by a shrinking Wiener sausage W, [0, ¢] of radius r(t) =
o(t~1/™m=2)) provided the shrinking is slow enough to ensure that the torsional rigidity
tends to zero. Asymptotic properties of the capacity of 80, #]in R3 and W{[0, r]in R™, m >
4, play a central role throughout the paper. Our results contribute to a better understanding
of the geometry of the complement of Brownian motion on T™, which has received a lot of
attention in the literature in past years.
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M. van den Berg et al.

1 Background, Main Results and Discussion

Section 1.1 provides our motivation for looking at torsional rigidity, and points to the rel-
evant literature. Section 1.2 introduces our main object of interest, the torsional rigidity of
the complement of Brownian motion on the unit torus. Section 1.3 states our main theorems.
Section 1.4 places these theorems in their proper context and makes a link with the prin-
cipal Dirichlet eigenvalue of the complement. Section 1.5 gives a brief sketch of the main
ingredients of the proofs and provides an outline of the rest of the paper.

1.1 Background on Torsional Rigidity

Let (M, g) be a geodesically complete, smooth m-dimensional Riemannian manifold with-
out boundary, and let A be the Laplace-Beltrami operator acting in L2(M). We will in
addition assume that M is stochastically complete. That is, Brownian motion on M, denoted
by (B (s),s > 0; IF’X, x € M), with generator A exists for all positive time. The latter is
guaranteed if for example the Ricci curvature on M is bounded from below. See [16] for
further details. For an open, bounded subset 2 C M, and x € Q we define the first exit
time of Brownian motion by

To = inf{s > 0: B(s) ¢ Q. (1.1
It is well known that
uq(x; 1) =Pyt > 1] (1.2)
is the unique solution of

d

8—;‘ = Au, u(-;1) € H(Q). t > 0,

with initial condition u(x; 0) = 1. The requirement u(-; t) € HO1 (), t > 0, represents the
Dirichlet boundary condition. If we denote the expected lifetime of Brownian motion in
by

ve(x) = E,[Tal, x e, (1.3)

where E, denotes expectation with respect to P, then

vo(x) = /00 dtug(x;t). (1.4)
0

It is straightforward to verify that v, the torsion function for €2, is the unique solution of
—Av=1,veH Q). (1.5)

The torsional rigidity of Q is the set function defined by

T(Q):/ dx vg(x). (1.6)
Q

The torsional rigidity of a cross section of a cylindrical beam found its origin in the compu-
tation of the angular change when a beam of a given length and a given modulus of rigidity
is exposed to a twisting moment. See for example [28].

From a mathematical point of view both the torsion function v and the torsional rigidity
T (2) have been studied by analysts and probabilists. Below we just list a few key results. In
analysis, the torsion function is an essential ingredient for the study of gamma-convergence
of sequences of sets. See chapter 4 in [10]. Several isoperimetric inequalities have been
obtained for the torsional rigidity when M = R™. If Q C R™ has finite Lebesgue measure
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|2, and Q* is the ball with the same Lebesgue measure, centred at 0, then 7 (2) < T (2*).
The following stability result for torsional rigidity was obtained in [9]:
T —T(Q)
T (%)
Here, A(2) is the Fraenkel asymmetry of €2, and C,, is an m-dependent constant. The
Kohler-Jobin isoperimetric inequality [17, 18] states that

(M2 T(Q) > A (N2 T (QY).

> CnA(Q)°.

Stability results have also been obtained for the Kohler-Jobin inequality [9]. A classical
isoperimetric inequality [27] states that

lvallze@) < vax(0).

In probability, the first exit time moments of Brownian motion have been studied in for
example [4] and [20]. These moments are Riemannian invariants, and the L'-norm of the
first moment is the torsional rigidity.

The heat content of 2 at time ¢ is defined as

Hq(t) = f ug(x;t)dx. 1.7
Q

This quantity represents the amount of heat in €2 at time 7, if €2 is at initial temperature 1,
while the boundary of 2 is at temperature O for all t > 0. By Eq. 1.2,0 < ug < 1, and so

0 < Ho() = 12|
Finally by Eqgs. 1.4, 1.6 and 1.7 we have that

o0
T () =/ Hq(1) dt, (1.8)
0
i.e., the torsional rigidity is the integral of the heat content.
1.2 Torsional Rigidity of the Complement of Brownian Motion

In the present paper we consider the flat unit torus T". Let (8(s), s > 0; P,,x € T™) be a
second independent Brownian motion on T™. Our object of interest is the random set (see
Fig. 1)

B(t) = T"\BIO, t].
In particular, we are interested in the expected torsional rigidity of B(t):

o) =Eo(T(B®)), t=0. (1.9)

Since |[T™| = 1 and |B[0, t]| = 0, the torsional rigidity is the expected time needed by the
first Brownian motion B to hit B[0, ] averaged over all starting points in T"”. As t — 00,
B0, t] tends to fill T™. Hence we expect that lim;_, -, #(¢) = 0. The results in this paper
identify the speed of convergence. This speed provides information on the random geometry
of B(t). In earlier work [6] we considered the inradius of B(z).

The case m = 1 is uninteresting. For m = 2, as t gets large the set B(z) decomposes
into a large number of disjoint small components (see Fig. 1), while for m > 3 it remains
connected. As shown in [14], in the latter case B(¢) consists of “lakes” connected by “narrow
channels”, so that we may think of it as a porous medium. Below we identify the asymptotic
behaviour of @&(¢) ast — oo whenm = 2, 3.
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Fig. 1 Simulation of B[0, 7] for
t = 15 and m = 2. The Brownian
path B[O, 7] is black, its
complement B(r) = T"\I[O0, 1]
is white

For m > 4 we have #(t) = oo for all ¢+ > 0 because Brownian motion is polar. To get a
non-trivial scaling, the Brownian path must be thickened to a shrinking Wiener sausage

Wrl0, 1] ={x e T": di(x) <r(n)}, >0, (1.10)
where r: (0, 00) — (0, 00) is such that lim,_, o /"= r () = 0. This choice of shrinking
is appropriate because for m > 3 typical regions in B(¢) have a size of order r~!/"=2) (see
[11] and [14]). The object of interest is the random set

By (1) = T"\W,»[0, t],
in particular, the expected torsional rigidity of By (t):
&) (1) =Eo(T (B (), t>0.

Below we identify the asymptotic behaviour of #, () (¢) as t — oo for m > 4 subject to a
condition under which r(¢) does not decay too fast.

1.3 Asymptotic Scaling of Expected Torsional Rigidity

Theorems 1.1-1.3 below are our main results for the scaling of #(z) and @, (t) ast — oo.
In what follows we write f < g when 0 < ¢ < f(¢)/g(t) < C < oo for ¢ large enough.

Theorem 1.1 Ifm = 2, then
O =<t (1.11)

Theorem 1.2 [fm = 3, then

2 1

where cap (B[0, 1]) is the Newtonian capacity of Bl0, 11 in B> All inverse moments of
cap (B0, 11) are finite.
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Theorem 1.3 Ifm > 4 and

m=4: lim L - = oo,
lim tl/(’"fz)r(t) —0, z*.)oo 10,3 ¢ log( /r(i)) (1.13)
=00 m>5: lim —5r(t)"™" = oo,
t—o0 log”t
then
S (1) =[14+o0(1)] ! E ! t (1.14)
= 0 , — 00, .
"o e 1270172 0\ cap (We [0, 1])

where (1) = t1/"=2p(p), cap (W,[0, 1]) is the Newtonian capacity of W [0, 1] in R™, and
where Ky, is the Newtonian capacity of the ball with radius 1 in R™,

Ky = 471’”/2/F (mT_Z) . (1.15)

All inverse moments of cap (W¢[0, 1]) are finite for all ¢ > 0.

We expect that similar results hold when T" is replaced by a smooth m-dimensional com-
pact connected Riemannian manifold without boundary. We further expect that the torsional
rigidity satisfies a strong law of large numbers for m > 3 but not for m = 2.

A key ingredient in the proof of Theorem 1.3 is the following scaling behaviour of the
capacity of the Wiener sausage for m > 4. Let

logt
—— cap (W1[0, t]), m =4,

HOER I (1.16)
;cap(Wl[O, t]), m > 5.

Then there exist constants ¢, € (0, c0), m > 4, such that

Ct) =[1+o(1)]cy inPy-probability ast — oo. (1.17)
In Section 7 we prove Eq. 1.17 for m > 5 with the help of subadditivity. For m = 4, Eq. 1.17
is proven in [3].

1.4 Discussion

We refer the reader to [14] and [5] for an overview of what is known about the geometry of
the complement of Brownian motion on the unit torus.

1. Theorems 1.1 and 1.2 identify the scaling of the expected torsional rigidity in low
dimensions. This scaling may be viewed in the following context. Let d(x, y) denote
the distance between x, y € T". The distance of x to 8[0, 7] is denoted by

di(x) = min d(x,y). (1.18)
y€pl0.1]
The inradius of B(t) is the random variable p; defined by
pr = max d;(x).
xeTm

A detailed analysis of p; and related quantities was given in [5, 12] for m = 2 and in
[11, 14] for m > 3. In [6] it was shown that for m = 2,

Eo(p,) = e~ 2l+o1 o (1.19)
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while form > 3,

m logt 1/(m=2)
Eo(pr) =[1+o(1)] <7 —) , t — o0. (1.20)
(m =2y t
A ball of radius r in T with r sufficiently small has a torsional rigidity proportional
to r"+2. Theorem 1.1 and Eq. 1.19 show that log#(z) = —[1 + o(1)]4(x)'/? =
[1 4 o(1)] logEg(p;)* for m = 2, while Theorem 1.2 and Eq. 1.20 show that #(r) <
t=2 > Eo(p,)> for m = 3. Thus, for m = 2 the main contribution to the asymptotic
behaviour of log #(t) comes from the components in B(¢) that have a size of order o,
(which are atypical; see [12] and [5]), while for m = 3 the main contribution to the
asymptotic behaviour of #(r) comes from regions in 3(¢) that have a size of order 1
(which are typical; see [11] and [14]), i.e., most of 3(¢) contributes.
2. Form = 2 itis shown in [5] that

pr = 1780 =G0 b robability, 1 — o0, (1.21)

which is a considerable sharpening of Eq. 1.19. The proof is long and difficult.
Combining Eq. 1.21 with what we found in Theorem 1.1, we get the relation

o) < PR (p)?, (1.22)

provided Eq. 1.21 also holds in mean (which is expected but has not been proved).
Clearly, ®(t) is not dominated by the largest component in B() alone: smaller com-
ponents contribute too as long as they have a comparable size. The scaling in Eq. 1.22
suggests that the number of such components is of order #3/4T°(1_In order to settle this
issue, we would need to strengthen Theorem 1.1 to tightness.

3. Theorem 1.3 identifies the scaling of the expected torsional rigidity in high dimensions.
Via the scaling relation in distribution

cap (W,[0, 1]) = cap (e Wi [0, e 2]) = ¢" 2cap (W1[0,e72]), e>0, (1.23)

it follows from Eqs. 1.16-1.17 that cap (W,[0,1]) = [1 + o(1)] €™ in Py-
probability as ¢ | O when m > 5. In that case Theorem 1.3 yields the asymptotics

1

It also follows from Eqgs. 1.16—1.17 that cap (W,[0, 1]) = [1 + o(1)] ca/21og(1/¢) in
Po-probability as ¢ | 0 when m = 4. In that case Theorem 1.3 yields the asymptotics

21log(1/t'2r (1))

& )(1) =[l1+0o(1)] acal

t — o0. (1.25)

By the second half of Eq. 1.13, both Egs. 1.24 and 1.25 correspond to the regime where
N () =o0(1/ log3 t). We have not attempted to improve this to o(1).

4. We did not investigate the regime for m > 4 where r(¢) decays so fast that @, (¢)
diverges as 1 — oo. In that regime, the Brownian motion  in Eq. 1.1 runs around T"
many times before it hits W, [0, ], and the growth of @, (;)(#) depends on the global
rather than the local properties of W,.(;)[O0, ¢].

5. We saw in Section 1.1 that the torsional rigidity is closely related to the principal
Dirichlet eigenvalue. In Section 2 we will exhibit a relation with the square-integrated
distance function and the largest inradius. In Section 6 we will give a quick proof of the
following inequality relating the torsional rigidity to

M(B®),  r(Bro®), (1.26)
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the principal Dirichlet eigenvalue of B(¢) for m = 2, 3 and B, (t) form > 4.
Theorem 1.4 (a) Ifm = 2,3, then fort large enough,
Eo (M (B(1))) = @)=/ "2
(b) Ifm >4 andlim;_, o @) (t) =0, then fort large enough,
Eo (21 (Bry (1)) = @y (1) 2/ 2,
Combining the result for m = 2 with what we found in Theorem 1.1, we obtain
Eo (A1 (B(0))) = ¢ 1/8 200", (1.27)

where f > g means that f(¢)/g(t) > ¢ > 0O for ¢ large enough. In [6] we conjectured that
log Eo(A 1 (B(1))) = [1 +0(1)]2(rrt)'/2, which fits the lower bound in Eq. 1.27. However, a
better estimate than Eq. 1.27 is possible. Namely, in Section 2 we will see that A1 (B(¢)) =<
1/,0t2, and so Jensen’s inequality gives the lower bound Eq (A (B(1)) > I/Eo(,o,)z. Assum-
ing that the scaling in Eq. 1.21 also holds in mean (which is expected but has not been
proved), we get

Eo (11 (B(0))) = 1'/4+om 260, (1.28)

which is better than Eq. 1.27 by a factor £3/3+°() Presumably Eq. 1.28 captures the correct
scaling behaviour.

1.5 Brief Sketch and Outline

For m = 2, B(t) consists of countably many connected component and the expected life-
time is sensitive to the starting point. We make use of the Hardy inequality to relate the
time-integrated heat content to the space integral sz dist(x, B[O, 11)*> dx. Because of the
symmetry of T2, the problem boils down to studying the distribution of dist(x, B[O, )2
with x € T? chosen uniformly at random. This can be done by using a domain perturbation
formula for the Dirichlet Laplacian eigenvalues.

For m > 3, B() has only one connected component and the proof is probabilistic. The
starting point is the representation

o(r):/ ds (P ®P)(B[0, 11N B[O, 51 = 0).
0

It is easy to see that ,é hits B[0, #] within time o((logs)~!) with a very high probability.
For s < (log#)~!, the above integrand is the probability that 8 avoids the small set B[O, s]
for a long time f. We appeal to a recursive argument to evaluate this probability. Roughly
speaking, in each unit of time 8 hits [0, s] with probability ~ cap (8]0, s]).

Outline The remainder of this paper is organised as follows. In Section 2 we recall some
analytical facts about the torsional rigidity. In Sections 3—5 we prove Theorems 1.1-1.3,
respectively. The proof of Theorem 1.4 is given in Section 6, while the proof of the scaling
in Egs. 1.16-1.17 for m > 5 is given in Section 7.
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2 Analytical Facts for the Torsional Rigidity

Let M be an m-dimensional Riemannian manifold without boundary that is both geodesi-
cally and stochastically complete. In most of this paper we focus on the case where M is the
m-dimensional unit torus T . However, the results mentioned below hold in greater gener-
ality. We derive certain a priori estimates on the torsional rigidity that will be needed later
on.

For an open set 2 C M with boundary 02, and with finite Lebesgue measure |2|, we
denote the Dirichlet heat kernel by pq(x, y; 1), x,y € @, ¢t > 0. Recall that the Dirichlet
heat kernel is non-negative, monotone in €2, symmetric. Thus, we have that

0<palx,y;t) < pu(x,y; ).

Since |2| < oo, there exists an L2(£2) eigenfunction expansion for the Dirichlet heat

kernel in terms of the Dirichlet eigenvalues A1(2) < A2(2) < ---, and a corresponding
orthonormal set of eigenfunctions ¢y, g2, - - - in L%(S2):
palx,yin =Y e Do x)p;(y). 2.1
jeN
Since

ug(x;t)=/ pa(x, y;0)dy,
Q
we have that
o0
vsz(X)=/dy/ dt pa(x,y;t),
Q 0

and

o0

T(Q):/ dt/dx/dypg(x,y; 1. 2.2)
0 Q Q

Lemma 2.1 below provides an upper bound on the Dirichlet eigenfunctions in terms of
the Dirichlet eigenvalues. This bound will show that the eigenfunctions are in L°°(T™),
which by Holder’s inequality implies that they are in LP(T™) for all 1 < p < oo.
Lemma 2.2 below states upper and lower bounds on the torsional rigidity that will be needed
later on.

Lemma 2.1 Suppose that @ C M, |2| < 0o, sup, ¢y p(x, x;t) < 0o forallt > 0. Then

H(pj Hiw(g) <esup py(x,x; Aj(Q)_l), jeN (2.3)
xeM

Proof By Eq. 2.1 and the domain monotonicity of the Dirichlet heat kernel ([16]), we have
that

(07 < epalr, x: 2 (@) < epuxxaj (@7, 2.4
Taking first the supremum over x € M in the right-hand side of Eq. 2.4 and subsequently
in the left-hand side of Eq. 2.4, we get Eq. 2.3. O
Let
da(x) = min d(x,y) (2.5)
yeRM\Q

denote the distance of x € 2 to R™\Q.
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Lemma 2.2 (a) Let M be a Riemannian manifold that is both geodesically and stochas-

(b)

(©)

(d

(e)

tically complete. Let Q2 be an open subset of M with |Q2| < oco. Then

T(@) < (@719l 2.6)
Suppose that M and Q2 satisfy the hypotheses in (a). Then
T = Mm@ il 2 q)- 2.7)
Let Q C R™. Then
T@) > - / 8o (x)? dx. (2.8)
2m Jqo

Let Q C R? be simply connected and 8¢ € L*(S2). Then
TEQ) < 16f Sa(x)? dx. 2.9)
Q

Let @ C T"™. Then Q can be embedded in R™ if and only if max’ | |x; — yi| < %for
allx = (x1,...,xn) € Qandy = (¥1,...,Ym) € QL IfQ C T2 can be embedded in
R2, then

1/ Sq()?dx < T(Q) < 16f Sa(x)? dx. (2.10)
4 Jo Q

Proof (a) Since the eigenfunctions are in all L”(S2), we have by Egs. 2.1, 2.2 and

(b)

(©

(@

Parseval’s identity that

00 2 2
T(Q):/ dry e @ (/ (pj) SAI(Q)_IZ</ ¢j) = ()Rl
0 jeN @ jeN @

(2.11)
(Inequality Eq. 2.6 goes back to [22]. For a recent discussion and further improvements
we refer the reader to [8]).
By Eq. 1.8 and the first identity in Eq. 2.11, we have that

00 2 2
T(sz)z/ e M gy (/ <p1> =) (/ <m> : (2.12)
0 Q Q

By Lemma 2.1, we have that ||¢ || L~ @) < 00, and so

1=[ o < ||¢1||Loc<m/ o1l 2.13)
Q Q

Inequality Eq. 2.7 follows from Egs. 2.12, 2.13, and the fact that ¢ does not change
sign.

For every x € Q the open ball Bs,(x)(x) with centre x and radius §q(x) is contained
in Q. Therefore, by domain monotonicity, the expected life time satisfies vo(y) >
UBs ., (x) (). Hence

Sa(0)” — |x —yI?
2m ’

Choose y = x, integrate over x € €2 and use Eq. 1.6, to get the claim.

It was shown in [2] that the Dirichlet Laplacian on a simply connected proper subset

of R? satisfies a strong Hardy inequality:

UQ(y) > UB(;Qm(x)()’) = |y _.X| =< 8{2()6)

2
/ Vo Pde > & [ 29
Q

=16 ) 5002 dx Yw e CZ(Q).
Q
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Theorem 1.5 in [7] implies Eq. 2.9.
(e) Recall that the metric on T™ is given by

m 1/2
. 2
d(x,y) = (me{lxi =il 1= Ixi = yil} ) :
i=1

Note that diam(T™) = %ﬁbecause min{|x; — yil|, 1 — |x; — yi|} < 3. If [x; — yi| <
% for all i, then d(x,y) = |x — y|. Next, suppose that d(x,y) = |x — y|. Then
SorLymin{lx; — yil, L=l — yil)® = 3Ly b — yil* Let [ = iz |xi — yil > 3)-
Then ) ;; (1 — 2]x; — yi|) = 0. We therefore conclude that I = #. Finally, Eq. 2.10
follows from Eq. 2.8 for m = 2 and Eq. 2.9.

O

3 Torsional Rigidity for m = 2

In Section 3.1 we show that the inverse of the principal Dirichlet eigenvalue of 5(1) =
T2\B[0, 1] has a finite exponential moment. In Section 3.2 we use this result to prove
Theorem 1.1.

3.1 Exponential Moment of the Inverse Principal Dirichlet Eigenvalue

Lemma 3.1 There exists ¢ > 0 such that

c
]E() (exp [m]) < Q.

Proof Let cap (A) denote the logarithmic capacity of a measurable set A C RZ. Tt is well
known (see [19]) that if cap (A) > 0 and €A is a homothety of A by a factor €, then

€d) = — (1 +o) 0
cap (€A) = 1 oatijey oML e v 0,

and

2
M(T\eA) = [1+oD], &0
log(1/¢)
In particular, if L, is a straight line segment of length ¢, then there exists a ¢’ € (0, 00) such
that

/

M(T\e)_l (1/2)’ 0<e<

Since cap (B[0, 1]) > cap (L|g(1)|) = cap (L 1

o —

t
g Ve &

¢ 1 —c/c 1y—c/c —c/c

Eo (eXp[kl(B(l))D <o (4 A BOD™) = 37 + B (18I~
/ / 1 2

_ (1l\—c/c —c/c —|x|7/4

= () +/]R? [x] P e dx,

which is finite when c¢/c’ < 2. O
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3.2 Proof of Theorem 1.1

Proof The proof comes in 6 Steps, and is based on Lemmas 3.2-3.5 below. We use the
following abbreviations (recall Egs. 1.18 and 1.26):

D?:/Tz dy(x)? dx, A = A (B@)). (3.1

1. Note that [0, ] is a closed subset of T2 a.s. Hence B(t) is open and its components
are open and countable. Let {€21(z), Q2(¢), - - - } enumerate these components. Let

¢i (1) = diam(2; (1)) = sup d(x,y),
x,yeR; ()

and abbreviate
Z,(t) ={i e N: ¢;(t) <u}, &Eu(t) = {Sup¢i(t) > u} , ue(0,1).
ieN
It follows from the proof of Lemma 2.2(d) that if i € Z;/»(¢), then &; (¢) can be isomet-

rically embedded in IR2. Since B[0, 7] is continuous a.s., each §; (¢) is simply connected.
Since the torsional rigidity is additive on disjoint sets we have that

TBO) =) T = Y T+ Y T (2

ieN i€Zy (1) i¢Zy2(0)

2. The first term in the right-hand side of Eq. 3.2 is estimated from above by
Lemma 2.2(d). This gives (recall Eq. 2.5)

> Ty <16 Y / SQi(,)(x)zdx§l6Z/ 80,y (%) dx = 16D2.
i€Zy2(2) i€y () $2 (1) ieN VSO

The second term in the right-hand side of Eq. 3.2 is estimated from above by
Lemma 2.2(a). This gives

Yo T@) = Y MO S g0 A D100 = ey p0 A

i¢€Ly (1) i¢Zy2(1) ieN

By Cauchy-Schwarz, this term contributes to #(¢) at most

E -1 1/2 )2

0 (151/2(1) A ) = (PO(EI/Z(I))) (EO()\t )) . 3.3)
To bound the probability in the right-hand side of Eq. 3.3 from above, we let
{O1,...,On}, N = 104, be any open disjoint collection of squares in T2, each with

area 10~% and not containing 0. Furthermore, we let Q v be the open e-neighbourhood
of the union of the boundaries of these squares with € = 1073, Then g[0, 1] starting
at 0 has a positive probability p’ = p’(N, €) of making a closed loop around each
of these squares and staying inside Q N.e. Translating {Q1, ..., On} such that these
squares do not contain 8(1), we find that B[1, 2] starting at 8(1) has a positive prob-
ability p’ of making a closed loop around each of these translated squares and staying
inside Q N,e + B(1). Continuing this way, by induction we find that the probability of
B0, ¢] not making any of these closed translated loops is at most (1 — p/)*!, where |-
denotes the integer part. Hence Po (sup; ey ¢ (1) > %) < (1 —pHt, and so

Po(&12(1)) < e 7', t>2, (3.4
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for some p > 0. We conclude that

&) < 16E, (D?) te P2 (EO(A;z))I/Z, r>2. (3.5)

Since t +— A; is non-decreasing, Lemma 3.1 implies that the second term decays
exponentially fast in 7, and therefore is harmless for the upper bound in Eq. 1.11.
3. To derive a lower bound for #(z), we note that by Lemma 2.2(e) we have

TB) =Y T@@)= Y TE®)

ieN i€Zy(t)
=2 / 59,~(z>(x)2dx2%2/ Soun@)dx—3 Y / 8oy () dx
ieTi p THO ieN v i) 7O
192 1 2 12 1
>3Dr — 3 Z 18./2(0/ )39,-0)()6) dx > D7 — glg ),

i¢Zy2(t) i

where in the last inequality we use that g, ) (x) < diam(T?) = %«/5 and |T?| = 1.
We conclude by Eq. 3.4 that

o) = 1 (D}) -, rz2 (3.6)

The second term is again harmless for the lower bound in Eq. 1.11.

4. The estimates in Eqs. 3.5 and 3.6 show that @(r) < Eo(th) up to exponentially small
error terms. In order to obtain the leading order asymptotic behaviour of IEO(D?), we
make a dyadic partition of T? into squares as follows. Partition T2 into four 1-squares
of area % each. Proceed by induction to partition each k-square into four (k+1)-squares,
etc. In this way, for each k € N, T? is partitioned into 2% k-squares. We define a
k-square to be good when the path [0, ¢] does not hit this square, but does hit the
unique (k — 1)-square to which it belongs. Clearly, if x belongs to a good k-square, then
dist(x, B[O, t]) < (2@)2”‘. Hence, as the area of each k-square is 272k we get

B (07)

IA

8 Z 272 Z 27%*P(Sisa good square)
keN S is a k-square

8 Z 27%E (# good k-squares) , 3.7
keN

IA

where we write [E = sz dx E,, which is the same as [Eq for the quantity under con-
sideration, by translation invariance. To estimate the right-hand side of Eq. 3.7 we need
three lemmas.

Lemma 3.2 Fork € N, let pi(t) = P(B[O0, t1N Sx) = 0), where S is any of the k-squares.
Then

Pr(t) < e~MTASO,
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Proof Let pr2\s, (X, yi 1) be the Dirichlet heat kernel for T2\S;. By the eigenfunction
expansion in Eq. 2.1, we have that

2
o= dx / dy provs (6, v 1) = / dx / dy 3 e M T\, (001 ()
™\ JT\S TS T2\ S, T2\ S, Z NS

jeN
2
< eft)q(’]I‘Z\Sk) Z </ dx gaj(x)> _ eft)»l(’]l‘2\Sk)|r]I~2\Sk| < e*l)\l(TZ\Sk)’
B eN T2\ S B
where we use Parseval’s identity in the last equality. O

Lemma 3.3 There exists C < oo such that, for all k € N,
' C
<
=0

AL(TA\Sp) — (3.8)

klog?2

Proof By [21, Theorem 1] we have that, for any disc D C T2 with radius €,
2

log(1/¢€)

This implies, by monotonicity and continuity of € > A1 (T?\D,), the existence of C’ < oo
such that

M(TA\De) = +O(llog(1/)]7%), e 0.

31 (T\De) <C'llog(1/e)]2,  0<es<i. (3.9)

T
log(1/€)

For Sy C T2 there exist two discs D; and D», with the same centre and radii 2~%~! and
27%=1/2, such that D; C Sy C D». Hence A1 (T2\ Dy) < A1 (T%\ Si) < A1(T2\ Dy), and
Eq. 3.8 follows by applying Eq. 3.9 with € = 27%~! and € = 27%~1/2, respectively. O

Lemma 3.4

/TZ dx P, (S is a good k-square) = pi(t) — pr—1(1).

Proof Let Ej be the event that Si is not hit. Since Sy is a good k-square if and only if the
event E; N E,ff | occurs, the lemma follows because Ex—1 C Ej. O

5. We are now ready to estimate E(D,z). By Eq. 3.7) and Lemma 3.4,

E (D,2> <8y 27% / dx P, (S is a good k-square)
keN th
=8 2% [p) — pr1 1 =6 2% p(0),  (3.10)
keN keN

where po(t) = 0. In order to bound this sum from above we consider the contributions
coming fromk=1,...Kandk =K +1,..., L%tl/zj and k > L%tl/zj, respectively,
where |-| denotes the integer part, and we choose

K =1[(Clog2)/n | (3.11)
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with C the constant in Eq. 3.8. Since

K K
S 2 %) < 32 K pg(r) < e TN, (3.12)
k=1 k=1
the first contribution is exponentially small in t. For k = K + 1, ..., L%tl/ ZJ we have

C/k* < 7/klog2, and hence by Lemmas 3.2-3.3,

L%tl/ZJ LJTZI/ZJ 14 tl/ZJ

12
Z zizkpk(t)f Z 272%™ Tlog? < Z 272k, 1og2 = O(e 74711'/2)’

k=K+1 k=K+1 k=K+1
(3.13)

and so the second contribution is o(t1/4e=4* ’)]/2). Finally, for k > L%tl/ 2| we have

2
eC1/k" < ¢19C and hence

Z 2% (1) < €'6€ Z o 2klog2— 5ty (.14)

k> 31172 k> 31172

The summand is increasing for 1 < k < (rrt)l/ 2/ log2 and decreasing for k >

(1)/2/ log 2. Moreover, it is bounded from above by e~*(7! "2 We conclude that for
t — o0,
e ~2Klog2- gy _ 5 b / dk o~ 2Klog 2
1 [0,00)
k>1 71172

_ (471[)1/ 734 _ 12
=242 L T g (42 V44T 1 4 o(1)],(3.15)
log2 ( ) flogZ
where we use formula 3.324.1 from [15] and formula 9.7.2 from [1]. Putting the
estimates in Eq. 3.5 and Eqgs. 3.10-3.15 together, we obtain that

967‘[3/4 el6C
V2log2
This is the desired upper bound in Eq. 1.11.
6. To obtain a lower bound for ]E(D?), we consider a good k-square. This square contains

a square with the same centre, parallel sides and area 222, The distance from this
square to [0, ¢] is bounded from below by 27¥~2. Hence

o) < /440 1 4 o).

E (D’Z) 16 Z 27 f dx P, (Skis a good k-square)

kent (3.16)
=15 2 27 () — ] = Y27 pr(),
keN keN

since po(t) = 0. The following lemma provides a lower bound for the right-hand side
of Eq. 3.16.

Lemma 3.5 There exists ko € N such that for all k > ko,

pe() >} e~ M(TAS)
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Proof By the eigenfunction expansion in Eq. 2.1 we have that

(T2
pi(t) = fT g /T L D eI (x)g;(y)
k k

jeN

2
> ¢ M TNSO (f dx ¢ (x)> :
T2\ Sk

By the results of [21], [l¢1 — 1llz2(p2\5) —> O as k — oo. This implies that
| fTQ\Sk dx o1(x)| > %fork sufficiently large. O

Combining Egs. 3.8, 3.10, 3.16 and Lemma 3.5, we have that
B(0F) 2k 3 SRR
{keN: k>ko}
Now let ¢ be such that ¢/ log2 > kg. Then

2nt Ct
SCHIEE SEDV
1/2
{ken: kz(”k’))(b,; }
2:
> z%ﬁe_c Z e—2klog2—@'

{ken: k2 @2}

Because the summand is strictly decreasing in k, we can replace the sum over k by an
integral with a minor correction. This gives

E(D?) > 3 € > dk o~ 2Klog2— s _ —4(en)'/? 317
! - %e (m)l/2 ¢ —e . ( . )
log2
We have
12 1
/OO dkeizkl%sz%‘?% =(7”)//0de e_z(m)l/Z(x_,_%) > (ﬂt)//oodx e_2(7”)]/2(X+%)
("13);2/2 log2 Jy ~ log4 Jo
(rr)1/? 73/4 - 2
= Tlog2 K](4(”’)1/2):Wf1/46 YT (D], (3.18)

where we use once more formulas 3.324.1 from [15] and 9.7.2 from [1]. Combining
Egs. 3.6, 3.17 and 3.18, we get

373/ e=C
[ I —
o) = 223/2]og 2

This is the desired lower bound in Eq. 1.11. O

174 6—4(71!)1/2[1 +o(D)].

4 Torsional Rigidity for m = 3

It is well known that B[0, 1] has a strictly positive Newton capacity when m = 3. In Sec-
tion 4.1 we show that the inverse of the capacity of 8[0, 1] on R3 has a finite exponential
moment. In Section 4.2 we show that for every closed set K C T that has a small enough
diameter the principal Dirichlet eigenvalue of T?\K is bounded from below by a constant
times the capacity of K. (The same is true for m > 4, a fact that will be needed in Section 5.)
In Section 4.3 we use these results to prove Theorem 1.2.
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4.1 Exponential Moment of the Inverse Capacity

Lemma 4.1 Let m = 3. Then there exists ¢ > 0 such that

E (exp [;]> < 00.
cap ([0, 1])

Proof We use the fact that, for any compact set A C R3,

d d
/ / mdx)p(dy) . : u is a probability measure on A 4.1
®Jrs A lx —y|

cap (A)

As test probability measure we choose the sojourn measure of 8[0, ¢], that is

1
1g10.11(C) =/0 lc(B@)dt,  CCR?,

/ / wpro,11(dx) ppro,11(dy) _ /lds/Idt 1 .
R3 JR3 4 |x — yl 0 o A4Am[B(s) — B

It therefore suffices to prove that

1 1 1
E d dt ———
O(CXP{C/O ) tlﬂ(S)—ﬂ(t)ID =

for small enough ¢ > 0. A proof of this fact is hidden in [13]. For the convenience of the
reader we write it out here.
By Cauchy-Schwarz and Jensen, we have that

1 1 1 1
E d dt ——— | | <E 2 d dt ——
°<exp[6/o ) tlﬁ(s)—ﬁ(t)lD °<exp[cf Sf ’m()—ﬁ(mD
1+s 1
E 2c | d _—
= °<6Xp[ f e ﬂ(t)ID

for which

l+r 1
ds o (eXp[ ST I0) —ﬁ(t)ID
= (e"p Iﬂ(t)ID

It therefore suffices to prove that the right-hand side is finite for small enough ¢ > 0.
Expanding the exponent, we get

k
1 (2c)k : 1
2| di—— = d
E‘)(p[/o twmlD 2w Uo tlﬁm'}

keNp

1

= 2 k/ <
Z( ) 0§t1<-~-<tk§1E0 B

k €N()

x |ﬂ<rk)|>d” Xt
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The integrand equals

1 1
E I F .42
O<|,3(ll)|><"'><|,3(tk—1)| O<|,3(tk—1)+[,3(1k)_5(tk—1)]|’ ””)) @2

where F; is the sigma-algebra of 8 up to time . However,

1
E,
’ ( [Br—D) + [B1) — Btx—1]]

1
f :E
tk1> O<|x+mﬂ(l)|>

x=PB(tx—1)

1 1 y
E E 4.3
ﬁxsgﬂlé O<|x+vtk_tk—1,3(l)|> = O<|«/l‘k—tk_1/3(l)|> = Ve — t—1 @3)

with y = IEQ(|,3(1)|_1) < 00, where in the second inequality we use that |x + B(1)] is
stochastically larger than |8(1)| for any x # 0. Iterating Egs. 4.2, 4.3, we get

1
E T ——,
’ <|ﬁ(t1)| X |ﬁ<rk>|> M 7==

where 19 = 0. Hence

1 1 dt dty,
E €X 2C/ dt = (Zc)k k/ — X e X —
0 ( p|: 0 |,3(t)|i|> Z v 0<t<-<te<l VH N

kENO
< Y oty (/ dt ) > oyt
keNy keNy
which is finite for ¢ < 1/4y. O

4.2 Principal Dirichlet Eigenvalue and Capacity

Lemma 4.2 Let m > 3, and let K be a closed subset of T™ with diam(K) < % Then
A (T"™\K) > ky, cap (K), “4.4)
where

1
kn :/ ds (4ns)_m/2e_m/4s,
0

and cap (K) is the Newtonian capacity of K embedded in R™.

Proof Since diam(K) < % K can be embedded in R” by Lemma 2.2(e). We let K C
[—f f)m c R™, identify [— 2 2)’” with T™, and define K C R™ by K = Ukezm{k + K}.
Let @1 be the first eigenfunction on T\ K with Dirichlet boundary conditions on K, and
let 11 (T"\ K) be the corresponding first Dirichlet eigenvalue. Then

eI g (x) =/ dy prmk (x, y; 1) @1 ().
Tm\K
Integrating both sides of this identity over x € T\ K, we get

e*““w\m/ dx @i (x) :/ dx ¢ (X)—/ dyPy(Tk <) 1(y),
Tm\K Tm\K Tm\K
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where T is the first hitting time of K by Brownian motion on T". It follows that for any
t >0,

o dyPy(Tg <
M(T™M\K) = _% log (1— Jomg dy By (Tk <t)<p1(y)>

f']l‘m\K dy e1(y)
1 f'ﬂ*m\]( dy]Py(TK = f)‘/’l(Y) - 1
t f'ﬂ-m\K dy §01()’) Tt

inf Py(Tx <1), 4.5)
yeTm

where we use the inequality —log(1 — z) > z, z € [0, 1). Let 8 be Brownian motion on

R™, and let T be the first hitting time of K by A. Then
Py(Tx <1) =Py(Tz <1) > P,(Tx <1) > Py(Lx < 1), (4.6)

where L is the last exit time from K by B. Let ux denote the equilibrium measure on K
in R™, Then (see [23])

t
Py(Lx gz):/ Mk(dz)/o ds (4rrs)m/2 =Iz=yP /s 4.7
K
By Eqgs. 4.6-4.7,
inf Py(Tx <1) = _inf P,(Tz <1)
1)

v

t
inf /pLK(dz)/ ds (4rrs) ™21y (4.8)
0

n m
SRS

But |z —y| < /mforz € K and y € [—1, 3)™. Hence the right-hand side of Eq. 4.8 is

bounded from below by cap (K) fO ds (4ms)™ m/ 2 ¢7™M/4 We now get the claim by choosing
t =1inEq. 4.5. O

We note thatif m = 3 and K = B. C T is a closed ball with radius €, then A (’]I‘3\B€) =
cap (Be)[1 +o(1)] as € | O (see [19]). In that case, since k3 = 0.0101 ..., we see that the
constant in Eq. 4.4 is off by a large factor.

4.3 Proof of Theorem 1.2

Proof Write, recalling Eqgs. 1.1, 1.3, 1.5, 1.9, and using Fubini’s theorem,
~ - o
o) = E® ]E)(‘Eﬂ‘fi\ﬁ[()’[]) = (Eo ®E) (f ds l{f’ll‘3\ﬁ[0 ,1>5}>
0 \

:(JEO@;]E)(/O ds 1310 np10.11= @}> (4.9)

where E denotes expectation over B with A(0) drawn uniformly from T>. By symmetry, we
may replace Eo ® E by Eo ® E. The proof comes in 7 Steps. In Steps 1-2 we show that for
a suitable 7(¢), tending to zero as t — oo,

n(t) - ~
607 =[1+ O(I)]/ ds (P ® P)(B[0, t] N B[O, s] = 0). (4.10)
0
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Heuristically, the domain perturbation formula gives that
®@P)(BI0, 110 L0, s] =) = [exp {21 (T" \ B0, sDI1 + 0(D1}]
) [exp [—z cap (B10, sDI1 + 0(1)]” 4.11)
= [exp {152 cap (10, 1D11 + 0(11}]

Substituting Eq. 4.11 into Eq. 4.10 and using the Laplace principle, we get Eq. 1.12. The
details are made precise in Steps 3-7.

1. Pickn: (0, 00) — (0, co) such that

t/n(t
lim n(t)logr =0,  Tim 1D _ o (4.12)
t—>00 t—00 ]0g2 t

We begin by showing that the integral over s € [5(¢), oo) decays faster than any nega-
tive power of ¢ and therefore is negligible. Indeed, for any K (z) € [n(t), co) we have,
by the spectral decomposition in Eq. 2.1,

D "o D O s et @RS
(Eo ® E) / " ds 1510 qnpro.n=m | < Eo f " dse ™ D @a3)
n n

By Lemma 4.2, 1 (T3\A) > c3 cap (A) for every closed set A C Bj/4(0) C T? (in the
lower bound we interpret A as a subset of R?). Hence the right-hand side of Eq. 4.13 is
bounded from above by

K Eo (e—c3tcap (B[o,n(r)JmBl/uO») , (4.14)

where we use that cap (,3[0, s]) > cap (5[0, n(t)]) for s > n(t). In Step 2 we show that
IP’O(,B~ [0, ()] € B1,4(0)) decays faster than any negative power of . Hence we may
replace cap (ﬁ[O, n(t)INB1,4(0)) by cap (B[O, n(t)]) in Eq. 4.14 at the cost of a negligi-
ble error term o(r ~2). Next, we note that cap (,3~[O, n(t)]) is equal to /0 (f) cap (,5[0, 1D
in distribution. Moreover, since au + bu~! > 2/ab foralla, b, u € (0, o0), we have,
for any ¢ > 0,

e~V eap (BlO.1D) _ ,—e305/u{®) cap (L0, 1) —c cap (B[0.1) ™" e cap (B0, 1)~

) (4.15)
< o2V e3et /() yecap (ﬂ[O,l])‘l'

By Lemma 4.1, we therefore have

o (e—CStcaP (Blo,non)) < C e Wi 4 o2

for some C < oo and ¢ > 0 small enough. Hence Eq. 4.14 is O(K (t)~") when we pick
K(1) = eV etV

The second half of Eq. 4.12 ensures that K () grows faster than any positive power of
t, and so we conclude that the integral in the left-hand side of Eq. 4.13 is o(t~2). To
estimate

o0
Eo®E) ( / ds I{B[o,slﬂﬂ[o,n:@})
K@)
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we reverse the roles of 8 and ,3, and do the same estimate using that cap (8[0, ¢]) >
cap (B[0, n(¢)]) for ¢t € [n(¢), o). This leads to

oo [0.¢]
Eo ®F) </ ds 1{5[0,S]ﬁﬁ[0,1]=ﬂ}> = C/ ds e VAV 4 o(172)

K@) K@)

_ | K@) 5 /feckodio -2
=[1+o(IC Cscme +o(t™),

in which the first term is even much smaller than o(z ~2).

2. We next show that the probability that B leaves the ball of radius 7(t) =
(M(t)n(t)log 1)1/2 prior to time 7(¢) decays faster than any negative power of ¢ when
lim;_, oo M(t) = o0. Indeed, by Lévy’s maximal inequality (Theorem 3.6.5 in [24]),

Po(3s € [0, n()]: BIO, 51 ¢ Bj)(0)) < 2Bo(B(n(1)) ¢ Bjr)(0))

1
= O(exp[ — 72 /n(1)]) = O(expl—tM (1) log]) = 0~ 8M D) = o(172),
Hence, with a negligible error we may restrict the expectation in the right-hand side of
Eq. 4.9 to the event ~
& = {BI0, n(1)] C By (0)}. (4.16)
The first half of Eq. 4.12 guarantees that lim;_, o 77(t) = 0 for some choice of M (¢)
with limy_, oo M (t) = o0.

3. We proceed by estimating the number of excursions between the boundaries of two
concentric balls. Fix 0 < § < %, and consider the successive excursions of S between
the boundaries of the balls Bj/4(0) and Bs;(0), ie., put o9 = inf{fu > 0: B(u) €
0B1/4(0)} and, for k € N,

ox = inf{u > ox—1: B(u) € 3B5(0)},

ox = inf{u > o B(u) € 0B14(0)}.
For k € N, let B = Blok—1, ok]) denote the k-th excursion from 9 By /4(0) to d Bs(0)
and back. Let X; = f(ox) denote the location where this excursion first hits d Bs(0).

Clearly, under the law P, (6x — ox—1, 0k — 0%, X k)keN 1s a uniformly ergodic Markov
chain on (0, 00)? x T3. Let

Ns(t) = sup{k € N: o <t} 4.17)

be the number of completed excursions prior to time . By the renewal theorem, we have

Jlim tT'E(Ns (1)) = es = E(61 —0p), ey =E(o1 —o1).
—00

es+ ¢’
Moreover, for every 8’ > 0 there exists a C5(8") > 0 such that
(i INs () — (&5 + )71 2 8) =GO 120, @)

where we have used the fact that o} and o} have finite exponential moments.

4. We proceed by estimating the probability that an excursion between the boundaries
of two concentric balls hits ,3[0, s]. Fix ,5[0, n(t)] C Bj)(0). For s € [0, n(#)] and
N e N, the probability that the first N excursions do not hit A[0, s] equals

N N
=1

k=1
(4.19)
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where F 41 is the sigma-algebra generated by Xi,1<k<N+1,and

p(x, y; BIO, s]) =P} (GB[O,SJ < oo) , x,y € dB;(0),

is the probability that a Brownian motion, starting from x € BBQ (0), and conditioned
to re-enter B5(0) at y € dBs(0) after it has exited By,4(0), hits [0, s]. The following
lemma gives a sharp estimate of p(x, y; ,5 [0, s]).

Lemma 4.3 If7i(t) < 18 and B0, n(t)] C Bij(r(0), then

p(x, v; BI0, 51) = [1+0(3)] {(K35)—1cap (Bl0. s]) + 0(572) ﬁz(t)] . 510, (420)

forall x,y € 0Bs(0) and s € [0, n(t)].

Proof We begin by showing that if n(¢) < %5, then
[Py (0500, < 00) — (38)~cap (BI0, s])| = 2577 (1) @21)
for all x € dBs(0) and E[O, s] C Bj()(0). Indeed, for any compact set K C R3, we have

cap (K) = / pk(dy),  Py(og < o0) = / K@) k4
K K «3lx =yl
where g is the equilibrium measure on K (see [23, 25, 26]). If |x| = é and |y| < %8,
then ||x — y|~! — |x|~!| < 2672|y|. Hence Eq. 4.22 yields the estimate |Py (ox < 00) —
(k38)~'cap (K)| < 25 '8727j(t)cap (K), provided K C Bj((0). In that case cap (K) <
cap (Bj(1)(0)) = k37(t), and the claim in Eq. 4.21 follows. Furthermore, since P, (0'8,(0) <
00) = k3(46) for all a € By/4(0), we have

0 < Py(o; f 0,
< Pa(0gio < 00) = _inf ~p(x.y: Bl0.s])
< k3(48) sup p(y, z; 10, s1),  x € 3Bs(0).
y,2€9Bs(0)
Hence Eq. 4.21 implies Eq. 4.20. O

5. We proceed by estimating the integral over s € [0, (¢)] that supplements Eq. 4.13.
Recalling Eq. 4.17, we have

Ns(t)+1 Ns(t

Gossooi= 11 Vigosinpe=n < Lgo.snsio.0=n H 10510 =

k=1 kel

1

In terms of the probability defined in Eq. 4.19, and with the help of the large deviation
estimate in Eq. 4.18, this sandwich gives us, on the event &,

n(t)
—Cs(8
IE(/O dshmo,mmo,t]:@}) =0 (n(r)e 3 ”)

+[1 +o:(1)] H([l +o0i(D(es + €5)~'t: B0, S]),
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where the error terms o, (1) tend to zero as t — oo (here we use that lim;_, o P(Bjy)
(0) N BLO, o] = #) = 1). )

6. Combining the estimates in Steps 1-5, and using that cap(B[0,s]) equals
cap (B0, 1])+/s in distribution under PPy, we get

. ®
&) =0("2)+[1 40, (1] Eg (/" ds e—A5<t>JE>
0

(4.23)
=o(f2)+[1+o,<1)]on< yOE {1+e*A6W"T> [Aa(t)\/n(t)—l]}) :
with
17 A1) = [1+ 0111 + 0, ()] (es + €)' (k38) 'cap (B0, 11), ¢ — oo.
(4.24)

The term between braces in Eq. 4.23 is bounded, and tends to 1 in ]f”o—probability ast —
oo because of the first half of Eq. 4.12. Therefore Eq. 4.23, 4.24 lead us, for fixed 8, to

Jlim &)= lim 1* Eo ( ) =[14+0)] 2(x38)* (es +¢5)* Ko (

o77)
cap (B10, 112/
where we have used Lemma 4.1. The latter also implies that the expectation in the
right-hand side is finite.
7. Finally, letting § | 0 and using that

As(1)?

}Siir(}Seg = 1/k3, %iilgeg = Eo(tB,40)) < 00, (4.25)
we arrive at
Jlim ra6(1) = 2o (W) :
This proves the claim in Eq. 1.12.

5 Torsional Rigidity for m > 4

The same estimates as in the proof of Theorem 1.2 for m = 3 in Section 4.3 can be used
to prove Theorem 1.3 for m > 4 after we replace B[0, s] by W, (;)[0, s]. The details are
explained in Sections 5.1-5.2.

5.1 Proof of Theorem 1.3 for m > 5

Proof In the proof we assume that

r()" ™ = 0. (5.1)

lim /"= 2r@) =0, lim
1—>00 t—>00 log t
1-2. The estimates in Steps 1-2 are sharp enough to produce a negligible error term
o(t~2/m=2)) when Eq. 4.12 is replaced by

m—4
tr(t t
lim 5(1)logt =0, lim o™ n® _ (5.2)
—00

t—00 10g2 t
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6-7.

where we note that by the second half of Eq. 5.1 there exists a choice of n(t) satis-
fying Eq. 5.2. Indeed, the analogues of Eqs. 4.13—4.14 give (recall that Lemma 4.2
also holds for m > 4)

i K@) N
(Eo®E) ([ ds I{Wro)[o,s]mﬂ[o,r]:@}) < K1) Eo (e_””tcap(W’(’)[O’"(’)]“B”“(O))) ,
n

()

(5.3)
where we use that cap (Wr(,) [0, s]) > cap (W,(,) [0, n(®)]) for s > n(t). The esti-
mate in Step 2 shows that, because of the first half of Eq. 5.2, Po(Ef) with &
defined in Eq. 4.16 decays faster than any negative power of f, so that we can
remove the intersection with By,4(0) at the expense of a negligible error term. Since
t cap (Wr(,)[O, n(t)]) equals tr(t)m_anp (Wl [0, n(t)/r(t)z]) in distribution under
]@0, we obtain that

Eo (e—cmt cap(Wrm[O,n(t)])) =T, (e—c:n ()" =2 cap (W, [o,n(t)/r(z)Z])) .
Via an estimate similar as in Eq. 4.15 with ¢ replaced by cn(t)/ r(¢)2, we obtain, with

the help of Lemma 7.1 below (which is the analogue of Lemma 4.1 and is proved in
Section 7.1),

o (e—cmtr(t)m—2caP(W1[O,H(t)/r(t)z])> < Ce—Z«/C,nCtr(t)m—Z n()/rt)? n O(I—z/(m—z)).

Hence the right-hand side of Eq. 5.3 is O(K 1) when we pick

K (1) = eVemetro"2n@/r®?

The second half of Eq. 5.2 ensures that K (1) grows faster than any positive power of
t, and so Eq. 5.3 is negligible. The contribution

o0
(Eo ® E) < /K o ds I{W,<,,[o,smmo,z1=®}>

can again be estimated in a similar way by reversing the roles of 8 and ,3 . This leads
to a term that is even much smaller.

Step 3 is unaltered. In Step 4 the term § ! is to be replaced by §~"~2), because in
Eq. 4.22 the term 1/i3|x — y| is to be replaced by 1 /i, |x — | 2. Step 5 is unaltered.
In Step 6 we use that cap (Wr(,) [0, s]) equals s(’"_z)/zcap (W,(,W;[o, 1]) in distri-

bution under Py. This gives

&) (1) =1(t) + oY Mm=2), (54)

)
L) =K /n ds e~ As(t:) s ,
0
with

As(t,s) =1+ OB [1+0,(1)] (es + €)™ 157" cap (W, ;) 510, 1]).

where

With the change of variable u = /=2 /5, the integral becomes

Li(1) =17 "2 ), (5.5)
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where

. tl/(mfZ) /n(t) ) e
L) =E (2 / duu e Astwu (5.6)
0

with (recall Eq. 1.10)
Ajt ) =1+ O] + o/(D] (es + €5) " 672 cap (Werul0, 11, (5.7)
and where £(r) = /=2 (1). Now, Eq. 1.23 tells us that
cap (We(/ul0, 11) = [1 + o(D)]u~"""Heap (We(,)[0, 11)

in Po-probability as + — oo for every u € (0, 00) and m > 5, where we use that
e(t) = o(1) by the first half of Eq. 5.1. Therefore with the help of Eq. 5.2 and
dominated convergence, we find that

12(t)=[1+0(1)]IE0<2/ duue—Aé’<’>"2)=[1+o(1>]1Eo( 1 ) 1 — oo,
0 Aj (1)
(5.8)
with
A1) =14+ OB + 0, (1)] (es + €)1 87D cap (W) [0, 11).  (5.9)

In Step 7 the first line in Eq. 4.25 is replaced by the statement that lims o 8" 25 =
1/k;,. Combining Egs. 5.4, 5.5 and 5.8, and letting § | 0, we get the scaling in
Eq. 1.14.

O
5.2 Proof of Theorem 1.3 for m = 4
Proof In the proof we assume that
Tim /Dy =0, lim log%t m = (5.10)

3-5.
6-7.

The estimates in Steps 1-2 are sharp enough to produce a negligible error term
o(t72/"=2)) when Eq. 4.12 is replaced by

lim " _
50 Tog2 1 Tog(1(1)/r(1)%)

where we note that by the second half of Eq. 5.10 there exists a choice of 7(f)
satisfying Eq. 5.11. The estimate uses Eq. 4.15 with ¢ replaced by c(5(z)/r(t)?)/
log(n(t)/ r(#)?), and also Lemma 7.1 below (which is the analogue of Lemma 4.1
and is proved in Section 7.1).

These steps are unaltered.

These steps are unaltered: Eqs. 1.16, 1.17 tell us that

00, (5.11)

lim n(t)logt =0,
t—00

cap (Wery/ul0, 11) = [1 4+ o(1)] cap (We([0, 1])  in Py-probability as t — oo

for every u € (0, o), where we use that £(7) = t1/m=2 (1) = o(1) by the first half
of Eq. 5.10. This is used in Egs. 5.6, 5.7 to get Egs. 5.8, 5.9 with m = 4.

O
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6 Proof of Theorem 1.4

Proof By a direct calculation via the Fourier transform, we have that the Dirichlet heat
kernel on T™ is given by (recall the notation in Section 1.1)

prn(x, yi ) = (dms) ™2 Y e~y 4s

reQ@rZ)M
where [x —y — A| =d(x — y, A). It follows that
prn(x, x38) = (ds) ™™ Y eI 6.1)
rezZm

By translation invariance, pt= (x, x; s) is independent of x, and we will denote it by 7 (s).
By the eigenfunction expansion in Eq. 2.1 with M = T" and Q = B(¢) = T™\BI0, t], and
by the monotonicity of the Dirichlet heat kernel, we have for s > 0,
e M) < pB((x, x;8) < 7(s),

where we abbreviate A; = A1 (B(¢)) as in Eq. 3.1. Taking the supremum over x, we obtain

llen ”ZOZO(B(I)) = N(S)ileiskt-
By Lemma 2.2(b) we have, for s > 0,

TB) = 2 w(s)~lesH,

e %4 is convex for every s > 0, Jensen gives that

0(t) > 7(s) ' Eg(n) e E0), (6.2)

Since g > g~

For s = 1 this reads
Eo(r) ™% > z(1) " 'a(r) " (6.3)

Since the right-hand side of Eq. 6.3 increases to infinity as ¢t — oo, there exists fp < 0o
such that Eg(A;) > 1 for ¢ > 5. We now put

NS ]Eo()»t)_l
and note that s, < 1 for ¢t > 9. By Egs. 6.1 and 6.2, we find that, for 7 > 1y,

—m
a0 > e la(s) s = @) e 5T (Z e—ﬂzlklz/sz>
LEZ
2
> (dm)"2et s (Z e—”z“) > 52, 6.4)
AEZL

We conclude that, for ¢ > ¢,

Eo(A,) > #(1)~ 2/ m+2),

7 Capacity of Wiener Sausage for m > 4
In Section 7.1 we derive the analogue of Lemma 4.1, showing that the inverse of C(z)

for m > 4 defined in Eq. 1.16 has a finite exponential moment uniformly in ¢+ > 2. In
Section 7.2 we prove Eqgs. 1.16-1.17 for m > 5.
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7.1 Exponential Moment of the Inverse Capacity

Lemma 7.1 Let m > 4. Then there exists a ¢ > 0 such that
sup Eg (exp [ ]) < 00.
>2 C( )

Proof The proof is similar to that of Lemma 4.1. For any compact set A C R™, we use the
representation (compare with Eq. 4.1)

d d
[/ / wdx)udy) : [ is a probability measure on A:| . (7.1)
Rm R

cap (A) n o Jx — ym 2

As test probability measure we choose the sojourn measure of W1[0, ¢], namely,

1 [ . 1
Hw,[0,] = ;/0 vgs)ds  with v (dx) = o Ign(x)dx, zeR", (7.2)
m

where w,, = |B1(0)|. Since u has support in W[0, ¢], we have

1 1 4 4 1
< 22fd”/dvf dx/ dy —-
cap (W1[0,t]) — kmwpt* Jo 0 B1(0) B0 B +x— B —y"

Moreover, there exists C = C(m) > 0 such that for all # and v,

/ dx/ dy : m—2 = < m—2
B1(0) B0  |Bu)+x— W) —y [Bu) —BW)|" = Vv1

We first prove the claim for m > 5. Let ¢ = ¢ C/k, w,zn. ‘We have that

c c [t ! 1
- Soaul a
Xp[cm} SeXp[t/o “fo ! Iﬁ(u)—ﬂ(v)l’”Zvl]
1 [t ot |
?/0 du exp |:c/0 dv B —,B(v)|’”’2 5 1] (7.3)

t
E/duexp[c_‘/dv ! — ]
tJo R B —BI" VI

Taking the expectation and using the translation invariance of Brownian motion, we obtain
the ¢-independent bound

c 1
E - E ; v
0<6Xp[0(t)]> = 0<6Xp [C/Rdv Iﬁ(v)l’"zvl])
% 1
E 2| dv ——————
: °<eXp[ C/o ! Iﬂ(v)l""zvl])’

IA

IA

(7.4)
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and so it remains to show that the right-hand side is finite for ¢ small enough. Arguing in
the same way as in the proof of Lemma 4.1, we obtain

o0 1
E c - -
0 (eXp [26/0 RTTSIERY 1D

k
dv;
< (2_)k]E f e
k;\;o c o( 05U1<---<vk<oo,-l:! B2V ]> (7.5)
w[ [ 1 ¢
[ ———
k%) Tl Ty

Therefore it remains to prove the finiteness of the integral. That that end, we estimate

o0 1 o0
dvEy[ —— 1 dv E —m=2) A 1
/0 v 0(|,3(U)|m2\/ 1) < +/] v o(lﬂ(v)| A )

<1+ foodv Eo (|/3(u)|*<'"*2>) (1.6)
1

o0
—1+E (|ﬁ(1)|—<'"—2>)/ dvv="=2/2 < oo,
1

where the last inequality holds because m > 5.
We finish by proving the claim form = 4. Letc = ¢ C/K4a>f, and replace Eq. 7.3 by

ex |:c:|<1/tdu ex [E/thv ! ]
Plea] = oo P Liogr Lo Y 1w - pwP Vil
and Eq. 7.4 by
c 2¢ (! 1
Eo (exp [%]) <Eo (exp [@/0 dv 7“3(1))'2 5 1:|) ,
and Eq. 7.5 by

(ool i) = 2 ) [ o= G|
0P logt Jo B>V 1 _keNO logt 0 0 1BW)I? V1 '

and Eq. 7.6 by

/tdv Eo <;> — 1+ (m(l)rz) /tdv vl < ¢ logt
0 IO 1 - ’

for some ¢’ € (0, 00). O

7.2 Scaling of the Capacity

We close by settling Eq. 1.17. The proof for m > 5 is easy and uses subadditivity. The proof
for m = 4 is much more complicated and is given in [3].

Note that capacity is subadditive: cap (W1[0, s+1t]) < cap (W[0, s])+cap (Wi[s, s+1])
for all s, ¢+ > 0. Hence, Kingman’s subadditive ergodic theorem yields that

lim ~'cap (W1[0,7]) =¢&n B —a.s.
t—00

for some ¢;, > 0. We therefore get the claim with ¢,, = ¢;,, provided we show that ¢,;, > 0.
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In view of Eq. 7.1, we can get a lower bound on capacity by choosing a test probability
measure. We again choose the sojourn measure of W;[0, ¢] in Eq. 7.2. This gives

_ < ;/ / mwy0.0(dx) w0, (dy)
cap (W1[0,¢]) =  Jgm Jgm K| — y|m—2

E/Idl/t/tdvf / Vﬁ(u)(dx)vﬂ(u)(jy).
t 0 0 m m Km|x—y|m_

Now, there exists a C < oo such that

/ / Ve (dx)vp(dy) - C Va beR"
m JR

m Kl — y"m=2 = la —b|"2v 1

Hence

cap(W1 (0, t]) / f 1B (u) —ﬂ(v)l”’ vl

To prove that ¢,, > 0 it suffices to show that the right-hand side has a finite expectation. To
that end, we estimate

t t
[ gt 2 o)
tJo Jo 1Bu) — )" Vv 1 0 B@)"== v 1

and note that, as shown in Eq. 7.6, the integral converges as t — oo whenm > 5.
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