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Excitation Spectrum of Andreev Billiards with a Mixed Phase Space
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We present a semiclassical theory for the excitation spectrum of a balhstic quantum dot weakly
coupled to a superconductor, for the genenc Situation that the classical motion gives nse to a phase space
contaimng Islands of regulanty in a chaotic sea The density of low-eneigy excitations is deterrmned
by quantum eneigy scales that are related m a simple way to the morphology of the mixed phase space
An exact quantum mechanical computation for the annular billiard shows good agreement with the
semiclassical prediclions, in particular for the reduction of the excitation gap when the couphng to the
regulär regions is maximal [80031-9007(99)08840-7]

PACS numbers 74 50 + r 03 65 Sq 05 45 -a, 74 80 Fp

The spectral statistics of quantum Systems is intimately
lelated to the nature of the conespondmg classical dynam-
ics [1] Two celebiated examples are that chaoücity of the
classical dynamics is reflected in the quantum realm by
level repulsion while mtegrabihty causes level clustermg
[2] Recently, confined two-dimensional electron gases
(quantum dots) coupled to a supeiconductor via a balhs-
tic point contact have become a new arena for the study of
quantum classical correspondences [3—6] Such Systems
are commonly called Andreev billiards [7], because of the
alternation of balhstic motion (äs in a conventional bilhaid)
with Andreev reflection [8] at the Interface with the super
conductor The proximity of the superconductor causes
a depletion of excited states at low eneigies (proximity
effect) It was found [3] that a chaotic Andreev billiard
has an excitation gap of the order of the Thouless energy,
while an integrable Andieev billiard has no true gap but an
approximately hnearly vamshing density of states (The
Thouless eneigy ET = §δ/4π is the product of the point
contact conductance g, m units of 2e2/h, and the mean
level spacing δ of the isolated billiard [9])

Both chaotic and integrable dynamics aie atypical The
genenc Situation is & mixed phase space, with "islands" of
regulanty separated from chaotic "seas" by impenetrable
dynamical bameis A generally apphcable theoiy for the
proximity effect m balhstic Systems should addiess the
case of a mixed phase space In this papei we present such
a theory

In a semiclassical approach we link the excitation spec-
trum quantitatively and quahtatively to the morphology of
noncommumcatmg regions in phase space Different re-
gions exhibit greatly varying length scales, which also de-
pend sensitively on the position of the point contact Still,
we find that a general relation exists (m teims of effective
Thouless energies) between these classical length scales
and the corresponding quantum energy scales The results
for integrable and fully chaotic motion are lecovered äs
special cases For the mixed phase space oui mam findmg
is a reduction of the excitation gap below the value ET of
fully chaotic Systems The leduction can be an oider of

magnitude, äs we illustiate by a numerical calculation in
the annulai billiard [10] shown in Fig l

We considei a two-dimensional balhstic region (a "bil-
liard") of area A (mean level spacing δ = 2πΚ2ΙηιΑ) that
is connected to a superconductoi by an openmg of width
W (correspondmg to a dimensionless conductance g =
2W/Xf, wheie λρ is the Fermi wavelength) Classical
trajectoiies consist of stiaight lines mside the billiard, with
speculai reflections at the boundanes and retro leflections
(= Andieev reflections) at the Interface with the supercon-
ductoi We assume that δ « ET « Δ, where Δ is the
excitation gap in the bulk superconductor The first condi-
tion, δ « ET 01 W » λρ, is required for a semiclassical
tieatment The second condition, ET <Z Δ, ensures that
the excitation spectrum becomes independent of the prop-
erties of the superconductor

The Andreev billiard has a discrete spectium for ε <
Δ (The excitation energy ε > 0 is measuied with respect
to the Fermi energy We count each spin-degenerate level

FIG l Andreev billiard consisting of a confined normal
conductmg region mteifacmg with a superconductor (shaded)
over a distance W The normal region is shaped hke an annular
bilhaid, bounded by two excentric circles (outer radms R, inner
radius ;, distance of ongins p) This figure represents the case
Ä = l , r = 035, p = 0 1 , iy = 08 A penodic trajectory is
indicated, mvolvmg two Andieev reflections at the Interface
For the Poincare map one monitors the collisions with the outer
boundary (angle of incidence a and coordmate i along the
boundary, with a = 0 denotmg normal incidence and s = 0
denoüng the point closest to the inner circle)
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once) For ε «C Δ the semiclassical expression for the
density of states ρ(ε) reads [3]

*-* f ,_ / ._ \ χ n ι *-* t ι l \

(D

with P (L) the distnbution of path lengths between subse-
quent Andreev reflections The distnbution P (L) is nor-
mahzed to umty and based on the measure ds d sin a of
initial conditions at the inteiface with the superconductor
(see Fig 1) The length scale LT = hvP/2ET (with v?
the Feimi velocity) is determmed by the geometry of the
bilhard by LT — ττΑ/W and is therefore purely classical

Equation (1) was denved m Ref [3] from the Bohi-
Sommerfeld quantization rule An alternative denvation
Starts from the Eilenberger equation [11] for the quasi
classical Green function and amves at an expression (due
to Lodder and Nazarov [5]) foi the local density of states
p (r, ε) at position r m the bilhard,

m 2π
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Heie L (r, φ) is the path length between subsequent An-
dieev leflections for the trajectory passing through r m
direction φ Equation (1) for ρ(ε) = fdrp(r,s) fol-
lows from Eq (2) upon Integration over the area of the
bilhaid, by mtroducmg coordmates / along the trajectoiy
and s, sin a where it hits the Interface next, and usmg
dsdsmadl = dr αφ We can also denve Eq (1) di-
rectly from the quantization condition on the scattenng ma-
tnx [12], following the Steps of Ref [13]

None of these denvaüons of Eq (1) relies on the inte-
grabihty of the classical dynamics It may be suipnsmg
that Bohl-Sommerfeld quantization can be used for nomn-
tegiable dynamics, but this becomes understandable if we
consider that all trajectones become penodic because of
Andreev reflection (The Andieev-reflected hole retraces
the path of the mcident elecüon) We will show that
Eq (1) is quite accurate m nonintegrable Systems, but we
emphasize that it does not have the Status of an equation
that becomes asymptotically exact in the classical hmrt
In contrast to conventional billiards, no quantization con-
dition with this Status is known for Andreev bilhaids

Return probabilities like P (L) and the related decay of
classical correlations have been addressed in many studies
[14] In a chaotic bilhard, LT is the mean path length
and P(L) oc expC-L/L/·) is an exponential distnbution
Equation (1) then gives the density of states

2x2 cosh*

δ smh2* '
χ —

π ET
(3)

which drops fiom 2/δ (the factoi of 2 arises because
both electron and hole excitations contribute at positive ε)
to exponentially small values äs ε drops below ~0 5Ετ

Equation (3) is close to (but not identical with) the exact
quantum mechanical result [3], which has p = 0 for ε ^
0 6ET For mtegrable motion P (L) decays algebraically
κ L~p with p close to 3 Equation (1) then gives ρ(ε) «
ερ~2, hence an approximately hnearly vamshing density
of states Numerical studies on the circular and rect-
angular bilhard confirm the vahdity of the semiclassical
approach [3,15]

We turn now to mixed dynamics Equation (1) allows
us to legard each noncommumcatmg legion in phase space
äs a distmct system, to be labeled by an mdex ι It is
helpful to rewrite Eq (1) in terms of an effective level
spacing δ, and Thouless energy ET, = hvF/2LT, for
each of these regions (This appioach extends the Beny-
Robnik conjecture [16] to open Systems ) We decompose
p = X, pt mto partial densities of states p,, defined by

p,(e)= |- [ dLP,(L)
δ, Jo

X

The distnbution P,(L) (still noimahzed to umty) now per-
tains to initial conditions (still with measuie ds d sin a) on
the mterface with the superconductor that evolve mto the
«th region of phase space On the scale LT ,, the distnbu-
tion P,(L) decays exponentially for chaotic parts of phase
space while algebraic decay is found for regulär regions
[17] In each case the paitial density of states pl nses to
a value 2/δ, on an energy scale ET i , but while pl has an
excitation gap for the chaotic regions it nses hnearly for
the regulai regions Equation (4) applies to those legions
that aie accessible for a given location of the mterface
We call these "connected" regions The other "discon-
nected" legions (usually some of the regulär Islands) do
not feel the proximity of the superconductor and give
a constant background contribution ρ,(ε) = 2/δ, m the
semiclassical approximation

Two phase space measuies O, and Vt determme the
mean length L7-, = Vt/O, between Andreev reflections,
the effective level spacing δ, = (2TrH)2/mV,, and the ef-
fective Thouless energy ET, = HvF/2Lji = g,<5,/47r,
where g, = O, / λρ is the effective dimensionless conduc-
tance The first is the area 0, that the legion overlaps
with the superconductmg inteiface on the Poincare map
(see Fig 2) It is a measure of the couplmg strength of a
region to the superconductoi The second is the volume
V, that the region fills out in the füll phase space (r, φ)

The phase space that is explored from the pomt contact
can agam be parametnzed by the vanables s, sin a on the
mterface and the coordmate / along the trajectory The
Identification of LT , — V,/O, äs the mean path length
in region ι is a consequence of dsdsmadl — dr αφ
The mean length of all trajectones (L) = / dLLP(L) =
Σ', O,LTl/2W = Σ', V,/2W can be used to determme the
total phase space volume Vcon = £' V, = 2W(L) that is
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FIG. 2. Poincare map of the annular bilhard of Fig. 1.
Dynarmcal bamers separatmg regions m phase space are shown
äs dashed lines. Chaotic trajectories are found m region 1.
Region 2 is an island of regulär motion around a short stable
penodic orbit. Region 3 is mtegrable and consists of skipping
orbits that never hit the inner circle. Initial conditions at
the Interface with the superconductor are uniformly distributed
within the stnp around i = ττ, of area 2W. The hatched area
is the overlap Ο ι of this stnp with region 1.

connected to the interface with the superconductor. Here
the prime denotes restriction of the sum to connected re-
gions, and we used the sum rule £( Ot = 2W. The vol-
ume Vdis of the disconnected regions (which determines
the background contribution to p) follows from the sum
rule V, = Vcon + Vdis = 2ττΑ.

Since typically the smallest ET,, <£ ET, the total density
of states ρ = X, p, has a reduced excitation gap. This
is especially the case when one couples maximally to the
regulär regions. Then their contribution to p at small ε
(long path lengths) is minimal (the slope <* l /ET,, S, of
the linear increase is small since ET,, is large), and the gap
is substantially reduced due to long chaotic trajectories.
The constant background and the linear increase from regu-
lär regions dominates when the coupling is mainly to the
chaotic parts of phase space.

The preceding paragraph summarizes the key finding of
our work. We illustrate it now for the annular billiard
of Fig. l . The Poincare map in Fig. 2 shows three main
regions [18], one with chaotic motion (1) and two with
regulär motion (2 and 3). The regulär island 2 corresponds
to orbits that bounce back and forth between the two circles
where their distance is largest. It has a short stable periodic
orbit in its center. Region 3 is integrable and consists of
skipping orbits (trajectories that do not hit the inner circle,
so that their angular momentum sin a is conserved).

The regulär regions couple maximally to the point
contact when it is located at the short stable periodic
orbit, äs in Fig. l (location s — π). We have computed
P (L) by following trajectories and obtained p (ε) from
Eq. (1). The result is shown in Fig. 3 (solid curve). At
the bottom of the spectrum, all discernible features are due
to the chaotic region. We see an excitation gap which is
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FIG. 3. Density of states of the annular bilhard of Fig. 1.
The solid curve is the sermclassical prediction computed from
Eq. (1). The histogram is obtained by an exact quantum
mechamcal computation. The dashed curve is the semiclassical
result (3) for completely chaotic dynamics.

about a factor of 4 smaller than in the fully chaotic case
[Eq. (3), dashed curve]. The reduction originales from
long chaotic trajectories with mean length LT,\ ~ 4LT,
hence ET,ι ~ ET/'4. The linear increase (with slope K

l/ET,,} of the regulär partial density of states is suppressed
since for the regulär regions ΕΤ,Ι is large. An exact
quantum mechanical calculation [19] (histogram) confirms
the low-ε behavior found semiclassically. The shaφ peaks
at higher ε in the semiclassical prediction, which arise from
farmlies of regulär trajectories of almost identical length,
are not resolved in the histogram. This is no surprise since
their extension in phase space is still less than a Planck cell
for numerically accessible Fermi wavelengths. It remains
an open question whether these fluctuations would indeed
appear with increase of the quantum mechanical resolution.

The regulär island is disconnected from the supercon-
ductor when the pomt contact is moved to the other end of
the billiard (at s = 0, where the Separation of the circles is
smallest). The gap in the chaotic partial density of states is
reduced to a lesser degree than before; see Fig. 4(a). Exci-
tations localized in the regulär island give a constant back-
ground contribution 2/δ2 = ImV^I(2πH)2. If the pomt
contact is placed between these two extreme positions (at
s = 1), the regulär regions of phase space dominate the
low-energy behavior of p (ε). Instead of an excitation gap
we observe a smoothly and slowly increasing density of
states; see Fig. 4(b). The histograms in Fig. 4 fall system-
atically below the semiclassical prediction. We attribute
this discrepancy to the constant background contribution
in the semiclassical result, which should vanish at small ε
because of quantum mechanical tunneling through the dy-
namical barrier between regions l and 2. This source of
error is absent in Fig. 3, because there all regions are di-
rectly coupled to the superconductor.

In summary, we have found that the superconductor
proximity effect in balhstic Systems depends sensitively
on the morphology of the classical phase space. The
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FIG. 4. Density of states of the bilhard of Fig l, but with two
different locations of the mterface [s — 0 m (a) and s = l in
(b)]. The semiclassical prediction from Eq. (1) (solid curves)
is compared with an exact quantum mechanical computation
(histograms).

excitation spectrum at low energies can be descnbed in an
intuitively appealing way by means of effective Thouless
energies and level spacmgs for the regulär and chaotic
regions of phase space. If the couphng to the regulär
regions is maximal, the excitation spectrum exhibits an
excitation gap that is much smaller than the gap of a fully
chaotic System Measurement of such a reduced gap would
provide a unique insight into the effect of a mixed classical
phase space on superconductivity

This work was supported by the European Community
(Program for the Training and Mobihty of Researchers)
and by the Dutch Science Foundation NWO/FOM.

[1] MC. Gutzwiller, Chaos m Classical and Quantum Me-
chamcs (Springer, New York, 1990); F Haake, Quantum
Stgnatures of Chaos (Springer, Berlin, 1992).

[2] M. V. Berry and M. Tabor, Proc. R. Soc. London A 156,
375 (1977); O. Bohigas, M.J. Giannoni, and C. Schmit,
Phys. Rev. Lett. 52, l (1984); A. V. Andreev, O. Agam,
B D. Simons, and B L Altshuler, Phys Rev. Lett. 76,
3947 (1996).

[3] J.A. Meisen, P.W Brouwer, K M. Prahm, and C.W.J.
Beenakker, Europhys. Lett. 35, 7 (1996); Phys. Scr. T69,
223 (1997).

[4] A. Altland and M. R. Zirnbauei, Phys Rev. Lett. 76, 3420

(1996), K M. Frahm, P.W Brouwer, J A. Meisen, and
C.W.J. Beenakker, Phys Rev. Lett 76, 2981 (1996).

[5] A. Lodder and Yu.V. Nazarov, Phys Rev B 58, 5783
(1998)

[6] A. Altland, B. D. Simons, and D Taras-Semchuk, Pis'ma
Zh. Eksp. Teoi. Fiz. 67, 21 (1998) [JETP Lett. 67, 22
(1998)].

[7] I. Kosztin, D. L Maslov, and P M. Goldbart, Phys. Rev.
Lett. 75, 1735 (1995).

[8] A. F. Andreev, Zh. Eksp Teor. Fiz. 46, 1823 (1964) [Sov.
Phys. JETP 19, 1228 (1964)].

[9] The energy scale ET is the reciprocal mean Urne be-
tween Andreev reflections. We call this energy scale
"Thouless energy" by analogy to diffusive Systems Other
definitions of the Thouless energy of a ballistic System
appear in different contexts. See A. Altland, Y. Gefen,
and G. Montambaux, Phys. Rev. Lett. 76, 1130 (1996).
(Our ET corresponds to £4 in that paper.)

[10] O. Bohigas, D. Boose, R. Egydio de Carvalho, and
V Marvulle, Nucl. Phys. A560, 197 (1993); E. Doron and
S D. Fnschat, Phys. Rev. Lett 75, 3661 (1995).

[11] G Eilenberger, Z. Phys. 214, 195 (1968).
[12] C W.J. Beenakker, Phys. Rev Lett 67, 3836 (1991).
[13] E Doron and U. Smilansky, Nonlmeanty 5, 1055 (1992).
[14] F. Vivaldi, G. Casati, and I Guarnen, Phys. Rev. Lett.

51, 727 (1983); C.F.F Karney, Physica (Amsterdam)
8D, 360 (1983); B. V. Chinkov and D. L. Shepelyansky,
Physica (Amsterdam) 13D, 395 (1984); J.D. Meiss and
E. Ott, Physica (Amsterdam) 20D, 387 (1986); W. Bauer
and G.F Bertsch, Phys. Rev. Lett. 65, 2213 (1990);
A Pikovsky, J. Phys A 25, L477 (1992); H. Alt, H.-D.
Graf, H L Harney, R. Hofferbert, H. Rehfeld, A. Richter,
and P. Schardt, Phys. Rev. E 53, 2217 (1996).

[15] Discrepancies between exact numencal and semiclassical
results for the rectangular bilhard found in Ref. [3]
are actually within statistical error bars. We redid the
calculation for a greatly extended ensemble of bilhards
(vanations in Ferrm wavelength at fixed shape) and found
good agreement.

[16] M. V. Berry and M. Robmk, J. Phys. A 17, 2413 (1984).
[17] One finds algebraic tails in P, (L) also for chaotic parts of

phase space, due to trapping of orbits m the vicinity of
borders to regulär regions [14]. Since these tails appear
only for lengths L » LT,, they are irrelevant for the
present study.

[18] The chaotic region can be subdivided further into three
parts separated by weakly impenetrable dynamical barners
(penetration time larger than LT/V?) The qualitative
descnption is improved if one assigns to each part its own
set of effective quantities ET ι, δ,

[19] The histograms were obtamed by averagmg over 250
independent exact spectra (Variation of Fermi energy £>
at fixed shape). To find the spectia we computed the
scattermg matnces S(Ef ± ε) m incremental Steps of ε
much smaller than a mean level spacing. An excitation is
encountered when an eigenvalue of S(Ep + s)S*(EF —
ε) passes through the point —l on the unit circle [12].
The dimensionahty of the scattenng matnx was in the
ränge from 25 to 50

2954


