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COMMUNICATION FROM THE OBSERVATORY AT LEIDEN.

The force exerted by the stellar systefn in the direction perpendicular to the galactic
plane and some related problems, by 7. /. Oort.

Notations.
z distance from the galactic plane,
velocity component perpendicular to the
galactic plane,
Z, the value of Z for z = o,
/ modulus of a Gaussian component of the
distribution of Z (formula (5), p. 253),
the acceleration in the direction of z,
A the star-density,
the distance of a star from the sun,
® (M) the number of stars per cubic parsec between
M — 4% and M + %,
A (m) the number of stars per square degree between
m — % and m + 4,
b galactic latitude,
distance to the axis of rotation of the galactic
system, :
) 3 log Afdw.

Summary of the different sections.

1 and 2. In these sections a short discussion is
given of KAPTEYN’s previous investigation on the
subject and of the reasons why the problem has been
treated anew. In the second section the formulae are
given which show the connection between X (2), A (2)
and the velocity distribution (formulae (5) and (6)).

3. The distribution of 2 and its dependence upon
spectral type and visual and photographic absolute
magnitude is studied in some detail. The adopted
results are in Tables 7 (spectral types), 9 (visual
absolute magnitudes) and 11 (photographic absolute
magnitudes). The average velocities of giants and dwarfs
of the same spectrum appear to be practically identical
in the # direction. On account of their irregular dis-
tribution the Bo — Bg stars have been excluded in
forming the velocity laws for the different groups of
absolute magnitude.

It is shown that stars at various distances north and
south of the galactic plane indicate no signs of sys-
tematic motions in the z-direction (Table 12).

4. From VAN RHIJN’s tables in Groningen Publi-
cation No. 38 the density distribution A (2) has been
computed for four intervals of visual absolute mag-
nitude (Table 13 and Figure 1). Figures 2 and 3 show
log A (z) for A stars and yellow giants, as derived by
LINDBLAD and PETERSSON.

5. With the aid of the data contained in the two
preceding sections I have computed the acceleration
K (2) between # = o and # = 600. The computations
were made by successive approximations; the B stars
were eliminated first. The results are in Table 14 and
Figure 4, K'(s) giving the values finally adopted. The
good agreement between the practically independent
values of K (z) derived from the separate absolute
magnitude groups is a strong argument in favour of
the approximate correctness of the data up to # = 400.
The result may be summarized by stating that the
absolute value of K (z) increases proportionally with
z from 2z = 0 to z = 200; between z = 200 and z = 500
it remains practically constant and equal to 3-3.1079
cm/sec?.

6. In this section the different spectral classes are
investigated separately. A comparison of numbers
computed with the aid of K (g), with direct counts
in high galactic latitude revealed a great discrepancy
for the K stars, probably due to an error in the adopted
luminosity law (compare 5. 4. V. No. 239). A slight
correction to the average velocity of the A stars was
also indicated. Both corrections have been applied
throughout the greater part of the present investigation.

For comparison with future observations of fainter
stars the computed numbers of each spectral type and
visual apparent magnitude are given in Table 17, for
20°, 40° and 80° galactic latitude. The table also shows
the relative numbers of giants and dwarfs to be expected
for each magnitude. Finally, Table 18 shows the
corresponding average colour indices and the mean
square deviations from the average. No great accuracy
can be claimed for these values.

7. From the best sources available mean values
of log 4 (m) were computed for visual as well as
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photographic magnitudes and for latitudes + 50° and
+ 80°. The results, referring to stars later than Bo,
are in Figures 5 and 6. Table 21 gives the corrections
necessary to reduce the visual counts to SEARES
photovisual scale. ’

8. As a check on the computations of the 5th
section numbers of stars of each visual magnitude were
computed with the aid of the acceleration K (z) derived
in that section. The necessary formulae are shown on
page 263 (formulae (10) and (11)). As was to be
expected the agreement with the counts according to
the Harvard scale is perfect (Table 23). For SEARES’
photovisual scale the accordance is not as good. This
would indicate a somewhat steeper rise of K (z) between
2z = o and z = 150, but even then the agreement
cannot be made very satisfactory. The difference may
be due to inaccuracies of P (J7).

With the aid of the corrected K star luminosity
law new photographic and visual luminosity laws for
all spectra together (except B stars) were computed
and tabulated in the 2nd and 4th columns of Table 22.

For the computation of A (m,,) for fainter magni-
tudes we need an extrapolation of X () to heights
of about 5000 ps. Two different extrapolations were
tried, based on different assumptions as to the main
attracting mass of the galactic system. These have
been denoted by K, and K (Figure 7). K, is very
probably nearest to the truth and has been adopted
for the computations in the last two sections (the
first part being taken in accordance with K’ (z) in
Table 14). The comparison with the observed numbers
of faint stars (shown in Table 23) is difficult for two
reasons. Firstly there are indications of a considerable
error in the photographic luminosity law and secondly
our knowledge of’ the frequency and distribution of
high velocities appears to be altogether insufficient.
A more extensive knowledge of the latter is indis-
pensable if we want to obtain a somewhat trustworthy
picture of the density distribution and of the luminosity
law at heights above 1000 or 1500 ps. In order to
illustrate this the computations of A4 () in Table 25
were made with four different assumptions as to the
distribution of high velocities.

A general impression of the distribution of stars
at 8o° latitude and of photographic magnitudes 11,
14, 17 and 18 over different absolute magnitudes and
distances may be obtained from Figures 8 and 9. The
18th magnitude stars appear to be mostly high velocity
dwarfs of K and M types. It may be noted that for-
mulae (10) and (11) (p. 263) may be used to compute
the approximate distribution in distance for stars of
any magnitude and in any region of the sky above
15° latitude if the density gradients derived in the
oth section are taken into account.

B. A.N. 238.

9. In Table 26 and Figure 10 a comparison is
given between mean counts of stars at different latitudes
with those computed on the assumption that the layers
of equal density are parallel to the galactic plane.
The close parallelism of the observed and computed
values indicates that the influence of absorption or of
an eventual local system only becomes sensible below
15° latitude. The average absorption at 20° latitude
can hardly be larger than o™3. At latitudes above
20° this unknown which renders density determinations
in the galactic plane almost impossible appears to
vanish. The present result seems in remarkable contrast
with the average absorption of more than a magnitude
indicated by the extragalactic nebulae in this zone.

The star counts between 20° and the poles have
now been analysed according to galactic longitude.
There is distinct evidence of a density increase in
the direction of the centre of the large system (Figure 11)
and it is shown that very satisfactory determinations
of the density gradient can be obtained (Table 28).
The density gradient found is of the same order as
that found theoretically from the distribution of high
velocities (5. 4. V. No. 159). Some data are also given
for the change of this gradient with # and . Star
counts between 30° and 60° latitude appear to be
best suited for determining the regular features of
the galactic system (compare Figure 11).

The equidensity surfaces computed  with these
empirical numbers make angles of about g° with the
galactic plane. For A =04 and A =-o1 they are
shown as dots and crosses in Figure 12. They can
be closely represented by ellipsoids symmetrical about
the axis of the great galactic system and with axial
ratios of 9'3 and 6°4 respectively. It should be noted
that only part of the owzer envelopes of the system
(beyond z# = 500) have been derived in this way.

10. In this section the density distribution in the
direction perpendicular to the galactic plane has been
computed for different types of stars as well as for
the integrated light and the mass (Table 29). Half
of the photographic light is situated between & = — 166
and & = + 166 ps. From a comparison of this
number with the distance from the sun to the centre
(which is of the order of 10000 ps) we may infer
that the denser part of the galactic system must
have an exceedingly flat shape. Because of this
extreme flatness it seems impossible to investigate
the density distribution in the galactic plane, even
from areas at very low latitude, without taking into
account the decrease of star density with z.

I have also computed the change of the luminosity
law with z, which change is very considerable (Table
30; B stars are included). ’

Table 31 shows average distances from the galactic
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plane corresponding to different average velocities,
assuming Gaussian distributions of the latter. Some
examples are added to show how these can be
utilized in computing average parallaxes of distant
stars or average velocities perpendicular to the galactic
plane. A remarkable' difference of about 8 times
between the average radial velocity and the average
value of |Z| is noted for the O stars.

11. It is found that the total density of matter
near the sun is equal to 6:3.10724 g/cm? or ‘092 solar
masses per cubic parsec. The observed total mass of the
stars down to + 13'5 visual absolute magnitude is found
to be 1038 solar masses per ps3 (Table 34). It is probable
that this value would still be greatly increased if we
could have taken the next 5 absolute magnitudes into
account, so that the total mass of meteors and nebular
material is probably small in comparison with that of
the stars. There is an indication that the invisible
mass is more strongly concentrated to the galactic
plane than that of the visible stars (Table 33).

Integrating over a column perpendicular to the
galactic plane I find that an average unit of photographic
light corresponds to a mass of 1-8 (if both are
expressed in the sun as unit), approximately agreeing
with the proportion found in the central region of
the Andromeda nebula, the only available case where
a comparison is possible.

In a note on VAN MAANEN’s star the probability
of a large mass for this star has been discussed.

1. [ntroductory; previous investigations.

It cannot be doubted that in many respects the
galactic system is very irregular. It is important to
find out whatever regularities there are and to utilize
these to obtain a deeper knowledge of the general
characteristics of the system.

To some extent the distribution of the later type
stars in a direction perpendicular to the galactic plane
may be classed among the regular features, as is
evident, for example, from the great resemblance
between the distribution on both sides of the galactic
plane. It is evident, also, from the results of the present
article in which it will be shown that the assumption of
a well-mixed condition, together with a knowledge of the
force, K (z2), exerted in this direction by the stellar system,
enables us to represent all known features about stellar
distribution perpendicular to the galactic plane.

There is good reason to suppose that the gravita-
tional force is approximately of such a size as to keep
the stars together during times which are as short
as 10® or 109 years. It would seem unreasonable to
assert that the extreme flatness of the galactic system
is a peculiarity of this particular moment and that,
after the course of 10® years, it would have under-

LEIDEN - 251

gone such a radical change in appearance as, say, a
ten-fold increase of its thickness. The steady state
hypothesis is more directly supported by the fact
that the stars at different distances on both sides of
the galactic plane do not show an observable syste-
matic motion towards or away from the galaclic plane
(compare Table 12).

The supposition that X (z) is such that it will approx-
imately maintain the present density distribution is
the working hypothesis of the following investigation,
in which I have tried to derive the magnitude of this
acceleration at different distances from the galactic
plane from a comparison of velocity and density
distributions in this direction without making any
supposition about the density distribution 77 this plane.
Earlier investigations, mainly by JEANS*), have proved
that a rigorous application of the steady state condi-
tions lead to the result that the distribution of the
velocity components perpendicular to the galactic
plane would ultimately be the same as that of the
components directed to the axis of rotation. However,
the steady state implied by this condition seems to be
of a quite different class from the simple state of
being well-mixed which is presupposed for the present
investigation. It seems indeed probable that in a
system like the one we are investigating the average
peculiar motions of the stars in directions perpen-
dicular and parallel to the galactic plane will, at least
for small motions, remain practically independent of
each other during times comparable with the time of
development of the galactic system. The empirical
fact that for most types of stars the average velocity
components perpendicular to the galactic plane are
considerably different from those directed towards the
centre of the system points in the same direction.

A second aim has been to derive new values for
the density distribution perpendicular to the galactic
plane for various absolute magnitudes, as a good
knowledge of this function is a prerequisite for all
investigations of star-density, also at low latitudes.
With the aid of these densities the density arrangement
of the great galactic system in the entire region
between the poles and 20° latitude has been investigated.

A third purpose was the derivation of an accurate
value for the total amount of mass, including dark
matter, corresponding to a unit of luminosity in the
surroundings of the sun.

So far asI know the first significant numerical investi-
gation along these lines is contained in KAPTEYN’s well-
known “First attempt at a theory of the arrangement
and motion of the sidereal system”®). His formula

T) Problems of Cosmogony, Chapter X; Astronomy and
Cosmogony, Chapter XIV.

2) Astrophysical Journal, 55, 302, 1922; Mt. Wilson Contr.
No. 230. '
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(8) is equivalent with formula (4) of the present
paper. A comparison between the acceleration computed
from KAPTEYN’s results with that derived in the
present paper may be found in Table 33.

Though KAPTEYN’s general dynamical model may
not agree with our present conceptions his conclusions
about the acceleration K{(z) are not greatly affected
by this change in the model of the galactic system.
That I have thought it worth while to redetermine
this acceleration is thus not due in the first place to
the changed conception but rather to the expectation
that it would be possible to get a more accurate
result with present-day data. KAPTEYN’s investigation
of K(s2) was preliminary in several respects. In the
first place it rests on the assumption that the density
distribution in the direction perpendicular to the
galactic plane (called z in the present article) resembles
that of a gas in isothermal equilibrium. This is plausible
in the case of a Gaussian distribution of velocities,
but it will be different if the distribution deviates
from the Gaussian law (see the second section). JEANS *)
has repeated KAPTEYN’s calculations without making
the assumption of isothermal equilibrium. He replaced
it by the assumption that the ratio between the mass
density and the density of luminous stars is constant
throughout the system. JEANS did not make use of
any data about the distribution of velocities in the
z-direction; he determined the factor needed to reduce
KAPTEVYN’s accelerations G to absolute units from
the relative velocity of the star-streams, so that his
result depends directly upon the special dynamical
model considered.

In the second place KAPTEYN assumes an average
g-velocity of 103 km/sec for all stars. In the present
article we shall take account of the fact that the
intrinsically faint stars move much more rapidly. In
the third place the density distribution needed revision.
It had been derived on the assumption that it is the
same for all absolute magnitudes, whereas it will be
shown below that it must depend upon the absolute
magnitude of the stars considered. This fact will again
cause a change of the luminosity curve with z so
that it will not be permissible to derive densities on
the assumption that the luminosity curve is the same
throughout space. The densities used by KAPTEVN
rest, at least partly, on this assumption.

Other investigations touching upon the problem have
been made at Upsala by LINDBLAD and his collabo-
rators who have determined the density distribution
of A and K type stars in a direction perpendicular

- "to the galactic plane. Detailed references to the results
~of these and some other studies will be given later on.

Yy Monthly Notices, R.A.S., 82, 122, 1922.
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For the investigation projected we shall want a good
knowledge of the velocity distribution and of the
density distribution in the direction of the galactic
poles. The first will be mainly determined from radial
velocities of stars at high galactic latitudes, the latter
will be derived from VAN RHIJN’s data given in
Groningen Publications No. 38. Considerable use will
also be made of VAN RHIJN’s luminosity laws and of his
discussions of counts of stars of different magnitudes.

Unless one would be inclined to believe that ob-
scuring matter is more abundant near the galactic poles
than in the plane of the galaxy there is no reason
to fear that the densities and counts of stars used
have been seriously influenced by absorption or ob-
struction of light in space. KAPTEYN and VAN RHIJN’s
preliminary investigation on the distribution of stars
in space *) shows that in the galaxy the apparent
density does not show a sensible decrease for distances
below 400 parsecs; so it is very probable that the
observed density distribution in the z-direction gives
a true picture at least up to this same distance and
probably much further.

2. Theory.

As a first approximation let us suppose that at any
point of the orbit of a star the acceleration K (2) is
equal to the acceleration in a point at a corresponding
height 2z vertically above the sun. Let us call this
latter value briefly K (z). There is every reason to
believe that this supposition will lead to a good
approximation: - because of the approximately sym-
metrical distribution of motions in the galactic plane
there will, roughly speaking, for every star moving
to a region where the acceleration is greater than this
normal K(g), be another star moving to a region
where the acceleration is correspondingly lower. The
assumption permits us to get a simpler insight into
the formulae connecting velocity- and density distri-
bution and K (2), but it is not a necessary assumption,
for JEANS has derived the same formula for the general
case of a dynamically steady system °2).

Let Z represent the z-component of the peculiar
velocity of a star at a certain height z and let us
call Z the value of Z at the time when the star
passes though the plane z = o, the plane of the galaxy.
If K(z) is the corresponding component of the force,
counted positive in the direction of increasing z, we have

Z = ]/z; 2] K9 ds (1)

Y) Astrophysical Journal, 52, 23, 19205 Mt. Wilson Contr.
No. 188.
2) Monthly Notices, R. A.S., 82, 124, 1922.

© Astronomical Institutes of The Netherlands ¢ Provided by the NASA Astrophysics Data System


http://adsabs.harvard.edu/cgi-bin/nph-bib_query?1932BAN.....6..249O&amp;db_key=AST

2BAN I 124900

rt

B. A N. 238

If, further, 7(Z,) is the period of the star’s oscillation
in the z-direction, the fraction of the star’s time spent
in the layer between z and z + dz is

2dz
ZT(Zy)
Now, if the total number of stars above or below a
surface element of the galactic plane and having a Z,
between Z, and Z, + dZ, is called f(Z,)dZ,, and if
9 (5, £) d5dZ represents the average *) number of stars

in an element of volume between z and z + 4z having
velocities between Z and Z + 4Z, we have evidently:

o (s, 2)dzd Z = f( %(ZZO) . (2

As it follows from (1) that dZ,/Z = dZIZ, we find

2f(Z)
Z,1(Z,)

Z)dZ,.

CP(Z’Z) - s (3)

so ¢ is a pure function of Z,, i.e. of

1/22 —

In the special case of a Gaussian distribution of
velocities at z = o it follows from this property that
the velocities Z will show the same Gaussian distri-
bution at any value of z; for, if

2!2[(()4'5 .

. L

CP(O,Z) = A(O) ‘— e~ 8%

™

where A (o) and / are constants, it follows from the
fact that ¢ is a pure function of Z, that

202[* K(z)dz L

s

9(s,2) = A(o) e PR
Integrating ¢ over all values of Z we obtain the

density. At z = o this is evidently equal to A (0);

at an arbitrary value of z the density is found to be

A(s) = A(0) 5212.[21((2)1/2 ) (4)

It is well known that in this particular case the density
follows the same law as in a gas in isothermal equi-

U ibrium.

Formula (4) solves our present problem as it enables

) The statement contained in formula (2) is rigorously true
if we suppose this average to be taken over a time interval
as long as a few oscillations. As we cannot wait for so long a
time we shall in the practical problem indeutify ¢ (2, 2) dzdZ
with the number of stars which at the present moment lies
between the limits stated. The hypothesis underlying this
identification might be expressed by stating that in the dlrectlon
of z the stars must bz “well mixed up”,
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us to derive K(z) from a knowledge of A(z) and /
(the modulus of the velocity distribution). The prac-
tical problem is very slightly more complicated, as
the velocity distribution is usually found to deviate
somewhat from a Gaussian distribution. However it
can always be represented by a sum of two or three
Gaussian components with different moduli. In the
case of two Gaussian components we have

2? Zo2>, (s)

lx _112202 12 -
— ¢ +0,-% ¢
Vr Vr

from which we obtain
A(z)=A(0) {9 ezzlg[z/{(Z)dz + 0, e” ZQQfZK(z)dZ}’ 6)

from which K (z) can easily be determined by suc-
cessive approximations.

For the case of an arbitrary velocity distribution
we can derive the following formula connecting X (z), A
and the average square velocity, Z2:

1 3(AZ?)
A 0z @)

The equation is identical with that derived by JEANS
for a star system in dynamical equilibrium (l. c.).

%(0, Z,) = A(0) (el

K(z) =

3. The velocity distribuiion.

The velocity distribution has been determined mainly
from radial velocities of stars near the galactic poles.
As it seemed advisable to investigate a possible depen-
dence of the average velocity on absolute magnitude
the stars have been arranged according to spectral
type as well as to spectroscopic absolute magnitude.
For the dwarfs a determination has been made from
the space velocities of the nearest stars. The strong
galactic concentration of the B stars made it necessary
to determine their Z-distribution from proper motions.

Radial velocities.

A complete list was made of radial velocities of
stars lying between + 40° and + go° galactic latitude
and of which the spectroscopic absolute magnitudes
were known (except for the B type, where all available
radial velocities were used irrespective of the existence
of a spectroscopic absolute magnitude). Only Mt. Wilson
and Victoria absolute magnitudes ') were used and
it was tried to reduce these to a somewhat homoge-
neous system by applying the following corrections,
representing the results of Groningen Publications
Nos. 34 and 37 after slight modifications:

1) Mt Wilson Contributions Nos. 199, 244, 262 and 319;
Astrophysical Journal, 53, 13; 56, 242; 57, 294 and 64, 225;
Victoria Publications, 3, 1, 1924.

Provided by the NASA Astrophysics Data System


http://adsabs.harvard.edu/cgi-bin/nph-bib_query?1932BAN.....6..249O&amp;db_key=AST

2BAN. T T2 6. 24900

rt

254

TABLE 1.

Adopted corrections to spectroscopic absolute

magnitudes.

M Mt. Wilson Victoria

spect: F starsJ K stars | F stars G stars | Kstars
— 10 —o04 — 07

oo — 09 —1I5 —12 — o4 — o2
+ o'g — 08 — 09 — 11 —o03 “+ o1
+ 10 — 07 — 0'3 -— 10 — 03 403
+ 20 —o0'4 —+ o'g — 08 — oI + o9
-+ 30 — o1 oo — 06 0’0 0’0o
+ 50 + o5 o0 —o02 o0 o'o
> 60 00 00 oo

The Mt. Wilson absolute magnitudes of G stars
and the Victoria ones of M stars needed no correction.
The Mt. Wilson A and M star absolute magnitudes
were also adopted as they stood. The spectral classi-
fication used for the application of these corrections,
as well as for all the other divisions into spectral
classes made in this section, is that of Mt. Wilson
(“estimated”) or Victoria. For all stars occurring in
Contribution No. 387 (M stars) the Mt. Wilson
absolute magnitudes were taken from this source.

Especially among the fainter stars in our list there
is an undue proportion of large proper motions. As
the distribution curve of radial velocities is likely to
depend somewhat upon the proper motion I have
counted each large proper motion star as a fraction
of one star, the fraction being determined so as to
make the material representative as regards the
distribution of proper motions. The fractions or weights
required depend upon apparent magnitude, spectrum
and proper motion, and were determined by comparison
of counted numbers from the present list with the
complete numbers derived in Groningen Publication
No. 3o0.

The radial velocities' averaged from all available
sources (without systematic corrections) were corrected
for the motion of the sun. The following values were
assumed: J/ = 20 km/sec, apex: « = 17759™, 0 = + 31°.

All probable members of the Ursa Major group
were excluded.

In determining the velocity distribution, or the average
velocities in the direction perpendicular to the galactic
plane, from these radial velocities we have to take
into account that the stars cover an area down to 40°
latitude and that, accordingly, the radial velocities
will contain a not inconsiderable component of the
velocities parallel to the galactic plane. In order to
derive the factor / by which we must multiply the
observed average velocity for obtaining the true
average velocity perpendicular to the galactic plane,
we must have some approximate knowledge of the
other axes of the velocity distribution. Having derived

© Astronomical Institutes of The Netherlands e
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this from various sources I find the following values
of 7, which have been used in the present paper. *)

TABLE 2.
Type 2) + 56°to 4+ 9co | 4+ 40°to + 55°
A ‘90 77
F 91 79
G giants ‘91 8o
K giants ‘93 -84
M giants ‘93 84
dwarfs 83 ‘67

Firstly the dependence of average peculiar velocity
upon absolute magnitude and spectral type was
investigated and a comparison was made between
the average velocities in the region of the north
galactic pole with those in the region of the south
galactic pole. As there appeared to be no distinct
systematic difference between the two regions I shall
only quote the combined results. Table 3 shows the
averages without sign of the peculiar radial velocities
after reduction to the Z co-ordinate. No large velocities
have been excluded.

TABLE 3.

Average peculiar velocities perpendicular to the
galactic plane.

Spectrum Abs. magn. | Z| ”n
Bo — Bs 7°1 km/sec 15
B6 — Bg M M 92 14
A { +o5 to 4174 93 48

\ +15 » +24 7'6 35

‘ 405 » 424 127 24

F +25 » 434 80 21

? +35 » +44 157 20

‘ —r5 » 404 9’5 40

G 405 » +14 132 42

? + 15 » 434 164 15

+35 » +64 13'9 22

— 15 » —o0b 15°9 14

K g —o5 » +o4 15°3 45

( +os5 » 24 15'0 53

+350 » ~+8o 107 8

M { —15 » —o0%6 159 22

. —os5 » +oy 15°3 70

A few remarks may be made.

The results for the B stars were obtained exclu-
sively from velocities with small probable errors. It
is very improbable that this result, necessarily obtained
from B stars at considerable distance from the galactic
plane applies to the B stars in general. Proper motions
show a two or three times lower average peculiar velocity

1) For their derivation see the first Note concluding this
article. :
2) Throughout this article, for convenience in comparison

~with results obtained at Groningen, the sub-division into spectral

types has been taken the same as in the Groningen Publications.
Thus A stands for Ao to Ag, F for Fo to Fg, etc.
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(cf. page 257), and the same low value is indicated by
counts of B stars in high galactic latitudes (section 6).

The average velocity for the A stars is also doubt-
ful; the total average velocity for the + 56°to + 9o°
zone is much lower than that for the + 40°to + 55°
zone (6°8 and 11°2 km/sec respectively). Counts of
stars in high latitude seem to indicate that a value

.in the neighbourhood of 7 km/sec is better than the

general average of 86 km/sec derived from Table 3.
Accordingly this lower value has been used for the
final computations of 4 ().

In general there is no outspoken run of average
velocity with absolute magnitude so that I have taken
the same velocity distribution for all A stars, similarly
for all F stars,-all K and M giants. For the G stars

LEIDEN 255

there is an indication that the brightest stars move
more slowly and I have divided them into three
groups, G Ifrom — 15 to -+ oM-4, G II from + o™'5 to
+ 3M.4, G III fainter than 4 3M-4.

In all cases the distribution curve of the peculiar
velocities is very nearly a simple Gaussian curve

/ —[272
”n Vet
(columns headed O) the zones + 56° to =+ 9o° and
+ 40° to + 55° have been combined; the intervals as
indicated in the first column have been used for the
velocities in the + 56° to & 9o° zone, the corresponding
intervals counted for the other zone were taken some-
what larger in order to correct for the greater influence

of the star-streams in this zone.

, as shown in Table 4. In the direct counts

TABLE 4.

Distribution of radial velocities near the galactic poles. Comparison with Gaussian distributions.

v A stars F stars G, M=<+o0o4 |G+os<M<+34 G M>+375 K giants M giants
o ‘060 o ‘044 o ‘054 o ‘036 O - 034 o ‘034 o ‘034
o— 4 237 249 146 16'1 12°5 108 I1°0 10°2 12 32 192 197 | 190 164
5— 9 273 238 187 164 135 10°5 11'6 10'7 48 34 | 209 208 | 150 174
10—I4 15°5 169 13°1 137 65 80 10.0 95 51 31 | 226 186 | 1220 156
15—I9 18 102 90 104 o5 53 50 78 13 26 | 137 159 | I1'0 1372
20—29 2°9 7'2 10°8 11'6 20 45 110 106 42 36 | 216 221 | 240 184
30—39 18 1o 4'8 38 40 o8 30 5'0 o1 19 77 1I'3 | 100 9'4
40—49 Y] oo 10 09 1o o1 31 18 17 o8 50 47| zo 39
50—59 oo oo 06 o1 oo oo 16 06 oo o2 31 I's 1o 12
60—79 1’0 00 0o oo oo oo o0 o'l 06 o1 1’5 o5 | 20 o4
>80 0o oo 02 0o oo oo oo 00 00 oo 00 oo | o0 fee)

w 840 728 40'0 563 190 1153 960

In each division of the table the second column of
numbers shows the values computed with a Gaussion
function, the modulus / being given at the top of the
column. The weighted total numbers of stars are given
in the last line of the table. In general the represen-
tation is quite good. There is a slight indication of
an excess of observed velocities above 50 km/sec, on
the average perhaps 1°5°/, of the total number of
stars. Because of the relatively large influence of high
velocities on the determination of A(z) this excess
was tentatively taken into account by adding a small
number of velocities distributed over a frequency curve
with modulus / = 0-020. The constants of the Z-distri-
butions finally adopted are shown in Table 7.

Space wvelocitics of nearest stars.

For the velocity laws of the fainter dwarfs, especially
for those of K and M types, we can only hope to obtain
some information by studying the nearest stars. I have
used a card catalogue extracted from SCHLESINGER’S
parallax catalogue and containing all stars with paral-

laxes greater than 0”100 with probable errors below
+ 0”020 and all those with parallaxes between 0”050
and 0”100 with probable errors below + o"oro0.
Practically all these stars have been selected on account
of large proper motion and consequently to some
extent also on account of large velocity. It is not
difficult to correct for this selection by giving to each
card a certain weight depending on magnitude and
proper motion and chosen in such a way as to get
a truly representative sample of stars?). As relatively
few stars with annual proper motions below 0”200
have been observed and the completeness factors
would become probihitive, I have omitted these stars.
For the group of stars with parallaxes larger than
0”100 this means that I have omitted all stars whose
space velocities with respect to the sun are lower than
9'5 km/sec and that the Z-distribution obtained will
be incomplete in the interval from — 9'5 to + 95

1) For the weights, or completeness factors required see
Table 9, Groningen Publications, No. 40.
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km'sec, or, as Zg =+ 75 km/sec, from Z==—2 to
Z =+ 17 km sec*) (£ representing the peculiar velo-
city). For the groups of lower parallaxes the interval
will be still wider. In practice however the incomplete-
ness does not appear to be serious, as in nearly all
cases the incompletely observed intervals of positive
Z contain larger numbers of stars than the corre-
sponding intervals of negative Z which are supposed
to be complete. The intervals where incompleteness
is most to be feared have been indicated by a colon
following the observed number in Table 5. They have

B.A.N. 238.

had little or no weight in determining the constants
of the theoretical distributions best fitting the counted
numbers.

The columns Oj, Oy and Op in Table 5 indicate
respectively the counted numbers of stars with paral-
laxes exceeding ”100, between "-070 and “*100 and
between "-050 and "-070. The columns next to these
show the computed numbers, the modulus / of the,
velocity distribution being shown at the top. The last
line of the table shows the total weight attributed to
each determination *).

TABLE 5.
Distribution of velocity components perpendicular to the galactic plane for stars nearer than 20 parsecs.
F stars | G dwarfs K and M dwarfs
Z /y ="050 /x =050
O1 -obs On 048 O111 -o40 01 ‘o043 On ‘o35 Omi1 035 | O1 Z, =020 O+ 111 /, =020
br="75 b =78
Go— 50| 59: 43 38: 44 13'8: 93 81: 56 22: 3% 82: 94 |142: 140 268 : 200
5'0—Io00| 22 3% 32: 40 4'8: 8% o0  §I 49: 33 36: 89 113 12°4 182 : 17°8
1oo—I15'0| 31 273 55 31 66: 73 45 42 oo 30 | 133: 79 |12 10°1 74 143
15°0—200 | 00 12 16 22 40 57 45 31 42 2% 65 66 | 76 74 7°4 104
2000—25'0| 00 0% 1’0 I4 78 42 3’5 271 44 19 56 51 |20 50 80 6'9
25'0—300 | I'0 02 oo 08 26 28 1o 13 1o 14 5o 38 |30 31 32 43
30'0—400, C¢0O OI 16 0% oo 27 1o 10 | oo 10 1I'o 44 ! 40 3'3 102 4'4
40'0—o0 | o0 00 00 01 00 10 oo 02 1y o8 53 22 | 40 27 oo 34
>6o00| o0 00 00 00 2’0 00 oo 00 oo o1 oo ©o1 | 10 13 2'0 17
w | 8 ' 7 i 8 l 16 6 10 i 36 24

The velocity distribution for the A and A7 dwarfs
has been represented by a combination of two Gaussian
distributions (compare formula (5)). The constants
finally adopted for all X and M dwarfs are

[, = 0030, /, = 0020, 8, = 0775, 0, = 0'225.  (8)

The mean absolute magnitude of the stars from
which this velocity law was determined is -}- 7°8.

Poculiar wvelocities of B stars.

Though the B stars are very irregularly distributed
and evidently not well suited for an investigation
which supposes a “thoroughly mixed” system of stars,
it is nevertheless of interest to see to what extent
their general distribution in the direction of the galactic
poles conforms with what we should expect from
their velocity distribution and the known value of K(s).

In connection with the data given in Table 3 it
has been noted that the radial velocities of B stars

1) Strictly speaking there will remain some incompleteness
outside these limits, as some of the stars with space velocities
above 9.5 km/sec will have transverse velocities below g'5 km/sec
and may, therefore, have been excluded. In order to correct for
this additional incompleteness we must multiply the weights
on the cards by factors representing the reciprocal of the chance
that a star with a space velocity 7 has a transverse velocity
below 95 km/sec. This factor is equal to V/L"7z —~g'5% and
has been applied in the above investigation,

are unsuitable for a determination of [Z|: it can hardly
be expected that the velocity distribution of the rather
exceptional B stars in high galactic latitudes will be
identical with that of the stars situated in the large
agglomerations near the Milky Way. There can be
no doubt that the average peculiar velocity of the
brighter B stars in the galactic regions is very much
smaller than the value of + 8 km/sec indicated in
Table 3°). For a direct determination of this average
velocity we must turn to proper motions. The results
in Table 6 are from an unpublished investigation made
several years ago.

The Bo — Bjs stars in BossS’ Preliminary General
Catalogue were separated into four groups according
to their apparent magnitudes (first column). The num-
bers of stars are in the second column. In the following
columns [t,| denotes the average without regard to
sign of the t components reduced to the 5th magni-
tude, the average reduction factor f being in the 5th
column; 7. is the average probable error of 7,. In

T ——
the 6th column |ry| has been corrected for probable

1) In the group with parallaxes exceeding o™ 100 this is simply
the number 7, of stars used; in the group with parallaxes
between "o7o and "100 w = #[1'5 and in the third group
w = n[2'25.

2) Compare, for instance, KAPTEYN'S results in M? Wilson
Contributions Nos. 82 and 147.
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error. The next column contains the simple algebraic
average of v,/sinA. Regions nearer than 30° to apex
or ant-apex were excluded so that the accuracy of
the average secular parallax has only slightly suffered
by the fact that no weights proportional to sin®i
were used. Assuming a solar motion of 20 km/sec we
find the average linear peculiar velocities in km/sec
shown under [Vx] in the eighth column. In order to
see to what extent a few large proper motions may
have influenced the results I have repeated the com-
putations using median values of |r| instead of ave-
rages; the median peculiar velocities so obtained are
shown in the last column.

TABLE 6.
Peculiar velpcities of Bo — Bj stars.

r 2 3 4 5 6 7 8 9

FS—|‘ &4 Vi

vs/sin 11 |—V—.,| Median

77tvis. n lrslcorr.

<4'50|IO3 1%038(—_0_-70037 053 -1_—1'/0029\—]—70205 +28| + 18

4'50—5°29| 97| ‘0087| -0054[1'00| ‘0059 ‘0261| 45| 34
5-30—580] 86| 0136] ‘0065(1'35| ‘0088 ‘0288 61 4’5
>5'80] 64) ‘0189 -0053|1'74| ‘0137 ‘0258| 106] 1079

The stars used in the table lie only in such areas
of the sky where the components make large angles
with the galactic plane. On the average this angle
is 63° and the 7 components will therefore reflect
about half of the galactic components of the peculiar
motions. The values given will thus be higher than
the true averages of Z. They will also be higher on
account of the influence of systematic errors in the
proper motions. The error caused by the latter may
be responsible for most of the increase of W with
apparent magnitude. The average peculiar velocity in
the galactic plane can be estimated from radial
velocities and from the t components in other areas.
From 180 bright Bo— Bjs stars CAMPBELL obtained
an average peculiar velocity of + 65 km/sec *). From
the © components in two other areas I find corre-
sponding averages of respectively + 66 (55 stars) and
+ 82 km/sec (53 stars).

It is difficult to determine the exact corrections
which should be applied to the values m found
above, but it seems probable that the true average
velocity perpendicular to the galactic plane is smaller
than + 30 km/sec, which at least does not conflict
with the average velocity derived from the numbers
of B stars of different apparent magnitudes in high
galactic latitude, which yield + 2'8 km/sec (see
section 6).

LEIDEN

1) Lick Bulletins, 6, 127, 1911.
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Velocity distributions adopted.

The constants of the velocity distributions in the 2-
direction as finally adopted for the different types of
stars are shown in Table 7. They have been so chosen
that the average velocities are equal to the weighted
averages found from Tables 3 and 5. Except perhaps
for the K and M dwarfs the second Gaussian com-
ponent is hardly more than a guess®). I have added
it mainly for the purpose of getting an idea of the
influence which the existence of such a component
would have on the computations.

The moduli for the B and A type stars, the direct
determinations of which remained somewhat uncertain,
have been so adopted that with a preliminary value
of K(#) they yielded the right gradient of the numbers
of stars of different magnitudes in a region near the
galactic poles (section 6; compare also the remarks
following Table 3. The computations in this paper
have been made in such a way that the B stars were
practically excluded and could not influence the results.

TABLE 7.

Adopted constants for velocity distributions.
Spectrum M 2 A 6:
Bo — Bg *200
Ao —Ag ‘084 ‘020 ‘957
Fo — Fog *049 ‘0z0 ‘957
Go—Gg <+ 4 059

» » >+ 5 ‘042 *020 ‘910
Ko — Mc <434 ‘039 ‘020 ‘915

» o » >+3%5 050 020 775

What we need for the computations in this article
is a knowledge of the velocity distribution of stars
of a given absolute magnitude. In order to find this
distribution we must know for each absolute magni-
tude the relative numbers of stars of different spectral

1) Among the 479 radial velocities used for the determination
of the velocity distribution there are 5 peculiar velocities larger
than 6o km/sec. 4 Out of these 5 lie in the zone 4 40°to 4 55°
latitude, so it is not impossible that not all § stars represent
high Z-velocities. I assume that about one third of these stars
is already represented by the Gaussian component with a
modulus between ‘040 and ‘050, so that we might suppose that
there remains an excess of about 2 Z-velocities higher than 6o
km/sec which would have to be represented by a lower modulus.
From the available evidence on high velocities it appears rather
improbable that this modulus would be smaller than ‘o153 (the
value found in Groningen Publications No. 40, Table 12, from
all high velocities available). I have assumed ‘o2o. With this
modulus we would have an average of about 5°/, in this
Gaussian component (except for the later type dwarfs where
the percentage is probably much higher). I estimate that the
uncertainty of this percéntage is about 5°/, in each direction.
Accordingly I have made in the eighth section some different
solutions in which a corresponding variation of the velocity
law has been applied.
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types. These have been derived from the luminosity
distributions contained in Groningen Publications
No. 38, Tables 68 and 71. The luminosity curve of
the K stars as given in these tables is probably
considerably in error (see section 6). For the Ko —Kg
stars I have accordingly adopted the luminosity distri-
butions derived in B.A4./V. No. 239 and shown under
log ®, in the last column of Table 16. The computed
relative proportions of different spectral types are
shown in Table 8.

TABLE 8.

Percentages of different spectral types (visual
absolute magnitudes).

B. A.N. 238.

TABLE 10.

Percentages of different spectral types (photographic
absolute magnitudes).

Mpg Ao—Ag Fo—Fg9 | Go—Gg | Ko—Mc
— 25 to — ‘5 7501/0 110/0 40/0 IO°/Q
— 5y 4+ 5 75 7 4 14
+ 5» 415 62 9 I 18
+ 15 » 435 29 33 9 30
+ 35 » 455 2 59 34 5
+55» +75 o 15 58 27

>4+75 o o o 100

TABLE 11.

Constants of velocity distributions (after exclusion of

M Bo—Bg | Ao—Ag | Fo—F9 | Go—Gg | Ko—Mec B stars). Photographic absolute magnitudes. *)
—I15to— -5 39 o/o 21 °/o 50/0 60/0 28 o/o A/pg A A [3 01 /A 03
— 5 » 415 13 29 8 17 31
415 » +3%5 21 17 43 3 10 <4+ 3 ‘084 | '0447%)] 020 | <71 1) | 24 T)| -0}
—|—3:5 » —|—5:5 1 I 38 48 12 + 5 fo 1% 084 0.44’ ‘020 | 59 | '35 .06
+55» + 7’5 o o l 10 41 49 +15 » +3%5 084 | 0'44 | 020 | 28 1) | *66 )| ‘06

Z+75 o ° o ° 1oo +35 » 4775 ‘046 | -ozo 90 ‘10
>+ 7% ‘050 | ‘020 78 22

Excluding the Bo— Bg stars the velocity distributions
may be represented by the formula 2 6; ‘é— e Wz

w
with the following constants.

TABLE 9.

Constants of velocity distributions (after exclusion of
B stars). Visual absolute magnitudes.

M, Lo| Bo| 5| 6| 6| b

< 4175 ‘084 | 043 | 020 | 33 62 ‘05

+ 15 to 4375 ‘084 | '046 | 020 | ‘22 73 ‘05
+35 » +5°5 ‘046 | ‘020 ‘92 ‘08
+55 0 4775 ‘046 | 020 "85 ‘15
> 475 ‘050 | ‘020 78 ‘22

We shall also make use of the velocity distributions
for stars of a given photographic absolute magnitude.
The necessary data are shown in Tables 10 and 11.
The B stars have been excluded. As the new data
about the K star luminosity curve were not at hand
when the computations for photographic magnitudes
were made Tables 10 and 11 have been computed

‘'with the aid of a preliminary and somewhat less

radical correction to VAN RHIJN’s luminosity curve of
the K stars*). The luminosity curve used is shown
under log @, in Table 16.

1) Besides, another correction was applied to VAN RHIJN’s
photographic luminosity curves for the bright G and K stars
in order to take account of the fact that for these stars, accor-
ding to Table 70 of Gromingen Publication 38, the interval
of one photographic magnitude is smaller than that of one
visual absolute magnitude. So far as I can find out vAN RHN
has omitted this correction. - .

The welocity distribution at different distances from
the galactic plane.

It is of importance to verify that there are no
systematic motions in the direction perpendicular to
the galactic plane. The problem has been investigated
by arranging the stars on each side of the galactic
plane according to their distance. In each shell of
distance the average radial velocity was computed.
The radial velocities were corrected for solar motion,
probable members of the Ursa Major system, stars
with very uncertain velocities and stars with velocities
larger than 50 km/sec were excluded. The average
velocities obtained are tabulated in Table 12; the
numbers of stars are added between parentheses. In
the first part of this table the stars were arranged
according to spectroscopic parallax (corrected as in-
dicated on page 254). The limits indicated refer to
stars in the zone + 56° to + go° latitude. The cor-
responding limits for stars in the zones between + 40°
and =+ 55° were taken 20°/, smaller in order to get
roughly equal heights above and below the galactic
plane for all stars contributing to a given average.
The last line of Table 12 shows the results obtained
from a grouping according to VAN RHIJN’s mean
parallaxes derived from spectrum, magnitude and

1) For eventual new computations it will be preferable to
use the definitive corrections to the K star luminosity curve as
shown in the last column of Table 16. The constants in Table 11
should then be changed as follows: In the first line we should
take Z, = -046, 6; =76 and 6, = ‘20, in the third line 6; = 34
and 0, =-60; the other constants remain practically the same.
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proper motions?). It contains all stars between + 56°
and =+ go° latitude of which the radial velocity has
been measured. In this case no high velocities were
excluded; the parallax limit between the first and

LEIDEN
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second and between the next to the last and last
group was taken "0070, slightly different from the
limit “-0035 indicated at the top of the table.

TABLE 12.

Algebraic average velocities at different distances from the galactic plane.

- / north galactic cap south galactic cap

Stars ’”-ooz to "-oog|”-006to ”'010,"'011 to ""020 > "020 > "020 ”"outo"'ozo."'ooéto "'oxo]"‘oozto 003
Ao to Ag +o3 (13)| +53 (20) | + 15 (26)] — 45 (6) | 466 (8) | 4110 (1)
Fo » Fo |14 ()|412 (1| —32 (14) | + 10 (46)| + 30 (24) | —o5 (2) | + 255 (2)
Go » Gg |+ 57 (6)| +20 (15)| +29 (26)| — 18 (519 —168 (13) | +56 (14) | + 46 (5) | — 35 (2)
Ko » Ko | — o3 (15)| +23 (32) | —28 (24) | + 74 (20)| —1r4 (11) | +17 (10) | 4+ 46 (11)| + 30 (2)
Mo » Mg | — 81 (13) | —26 (36) | 07 (14)| +100 (2)| + 40 (2) | +24 (9) | — 90 (12) | — 148 (5)

Sum — 18 (35) | 03 (107) | 412 (107) | + 15 (154)| — 52 (56) | + 40 (43) | — 06 (31) | — 83 (9)
G.2.No. 34 |+ 44 37)[ +16 (67) | — 13 (121) | + 22 (155)| — 7°0 (66) | +-24 (81) | + 12 (34) | + 30 (7)

On the whole the results are entirely satisfactory
in so far as they show no systematic motions in a
direction perpendicular to the galactic plane. The fact
that for stars further than 100 parsecs to the north
and to the south of the galactic plane there appears
to be no trace of systematic relative motion lends
some support to the assumption stated in the first
section, that in the z-direction the stars are thor-
oughly mixed.

When we consider Table 12 in detail we observe
a few averages which deviate rather strongly: the stars
with large parallaxes in the region surrounding the
southern galactic pole appear to give a negative average
velocity; also the most distant M type stars on both
sides of the galactic plane show values which are
systematically negative. It is doubtful whether these
apparent deviations should be considered as real. The
first mentioned phenomenon comes out a little more
strongly if we limit ourselves to still nearer and ab-
solutely fainter stars; on account of selection according
to large proper motion among these stars the average
peculiar velocity is rather large in this group and I
think that the deviation is probably accidental. The
effect shown by the M stars may possibly be real,
but the larger deviations rest on very few stars.

I have also investigated whether the average velo-
city without regard to sign is the same at different
heights 2. Only K and M giants have been studied.
The differences between the averages are reasonably
small. REDMAN has observed some faint K stars near
the north galactic pole and has been kind enough
to communicate his unpublished results to me. His
15 velocities if corrected for the usual solar motion
average + 5°0 km/sec, and without regard to sign

Yy Groningen Publications, No. 34.

+ 14'2 km/sec; the latter average agrees well enough
with the average z-velocity determined from brighter
K stars (c.f. Table 3). The average visual magnitude
of REDMAN’s stars is 7'™3.

4. The density distribution.

The variation of the density with height above and
below the galactic plane has been taken from VAN
RHIIN’S results in Growmingen Publications, No. 38
With the aid of the distribution of the parallaxes of
stars of given proper motion and apparent magnitude
as found in an earlier publication VAN RHIJN derived the
numbers of stars between given limits of parallax and
absolute magnitude. A small correction has been applied
to the mean parallaxes of faint stars of very small
proper motions, as indicated in Table 11, Groningen
Publications, 38. This correction does away with an a
priori improbable systematic difference in the density
distributions of absolutely bright and faint stars in low
galactic latitudes which was observed when the
uncorrected mean parallaxes were used. VAN RHIJN’s
corrected numbers are in Table 12 of his publication. The
numbers in the third part of this table were used to com-
pute the density distribution in a direction perpend-
icular to the galactic plane for four intervals of
absolute magnitude, as indicated in Table 13 below.
The computation was made as follows: for each column
in VAN RHIJN’s Table 12 we formed the differences
in log A between the successive parallax groups and
also the weight of this difference. For the absolute
magnitude group — 15 to — -5 the differences found
from the column headed — 646 were combined with
those from the column headed — 548, using the
weights just computed except that those for the — 5:48
column were halved. For the other groups the differ-
ences in log A were computed in a similar way, the
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group — 5 to + 1°5 being obtained from the columns
— 548, —4'50 and — 350, giving half weights to the
first and the last mentioned column, etc. The log-
arithms of the densities obtained were tentatively cor-
rected for the asymmetrical position of the sun with

FIGURE 1.
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Logarithms of densities at different distances from the
galactic plane.

Dots and circles represent stars of absolute magnitudes

—-5to 4 1'5and 4 1'5 to 4 3°5 respectively. The accuracy

of the points is indicated by vertical lines, the half lengths
of which are equal to the mean errors.

respect to the galactic plane. From a discussion of
the positions of 0 Cephei variables HERTZSPRUNG
found that the sun is situated 38 parsecs to the north
of the average plane of these variables*). From several
different types of stars GERASIMOVIC and LUYTEN have
recently derived a similar value (33 parsecs)?). Let
us assume, for a moment, that the sun is at a
distance of + 30 parsecs from the true plane of sym-
metry and that the densities in Gromingen Publica-
tions No. 38 rest equally on stars north and south
of the galactic plane; the corrections to be applied to
the tabulated values in order to reduce them to the
corresponding distances from the plane of symmetry can
then be computed. The correction to log A is not very
important, it averages + ‘003 for & << 80 parsecs and
is negligible for larger values of z. Though it is doubtful
whether the actual conditions are such as mentioned
above the correction has tentatively been applied.

The final values of log A are shown in columns 3
to 6 of Table 13. In each column I have added a
constant of such size that the first number is reduced
to zero. The first column shows the parallax limits,
the second column shows the average distance from
the plane of symmetry to which each density in the
first part of the table refers. The estimated mean
errors of log A have been added; they were computed
on the assumption dat the unit of weight used by
VAN RHIJN corresponds to a mean error of + -082.
A graphical representation of the change of log A
with & for the groups with absolute magnitudes between
— -5 and + 3'5 will be found in Figure 1.

TABLE 13.

Logarithms of densities

at different distances.

- \ M + 40° to 4 go° galactic latitude 0° to + 20° galactic latitude
ZN\ | —1r5t0 —5|—5to 415|415 to +3'5 435 to 4575/ —1'5 to —'5/—5 to 41'5,-+1'5 to +3'5|+3'5 10 +5°5

> "o158| 44 ‘000 +°'043| ‘000 +°0I7| ‘00O +'020 *000 000 .00
“o100to "0158| 69 | ‘000 +4'092|—'023 +'025/—'036 +'022|—014 +°'033 ‘000 + 018 + 048 -+ 119
‘0063 » '0100| 110 |—'061 =+'050|—'104 =+°'020|—'109 +'020|—'081 =+°039| — 062 + oIl + 073 ~+ 123
‘0040 » 0063 | 174 |—'232 +'032|—246 +'018 —251 +-019|—'170 +'036] — 153 — ‘044 + 035 -+ rc70
‘0025 » ‘0040 275 |—'504 +'039|—4065 i'018|——'422 +°027|—365 +°'028] — 345 — 131 — 019
‘0016 » -0025| 438 |—777 +'035— 706 +'026|—738 4031 — 566 — 266 — 117
‘0010 » "0016| 694 -1'113 +°'039

In the last part of the table the densities found in
corresponding shells of distance in the area from
0° to =+ 20° galactic latitude have been added. Except
in the first group there is no evidence of any decrease
in density for distances smaller than 250 parsecs.
This fact gives some additional confidence in the
general method according to which the densities have
been computed. The decrease shown by the first group
is probably due to the strong galactic concentration
of the B and A type stars; part of it may be due to

systematic errors in the mean parallaxes of the absolutely
brightest stars. On account of this uncertainty a rela-
tively small weight has been given to this group in
the computation of the mean force K(z).

In his article “On the decrease of star-density
with distance from the galactic plane” 3) LINDBLAD

1) 4. NV. No. 4692, 1913.

2) Proceedings National Academy, Washington,13,387,1927.

3) Arkiv f. Matematik, Astronomz o. Fysik, Bd. 19B, No. 15,
1926; Meddelanden Upsala, No. 14.
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discusses the density distribution of Go—Kz2 giants
and B8-—A3 stars in a region centered at roughly
103° galactic longitude and + 46° latitude. Assuming
the stars to be distributed in plane parallel layers
we may use these data for a determination of the
density distribution in the direction perpendicular to
the galactic plane. The relevant data will be found
in Table II of LINDBLAD’s article (for the Go—Kz2
giants the average of the columns DI an DII was
assumed). A similar investigation has been made by
J. H. PETERSSON*) who investigated a region near
190° galactic longitude and 4 27° latitude. On account
of the lower latitude of this region a greater extra-
polation is necessary to arrive at the density distri-
bution in the z-direction. It will be seen from Figures 2
and 3, where LINDBLAD’s and PETERSSON’s densities
have been plotted, that the two determinations are in
good agreement.

FIGURE 2. FIGURE 3.
o 100 200 300 o 100 200 300 #
logA
000 o o
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"x \ e
40 AN
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o
20 \
\ Density distributions of A
900 stars (Figure 2) and Go—Kz2
o giants (Figure 3)inadirection
perpendicular to the galactic
8-80 plane.
Dots refer to LINDBLADs
results, circles to those of
360 R PETERSSON.

The density distributions were derived from accurate
observations of the spectra of stars down to about
11-0 photographic magnitude, the classification being
made according to Draper classes as well as to new
criteria which were especially studied by LINDBLAD
and his collaborators. The main difficulty is in the
calibration of the absolute magnitude criteria and
especially in the determination of the distribution of
the true absolute magnitudes of stars of given spectral

*) Meddelanden Upsala, No. 29, 1927. Compare especially
Table XXVIII, p. 5o0.
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characteristics. In this respect the results mentioned
may still be considered as more or less uncertain. In
the next section the force KA(z) derived from these
data will be compared with that derived from the
densities of Gromingen Publication, No. 38.

A special region surrounding the north galactic
pole has been investigated by MALMQUIST *) who has
determined colour indices of all stars in this region
down to about the 13th magnitude. In the paper
quoted the density distribution of the white stars
(colour index between ‘00 and -24) has been discussed.
I have not used these densities in the present inves-
tigation because the results appeared to be uncertain
for two reasons. In the first place it is to be feared
that the accidental errors of the colour indices have
caused an undue proportion of faint stars which in
reality possess somewhat larger colour indices to be
included in the group of white stars, thereby spoiling
the density results. In the second place 15 out of
the total number of 39 white stars discussed were
excluded because of alleged membership of the Coma
cluster. The reality of this cluster is, however, still
doubtful and the exclusion is more or less arbitrary.

5. Derivation of the acceleration K(z) up to 2= 500
parsecs.

~ If K(2) is expressed in cm/sec?, z in parsecs, and if '
27 denotes the average value of the square of the
velocities in km/sec, we find from formula (7)

K(z) = 7:48.1079 Z* dlog (Z2. A)[ds. (9)

For stars with a Gaussian distribution of the pecu-
liar velocities Z* is independent of z and the only
function we need is dlog A/0z. In order to obtain a
first approximation of K (z) I started from this assump-
tion. For each of the four intervals of absolute mag-
nitude shown in Table 13 9dlog A/dz was derived
graphically from plots showing the relation of log A
to z. This relation is illustrated in Figure 1 in which
I have plotted the results for the groups with abso-
lute magnitudes between —5 and + 1°5 (dots) and
between + 1'5 and + 3-5 (open circles)?); the beautiful -
agreement between the densities in the two intervals
speaks well for VAN RHIJN’s densities.

It is probable that over the first 100 parsecs or so
K (s) will increase about proportionally with z, so that
log A will be proportional with z2. Accordingly each
log A curve was drawn in such a way that the first
part fitted a parabola, log A = a 2. In Figure 1 a has
been taken equal to —0'9.10~5; the parabola fits the
observed points up to z = 100.

Yy Lund Meddelanden, Serie 11, No. 37, 1927.
2) In order to prevent overlapping the dots and open circles
were shifted a little apart in directions parallel to the curve.
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Having derived a first approximation of X (2) from
these graphs we can proceed to compute 22 for dif-
ferent distances and use formula (g) to derive a second
approximation of K (g). By this method of successive
approximations I arrived at the value of K (z) shown
in the second column of Table 14 and by the dotted
curve in Figure 4.

"In the course of the later investigations it became
evident that the velocity distributions preliminarily

FIGURE 4.

K (2).109

40

20

600 z

o 200 400

The acceleration K'(2).

z Is expressed in parsecs, A'(z) in cm/sec2. The values finally
adopted are represented by the full-drawn curve; the dotted
curve is the preliminary result in the 2nd column of Table 14.
The points plotted refer to different groups of absolute
magnitude: — I'5 to — '5 crosses, — 5 to + 1'5 dots, -+ 1°5
to -+ 3'5 dots surrounded by circles and + 3°5 to 575 circles.
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assumed in the computations of this X (2) (especially
that of the B stars) needed considerable corrections. Ac-
cordingly it was decided to make a new computation
of the force (to be denoted by K" (2)) with the corrected
velocity distributions. In these new computations the
first step was to eliminate the B stars. Assuming
/ = -200 (Table 7) and a percentage of B stars as
indicated in Table 8 the preliminary force X(z) enables
us to compute in each interval of absolute magnitude
the densities of B stars at different heights. Let us
denote by A’ the densities remaining after subtraction
of the B star densities and let us compute 22 for
different values of z with the aid of A (z) and the
definitive velocity distributions in Table g. A graphical
determination of dlog (Z%.A')/dz yields the corrected
values of the force as shown, separately for the four
groups of absolute magnitude, in columns 3 to 6 of
Table 14; the relative weights of the four determina-
tions are added between parentheses. The weighted
average K (z) is in the 7th column. A smooth graphical
representation of K'(z) and of the points derived
from the separate groups is shown in Figure 4 (full
drawn curve). The agreement of the results of the
various groups as shown in this figure and in the
table is satisfactory and gives confidence in the general
correctness of the derived force.

For the convenience of eventual later computations

of density distributions the values of { K’ (g)dz, inte-

grated with the aid of the smooth curve in Figure 4,
are added in column 8. (KX’ (z) is always expressed
in cm/sec?, z in parsecs).

I have also derived K(z) from LINDBLAD's and
PETERSSON’s data. In this case the assumption of a
constant average velocity will not be far wrong. For
the yellow giants the average velocity is + 15-3 km/sec
according to Table 7. Table 7 yields an average velo-
city for A stars amounting to + 7-5 km/sec. It was
found from radial velocities that for Ao — A3 stars
the average velocity was about 15 °, lower than that

TABLE 14.
2 LINDBLAD and PETERSSON
. K(5). 109 Corrected values of X(z). 109 KI,\EIe)an 9 xo9f[(’(z)dz K(z). 109
Z).10

—1'5to —5 | —5 to 15 |[+1'5 to +35|4+3'5 to +5°5 ° B$ —A3 | gGo— gKz
50 | —115 |— 78 (o) |— 78 (iz) |— 57 (1) |— 96 (1) | — ‘77 21 —13 —2°8
100 2'30 168 (i) | 168 (1) 120 (1) 196 (*/2) 155 86" 27 55
150 315 274 (*q) | 280 (1) 196 (1) | 332 (%s) 2'59 193 37 79
200 380 425 (%) | 348 (3/2) | 281 (1) 391 (1) 352 342 28 69
250 380 566 (7/2) 3'53 (3/2) 330 (1) | 417 (%) 378 526 22 62
300 380 453 (F2) | 355 (3[2) | 367 (1) |—446 (*/2) 386 716° — 18 — 58
400 375 | —414 (1) 344 (2) |—370 (1) 368 I100°
6oo | —380 — 444 -(1) — 444 1884
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for Ao — Ag stars, accordingly a value of 4 6°5 km'sec
was adopted. However, this result is still rather un-
certain. For 2% we find 66 and 367 for the two kinds
of stars respectively; combining these results with the
values of 0log A[0 z determined graphically from the
curves in Figures 2 and 3 we arrive at the numbers shown
in the last two columns of Table 14. The accordance is
not particularly good; in both cases the force decreases
more rapidly than in the former determinations; for
2> 150 the two deviate in opposite directions from
K’ (s). It may be noted that the regions treated are
at fairly low latitudes and only about 45° from the
direction opposite the centre so that the results may
not be quite comparable to those derived above.

6. Numbers of stars of different magnitudes for each
spectral class separately.

If the distribution of visual absolute magnitudes is
denoted by & (M), the number of stars per square
degree and of apparent magnitude 7z — 05 to 72 4+ 0°§
by A (m), the relative density by A (chosen in such
a way that A =1 for z=0) and the distance by p,
we have

A () = — 3'046.10_1"02 AP (m+5—s5logp)dp=

o
-+ o0

= 7'01.10—4fp3 AP (m + 5 — 5log p) d (log p).

—o0

(10)

If the frequency of the velocities 2 is represented by
ie_[laz'z

a sum of Gaussian distributions, 26;/; v , the
™
density A may be expressed as follows
. 8 7.2 Zz g7
A—=36, 102 67.10 Zz(,)/‘ A(z)a’z' (11)

s=psiné Is expressed in parsecs, K (z) in cm/sec*
and Z in km/sec.

Numbers of stars between given limits of apparent
magnitude have been computed for each spectral class
with the aid of formulae (10) and (11) and are com-
pared with counts of stars in the Henry Draper Cata-
logue in Table 15. The numerical integration of for-
mula (10) was made by steps of 0'20 in log p, which
proved to be sufficiently small for all practical purposes.

The counts were made in the region from 11P0™
to 14"30™ right ascension and from + 10° to + 50°
declination, extended to -+ 5° declination between
11*30™ and 14"0®, and an equivalent region at the
opposite point of the sky. The counts for the first
region, surrounding the north galactic pole, are shown
under O, in the table, those of the region around the
south galactic pole are shown under O;. The columns
headed O contain the average of the two, except in
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the last division where it is identical with O,. The
average latitude of the stars counted is estimated to
be about 75°. Each region contains 1970 square
degrees. According to SHAPLEY and others the Draper
Catalogue is supposed to be practically complete up
to 82 visual magnitude. In the southern hemisphere
the limit is probably considerably fainter; for this
reason the interval 8™26 to 8™75 has tentatively been
added. It should be noted, however, that very consid-
erable errors may arise from systematic and accidental
uncertainty in the magnitudes.

In order to carry out the computation of A according
to formula (11) we want a knowledge of K (g). Up to
z=0600 ps the force used has been practically that
shown in the second column of Table 14 (dotted curve
in Figure 4). The extrapolation beyond 600 ps has
been made by means of the curve K; in Figure 7,
(for the explanation compare page 271). The extra-
polation is of little consequence for the comparisons
with the counts of stars in the Draper Catalogue, but
it has been of influence on the computed numbers of
fainter stars in Table 17.

The luminosity distributions, ®, required for the
calculation of the theoretical numbers were taken from
Groningen Publications, No. 38, Table 68. The velocity
distributions used will be found in Table 7. In the
original computations for the B and A types the
average velocity was supposed to be higher, viz.
+ 4'03 km/sec (/= -140) for the B stars and + 91
km/sec (/, =068, /, =020, 6, = -957) for the A stars.
Both velocity laws were known to be rather uncertain.
A comparison of the numbers calculated with these
velocity laws (shown under C in the table below) with
the numbers observed in the Draper Catalogue shows
very large discrepancies; the factors by which the
observed and computed numbers differ show a pro-
nounced increase with theapparentmagnitude, indicating
that the error is not in the adopted luminosity distri-
bution but in the velocity law. The computations were,
therefore, repeated with different velocity laws, the
average velocity being so much decreased that the
agreement between observed and computed values
became satisfactory. The numbers finally computed
are shown under (’, the final velocity laws being
those given in Table 7. (The average velocities found
in this way are + 282 km/sec and + 7-6 km/sec for
the B and A stars respectively).

A comparison of the columns O and C for the
spectral types later than A shows that the agreement
is very good for the F stars and reasonably so for
the G stars. The K type stars show a very serious
disaccordance, the computed numbers being about 2-5
times too large. As there is no distinct dependence
of this factor upon the magnitude it is very probable
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TABLE 15.

Comparison of counts in the Draper Catalogue with numbers of stars computed with the aid of A{(2).
The numbers refer to a surface of 1970 square degrees and to about 75° galactic latitude.
Preliminary or tentative numbers have been placed between parentheses.

Myie, 4'00 to 5°99 600 to 7°97 7'98 to 825 826 to 875
Spectr. On Os| O] C | C | 0n O] O] C|C|0Ox 06| O] ClC| O 05| 0] cC|C
Bo to Bg 2 9| 6| (10 7 9 I35 ‘ 12 (32)| 11 1 3 2 (6) 1 o 2 2 (8) 1
Ao » As | 42 30| 36| (33)] 29 164 133 | 148 | (219)| 154 | 48 39 | 44 | (62)| 41 71 72 72 [(140); 97
Fo » F8 | 22 21| 22| 22 288 224 | 256 | 274 153 138 | 146 | 116 283 301 | 301 | 326
Gov» Gs ;13 16|14, 20 128 252 | 190 | 201 129 125 | 127 | 8I 299 332 | 332 ! 216
Ko » K5 | 38 50| 44 [(106)| 50 | 396 377 | 386 |(1009)| 473 | 213 167 | 190 |(384)| 175 | 362 318 | 318 |(941)| 429
Ma»Md [10 7| 8 9| (8) 49 47 | 48 69 | (57)] 16 12| 14| 24| (20)] 16 18| 18| 55| (45)

that neither the adopted force nor the velocity dis-
tribution (which, moreover, is well determined for these
stars) can have caused the discrepancy. It is probable
that the fault lies with the assumed luminosity dis-
tribution. In B. A. V. No. 239 a luminosity curve has
been derived from data given by STROMBERG (see
the last column of Table 16, log ®,). It deviates
widely from VAN RHIJN’s curve and the deviation is

- such that it explains all of the above discrepancy,

as will be evident by comparing the observed numbers
of K stars in Table 15 with those in the column (),
which have been computed with the new luminosity
curve.

The M stars in Table 15 also show some dis-
cordance, the computed numbers being about 15 times
too large. In this case it is unlikely that the failure
is due to the brighter part of the luminosity curve,
as the average results derived from STROMBERG's data
do not deviate appreciably from VAN RHIJN’s curve.
The very uncertain part of the luminosity curve be-
tween -+ 2M and + 8™ may have influenced the com-
putations, but even under the rather extreme assump-
tion that these intermediate stars are entirely absent
the computed numbers (shown under C’) remain some-
what too high. It should be remarked that the differ-
ence between O and C in the last division of the
table is probably due to incompleteness of the counts
for red stars fainter than 8'2 visual magnitude.

Table 16 shows the luminosity distribution of K stars.
The distribution adopted by VAN RHIJN is given
under log ®@,; log ®@,, in the third column, is a com-
bination of the luminosity curve as determined by
VAN RHIJN from proper motion parallaxes and the
results derived by the same author from trigonometric
parallaxes *); log ®, has been used for a preliminary

1y Groningen Publications, No. 38, Table 46, 2nd column
(Method I, A) and s5th column respectively. The transition from
the “Method I”” curve to the “Trig.” curve has been made between
the absolute magnitudes + 2'5 and + 3°5 (international scale).

TABLE 16.

Luminosity curves of K stars.

M. log @, log @, log @5
vis. + 10 + 10 + 10
— 40 3'02 2°41
30 349 300 3711
2'0 4706 395 368
— 10 490 478 449
oo 580 543 565
+ 10 625 5'95 564
20 620 630 565
30 5-82 613 5°99
40 5°94 618 624
5°0 664 665 670
60 718 7704 707
7°0 7°32 7723 7°26
80 7'36 736 7°37
+ 90 7°40: 7°40: 740

correction to the luminosity curve in the computa-
tions of A(m,g) in the eighth section. The last column
of the table gives the new luminosity curve as derived
in B. A. N., No. 239, and extended towards the faint
absolute magnitudes with the aid of VAN RHIJN’s
trigonometric parallax results.

In Table 17 the computation of the numbers of
stars of various types has been extended to the 12th
visual magnitude. The corrected luminosity law, log ®,,
was used for the K stars. Giants and dwarfs, and also in
some cases the intermediate stars, have been tabulated
separately. The table gives the number of stars be-
tween m — o'5 and m + o'5 (Harvard visual magni-
tude), » being given at the top of each column. The
computations were made for three different latitudes,
+ 80° <+ 40° and =+ 20° as indicated in the table.
It was assumed that up to the distances of 12th mag-
nitude stars in latitudes of 20° or greater the average
density is constant in layers parallel to the galactic
plane. It will be shown in section g that this assump-
tion is very nearly fulfilled if densities averaged over
all galactic longitudes are considered.
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TABLE 17.
Computed numbers of stars per square degree for different visual magnitudes.
Draper Visual vsci?cl)z‘frs’ galactic latitude 8o° galactic latitude 4o0° galactic latitude 20°

R m m m m m m m m m m m m m m m

Spectrum | abs. mag. index | 40 1 60 ’8'0 .10'0 ‘xz'o 40 l 6'0 l 80 |100|12'0 | 40 | 60 ’ 80 ‘ 100 [ 12'0
Bo—Bg — 07 | '00069| *0028| ‘002 'oo| ‘00 | '00I1§| '0057| ‘013 | ‘00| -0O |'00250|0127| 058 | ‘07| ‘0O
Ao—As + o8 200 170| 71| 24| 1'20 234| 250/ 139 ‘43| 2°'10 250 340| 310 1'37| 4'50
Fo—F38 + 57 129| 170| 191| I'35| 525 132| 185/ 220|204 |10'80 137| 207| 273 | 3'08|24'50
Go—Gg <4+ 4| 4103 42| 27 5/ oo| ‘oo 55 44| 17| 01| ‘0O 71 72| 50| ‘12 ‘03
» +5t0 4+ 34| 4 1°03 52| 76| 81| 46| 138 52| 80| 104 79| 300 52| 83| 122 1'39| 870
» Z+35]+ 79 18| 28| 44| ‘58| 525 17| 27| 43| 64| 730 17| 27| 43| 66| 950
Ko—K3s <4 14| + 160 282| 324| 240| 81| 1'58 294 378| 360|179 | 4°17 320 454| 540 427 |1670
» +15tof+ 34| + 134 15 23| 32| 28| 112 15 24| 35| ‘40| 2°31 15 24; 38! ‘52| 490
» >+35| 4 108 6 9| 14| ‘19| 1'82 6 9 14| 21| 2°44 6 9I 15 22| 316
Ma—Md <4+ 34| 4+ 188 56/ 60| 38 ‘13| -27 6o| 75| 61| 281 ‘73 64 92, 103 71| 270
» >+ 35| + 1°76 | *00000| ‘0009| "'000| ‘00| 0§ | *00000 0000, 000 | ‘00 *06 | ‘00000 "0000 "000| 00| ‘07
Sum *00800| *'0887| *716| 404 [17°92 | *00980| *1129|1°006 |6°59 |32°91 | *01182| "1435[1°552 12:41 | 74'76

Direct counts ‘0085 089 |68 | 44 |174 |'o115 |11 | "96 |60 [30'8 |‘'0I53 |‘I51 (140 |10'2 |6I'I

Readers should be warned that the numbers of
A stars and giants in the columns referring to the
12th magnitude are quite uncertain, the uncertainty
being due to insufficient knowledge of the exact
percentage and distribution of high velocities.

Among other things the table informs us about the
relative number of giants and dwarfs among stars of
different apparent magnitudes. We see, for example,
that, whereas among 6th magnitude K stars near the
galactic pole about I out of 40 will be a dwarf fainter
than + 3M4, the chance that a high latitude K star
of the 12th magnitude is such a dwarf is about 40°/ ;
at 20° latitude the same chance for a 12th magnitude
star is only about 13°/,.

Sums of the numbers of stars of all types have
been formed at the bottom of the table. The last line
shows the results derived directly from counts of stars
(Harvard visual scale). In the first division of the
table (80° latitude) the B stars were omitted in the
formation of these sums and the counted numbers
were read from the curve in Figure 5. For the other
latitudes the B stars were included and the counted
numbers were derived from Table V, Groningen Publi-
cations, No. 27. It will be noted that the agreement
between computed and counted total numbers is
remarkably close down to the 12th magnitude.

TABLE 18.

b=+480° | b= +40° | 6=+ 20°
Mmyis. SEARES

c.i. 4 c.i. d c.i. d
40 |+-90 £69| 484 +70|+ 74 £72| 62
60 ‘99 64 ‘94 66 88 69 67
80 ros 55| 103 ‘59| 97 66 73
10°0 J95 47| 101 °50( Io5  °57 ‘79
120 |+85 39|+ 88 + 42|+ 97 48| 485

© Astronomical Institutesl of The Netherlands ¢

With the aid of the numbers given in Table 17 it
is easy to derive the distribution of colours for stars
of a given magnitude and from these the average
colours of stars of given visual or photographic mag-
nitude. The results are shown under c.. in Table 18.
They are arranged according to Harvard visual mag-
nitude. The colour indices used for the different spectra
and absolute magnitudes are those given by SEARES *) and
are shown in the third column of Table 17. The mean
square deviation of the colour indices from their average
is given under &, in the third column of Table 18.

The average colour indices ¢,, computed with SEARES’
formula ) ¢, = + ‘50 + ‘029 m2,, are added in the last
column. According to SEARES’ curve in Figure 2 (l.c.)
a correction of roughly + 20 would reduce these to
80° latitude; for 40° latitude the correction would
be + 10 while for 20°'it is approximately zero. The
agreementbetween the present values and those compu-
ted from SEARES' data is not particularly good, the
difference being probably due to a difference in division
into spectral classes and to the fact that SEARES
assumes a considerably greater proportion of dwarfs
among the K stars.

7. Counts of stars in high galactic latitudes.
The only source from which we may get information
about the force K (2) at heights greater than 500 parsecs

Y) Astrophysical Journal, 55, 198, 1922; Mt Wilson Con-
tributions, No.226, Table XII. I have assigned the colour indices
given by SEARES for G giants to all G stars brighter than 4 35
absolute magnitude; those given for K giants have heen used
for the K stars brighter than 4 1°5 absolute magnitude, whereas
to the K stars between 4 1°5 and 4 3°4 absolute magnitude a
colour index intermediate between that given for dwarfs and for
giants has been assigned.

2) Astrophysical Journal, 61, 114, 1925; M:.
tributions, No. 287..

Wilson Con-
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is the number of faint stars observed in the direction
of the galactic poles. At the same time counts of

stars in these regions will afford a very welcome check:

on the general correctness of the force at smaller
distances from the galactic plane. A discussion of the
direct counts will be given in the present section. In
the next section the counts will be compared with
the computed numbers.

Visual magnitudes.

The principal data have been taken from the well-
known study by VAN RHIJN ). Between the magnitudes
7 and 9 these data were supplemented by the results
of PANNEKOEK’s careful reduction of the Bonn and
Cordoba Durchmusterung to the Harvard scale?).
For the visual magnitudes VAN RHIJN’s numbers rest
on an earlier investigation by KAPTEYN *), the numbers
down to # = 10 being identical with those given by
KAPTEYN. For the fainter magnitudes VAN RHIJN has
applied a considerable scale correction to KAPTEYN's
results so as to bring them into accordance with the
counts of the Selected Areas (the later Harvard-
Groningen Durchmusterung) which, for the purpose
of this comparison, were reduced to the Harvard
visual scale.

On account of the uncertainty of the velocity distri-
bution of these stars it has been thought preferable
to exclude the B type stars in the following com-
parisons. The numbers of B stars of different apparent
magnitudes were found from counts in KAPTEYN’s
M.S. copy of Boss’ Catalogue and from the Draper
Catalogue 4). The numbers adopted are shown in
Table 19. It was assumed that the average colour
index, Mt. Wilson photographic minus Harvard visual,
was —0°20. In the zones + 50° the numbers of stars
fainter than 6'0 were not counted but computed on
the roughly verified assumption that the average
numbers are about 3 times higher than those in the
80° zone. It is easy to extrapolate the table to fainter
magnitudes and to prove that beyond = = g the
exclusion or inclusion of the B stars has practically
no effect on the total numbers of stars.

The logarithms of the numbers of stars between
m — 0’5 and m + o'5 computed from VAN RHIJN’s
table and diminished by the numbers of B stars accord-
ing to Table 19 are plotted in Figure § (4 80° latitude)
and in Figure 6 (& 50° latitude); the curves represent
the average of the counts in the northern and southern
galactic hemisphere. As PANNEKOEK’s counts must

1) Groningen Publications, No. 27, Table V, 1917.

2) Publications of the Amsterdam Astronomical Institute,
No. 1, 1924.

3) Groningen Publications, No. 18, 1908.

4) For the region counted see page 263.

B. A.N. 238.

TABLE 19.
Numbers of Bo—Bg stars per square degree.

\ + 80° + 500 _ 500 — 8co
7vis.
< 22 *0000 ‘0001 ‘0005 *0000
22 to 32 [} I 4 o
32 » 42 o 3 13 o
42 » §2 6 - 10 40 26
52 » 62 15 26 58 20
62 » 72 25 75 123 41
72 » 82 20 60 123 41
82 » 92 ‘0024 : ‘0072 : ‘0120 ‘0040 :

be considered more trustworthy than the older B.D.
counts the log A (») curves finally adopted were drawn
through the points computed from PANNEKOEK’s data
(after exclusion of the B stars).

The computation of these latter points from the data
in Amsterdam Publ., No. 1, requires some explanation.
They were made with the aid of PANNEKOEK's Table 58
which summarizes the results of the B. D. counts in
regions of about 400 square degrees arranged accord-
ing to galactic latitude and longitude. In this table A
signifies log 4 — log A,, where 4 represents the average
number of stars per square degree found for each
region from the detailed data in Table 57 and A4,
the number of stars between m — o0'5 and 7 + 0'5
in the schematical system from which PANNEKOEK
has started. Log 4, is tabulated in the second section
of PANNEKOEK’s Table 4. From this table I have
recomputed the mean numbers, A,, for the zones
40° to 60°, 60° to 80° and 80° to go° galactic latitude
and for the magnitudes 56, 358, 6-9, 77, 8:3 and
89 to which A, to Ag of Table 58 refer (compare
page 71). For each of the A’s tabulated we can com-
pute the corresponding value of log A, from which the
schematical 4, has now been eliminated. The A’s
obtained were averaged over each of the 6 latitude
zones considered and are tabulated in the first 7 columns
of Table 20. In the last 4 columns the B stars have
been excluded and the results have been smoothed
and reduced to the latitudes + 80° and =+ 50°.

In recent years considerable doubt has been thrown
on the correctness of the Harvard visual scale by the
investigations of SEARES.®) As my original computa-
tions, on the Harvard scale, showed a great divergence
from the counts, it was feared that errors in the mag-
nitude scale might have had an important influence
on the results. Though it was found afterwards that
the original discrepancy was mainly due to an error
in the luminosity curve, yet the influence of possible
scale errors appeared to be important enough to justify

Yy Astrophysical Journal, 61, 284, 1924 Mt. Wilson Con-
tributions, No. 288, -
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TABLE 20.

Values of log A(m) derived from PANNEKOEK’s reduction of the Bonn and Cordoba D. M.

b B stars included B stars excluded
Mmvis. + 830 + 680 + 49° — 49° l — 680 ] — 83° + 80° + 50° — 50° — 8o°
i

56 8:874 8745 8796 8:803 8:823 8:664 8:80 876 877 873
58 8-878 8-818 8914 8:904 8-903 8:836 8-84 8-88 8-88 8:86
69 9361 9°344 9423 9424 9393 9368 935 940 941 937
77 9671 9699 9772 9789 9'720 9706 968 976 978 971
83 9902 9961 0054 0066 0001 9'980 993 004 006 9'99
89 0’159 0232 0328 0334 0272 0224 o'19 0'32 033 025

a recomputation of part of the results on the basis
of the Mt. Wilson photovisual scale of magnitudes,
this being the scale which deviates most from the Har-
vard magnitudes. The Potsdam visual scale shows
deviations of the same character but about two times
smaller.

In the following I have tentatively applied SEARES’
corrections to the Harvard magnitudes, viz.:

+ 07 (m — 6) between 6™0 and g™jg and

— 08 (m — 12°5) for m > g'5; they are in the second
column of the following table. The third column,
A;log A(m), has been determined from the visual
curves in Figures 5 and 6 (which are on the Harvard
scale) and shows the consequent correction to be
applied to log A(m). If we assume that the photo-
visual scale is correct the intervals of one Harvard
magnitude over which the counts were made also need
correction. The correction to log A(m) caused by the
errors of the intervals is shown under A, log A() in
the fourth column, the total corrections, A, + A,, being
in the last column of the table.

TABLE 21.

Corrections for reducing log A(m) to the Mt. Wilson
photovisual scale.

m Aim A log A(m) | Az log A(m) | Alog A(m)
60 ~+ o1 — 005 — -o17 — 022
7'0 ‘07 32 29 61
80 ‘14 62 29 91
9'0 21 86 — 29 115
100 20 74 + 36 38
| § 8] ‘12 38 36 — 2
12°0 + ‘o4 — oIl + 036 -+ o025

Photographic magnitudes.

The data for photographic magnitudes were taken
from Table 5 of Groningen Publications, No. 43. The
magnitudes in this table are on the international scale.
To a certain extent the log A(m) values have been
smoothed by VAN RHIJN and for the fainter magni-
tudes, which have not been observed south of —15°
declination, they have been tentatively corrected so
as to represent the averages of complete latitude zones.

The Bo to Bg stars were eliminated with the aid of
Table 19 of the present article and the log A(m)
obtained are shown by the lower curves in Figures
5 and 6.7)

The remarkable smoothness of these curves (when
drawn on a larger scale) speaks strongly for the cor-
rectness of the Mt. Wilson magnitude scale over a
long range of magnitudes. It should be noted that up
to m = 105 or 110 the curves have been derived
entirely from visual magnitudes (from 50 to 105 they
were checked by the present author who recomputed
the numbers of stars of each photographic magnitude
from PANNFKOEK’s counts in Table 20 with the aid
of the colour distribution found in Table 18). It is cer-
tainly remarkable that the numbers computed in this
way fit so beautifully to the part of the curve beyond
m = 12, which rests on counts of stars on photo-
graphic plates. '

The regularity of the curves is also illustrated by
the closeness with which they can be represented by
a quadratic formula. Nowhere between 2 — 3 and
m — 18 does the curve for &= =+ 80° deviate more
than -025 from the formula

log A (m) = — 0122 m* + 612 m — 4°60.

The average residual without regard to sign is only

about + -or1I.

1) In Mt Wilson Contributions, No. 301 (Astrophysical
Journal, 62, 343, 1925) by SEARES, VAN RHIJN, JOYNER and
RICHMOND, numbers of stars have been derived from a material
which is very similar to that used in VAN RHIJN’s publication
cited above. The mean distribution of stars as derived by the
authors is shown in Table XVII of the Contribution. It is a
little surprising to find that, for the fainter stars at least, the
A(m) derived from this table for goe latitude come out nearly
25 °/o smaller than the corresponding A(») derived from vaN
RHIJN’s table, or from Figure 5 of the present article. Upon
closer inspection it was found that most, if not all, of the
discrepancy is due to an erroneous smoothing and extrapolation
in the high latitude region (compare Figure 1, M2. Wilson
Contributions, No. 301). The curves connecting log V() and
the galactic latitude should evidently become horizontal near
go° latitude. The curves drawn deviate markedly from this
apparently necessary condition and moreover they have been
traced systematically below the observed points at 73° and 79°
latitude. :
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Star counts at + 8o° latitude.
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Star counts at 4 5o° latitude.

Abscissae are apparent magnitudes, ordinates are logarithms of numbers of stars between m — I/, and m + /..
The upper curves refer to visual counts, the lower ones to photographic counts.

In comparing the curves for visual and photographic
magnitude it is evident that beyond m = 12 there
must be a systematic error in one of them, which
causes the rapid approach of the two curves. There
is every reason to believe that the error is in the
visual rather than in the photographic curve.

8. The accelevation K (z) for z greater than 500 parsecs.
Check of the acceleration for smaller distances.

In the first part of this section the numbers of stars
of given visual magnitudes will be computed and
compared to the direct counts. The main purpose of
these computations is to furnish a check on the
accelerations derived in the fifth section.

The computations for visual magnitudes were made
with the final values of the acceleration K'(2) as
given in the 7th column of Table 14 (Figure 4, full
curve). Except for the faintest magnitudes the extra-

polation of K’ (z) beyond 500 ps has relatively little
influence on these computations. The extrapolation
was made in agreement with K} in Figure 7.

The computations of 4 (#) have been made in the
same way as those for the separate spectra (com-
pare p. 263); the velocity distributions are given in
Tables 9 and 11. The luminosity law has been found
by addition of the luminosity laws for the separate
spectra as derived by VAN RHIJN*). Bo— Bg stars
have been omitted and a corrected luminosity curve
was used for the K stars. For the visual magnitudes
the definitive K star luminosity curve (given as log ®,
in Table 16 of the present paper) was used; the
computations for photographic magnitudes were made
before this luminosity curve had been derived and
only a preliminary correction was applied; this pre-
liminary luminosity curve is obtained from log ®, in

%) Groningen Publications, No. 38, Tables 68 and 71.
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Table 16 by applying the reductions from visual to
photographic absolute magnitudes *). With the consider-
able uncertainty still attaching to the reduction of
the visual luminosity curves to photographic ones it
was not thought worth while to repeat the rather
laborious computations of A4 () with the definitive
luminosity curve, the less so because it is easy to
form a rough estimate of the corrections which this
change would bring about. The visual and photographic
luminosity distributions used are shown in the second
and third columns of Table 22. For the convenience of
eventual later computations I have added in the last
column the photographic luminosity curve computed
with the definitive luminosity curve of the K stars,
but this has not been used in the computations for
the present article.

TABLE 22.

Visual and photographic luminosity curves.
(B stars excluded).

y Visual Photographic
log® + 10 | log® + 10 | log @' + 10
— 40 2'74

30 3'45 282 2'70
2’0 417 372 369
— 10 5°00 463 460
oo 591 543 - 5'40
+ 10 629 605 606
20 651 647 646
30 692 683 666
40’ 728 7°15 7°12
50 7'56 7°42 7'37
60 760 7'57 7°62
7°0 7°51 7°46 7°49
80 7°60 7°33 736
90 764 7'37 7'38
100 774 7°48 7'50
1o 7-88 761 761
12°0 802 776 776
13'0 808 788 7°88
+ 1470 7°97 797

From 8M-0 on the visual luminosity curve has been
mainly determined from VAN RHIJN’s curve for all
spectral types together (his Figure 1). From recent
trigonometric parallaxes I have lately computed some
new points on the faintest part of the luminosity
curve; these have been used for a slight correction
of VAN RHIJN’s curve.

In Table 23 the results of the computations for
visual magnitudes are compared with the direct counts
of stars in the zones & 80° and + 50° latitude respec-
tively. The counted numbers (under O) were read from
Figures 5§ and 6. The computed numbers are shown
under C. On the Harvard scale the agreement may

Yy Groningen Publications, No. 38, Table 70. Compare also
the footnote in the tirst column of page 258 of the present article.
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be called perfect for both zones. As is evident from
Table 20 the results of the comparison would not
have been less favourable if the southern and northern
polar regions had been compared separately, which
speaks in favour of our assumption of regularity in the
distribution of the stars. The agreement appears
especially satisfactory if we consider that the luminosity
curve has been almost entirely derived from stars of
the 6th magnitude and brighter and that the derivation
of the force, X' (2), is mainly dependent upon proper
motions and only to a slight degree upon the total
numbers of stars of each magnitude.

The slight deviations between observed and computed
numbers for % =4 and m =7 are probably due to
errors in the assumed luminosity curve; the negative
values of O — C for m =13 are probably due to a
systematic error in the Harvard visual magnitudes.

TABLE 23.
Log A (myis).

‘Comparison of observed and computed numbers of stars.

Harvard scale | Mt. Wilson photovis.
tvis. b= + 8o° b=+ 500 b — —+ ®co
o | ¢ 0 c 0 c | ¢

40 | 794 | 7°90 | 797 | 791 | 794 | 788 | 786
70 940 | 943 | 945 9’51 934 | 941 | 938
90 026 | o425 036 | 035 01§ 023 | 020
10°0 065 061 o076 | 074 | oo | 059 | 056
| § &} 0g8 | <95 I'10 1rog | 098 | 093 | 089
130 147 1'53 168 1'74 I'51 I'51 1'46

The observed log A (m) on the Mt. Wilson photo-
visual scale was obtained from the second column by
adding the corrections in the last column of Table 21.
The corresponding correction to be applied to the
luminosity curve and consequently to the computed
log A (in) is rather uncertain. VAN RHIJN’s mean paral-
laxes for the separate spectra have been derived for
a mean magnitude about 6-0. At this magnitude a
correction of — -0z should be applied to the loga-
rithms of the numbers of stars; this correction has
been applied to the values of log .4 () computed above.

It will be observed that between 2 —7 and m =9
the computed numbers are somewhat too high. If the
computations are made with the force K'(z) givenin
the second column of Table 14 and shown as dotted
curve in Figure 4, somewhat smaller values are ob-
tained, as will be seen from the last column, C, of
the above table. Though these values are in better
agreement with the observed values for the interval
7'0 to 9 o they are considerably too low for the fainter
and brighter magnitudes so that, on the whole, X’
seems to give the better solution. For the present
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this function should, therefore, be considered as the
final result for the acceleration up to &= 500 ps.

It is necessary to go to stars fainter than the 13th
magnitude in order to'get information about the ac-
celeration for distances greater than 500 ps. If the ve-
locity laws were accurately known our knowledge of
the numbers of stars down to the 18th photographic
magnitude would probably be sufficient to get a fair
estimate of K (z) up to 3000 or 4000 ps; our present
knowledge about the velocity laws is, however, not
sufficiently accurate for this purpose.

If Z, is expressed in km/sec, z in parsecs, K (2)
in cm/sec?, we find that the velocity needed by stars
near =0 in order to reach a height # must be

greater than or equal to Z(,:\/6'17.1o8 {z K’ (2)da.

Assuming that beyond 300 ps the acceleration is
given by K, in Figure 7 it is found that, whereas
velocities Z, equal to 30 km/sec and 46 km/sec are
sufficient to reach distances of respectively 500-and,
1000 parsecs from the galactic plane, distances greater
than 2000 parsecs are only reached by stars with
Z, > 67 km/sec. The computation of the densities at
such large distances depends entirely on these high
velocities, of which only a few have been observed in
our neighbourhood.

The amount of uncertainty of A (z) involved is best
illustrated by repeating the computations with different
velocity laws deviating within plausible limits from the
velocity laws adopted in Table 1:. The uncertainty
of the percentage of stars with a velocity modulus
/ = 020 was estimated to be about 5°/, (compare
the footnote on page 257). It should be noted that
for the K and M dwarfs, to which nearly all 17th and
18th magnitude stars near the galactic poles belong,
the uncertainty of the percentage of stars in this
component is probably larger. The computations of
A (m) have been carried out with four different sets
of velocity laws which I will denote by S,, S,, S,
and S,. S, represents the velocity distributions given
in Table 11; in S, 6, has been taken zero for the first
three absolute magnitude groups, equal to -03 in the
fourth group and ‘17 in the last group, 6, and 6,
being increased proportionally so as to keep the sums
8, +0,+ 6, equal to 1-00; in S, 6, has been taken ‘10
for the first three groups, '15 for the fourth group
and -27 for the last group, 6, and 6, being decreased
in proportion. In S, 6., 6, and 6, are the same as in
S;, but 2°/, stars with /=-0o10 have been added.
This is a rather extreme supposition as the high
velocities in general show a higher modulus, even in
directions parallel to the galactic plane.

The luminosity law used in the computations was

LEIDEN
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log ® in the third column of Table 22. The acceler-
ation used practically. coincides with K{(g) (dotted
curve in Figure 4) up to z = 400. Beyond this distance
two different extrapolations of K(z) were tried, as
shown in Figure 7. These were chosen in accord-
ance with the following considerations:

If we assume that the great galactic system is in
rotation around a distant centre, say at a distance
of 10000 ps, and if we adopt the following values for
the constants of the rotation effects: 4 = + 019 and
B =—-or1t1 km/sec. ps, the corresponding velocity of
rotation being 3co km/sec, we find that the attract-
ing force, X, of this system on a unit of mass near
the sun is 29.1079 g.cm/sec®. Let us assume, for a
moment, that this force is composed of two parts,
K, being exerted by a spherical mass around the centre
and X, by a homogeneous ellipsoid symmetrical around
the centre but extending beyond the sun*). In this
case we have K, /K=4A|3(A—2B)=-84, so that
K, = 24.107% cm/sec?, corresponding with a total
spherical mass at the centre of 1-71.10™ solar masses.
In a region surrounding the sun and extended in a
perpendicular direction above and below the galactic
plane this mass would cause accelerations as shown
in the second column of Table 24 (dots in Figure 7).
We may note that the value assumed for the distance
to the centre (or for the velocity of rotation) has
hardly any influence on the computed accelerations.
If the main attracting mass is supposed to have a
very flattened shape and to extend almost to the sun,
the accelerations K(2) caused by this mass may come
out rather different. For example, if it is supposed
to be an ellipsoid of revolution around the axis of the
great system with an axial ratio I:10 and extending
in the galactic plane to a distance of 9/10 of that to
the sun, the total mass required is less than half as
large as in the case of a spherical mass, viz. 8-0.10%°
solar masses (the corresponding density in this ellipsoid
is *34 solar masses per cubic parsec). In this case we
find that the accelerations K(2) due to the main
attracting mass are as indicated in the last column
of Table 24 and represented by circles in Figure 7.

TABLE 24.
Hypothetical accelerations, K (z), caused by the central
attracting mass of the great galactic system.

z Spherical Illipsoidal

250 6.10 — 9 1'0.10 — 9
500 12 » 2°0
1000 2°4 » 3’5
2000 4’5 » 5'I
4000 76 » 58
8ooo 91 » 47
16000 57 » 27

1) Compare B.A4./V., No. 120, p. 281 and No. 132, p. 88, 1927.

© Astronomical Institutes of The Netherlands * Provided by the NASA Astrophysics Data System


http://adsabs.harvard.edu/cgi-bin/nph-bib_query?1932BAN.....6..249O&amp;db_key=AST

T932BAN - 1.2 5% 124900

r

B.A.N. 238.

For the first extrapolation of K{(g), which I shall
briefly denote by X, it was assumed that for 2= 5000
the acceleration was equal to that given by the spher-
ical central mass, viz. 8-5.1079 cm/sec?, and the ac-
celeration was assumed to increase linearly with = be-
tween 400 and 5000 ps. The second extrapolation, K3,

LEIDEN
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has also been taken as a straight line but the abscissa
at z=5000 is twice as small as in the case of K,
(compare Figure 7). It will be shown that even the
18th magnitude stars must practically all be situated
within 4000 ps of the galactic plane so that a further
extrapolation is hardly necessary. It is evident from

o 1000 2000

4000

Extrapolation of K (2) up to z = 5000; Ka : upper line, K : lower line.
Dots and circles represent accelerations due to spherical and ellipsoidal central masses respectively.

the numbers in Table 24 that, from a theoretical
point of view, Kj; is almost certain to be too low;
even the rather extreme ellipsoidal case gives consider-
ably higher accelerations due to the central mass
only. If we take account of the matter in the larger
ellipsoids surrounding the sun these numbers should
still be increased by some 20 °/, or more. The reason
for its use is that with the velocity distributions adopted
it gives a better representation of the numbers of very
faint stars (compare Table 235, S;) and that the com-

parison of the results obtained with X, and K; will
give a good impression of the effect of a definite
change in K{(z) on the computed numbers. I believe,
however, that K, will probably be rather nearer to
the truth.

The logarithms of the computed numbers of stars
are shown in Table 25. The various columns will not
need much explanation. The first column gives the
Mt. Wilson, or international, photographic magnitude,
the following columns give the logarithms of the counted
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numbers of stars near the north and south galactic
pole and the average as read from Figure 5; the
further columns contain numbers computed with differ-
ent assumptions about the velocity distributions.

TABLE 25.
Log A(mtpg).

Comparison of observed and computed numbers of
stars for + 80° galactic latitude.

Counts St Se S3 Sy
+800 —8o°|Mesn| Ko Kz | Ko Ko | Ko Kb | Ka Kb

7pg

801 946 | 952 | 948 1956 9561952 9'52/9'58 §'59/9°58 958
110 | 061 | 0'70 | 0'65 079 0'80|070 ©0°70[0'85 0'86/0°85 0'86
140| 1’55 | 161 | 1°58 [1°62 1°68|1°45 146|174 1'79{1°83 I'gO
17°0| 2°33 | 220 | 2727 [2°11 228|189 2°03:2'27 2°44(2'§3 275
180 2'57 | 238 | 2'49 |2'19 2°40|1'99 2°16]233 2°55|2"68 296

In comparing the numbers in Table 25 the principal
attention should be given to the magnitudes 14, 17
and 18; there is no doubt that with the present state
of our knowledge the magnitudes 110 and brighter
can be better discussed from counts and computations
according to visual magnitudes. These showed an almost
perfect agreement and I believe we may safely conclude
that the large negative residual O — C shown for
m = 110 in the above table is due the fact that the
preliminary luminosity curve of the K stars was used
and possibly also to errors in the assumed colour indices.
If we assume S, to be correct the faintest magni-
tudes are well represented by K;. As has been stated
above I believe, however, that X, is more probable
than Kj; we should then have to conclude that the
dwarfs fainter than + 7 absolute magnitude contain
a greater percentage of considerable velocities than
was assumed in S, (and still somewhat greater than
in S,), but that for the absolutely brighter stars .S, is
more nearly correct.

An unsatisfactory feature of the table is the fact
that for all computations (especially if we leave the
somewhat improbable S, out of consideration) the
difference between log A4(18) and log A(17) comes out
much smaller than the corresponding difference in the

observed numbers. This may be due to the special type’

of velocity distribution used, or, more likely perhaps, to
theinfluence of star like extragalactic nebulae which may
have sensibly increased the counts for 7z = 18.

It is interesting, though not encouraging for the
determination of K(z) at large distances, to compare
the divisions headed S,, S,, S, and to notice how
strongly the computed numbers are influenced by
relatively slight changes in the velocity distributions.

B. A.N. 238.

It will be necessary to extend considerably our know-
ledge of the velocity laws before we can hope to obtain
a satisfactory determination of K (z) beyond z = 1000.
This may be done through a new discussion of the
space velocities of the nearest stars’); another, and
in some respects more satisfactory, way would be to
determine the radial velocities of faint stars near the
galactic poles; but as a considerable number of ve-
locities would be required this seems hardly possible
with the present telescopes. As an example to show
what might be expected the following average velocities
|Z| have been computed for stars of the 11th photo-
graphic magnitude with the four different assumptions
as to the velocity distributions at 2—=o0 (the percentage
of stars belonging to the Gaussian component with
/=-020 is added between parentheses):

S, + 1770 km/sec (29°/, with / = -020)
S: 2132, (5% n o)
S3 + 18'9 ” (41 0/o ” ” ”» )
S, £ 2224 ,, (14°/, with / = -010)

For certain investigations it may be desirable to
know approximately how the absolute magnitudes
and distances of stars of a given apparent magnitude
are distributed. These distributions have been obtained
in the course of the computations of log A4 (#); those
obtained with S, and KX, are shown graphically in
Figures 8 and 9. The irregular shape of some of these
curvesis due to the way in which the velocity distribution
has been represented by a sum of different Gaussian
components, It will be unnecessary to stress again
the uncertainty of the curves for the fainter magni-
tudes. They are intended to get an insight into the
nature of this uncertainty and as an illustration of
what might be obtained with better knowledge of the
velocity laws, rather than as a true representation of
these distributions.

It will be noticed from an inspection of Figure 9
that the bulk of the 18th magnitude stars are dwarfs
fainter than -+ 5-o photographic magnitude (presumably
mostly of K and M types and of high velocity)
situated at distances from 500 to 4000 parsecs. As
Professor HERTZSPRUNG remarked the 18th magnitude
stars in high latitudes may accordingly be expected
to have generally observable annual proper motions, of
the order of “-01 on the average.

1) The data used rest on SCHLESINGER’s parallax catalogue.
In a few years, as many new southern parallaxes become
available, it will certainly be worth while to redetermine the
velocity distribution,
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Distribution in distance of stars at 8o° galactic latitude.

Figure 8 shows the distribution for photographic magnitudes 11 (dots) and 14 (circles), Figure g for m = 17 (dots) and 7 =18
(circles). The computations were made with K and S; (see text). For m =18 the results with X and S; are also indicated
(dots surrounded by circles). Abscissae are logarithms of the distance, ordinates are numbers of stars within intervals of -2 of
log p. The numbers refer to an area of 356 square degrees, except for 7 = 11 where they refer to a’ ten times larger area.

9. The distribution of stars between 20° and 60°
latitude and the systematic change of density in
the great galactic system.

If the equidensity surfaces were planes parallel to
that of the galaxy it would be possible from the data
on the distribution perpendicular to the galactic plane
to compute the distribution in any other direction
provided it does not lie too close to the galactic plane.
Table 26 and Figure 10 indicate how far the above
supposition gives correct results if we consider means
over all longitudes. Under O, and O; the table shows
the logarithms of the average number of stars per
square degree between m— L1 and m + [ as com-
puted from Table 6, Groningern Publications, No. 43.
0, indicates the number for northern latitude, O; for
southern. In Figure 10 these have been entered as
dots and small circles respectively. The curves and the
columns C in Table 26 indicate the results obtained
by direct computation by formulae (10) and (11)
(page 263); the different functions involved were taken
the same as in the preceding section. The extra-
polation used for K(s) was that which has been

denoted by Kj;. The velocity distributions were taken
in accordance with Table 11 (S)).

In comparing the curves to the observed numbers
we should abstract from the constant differences
between the observed and computed values which
persist through all latitudes down to 20°. These differ-
ences have been discussed in the preceding section;
they may be due to relatively slight errors in the
adopted velocity and luminosity laws.

Probably the main effect of these errors is to dis-
place the computed curves in a vertical direction
without perceptibly changing their shapes. To some
extent this has been verified in the case of m =18,
where the computations were repeated for = 80° and
b = 20° with K, instead of K and with a slightly differ-
ent set of velocity laws (the same as S, in the preceding
section except that 1°/, stars with /= -o10 have been
added to the groups fainter than + 4M). The results
are shown under C in the last column of Table 26.

It is interesting to see how closely the average
observed and computed values agree if we correct
for the constant difference. Only near 10° the points
begin to fall systematically too low by about 0°14.
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TABLE 26.
Log A(myy).
Comparison of observed and computed numbers of
stars at different galactic latitudes.

m =18
os| ¢ | ¢

m =16
Un‘ Os C 071

gal. m =14
lat. O.| Os| C

80° |1'56]|1°59| 168|209 200|212 258|238 |2°40]|2'57
60 165 | 170 | 177 | 2°19 | 2°16 | 2'22 | 2°66 | 2°55 | 2°53
40 1'88 | 1°92 | 1'99 [ 246 | 247 | 2°47 | 2°90 | 2°94 | 2°84
30 2'05 | 205 | 2°16 | 2°68 | 2°66 | 2°68 | 320 | 3°18 | 3°I1
20 2°24 12°30 | 2°41 | 2°93 | 2°97 | 2'97 | 3°50 | 3°50 | 3743 | 3°55
1o [243|2'57 276|323 (335345383 | 4700|398

FIGURE 10.

1'50 £ 1

i l | | l
go°  8c® 7o° 60° 5o° 40° 30° 20° I0° b

Relation between observed and computed numbers of stars at
different galactic latitudes.

The curves represent computed values of log A4 (#) for the 18th,

16th and 14th magnitude. Dots and circles are observed values

for the northern and southern galactic hemispheres respectively.

The inference which can be made from this result
is that even for stars at 20° latitude and as faint as
the 18th magnitude the supposition. of plane parallel
density layers is practically correct if we consider
means over all longitudes. It would also appear that
down to this latitude there is no appreciable absorption
of light in the galactic system; if there was, the
observed numbers of stars would have been smaller
than the values computed with the assumption that
the absorption could be neglected. The inference is
rendered somewhat uncertain by the rather large

B. A.N. 238.

deviations from plane parallel density distribution
which are found below, but I think it is not likely
to be very much in error. At m = 16 or m =18 an
absorption of half a magnitude would have lowered
log A (m) by roughly o'15. It seems very difficult to
reconcile the results in the present section with an
absorption of such an amount (cf. the graphs in
Figure 11, where it would be necessary, in case of
this absorption, to lower the zero lines in the 20°
zones by o-15). Now the distribution of extragalactic
nebulae gives rather convincing evidence that in the
galactic system the light of these nebulae must have
undergone an absorption of about three times this
amount, a very conservative estimate giving 1™35 (or
an equivalent total obscuration of 88°/, of the sky)
for 20° latitude. The contrast between the results for
stars and nebulae is all the more noteworthy as the
faintest stars considered are, on the average, about
as distant as the density surface where A — 1/100th
of the density near the sun.

It should be noted that the present findings are in
general agreement with those of KAPTEYN and VAN
RHIJN who have shown that, averaging over all longi-
tudes, the layers of equal density appear sensibly
parallel to the galaxy over a long range of distance ).
This result is now seen to hold even up to the
distance of 18th magnitude stars.

The foregoing remarks apply only to the average
number of stars over all longitudes. It is now well
known that the stars are far from being uniformly
distributed in galactic longitude. Our knowledge of
the systematic variation of the number of stars with
galactic longitude is due entirely to KAPTEYN’s Plan
of Selected Areas and to the careful discussions and
measures by SEARES ?) and VAN RHIJN 3). SEARES has
drawn attention to the fact that great part of the
variation with longitude can be represented by the
following simple formula: ’

Alog Nm)y=a +bcos({ — L")
The longitude of the centre, L', appeared to be the
same for all latitudes (in the following some indications
will be given that this law may be seriously disturbed
below 20° latitude), but varied somewhat with the
apparent magnitude 4).

The fact that, for the fainter magnitudes where L'
could be accurately determined, L' appeared to coincide

1) Compare Figure 2 of M¢. Wilson Contributions, No. 188;
Astrophysical Journal, 52, 37, 1920.

2) Astrophysical Journal, 61, 24 and 123, 1927; Mt. Wilson
Contributions, Nos. 346 and 347. :

3) Gromingen Publications, No. 43, 1929.

4) A similarity of the same kind was found by VAN RHIN
for the various coefficients of the Fourier series by means of
which he has analysed the star counts.
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with the direction to SHAPLEY’s globular cluster system
suggested that these numbers might teach us something
about the density distribution in the greater galactic
system. In his discussion of this problem SEARES starts
from - the simple assumption of a homogeneous and
sharply bounded stellar system. In trying to get numer-
ical results for the density distribution in the large
system he has limited himself to a discussion of the
low galactic latitudes, at least for fainter stars. From
this he concludes that the true features of the density
distribution in the general system are probably masked
to a large extent by absorption effects and by the
influence of a local cluster. The probable importance
of absorption effects near .the galactic plane is now
still more generally admitted than at the time SEARES
wrote his articles. Therefore, I propose to follow a
more or less opposite way, viz. to see what infor-
mation we can get about the large scale features of
the density distribution from the regions far from the
Milky Way, for which we know from the above
discussion that the influence of absorption as well as
of an eventual local system is unimportant.

For this purpose I have made extensive use of
VAN RHIJN’s discussion of the star counts. The dots
in Figure 11 were computed directly from Table 10
of Groningen Publication 43. They refer to the
numbers of stars between 13™5 and 14™'5, 15™5 and
16™5, 1725 and 185, respectively. The numbers
in VAN RHIIN’s table were obtained by means of
Fourier analyses in various latitude zones. As, accord-
ing to VAN RHIJN’s statements, the values computed
from the formulae fit the observed numbers very
closely there appears to be no objection to and con-
siderable advantage in using these smoothed values
instead of the numbers actually counted. The graphs
in Figure 11 show the variation of log A (#) with
galactic longitude for the latitude zones indicated to
the left of the figure. Positive and negative latitudes
have been combined in order to eliminate errors in
the adopted position of the galactic pole (which may
be quite important). It should be remembered that
for the region south of — 20° declination the magni-
tude scales have been rather inaccurately determined.
The errors in the scales may have influenced the
parts between 180° and 360° longitude, especially
those for # =18 which, in this part of the sky, rest
largely on an extrapolation. An extension of the
Mt. Wilson Durchmusterung to the southern hemisphere
is indeed a great desideratum. It seems improbable,
however, that the errors in the southern magnitudes
are of sufficient size and sufficiently systematic to
have seriously spoilt the general character of the
log A (m) curves. The quite satisfactory regularity
shown by the log A (m) curves if drawn separately
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for — 60° and — 40° latitude is an argument in favour
of this supposition. It is true that the curves for the
+ 60° and + 40° zones seem still more regular and I
have considered the possibility of using the amplitudes
derived from these curves?) instead of those from the
combined northern and southern zones, but in view
of the influence of errors in the galactic pole the
latter were preferred.

Except for the curve for 0° and — 2° galactic latitude
where it simply represents the average value of
log A (m) the zero lines represent the numbers of
stars to be expected if the equidensity surfaces were
parallel to the galactic plane. The zero lines were
inferred from the computed numbers in Table 26,
after correction by an amount constant for each
magnitude and determined in such way that the
differences O — C vanished near the galactic poles.

The principal features of the graphs in Figure I1
are a maximum near 320°, approximately the longitude
of the centre of the large system, and a minimum in
the opposite longitude. In general the maxima are
much flatter than the minima; also, the deviations
from the zero line seem much larger in 140° longitude
than in the longitude of the centre, which indicates
that at smaller distances from the centre the equidensity
surfaces become less inclined to the galactic plane
(compare Figure 12). It may be noted that the dark
nebulae in Taurus, situated between — 5° and — 30°
latitude, and between 125° and 150° longitude have
undoubtedly increased the depth of the minimum in
the 20° zone, but they cannot be responsible for the
whole phenomenon. The features described hold for
all magnitudes between 14 and 18 and for all latitudes
larger than 20° but they are most regular at 40°
and 60° latitude. At lower latitudes the irregularities
become absolutely as well as relatively more pro-
nounced. Below 20° they seem to become so important
as to make it impossible to trace the main effect
with any confidence. The star counts for + 10° and
0°/— 2°, m = 16, have been plotted in order to
illustrate this. For this and other reasons, cited above,
it was decided not to consider any zones below 20°
latitude.

Some traces of the general effect are still visible
for stars of the 12th magnitude, but not sufficiently
distinct to be of any use for computations of the
density gradient.

The graphs of Figure 11 are in many respects
similar to those published by SEARES and miss JOYNER *),
but there are some noteworthy deviations, mostly due

*) For 7, = 16 and 18 these are about 509/, larger than the
values given in Table 27.

2) Astrophysical Journal, 61, Figures 11, 12 and 13; Mz
Wilson Contributions, No. 346, 1926.
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FIGURE 11. Variation of log A (7) with galactic longitude.
The various zones of galactic latitude are indicated at the left side. The upper division refers to #» = 14, the central division
to m = 16 and the bottom part to 7 = 18. Each division of the vertical scale corresponds to a difference of ‘25 in log A(m).
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to the fact that SEARES and miss JOYNER did not
make use of the counts of ‘the Harvard-Groningen
Durchmusterung. At the time their article was written
only the total numbers of stars in each area had been
discussed. In order to get provisional data for the part
of the sky south of — 15° declination they used these
total numbers, assuming that the limiting magnitude
of all plates had been the same.

Now that complete counts of the Harvard-Groningen
Durchmusterung have been published and reduced by
vaN RHIJN there is little doubt that these results are
to be preferred. For though there is considerable
uncertainty about the scale errors in the southern
areas it is evident from the discussion of the areas
common to Mt. Wilson and Harvard that the variation
in these errors is much less than that of the limiting
magnitudes.

For m = 13'5 SEARES and miss JOYNER rely largely
on counts in Astrographic zones. I believe that there
are serious objections to the use of these counts for
our present purpose. The magnitude scale of each
zone of declination could only be determined indi-
rectly by comparing the star counts in the zone to
mean counts from other sources. As VAN RHIJN has
remarked, there is a danger that the assumption of
a constant scale for each zone might be to some
extent invalidated by seasonal influences. Moreover,
the effect of the galactic longitude on the determi-
nation of the scales has been determined exclusively
from the Mt. Wilson Catalogue of Selected Areas,
and for the southern zones from the total numbers of
stars in the Harvard-Groningen Durchmusterung, for
which a constant limiting magnitude was assumed. ")
For the southern regions the results had to rest on
this assumption as well as on the hypothesis that the
variation of log V(m) with galactic longitude is the
same for 17th magnitude stars as for those of 13™.3,
which is difficult to believe. For these reasons I have
given preference to the direct counts from the Selected
Areas which are now also available for m = 14. It
may be noted that the points for » =14 in Figure 11
show good evidence of the density increase towards
the centre of the large system. Even these bright

t) Compare Tables VII and X of the work cited.
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stars do not seem to be spoilt by the influence of
local phenomena.

Through the dots in Figure 11 I have drawn smooth
curves having a maximum near 320° and a minimum
near 140°. Except for these conditions I have tried to
draw them without prejudgement, balancing positive
and negative residuals as well as possible. It will be
seen that several of the deviations from these smooth
curves show a systematic character; for instance, many
curves show an excess of density near 200° longitude.
Perhaps still more pronounced is a secondary minimum
near 320°, which is especially well shown by all mag-
nitudes in the zones at + 30° and + 40° latitude. A
discussion of these deviations does not lie within the
scope of the present paper. Our present purpose is to
determine the regular part of the density distribution
in 'the great galactic system.

For this purpose the maximum and minimum devi-
ations were read from the smooth curves. They are
given in Table 27. On account of the relative uncer-
tainty of the correct position of the zero lines it was,
however, decided not to use the positive and negative
deviations separately but only the total variations,
given under a. The probable errors of 2 were rather
arbitrarily, but consistently, computed by taking 4/5th
of the maximum positive and negative deviations
between the points and the curves.

To some extent the values of & are comparable to
the amplitudes of the first harmonics in VAN RHIJN’s
discussion *) and, for =16 and 18, to twice the
values of & computed by SEARES and miss JOYNER ?).
In general there is a reasonable agreement. It is to
be noted that SEARES’ and VAN RHIJN’s results refer
to log V(m), the present ones to log A (m).

If A(w, ) is the star density at a distance & from
the axis of rotation of the galactic system and at a
distance z from the galactic plane we want to com-
pute 9log A/dw, which quantity will be denoted by d.
It is clear that in general ¢ will vary with z and @,
and to some extent also with //. The variation with
w and M will be neglected in the following solution,
and it will be supposed that d is constant in two large

1) Gromingen Publ. 43, Table V, p. 30.

?) L.c., Table XVL

TABLE 27.
Observed and computed variations of log A(m) with galactic longitude.
5 m= 14 m = 16 m =18

‘ max. min. l a p.e. C | max. min. L a p.e. ‘ c max. min. a p.e. c
20° + 13 —-25 ‘ 38 +°17 | 40 | +°18 —-33 ‘51 + ‘II 61 + 20 —-39 ‘59 + 11 83

. 30° | +-08 —-25 "33 +06 | 30 | 415 —r27 ‘42 o4 | 44 | 415 —'33 48 + 07 | 55
40° | 409 —'17 26 + 04 | 21 414 —'19 33 +04 | 28 | +'10 —28 38 4+ 06 | ‘35
60° + 06 —-o7 ‘13 + 02 ‘12 + 08 —-12 20 + o2 ‘18 + 08 —-14 22 4+ ‘04 ‘20
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regions, viz. & < 1500 ps and z > 1500 ps. The first
value will be denoted by d,, the latter by d,. The
quality of the data, and especially our lack of know-
ledge of the variation of A with z for large values of
£ do not seem to justify a much greater refinement.

Denoting the distance of the sun from the centre
of the galactic system by @, we have the following
equations of condition:

(12) Z=ISO°_3r z‘=cc _6\2,.
: fﬂ 10 d(logs) + ’n. 10  d(logz)
A(m)l=320° __z=o :

2 = 1500
A(m)l—- ~ z=1500 Z= o0
= 140° a‘I . ot
! fn. 10" a’(logz)+fn. 10" d(logs)
z=o0 z = 1500

where x = pcosé; n = p*A(2)P(M), A(z) being
defined by formula (11) on page 263; o = z/siné.

A solution by least squares gave the following
results:

TABLE 28.
Gal. lat. d p.-e. d2 p-e.
20° and 30° |—'000156 < ‘000024 | — ‘000037 =+ ‘000018
40° — 190 + 36| — 65 + 14
60° — 161 + 31| — 72 % 19
Combined — 148 + 16| — 63 + 10

The agreement between the independent results
from the three zones of galactic latitude is very satis-
factory. It should be kept in mind, however, that the
uncertainty of the densities for 2> 1500 ps enters
directly into the scale of w and thus into the result
for 0, in all three zones. The exact value of this con-
stant should, therefore, not be accepted without con-
siderable reserve. The combined results in the last
line of Table 28 have been used for the computation
of the values under C in Table 27. In comparing these
with the observed ranges the general agreement is
quite sufficient, the only large residual being that for
m— 18, b= 20°

If separate solutions are made for the gradients in
the direction of 320° and 140° longitude the latter comes
out roughly twice as large absolutely as the former,
the average of the two being equal to the values in
Table 28.

A rough computation of the average height above
the galactic plane for which the computed values of
d, and d, are valid gives 950 and 2750 parsecs respec-
tively. Supposing ¢ to vary smoothly with z and to
assume the values d, and J, at these two' points we
proceed to investigate the general features of the sur-
faces of equal density. The angle, 7, between such a
surface and the plane of the galaxy is given by
._OologA dlogaA
Br1= e s

B.A.N. 238.

Let A represent the total intensity of photographic
light in an element of volume. The distribution in
the ¢ direction is then given by Table 29 in the next
section. We find: :

2 7
500 7°:
1000 1°
1500 11°
2000 9°
3000 5°:

Figure 12 shows the equidensity surfaces A — 1/100th
(crosses) and A = 1/25th (dots) of the integrated light
near the sun. The figure shows a cross section with
a plane perpendicular to the galaxy, passing through
the sun and the galactic centre, which is situated
towards the right. For the computation of the crosses
and the dots it was assumed that the gradient ¢ varied
smoothly not only with z but also with @, the absolute
values of 9, and 9, increasing respectively with ‘000030
and 000004 per 1000 ps increase of w. These changes
have been roughly determined from the difference
between the deviations of log A(m) in 140° and 320°
longitude (Table 27).

Both the dots and crosses so computed appear to
fit very closely to an ellipse having the same centre
as the galactic system (supposed to be at 10000 ps
distance from the sun). For distances greater than,
say, 700 ps from the galactic plane the equidensity
surfaces thus seem to approximate ellipsoids symmet-
rical around the axis of the large galactic system.
For A=1/100 the axes of the ellipsoid are 14300
and 2240 ps, for A = 1/25 they are 12200 and 1310 ps.

The results obtained in the present section teach
us nothing about the density distribution in the regions
less than 500 ps from the galactic plane; they only
indicate the shape of a part of the outer envelopes
of the galactic system. It may be noted that the
results rest almost wholly upon stars with high peculiar
velocities, for the stars with low velocities Z, do not
reach the regions in question. This fact may be mainly
responsible for the comparatively regular character
of the density distribution.

In the direction opposite the centre, where the
absorption is likely to be fairly small, it may be pos-
sible to utilize star counts in latitudes below 20° and
to find the approximate limits of the system in the
direction of the galactic plane. But an eventual ab-
sorption should certainly be taken into account and
the investigation can hardly be tried without an ex-
haustive analysis of all star counts within 60° of the
anticentre.

The quantity dlog A/ow for high velocity objects®
can be estimated in an entirely different way from
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FIGURE 12.
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Cross section of the galactic system with a plane perpendicular to the galaxy, passing through the centre and the sun.

Abscissae are distances to the centre (the sun is situated at @

= 10000), ordinates are distances from the galactic plane. The

dots and crosses, which were derived from star counts (cf. Figure 11), show points where the density of photographic light

is 1/25th and 1/100th of that near the sun. The lines drawn are parts of ellipses having the same centre as the galactic system.

The axes are ¢ = 12200, & — 1310 and @ = 14300, &4 = 2240 parsecs, respectively. The dotted lines indicate the directions
of 20° Jatitude.

the asymmetry in the velocity distribution. This prob-

lem has been discussed in a former paper *). The,

average value of dlog A/dw derived was —0°0003.
If we had used the values of the rotation constants
A and B as adopted in the present paper this number
would have been reduced by a factor o-7o0. The gra-
dient thus reduced corresponds very satisfactorily to
that found by an extrapolation of the present results
to the lower galactic regions. To some extent the
above result may be considered as a confirmation of
the dynamical theory underlying the former article.

It may have some interest to compare the density
gradients found in the present section with other
results about the increase in density towards the
galactic centre. Besides the globular clusters for which
the gradient 0 is of order of — 00005 (2 = - 8000 ps),
the only objects clearly indicating the effect and which
have been studied more or less systematically over the
whole sky are the planetary nebulae. The remarkable
distribution of these high velocity objects is well known.

FIGURE 13.

I0

0° 9o° 180° 270° 360° l

Distribution in longitude of planetary nebulae within 10° of the
galactic circle. Dots show counted numbers in 20° intervals.

1) B. A. N., No. 159, section 8, 1928.

It is illustrated in Figure 13 which shows the numbers
of nebulae within + 10° latitude in intervals of 20° of
longitude. If we compare the ordinates of the smooth
curve at the points go° from the centre with that in
the direction of the centre we find that they differ
by a factor of 24, corresponding to dlogA = 0-38.
The average distance of these nebulae from the sun,
as found from the effects of the rotation of the galaxy
upon their radial velocities is roughly 1400 ps, so that
we find dlog Afowm = -38/1400 = -00027. A similar
comparison for the direction opposite to the centre
gives a much larger gradient (about -00o50). If the
assumed distance is correct both gradients are nearly
twice as large as the density gradients indicated by
the above results extrapolated to z = o.

VAN GENT has recently investigated the cluster type
variables in a region near the centre (/= 327°, 6 =—18°)
and finds a strong increase of the density for large
distances®). More complete data will soon be available;
from the data at hand it is evident that the density
gradient for these objects is considerably larger numeri-
cally than the value derived for the stars in general.

10. Thedensity distribution perpendicular tothe galactic
plane. Change of the luminosity curve with s.

The data derived in the present article have been
used for computing the distribution perpendicular to
the galactic plane for some special types of stars as
well as for the total amount of light and mass in a
unit of volume. The results are in Table 29. The
accelerations used in these computations are K’ (s)
(Table 14) and K, (Figure 7) which seem to come

1) B.A. N., No. 227, 1932.
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nearest to the truth. The amounts of photographic
light per cubic parsec are expressed in the light of the
sun as unit, V,, denoting with how many stars of
Mye = + 60 the total light per cubic parsecis equivalent.
The velocity distributions used in the computations of
NVyg are practically those of Table 11 (corrected according
to the remark in the footnote); only in the last two
groups 6, has been somewhat increased (compare the
remarks in section 8). The numbers of stars in each
absolute magnitude interval near & = o were found
from the corrected luminosity law, log @, of Table 16.
The light of the B stars (which are not included in
these luminosity laws) was added separately. The B
star luminosity curve used is that given in Table 71,
Groningen Publication No. 38, except that the numbers
of stars for photographic absolute magnitudes — 4-0
and — 3'0 were increased by 50°/, in order to make
the total numbers of these bright stars equal to those
found from the general luminosity law for stars of all
spectra. The velocity distribution of the B stars is given
in Table 7.

In the third column of Table 29 the numbers NV,
have been reduced so as to make the density equal
to 1-00 near £ = o by dividing by -0946, which rep-
resents the total photographic light per cubic parsec
at z = o.

The distribution of the mass, in the fourth column
of the table, was computed with the aid of the mean
masses of stars in different intervals of visual absolute
magnitude as derived in the last section. The masses
given refer to stars brighter than 4 13™-5. They would
have been considerably larger if the total mass of
fainter stars and invisible material had been included.

As a direct by-product of these computations we
find the change of the luminosity curve with the height
above the galactic plane. The results for the photo-
graphic luminosity curve (including the B stars) are
summarized in Table 30. For each z a constant was
added to the logarithms of the computed distributions
so as to make them coincide with log ®,_, for
M > + 8. These added quantities are shown in the
bottom line of the table. It has been assumed that
beyond + 8M the luminosity curves are all identical in
shape. The luminosity curve given under z = o practi-
cally coincides with that given by VAN RHIJN in
Table 71, Groningen Publication No. 38. In view of the
rapid change of the bright part of the luminosity curve
with 2 and also in view of the great local variations
in the density of B stars VAN RHIJN's ¢ (M) really
represents an average curve for a layer extending to
some distance from the galactic plane, but this consider-
ation makes no difference for the relative change in
log ® (M) with z as shown in Table 30. As most
investigations on star density are concerned with stars

B. A.N. 238.

further than 250 parsecs from the galactic plane it is
clear from Table 30 that the average luminosity curve
which should be used in such investigations differs
greatly from the curve for z — o which has hitherto
been used by all investigators. I have not given
log ® (M) for 2> 1500 ps as this would have been
pure guess work. A great deal more knowledge of the
velocity distributions is needed before we can make
a reliable forecast of the character of log ® at greater
heights. Even that at s = 1500 is still quite uncertain.

As most investigations about star density deal with
photographic magnitudes I have restricted myself to
data about the photographic luminosity curve. The
corresponding changes of the visual luminosity curve
are easily computed. They are also evident from VAN
RHIJN’s numbers in Table 10 of Groningen Publication
No. 38, zone + 40° to + go°. The change of the
luminosity curve is indicated in each column by the
systematic change of log V —log ¢ with the absolute
magnitude,

For comparison with the distribution of photographic

'light and mass as derived in the present paper I have

entered in the second column of Table 29 the density
distribution derived by KAPTEYN and VAN RHIJN on
the assumption of a constant luminosity law®). The
more rapid falling off in the photographic light in-
tensity between 2 =0 and £ = 250 as compared to that
of KAPTEYN and VAN RHIJN’s densities is largely due
to the influence of the B and A type stars. If we
compare the change in density from 2z = 250 parsecs
upwards we find that both /V,; and the mass density,
but in particular the latter, decrease much more slowly
than the density computed by KAPTEYN and VAN RHIJN.

It should be remarked that it would perhaps have
been possible to deduce somewhat more trustworthy
values of the density at large distances by trying to
get a better fit between the computed values of
log A (m) and the actual star counts. However, I
hardly think that it would pay to do this before we
have more certainty about the photographic luminosity
law and about its change for heights above 1000 parsecs.

Beside the distribution of photographic light I have
also computed that of the visual light. According to
these computations the colour index of the integrated
light varies from 4 0™4 at z=o0 to about + o™y
at z = 500. '

From the numbers in Table 29, roughly extrapolated
to larger distances, it is found that half of the photo-
graphic light in a column perpendicular to the galactic
plane is contained between £—=— 166 and 2=+ 166;
for the mass the corresponding limits are + 267 ps.

V) Astrophysical Journal, 52, 36, 1920; M. Wilson Contr.
No. 188, Table VI.
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' TABLE 20.
Densities at different distances from the galactic plane.
. Mée Mye Moe RR Glob. clusters
z KR% ‘—N% 'Mass Ao—Ag | Fo—F9g I{::x(tes N to to to Lyr
V-RR. 094 0378 g M8e Mgse M3ze var. | comp. | obs.
o | 1000 | -1°000 1'000 1'000 1000 1'000 1000 1'000 1'000 1000 1000 1000 1°00
125 | ‘708 495 815 576 827 390 875 955 982
250 *407 256 '526 136 478 ‘634 590 836 ‘927
500 126 '092 225 ‘032 136 286 224 ‘601 ‘807 ‘948 ‘918 ‘964 ‘98
750 *046 ‘042 ‘124 023 ‘047 134 ‘081 ‘427 698
1000 ‘020 024 ‘082 ‘023 ‘067 ‘027 293 597 881 817 ‘912 ‘93
1250 *009 016 ‘061 ‘014 ‘037 *009 ‘198 *506
1500 '005 ‘Ol ‘042 ‘010 ‘024 003 ‘131 ‘426 811 714 ‘859 87
2000 ‘002 ‘006 ‘021 ‘010 ‘054 *292 ‘740 617 805 ‘80
3000 ' *'007 ‘120 ‘596 ‘434 689 65
5000 ‘013 *350 ‘184 *468 ‘42
10000 ‘074 ‘015 ‘152 25
15000 ‘021 '002 ‘062 18
20000 *009 ‘032 ‘13
A 76 | 122 | 157 | 14 24 37 75 59 88
I 320 490 130 220 330 270 650 1200 3700 2500 4800 6800
TABLE 30. peculiar velocity given really represents the average

Change of photographic luminosity curve with
distance from the galactic plane.

log ® 4 10

Z=0 |Z8=12§|2 =250 |2 =500 |2=—=1000|2 =1500
— 40 362 2°25
— 20 4’59 372 327 304 2:89 285
oo | 556 | 528 | 498 | 475 460 | 456
+ 20 662 642 632 620 5°92 585
40 714 7°12 7°10 7°00 675 669
6o | 762 7:62 7:62 7'55 7°41 7°36
+ 80 7°36 7°36 7°36 7°36 7:36 7°36

added 0’00 0’07 025 0'58 0'94 121

The distributions deviate widely from Gaussian curves;
there is a great excess both for very small and for
large values of z. Compared with the distance to the
centre, which is of the order of 10000 ps, the z-
dimension of the system is exceedingly small. The
galactic system appears to be considerably flatter
than most, or possibly all, of the extragalactic
systems known. .

The further columns of the table show the predicted
distributions of some special types of stars. For the
A and F stars and for the giants the computations
were made with the velocity distributions of Table 7,
for the other objects it was assumed that the distribution
of the Z-components of the velocities was Gaussian;
the assumed values of the average velocities in km/sec
are in the second line from the bottom of Table 29.
It should be noted that in several cases the true
velocity distributions are certainly non Gaussian and
also that it is not always certain that the average

velocity in the Z-direction. On these accounts the
distributions given cannot be trusted to be more than
very rough approximations. For the computation of
the distribution of the high-velocity objects in the
last four columns it was assumed that for z > 4000
the force K(z) is equal to that exerted by a mass
of 1°7.10'* suns situated at the centre of the galactic
system (compare Table 24, 2nd column, “spherical”).
As remarked in section 8 the true total mass within
the equidensity ellipsoid which passes through the sun
is probably smaller than 1-7.10"%, but on the other
hand we must add the force arising from the outer
parts of the galaxy; it has been assumed that to
some extent these two errors cancel each other.

The last column of Table 29 shows the observed
distribution of the globular clusters. Only those 22
clusters were counted whose distances from the sun
as projected on the galactic plane were smaller than
10000 ps. The distances used are those given by
SHAPLEY *). The fact that the observed density between
£ =10000 and z = 20000 is larger than the computed
values might be taken as an indication that the actual
acceleration at these distances is smaller than that
assumed in the computations. But the difference may
as well be due to an error (of about 20°/,) in the
value used for the average velocity.

If something were known of the distribution of
RR Lyrae variables over different apparent magnitudes
in a region near one of the galactic poles this might
be used to check K (2) for large values of z. But

1) Star Clusters, Appendix A.
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beside this distribution a more accurate knowledge
of the velocity law would be required.

The bottom line of the table shows the average
distance from the galactic plane for the various objects
considered. The relation between average velocity and
distance from the galactic plane is shown in the first
two columns of Table 31. The computations were
made with Gaussian velocity distributions. Only objects
with 2z < 20000 ps have been considered in forming
the averages.

The third column shows the maximum height
reached by a star whose velocity at # =0 was equal
to the value in the first column. In the last column
the corresponding periods of the z-motions are indicated.
For slow motions these are about 2/5 of the period
of rotation of the galactic system (205.10° years, if
A =+ 019, B=—"-0I11).

TABLE 31I.

[Zo| |2 Zmax. r

5 km/sec 70 ps 70

10 161 140 84.106
15 301 210
20 480 290
30 910 500
50 1910 1100 170.106
75 3710 2100
100 5560 3200 240.106

The average heights above the galactic plane may
in some cases be used to derive the mean parallax
of a certain type of stars. For example, it is known
that the N stars are sensibly concentrated towards the
galaxy. The following relation will hold approximately:

(13)
where & represents the galactic latitude. For the
N stars with D.M. magnitudes between 7°0 and 8-2
in Harvard Annals, 56, 1 find lsm—b] = 30; combining
this with the value for |Tz—| derived in Table 29 we
obtain = = "0o11. The average parallax derived from
the proper motions of N stars of roughly the same
apparent brightness is "0017 - "-0008 m.e. 7).
Inversely, in cases where the average parallax is
known, the numbers in Table 31 permit an estimate
of the average velocity |Z|. Such cases are presented,
for instance, by the O stars and the ¢ Cephei varia-
bles. From 43 Oes stars with known proper motions
an average parallax of 0020 + ”*0006 m.e. has been
derived *); the value has been independently confirmed
by the rotation effects in the radial velocities. From
Harvard Annals, 56, 1 find an average latitude of

Fnd =

1) B. A.N. No. 132, Table 3, 1927. For the N stars compare
WILSON, Astronomical Journal, 34, 191, 1923.
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+ 3°5 for stars of the same average magnitude (5°6);
accordingly |2 = 30 ps, corresponding with an average
velocity |Z| = + 2°1 km/sec. The very small value of

‘this velocity is rather remarkable in view of the fact

that the average peculiar »adza/ velocity is + 16 km/sec.
The average value of one component of the velocity
parallel to the galactic plane is thus seen to be about
eight times higher than that of the component per-
pendicular to the galactic plane. In computing the
average peculiar velocity the effects of differential
galactic rotation were eliminated; the elimination can-
not be made accurately for each star, but it is unlikely
that the derived average peculiar velocity has been
considerably increased by this inaccuracy. It may be
remarked that among the 27 stars considered there
are 2 bright stars with residual velocities of + 52 and
+ 66 km/sec respectively, which appear to be well-
determined and which cannot possibly be ascribed to
effects of rotation *). The great difference between the
two average velocity components seems enigmatic and
gives one a feeling of hesitation in accepting the ob-

. served spectral shifts as real motions.

For the d Cephei variables we may adopt [5| = 71 ps
which is the value derived by BOTTLINGER and
SCHNELLER from 38 Cepheids within 1000 ps distance *).
The corresponding value of |Z] is + 51 km/sec. From
radial velocities we find + 9 km/sec for the average
velocity of one component parallel to the galactic

. plane.
* Some further data about the average distances from

the galactic plane for strongly concentrated objects
will be found in BOTTLINGER’s memoir ,,Die hellen
Sterne und die Rotation der Milchstrasze” *) which

. reached me while the present article was being written.

:In this memoir the motions and distribution of the

absolutely bright stars are discussed from a somewhat
different point of view, starting from a highly sche-
matical model of the stellar system and from the
assumption that [Z] is equal to the average velocity
component parallel to the direction of the centre. This

"hypothesis has been discussed in the first section; I

do not believe it is justified.

From BOTTLINGER’s data about the average distance
|2 for the B stars (about 38 ps) I find a confirmation
of the value of [Z] derived in the sixth section from
counts of B stars near the galactic poles. The latter
value was =+ 2:82 km/sec, whereas, according to
Table 31, BOTTLINGER’s result for |z| corresponds with

+ 2-g km/sec.

1) It is not likely that these velocities can be explained as
relativity shifts, for there are three Wolf Rayet stars with large
negative residuals.

2) Zedtschrift f. Astrophysik, 1, 340, 1930.

3) Versfl. Berlin-Babelsberg, 8, Pt. 5, p. 27, 1931.
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It is clear that for the derivation of average paral-
laxes from 7 components and peculiar radial velocities
one must take account of the fact that in cases of
strong galactic concentration the average peculiar
velocity perpendicular to the galactic plane may be
quite different from the value inferred from radial
velocities. An approximation to the true value of I—Z_]
may always be obtained with the aid of the above
Table 31.

11. The amount of dark matter.

From the results found for the decrease of K (2)
with 2 we may derive an approximate value of the
total density of matter, A, in the neighbourhood of
the sun. Let us suppose that we are situated inside
a homogeneous ellipsoid of revolution with semi-axes
@ and ¢, and density A. For z=o0 there will then
be the following relation:

0K (2)0z=—4myxA (14)
a® a’c a?
where xr = ol PO E tan prall (15)

and y is the constant of gravitation.
For the cases which will be considered x does not
deviate much from unity. We find:

alc x

5 ‘750
10 ‘860
30 950
o0 1:000

9K (2)]9z can be determined from Table 14 or
Figure 4. I find 0 K (8) /32 = 5°62.1073° sec—.

In reality we are not situated inside a homogeneous
ellipsoid. The inner part of the galactic system, nearer
the centre will be denser and very probably of differ-

ent shape. Part of the empirical value of 0K(2)/9z |

will be due to the attraction of these inner ellipsoids
and this part should be subtracted before we can
compute the local density from (14) and (15). Luckily
the contribution of these inner parts of the galactic
system to 0K(z)/0z appears to be small as long as
we limit ourselves to small values of z, and a reason-
ably trustworthy result for the local density can be
obtained notwithstanding the fact that we have very
little knowledge about the more central parts of the
system. Also, the exact shape of the equidensity
surfaces near the sun appears to be of little conse-
quence for the computation of the mass density. The
limits of uncertainty are best shown by considering
the following extreme cases:

I. The stellar system is supposed to consist of a
local system symmetrical around the sun, and a large
attracting mass symmetrical around the centre of the

LEIDEN 283

great galactic system. In the z-direction the density
distribution in the local system agrees with the dis-
tribution of mass in Table 29 (the mean densities in
each ellipsoidal shell being given in the 2nd column
of Table 32), except for a constant factor which takes
the dark matter into account. The equidensity sur-
faces are further supposed to be ellipsoids of revo-
lution, the ratio of the axes being taken as 5 to I.
This local system thus resembles the KAPTEYN system.
About the main attracting mass of the larger system
two rather extreme assumptions will be considered:

@) The mass is spherical and equal to 2'04.10*
solar masses. .

6) The mass consists of a homogeneous ellipsoid
with semi-axes of gooo ps and 9oo ps respectively
and having a total mass of o0'g5.10".

The masses have been so chosen that the forces
exerted parallel to the galactic plane counterbalance
the centrifugal force arising from a rotational velocity
of 300 km/sec at 10000 ps from the centre. The
corresponding values of K(z) may be obtained from
Table 24 by multiplying with a factor 1.19.

II. There is no local system; in the outer parts of
the great galactic system the equidensity surfaces are
supposed to be ellipsoids of revolution, symmetrical
around the galactic centre. The dimensions of these
ellipsoids will be determined by the conditions that
near the sun they must reproduce the density distri-
bution in the z-direction as given in the fourth column
of Table 29 and that in the galactic plane, in the
direction opposite to the galactic centre, they must
extend to the same distance from the sun as the local
ellipsoids in case I. The semi-axes of the ellipsoids
are shown under @ and ¢ in Table 32. The first column.
gives the distance of the ellipsoids from the galactic
plane at a point near the sun. The second column
shows the mean density in terms of the sun’s mass
per cubic parsec, respectively in the first ellipsoid, in
the shell between the second and the first ellipsoid, etc.
The densities refer to all stars brighter than + 135
visual absolute magnitude.

TABLE 32.

z A a <

100 0361 10500 326

200 0286 11000 480

400 ‘0168 12000 723

600 '0087 13000 938
1000 ‘0046 15000 1340
1500 0023 17500 1830
2000 ‘0012 20000 2310
3000 T 0004 25000 3280

As in the previous case two different suppositions
will be made about. the inner parts, the following
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masses being superposed upon the above ellipsoids:
@) A spherical mass equal to.1'71.10"* solar masses.
6) An ellipsoidal mass with semi-axes 9ooo and 9oo ps
and equal to 0-80.10%" times the mass of the sun.
The corresponding values of K(z) are in Table 24.
The total masses needed are somewhat smaller than
in case I as the ellipsoids in Table 32 also exert a
force parallel to the galactic plane.
The densities near £ — o0 derived with the aid of form-
ulae (14) and (15) for each of the 4 cases enumerated
are as follows:

Case A

Ia) ‘108
129 ‘093
II a) ‘089
1I &) 079

The unit is one solar mass per cubic parsec, which
is equivalent to 6-85.10723g/cm3. The most probable
value of the total density near the sun is thus ‘092
suns/ps3 or 6:3.10~%* g/cm3. The probable error of this
quantity is estimated to be about 20°/,. The present
value may be compared to the densities derived by
former investigators. KAPTEYN®) finds 0.099; the
agreement is unexpectedly good; in fact, it seems
probable that part of it should be attributed to a
chance coincidence, as the velocity and density data
used by KAPTEVYN differ rather widely from those used
in the present paper. This is illustrated by the fact
that the agreement between the forces K(z) computed
from KAPTEYN’s data and those of the present paper
is not nearly as good (compare the last two columns
of Table 33). JEANS?®) finds ‘143 solar masses per
cubic parsec. A somewhat hypothetical estimate by
LINDBLAD 3) gives *217 for the same quantity.

If we suppose that the ratio of the total density
to the density due to the stars brighter than + 135

is the same for all values of z we can compute the .

forces K(z) exerted by the outer ellipsoids in the cases
I and II. These are in the 2nd and 3rd columns of
Table 33. The next two columns show the force due
to the central mass (the average between the ellipsoidal
and spherical case being adopted). The total forces
are shown in the 6th and 7th columns. A comparison
with K, the force derived and adopted in the present
article, shows some outstanding differences. The com-
parison has no meaning for 2 > 1000, but even below
£ = 1000 the values just computed appear to be sensibly
too high. It seems probable that the error is not
wholly with X, but partly with the above assumption

1) Astrophysical Journal, 55, 302, 1922; Mt Wilson Contr.
No. 230. :

2) Monthly Notices, R.A.S., 82, 122, 1922. Compare the
remark in the first column of p. 252 of the present article.

3) Upsala Meddelanden, No. 11, p. 30, 1926.

B. A.N. 238.

as to the distribution of dark matter. It would appear
from the comparison that the dark mass must be
relatively more frequent near the galactic plane than
far from it, but the data are too uncertain to derive
numerical results. A similar conclusion was reached by
KAPTEYN in the investigation quoted above.

TABLE 33.
Values of K(z).10°.

Outerellipsoids|Central mass| Total fo
utere IPSOI siLentrat mass ota rce [(tl KAPTEYN
: m | 1|0 | 1|0 :

100 | I'33 | I'35 | 38| 32| 171 | 167 | 1'73| 1I'20
200 | 232 | 242 | 76| ‘647 308 | 305|343 187
400 | 322 | 359 | 1'52 | 1128 | 474 | 4'87 | 386 1°84
600 | 348 | 412 | 228 | 192 | 576 | 6'04 |4°06 1’56
1000 | 345 | 461 | 351 | 2795 | 696 | 7°56 14:47 | 121

1500 | 32 47 48 |40 |80 |87 |50 1o
2600 | 29 47 |57 |48 |86 |95 |55
3000 | 274 | 44 |69 |58 |93 [0z [65

We have adopted a value of 0'038 solar masses for
the total mass of the visible stars within a cubic parsec
near the sun. Through the kindness of Mr. G. P. KUIPER
I was enabled to use for the computation of this
quantity his up-to-date catalogue of parallaxes, in which
all data about visual or spectroscopic duplicity had
been completely entered. I have also had the privilege
to use a number of unpublished measures of magnitudes
of near-by double stars which were made by Mr. KUIPER.

For each of the intervals of visual absolute magnitude
indicated in the first column of Table 34 I determined
the average mass of the stars within the distance
shown in the second column. Multiple systems were
counted as one star because they have been counted
as single objects in the determination of the luminosity
law. If direct data about the masses were available
these have generally been adopted; in all other cases
the mass was computed from:the mass luminosity
curve, somewhat corrected by Mr. KUIPER with the
aid of new data. In the case of a spectroscopic double
the mass of the system has been assumed to be twice
the mass computed from the mass luminosity curve
with the combined absolute magnitude. The factor has
been taken so high in order to take rough account
of the fact that some systems must have remained
undiscovered.

The resulting mean masses have been entered in
the third column of Table 34. The fourth column
shows the number of systems on which the deter-
mination depends. In the last column the mean masses
have been multiplied by the corresponding numbers
of stars in a cubic parsec according to the luminosity
curve in the second column of Table 22. The B stars
are shown separately in the first line of the table.
Their average mass is only a very rough estimate.
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TABLE 34.
Mean masses and total mass of the stars in a unit
of volume.
. Limiting | Average Total
Myis. distance mass 7 mass
B stars 4 ‘0016 ;
< + 1§ 20 ps 40 10 12
+ 15to4 35 10 1-87 7 22
35y 55 10 1'34 22 74
55 » 75 10 109 27 79
7'5 > 95 67 ‘86 5 72
95 » 1§ 67 42 13 55
+11°5 » 41375 50 22 6 ‘0049 :
All <+ 1375 l ‘ ‘0378

It is hardly possible to form an estimate of the
total mass of the stars of still fainter absolute mag-
nitudes. The only thing we can say is that it may
be a quite considerable quantity. Among the 5 fainter
stars which we know there are probably two white
dwarfs. The companion to Procyon has a mass of
39, VAN MAANEN’s star may be several times the
mass of the sun *). Thus, the next interval of 2M beyond
+ 13M'5 may easily contain a total mass of more than
twice that in the preceding interval. Extrapolating the
mass of the faint stars the total mass gets dangerously
near the value of ‘092 solar masses derived from K{(z).
We may conclude that the total mass of nebulous
or meteoric matter near the sun is less than 035 suns/ps3
or 3.107% gfcm?; it is probably less than the total
mass of visible stars, possibly much Iess.

A remark may be added concerning the ratio
between the average total mass in an element of
volume and the total amount of photographic light.
The ratio evidently varies with z, but we may compute
the average ratio in a cylinder perpendicular to the
galactic plane. The total mass in such a cylinder may
be estimated from the numbers given in Table 2q.
If it is assumed that at all heights the same relative
amount of dark matter has to be added we find for
the total mass contained in a cylinder perpendicular
to the galactic plane and with a cross section of a
square parsec 80°4 times the sun’s mass. With the
alternative assumption that there is no dark matter
beyond z=200ps I find 51°5 solar masses.

The total amount of photographic light contained
in the same column can also be found from Table 29,
but I prefer to follow the more direct way of computing
it from the total amount of photographic light seen
per unit of surface in the direction of the galactic
pole. From the numbers given by VAN RHIJN ?) this is
computed to be equivalent to the light of ‘00230 stars

') Compare the 2nd Note to the present article.
2) Groningen Publications, No. 43, Tables 6 and 7.

LEIDEN 28%

of 00 photographic magnitude per square degree. As
SEARES has remarked *) this quantity is half the surface
brightness of the galactic system as seen from an
outside point in a direction perpendicular to the galactic
plane. From the latter quantity we can directly deduce
the amount of light in the cylinder considered, which
I find to be equivalent to 370 units (the unit being
the light of a star of + 60 photographic absolute
magnitude). From Table 29 I find 432 units for the
same quantity; the small difference is due to the
imperfect representation of A (#) by the laws assumed
for the computation of Table 29. Using the first value
and the mean of the two estimates of the total mass
in the cylinder I find that one unit of light corresponds
to 1'8 solar masses. Had we considered the layer
between z= + 100 only the result would have been
I'1 solar masses.

It may be of some interest to compare these numbers
to some other estimates of the same quantity. From
the rotational velocity of the galaxy we know approx-
imately the total mass contained in the more central
parts of the galactic system. It may be put at 1-2.10*%,
if we take the mass of the sun as unit. We can also
form an approximate estimate of the total luminosity
contained in the same part of the system by computing
from VAN RHIJN’s star counts the total light which
we receive from the region between, say, 280° and
10° galactic longitude and 4+ 20° latitude. The total
luminosity estimated in this way is 10 units. Thus,
the average mass corresponding with a unit of light
would be about 12 in this case, or about 7 times
larger than the value derived above. It is not necessary
to conclude from this that the absolutely bright stars
are relatively less frequent near the centre, or that
there is a greater percentage of nebulous or dark
matter in this region: we might reverse the argument
and conclude that some 85°/, of the light of the
galactic system is obscured before it reaches us. It is
now becoming generally accepted that we can see
only a small part of the system, the rest being
dimmed or obscured by absorbing matter. We are
not yet in a position to estimate the true total amount
of light of the inner part of the galactic system, but
it does not seem impossible that the amount derived
above should be increased so much as to make the
average mass corresponding to a unit of luminosity
equal to 1'8, as found above.

HUBBLE has computed the relative amount of light
and mass contained in the central part of the Andromeda
nebula #). At 200 ps from the centre the velocity -of

Y) Astrophysical Journal, 52, 171, 19205 Mt. Wilson Con-
tr ibutions, No. 191, p. 346.

2) Astrophysical Journal, 69, 152, 1929; Mt Wilson Con-
tribution, No. 376.
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rotation would be 72 km/sec, corresponding to a
spherical mass of 2:4.10%. The true mass required
will be smaller, because it has a flattened shape, the
factor being 070 for a homogeneous ellipsoid with
a/b =2 and 061 for an ellipsoid with 'a/6 =3. Let
us assume 1'6.10° for the true mass. HUBBLE estimates
that the luminosity of the corresponding part of the
nebula is 2™ fainter than that of the entire system.
With HUBBLE’s distance of 275000 ps this gives 1-2.108
times the light of the sun. For the mean mass
corresponding with a unit of light we find 1'3, agreeing
within the limits of uncertainty with the value found
above for the surroundings of the sun. A similar
result was found by OEPIK, who arrived at a good
estimate of the distance of the Andromeda nebula
from the assumption of the proportionality of light
and mass *).

The rotation of N.G.C. 4594, discovered by V. M.
SLIPHER, may also be briefly discussed. According
to measures by PEASE the velocity of rotation at
2’ from the centre, and near the border of the
nebula, which is seen edge on, is about 330 km/sec.
From the observed recession of + g6o km/sec of
the centre of the nebula with respect to the centre
of the galaxy we may estimate its distance at
3.10% ps. The corresponding spherical mass at the
centre would be 4°4.10%°; the true, flattened mass
may be estimated at 3.10%°. The luminosity of the
region considered will probably not be very much
less than that of the whole nebula, the integrated
photographic magnitude of which has been assumed
as 9™y (HOLETSCHEK’s magnitude increased by 1™-0
in order to reduce to photographic light). The corre-
sponding absolute luminosity is 3.109; the average
mass corresponding to a unit of light is thus found
to be 10, or five times larger than in the sun’s
neighbourhood. In this case it is certain that the
observed luminosity is too small on account of ab-
sorption; there is a broad dark lane across the nebula
which cuts off part of the light. The light of the rest
of the nebula may also have been considerably dimmed
by absorption so that, as in the case of the central
region of the galaxy, it is impossible to form an
estimate of the true light or, say, the brightness with
which the nebula would appear to an observer viewing
it from a point on its axis.

Assuming that every unit of light corresponds with
a mass of 18 times that of the sun we get the
following estimates of total masses and circular velo-
cities: :

1) Alsz‘ro]ﬁlz_ysz'ml Journal, 55, 406, 1922.
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Object m , I3 Mass e

Large Magellanic Cloud | 1-2 1)/ 2'6 .104 ps | 11 .108 | 54 km/sec

Small Magellanic Cloud | 2'8 )| 2'g » 3 .108 3
o Centauri 332)| 68 » 10 .106 (48
Messier 3 723|122 » 0'9.106 | 24

The magnitudes represent total photographic mag-
nitudes. The distances were taken from SHAPLEY’s
monograph on star clusters. The circular velocities
refer to points 1700 and goo ps from the centres of
the Magellanic Clouds, whereas the numbers given for
the globular clusters represent the maximum values
of the circular velocities. :

In the Large Magellanic Cloud the existence of
rotational velocities of the order of the systematic
differences in radial velocity as found by R. E.
WILSON 4) would seem to be quite possible.

NOTES.

Derivation of the factor by whick average radial
velocities in a region surrounding the galactic poles
must be multiplied in order to be reduced to components
perpendicular to the galactic plane.

Call this factor # and call the mean square velo-
cities in the directions of the axes of the velocity
ellipsoid @, & and ¢. Let us assume that ¢ is directed
towards the pole of the Milky Way. If ¢’ is the mean
square velocity for a circular area around the pole
and homogeneously covered with stars:

O Ay

(compare STROMBERG, Mt Wilson Contributions,
No. 293, p. 5), where P =0680 if the zone extends
from 40° latitude to the pole and P -=0'834 if the
zone extends from 356° to the pole.

I have adopted the following values for @, 6 and ¢
(from proper motion results by H. RAYMOND ) and
radial velocity results by EDDINGTON and HARTLEY °);
for the dwarfs I have adopted STROMBERG's values 7).

1) VAN HERK, B. 4. V. No. 209, 1930.

2) SCHILT, Astronomical Journal, 38, 112, 1928.

3) HERTZSPRUNG, Astr. Nackhrichten, No. 4952, 1918.

4) Lick Publications, 13, 189, 1917.

) Astronomical Journal, 29, 25, 1915.

6) Monthly Notices, R. A.S., 15, 526, 1915.

7) Mt. Wilson Contrzbm‘zons, No. 245, p.19, group VI;
Astrophysical Journal, 56, 283, 1922.
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Type cla clb

A 051 I
F ‘54 I

G giants °55 I

K giants ) I

M giants 60 I

dwarfs ‘44 070

It is then an easy matter to compute /" =¢/¢’ from
the above formula; from a combination of the factors
obtained for the two areas the value of F for the
annular area from 40° to 535° latitude may be obtained.
The results are in Table 2 of the above article.

— The mass of VAN MAANEN’s star.

In Nature, May 2, 1931 (p. 661) H. N. RUSSELL and
R. D’E. ATKINSON have put forward the suggestion
that VAN MAANEN’s star (0"43™:'9; + 4° 55', 1900)
might show a very large Einstein shift. With MILNE'’s
theory they compute a minimum mass of 8 times that
of the sun, corresponding to an Einstein shift of at
least 700 km/sec.

It may be of interest to note that there is a fairly good
indication that the star really shows a large red-shift,
though not as large as the predicted value. A radial
velocity of + 238 km/sec has been published by ADAMS
and Jov?*). The resulting velocity of the star, corrected
for the classical solar motion of 20 km/sec, is 239 km/sec,
directed towards 94° galactic longitude and — 68°
latitude. This is a most uncommon direction for a
velocity of such size, as may be noticed by an in-
spection of the frontispiece of Gromningen Publications
No. 40. In Table 6 of this same publication there are
13 velocities larger than 200 km/sec, all directed toward
longitudes between 161° and 302°, and only one being
inclined more than 20° to the galaxy. It may also be
remarked that with any plausible value for the rotational

Yy Publications Astr. Soc. Pacific, 38, 122, 1926.
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velocity of the galactic system the velocity of the star
exceeds considerably the presumable velocity of escape
from the system.

As the anomalous character of the space motion is
entirely due to the radial component (the transverse
velocity, after correction for a solar velocity of 20 km/sec,
is only 42 km/sec) and as the radial velocity was
marked as uncertain, I suspected at the time that the
large radial motion might not be real. From Professor
DE SITTER I learn that the velocity has been confirmed
by more than one plate, but that the lines seem to
be very diffuse (which might be expected in case of
a large Einstein shift).

Ibelieve that, in view of the abnormality of the motion
if the radial velocity is taken as real, RUSSELL and
ATKINSON’s interpretation is the most promising one
Assuming a red-shift of 4+ 240 km/sec the star would
have a mass 3 times that-of the sun (radius 5000 km)
and a density of 107g/cms3.

As was mentioned by RUSSELL and ATKINSON there
is, for the near-by white dwarfs, a direct way of
distinguishing between Einstein shift and real radial
velocity by determining the secular change of the
proper motion. If the radial velocity of + 240 km/sec
represents a real motion the annual proper motion of
VAN MAANEN’s star should decrease by ":0002 annu-
ally. If a fair number of plates are taken with some
large instruments and at various epochs (the first long-
focus plates known to me are from 1917) it would
seem quite possible to determine such an amount in
an interval of 30 or 40 years.

It is a pleasant duty to éxpress my gratitude to the

' members of the computing staff of the Observatory,

especially to Messrs. PELS and KRIEST who are
responsible for the major part of the computational
work involved in the above investigation.
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