Universiteit

4 Leiden
The Netherlands

Berry phase and adiabaticity of a spin diffusing in a nonuniform

magnetic field
Beenakker, C.W.].; Langen, S.A. van; Knops, H.P.A.; Paasschens, ].C.].

Citation

Beenakker, C. W. J.,, Langen, S. A. van, Knops, H. P. A., & Paasschens, J. C. J. (1999). Berry
phase and adiabaticity of a spin diffusing in a nonuniform magnetic field. Retrieved from
https://hdl.handle.net/1887/1179

Version: Not Applicable (or Unknown)
License: Leiden University Non-exclusive license

Downloaded from: https://hdl.handle.net/1887/1179

Note: To cite this publication please use the final published version (if applicable).


https://hdl.handle.net/1887/license:3
https://hdl.handle.net/1887/1179

PHYSICAL REVIEW B

VOLUME 59, NUMBER 3

15 JANUARY 1999-1

Berry phase and adiabaticity of a spin diffusing in a nonuniform magnetic field

S A vanLangen and H P A Knops
Instituut Lorentz Leiden Unwversity, P O Box 9506 2300 RA Leiden, The Netherlands

J C T Paasschens
Instituut Lorentz Leiden Univeisity, P O Box 9506, 2300 RA Leiden, The Netherlands
and Phuips Research Laboratories, 5656 AA Eindhoven, The Netherlands

C W ] Beenakkel
Instituut Loientz, Leiden Unwversity, P O Box 9506 2300 RA Leiden, The Netherlands
(Recerved 13 March 1998)

An electron spin moving adiabatically 1n a strong, spatially nonuniform magnetic field accumulates a geo
metric phase or Berry phase, which might be observable as a conductance oscillation in a mesoscopic ring
Two contradicting theories exist for how strong the magnetic field should be to ensure adiabaticity if the
motion 1s diffusive To resolve this controversy, we study the effect of a nonuniform magnetic field on the spin
polarization and on the weak-localization effect The diffusion equation for the Cooperon 1s solved exactly
Adiabaticity requires that the spin-precession tume 1s short compared to the elastic scattering time—it 1s not
sufficient that 1t 1s short compared to the diffusion time around the ring This strong condition severely
complicates the experimental observation [S0163-1829(99)10103-6]

I. INTRODUCTION

The adiabatic theorem of quantum mechanics implies that
the final state of a particle that moves slowly along a closed
path 1s 1dentical to the mitial eigenstate—up to a phase fac-
tor The Berry phase 1s a time-independent contribution to
this phase, depending only on the geometry of the path ' A
simple example 1s a spin-1/2 1 a 1otating magnetic field B,
where the Berry phase equals half the solid angle swept by
B It was proposed to measure the Berry phase n the con-
ductance G of a mesoscopic ring m a spatially rotating mag-
netic field > Oscillations of G as a function of the swept
solid angle were piedicted, similar to the Aharonov-Bohm
oscillations as a function of the enclosed flux *

An impottant practical difference between the two effects
1s that the Aharonov-Bohm oscillations exist at arbitiarily
small magnetic fields, whereas for the oscillations due to the
Berry phase the magnetic field should be sufficiently strong
to allow the spin to adiabatically follow the changing dnec-
tion Generally speaking, adiabaticity requues that the pie-
cession frequency wy 1s large compated to the reciprocal of
the characteristic time scale £, on which B changes direction
We know that wg=gugB/2%, with g the Landé factor and
up the Bohr magneton The question is, what 1s ¢.? In a
ballistic ring there 1s only one candidate, the cicumfeience L
of the 1ng divided by the Fermu velocity v (For simplicity
we assume that L 1s also the scale on which the field duec-
tion changes ) In a diffusive 11ng theie are two candidates
the elastic scattering time 7 and the diffusion tume 74 atound
the ring They differ by a factor 74/7=(L//)?, where /
=y 7 1s the mean fiee path Since, by defintion, L>/" m a
drffusive system, the two time scales aie fa1 apait Which of
the two time scales 1s the relevant one 1s still under debate >

Stern’s oniginal proposal® was that
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1s necessary to observe the Berry-phase oscillations For re-
alistic values of g this requires magnetic fields in the quan-
tum Hall regume, outside the range of validity of the semi-
classical theory We call Eq (L1) the ‘‘pessimistic
criterion * In a later work,® Loss, Schoeller, and Goldbart
(LSG) concluded that adiabaticity 1s reached already at much
weaker magnetic fields, when

L 1{7\2
wg> Td—'T(L) (12)
This “‘optimustic criterion’” has motivated experimentalists
to seaich for the Berry-phase oscillations m disordered
conductors,” and was mvoked 1 a recent study of the con-
ductivity of mesoscopic ferromagnets ® In this paper, we re-
examine the semiclassical theory of LSG to resolve the con-
troversy
The Berry-phase oscillations 1n the conductance result
fiom a pertodic modulation of the weak-localization correc-
tion, and tequire the solution of a diffusion equation for the
Cooperon propagator To solve this problem we need to con-
sidet the coupled dynamics of four spin degrees of freedom
(The Cooperon has four spin mdices ) To gam msight we
fitst examuine 1 Sec II the simpler problem of the dynamics
of a single spin variable, by studying the randomization of a
spin-polarized election gas by a nonuniform magnetic field
We start at the level of the Boltzmann equation and then
make the diffusion approximation We show how the diffu-
sion equation can be solved exactly foi the first two moments
of the polaiization The same procedure 1s used in Sec III to
arrive at a diffusion equation for the Cooperon This equa-
tion coincides with the equation derived by LSG n the
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FIG 1 Schematic drawing of a two dimensional electron gas in
the spatially rotating magnetic field of Eq (2 1), with f=1

weak-field regime wg7<€ 1, but 1s different 1n the strong-field
regime wgT=1 We present an exact solution for the weak-
localization coriection and compaie with the findings of
LSG

Our conclusion both for the polarization and for the weak-
localization correction 1s that adiabaticity requires wg7> 1
Regrettably, the pessimistic critetion (1 1) 1s correct,
agreement with Stern’s original conclusion The optimistic
cuterion (1 2) advocated by LSG tuins out to be the criterion
for maximal 1andomization of the spin by the magnetic field,
and not the ciiterion for adiabaticity

II. SPIN-RESOLVED TRANSMISSION
A. Formulation of the problem

Consider a conductor 1n a magnetic field B, containing a
disordered segment (length L, mean fiee path / at Fermi
velocity v) 1n which the magnetic field changes its direction
An electron at the Fermu level with spm up (relative to the
local magnetic field) 1s mjected at one end and reaches the
other end What 1s the probability that 1ts spin 1s up?

For simplicity we take for the conductor a two-
dimensional electron gas (in the x-y plane, with the disor-
deted 1egion between x=0 and x=L), and we 1gnore the
curvature of the electron tiajectories by the Lorentz force
The problem becomes effectively one-dimensional by as-
sumng that B depends on x only We choose a rotation of B
mn the x-y plane, according to

B(x,y,z=0)

2wfx 2wfx

L

={ Bsinz cos ,Bsinn sm ,Bcosn |,

@1

with # and f arbitrary parameters The geometry 1s sketched
m Fig 1 We treat the orbital motion semuclassically, within
the framework of the Boltzmann equation (This 1s justified
if the Fermu wavelength 1s much smaller than # ) The spin
dynamics requires a fully quantum mechamcal treatment
We assume that the Zeeman energy gugB 1s much smaller
than the Feimi energy 3mu?, so that the orbital motion 1s
mdependent of the spin

We mtioduce the probability density P(x,¢,&,t) for the
electron to be at ume ¢ at positton x with velocity v
=(vcospusin,0), i the spmn state with spmor &
=(£;,¢;) The dynamics of ¢ depends on the local magnetic
field according to

df _1gps
dt 2k

oé&, 22
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where o=(o,,0,,0,)1s the vector of Pauli matrices It 1s
convement to decompose £=x;1§;+ x2§; mto the local
eigenstates £;,§ of B o,

7 7
L a—imfxlL _ L —iwfxlL
COS2 e 31n2 <
§T: 7 , &= 7 )
L awfxlL L amfalL
Sll’l2 e 00526
(2 3a)

and use the real and imagmaiy paits of the coefficients
X1.X2 as variables 1n the Boltzmann equation The dynamics

of the vector of coefficients c¢=(c;,c;3,¢3,¢4)
=(Re y;,Im y;,Re y,,Im x,) 1s given by
de 1
;,7=-;Mc, M=My+M,cos ¢, (2 4a)
0o -1 0 0
1 0 0 0
Mo=wsml o o 0 1
0 o0 -1 0
0 —~cosn 0 sy
wfl| cosn 0 —smy 0
L 0 sin7 0 cos”
—smy 0 —cosy O
(2 4b)

where wg= g upB/2% 1s the precession fiequency of the spin
The Boltzmann equation takes the form

’p / oF > O (M, cP
T (x,,c,t)=— cosqb—g z?c,( 4 P)

i

—p+ JZW%(-?T—’-P(X,(}’)',C,I), @5)

0
wheie we have assumed 1sotiopic scattering (rate 1/7
=yp//)

We look for a stationary solution to the Boltzmann equa-
tion, so the left-hand side of Eq (2 5) 1s zero and we omut the
argument ¢ of P A stationary flux of paiticles with an 1so-
tropic velocity distribution 1s injected at x=0, their spins all
aligned with the local magnetic field (so y,=0 at x=0)
Without loss of geneiality we may assume that y;=1 at x
=0 No particles are mcident fiom the othet end, at x=L
Thus the boundary conditions ate

P(x=0,¢,c)=8(c;—1)8(cy) 8(c3)&cy) if cos >0,
(2 6a)
P(x=L,$,c)=0 1f cosp<0 (2 6b)

This completes the formulation of the pioblem We com-
pate two methods of solution The first 1s an exact numerical
solution of the Boltzmann equation using the Monte Catlo
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method. The second is an approximate analytical solution
using the diffusion approximation, valid for L>/£". We begin
with the latter.

B. Diffusion approximation

The diffusion approximation amounts to the assumption
that P has a simple cosine-dependence on ¢,

P(x,¢,c)=N(x,c)+J(x,c)cos ¢. 2.7

To determine the density N and current J we substitute Eq.
(2.7) into Eq. (2.5) and integrate over ¢. This gives

aJ P
{oo== o (2MoeN+M ).

g (2.8)

Similarly, multiplication with cos ¢ before integration gives

N P
f—=——(MocJ+M;cN)—J.

2.
ox dc (2.9)

Thus we have a closed set of partial differential equations for
the unknown functions N(x,c) and J(x,c). Boundary condi-

tions are obtained by multiplying Eq. (2.6) with cos ¢ and
integrating over ¢:

T
N(x=0,c)+ ZJ(XZO’C)

=&(c;—1)8(ca)(c3) 8(cy), (2.10a)

N(x=L,c)—j—:-J(x:L,c)=o. (2.10b)

We seek the spin polarization p=c}+c3—c2—c} of the
transmitted electrons, characterized by the distribution

f deJ(x=L,c)8(ci+ci—ci—ci—p)

P(p)=
f de J(x=L,c)
2.11)

(The notation fdc =[dc; fdc, [dc4 [dc, indicates an inte-
gration over the spin variables.) We compute the first two
moments of P(p). The first moment p is the fraction of
transmitted electrons with spin up minus the fraction with
spin down, averaged quantum mechanically over the spin
state and statistically over the disorder. The variance Var p

=p?—p? gives an indication of the magnitude of the statis-
tical fluctuations.

Integration of Egs. (2.8)—(2.10) over the spin variables
yields the equations and boundary conditions for the func-
tions N(x)=fdc N(x,c) and J(x)=fdc J(x,c):

dN dJ
—=—], —=0,
dx

P (2.12a)

T T
N(0)+ ZJ(O)= I, N(L)- ZJ(L)ZO' (2.12b)

The solution
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J(x)= (2.13)

i
2 7
determines the denominator of Eq. (2.11).

To determine p we multiply Egs. (2.8) and (2.9) with
XaXZ? and integrate over ¢ (recall that y;=c;+icy,x¥2=¢3
+icy). It follows upon partial integration that

d
| e xaxtamiaen

:—_% (Sap(sﬁo— 5apS,Ba‘)f dc Xp/\/if’

(2.14a)
P
f de XaXp 52 (Micf)

= pza (Tapéﬁo‘_ 6apT/30')J de XpX;k-f7

(2.14b)

for arbitrary functions f(x,c). The 2X2 matrices S,T are
defined by

. imfl .
S=iwgro,, T= T(U'ZCOSn— o.sing). (2.15)

In this way we find that the moments

NHB(X)ZJ dc XQXEN(X’C)1 (2163)
Jaﬁ(x)=f dc XaX3JI(x,¢), (2.16b)
satisfy the ordinary differential equations
dN
afd _
£ dx pE;T (Tap 5,3(7—_ 5apT,Ba‘)Npa'
+ pE;r (Sapaﬁzr_ 5apSBa')thT_Ja,B ’
(2.17a)

dJ
A ap
— —zpza(sa,,(sﬁg—aapsﬁa)zv,w

+ 2 (TapOpr—8apTps)pos  (2.170)
p,o
with boundary conditions

T
Naﬁ(X:0)+‘4‘Ja;;(x=0):5a15ma (2.18a)

Nopr=L)= T7aplx=L)=0.  (2.18b)

The mean polarization p is determined by J op according to
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FIG 2 Average and variance of the spin polarization p of the
current transmutted through a two-dimensional region of length L
=25/, as a function of wy7, for a magnetic field given by Eq (2 1)
with 7=m7/3 and f=1 The data points result from Monte Carlo
simulations of the Boltzmann equation (2 5), the solid curves result
from the diffusion approximation (2 7), and the dashed curves are
the asymptotic formulas (2 20) and (2 27) Notice the transient re-
gume (A) the randomized regime (B), and the adiabatic regime (C)

- Ju(L)—Jxn(L)
P70

T L
=<3+ 7) [T(2) =Tl L)] (219)

Smce Eq (217) 1s lmear n the eight functions
Nop(x),J op(x) (@, 8= 1,2), a solution requires the eigenval-
ues and right ergenvectors of the 8 X 8 matrix of coefficients
These can be readily computed numerically for any values of
L/Z and wgr We have found an analytic asymptotic solu-
tion for L//> 1 and wp7> (f#/L)?, given by

- k 2afsiny
p= , = (220)
simh k VI+(Q2wgT)?

In Fig 2 we compare the numerical solution (solid curve)
with Eq (2 20) (dashed curve) for L//=25 and n=m/3,f
=1 The two curves aie almost indistinguishable, except for
the smallest values of wpT

In a similar way, we compute the second moment of P(p)
by muluplyng Eqs (2 8) and (2'9) with x x5 X,x3and n-
tegrating over ¢ The result 1s a closed set of equations,

d
/E;Naﬁyﬁz 2 (L/;Eey% ;LVPO’+K#E’P;/(;\]MVPU) ‘]aﬁy(%
pLvpo
(2 21a)
d wUpo ;wpo'
O apys= 2 (RKUEIN wpot L) upe)s  (2210)

uvpo
wheie we have defined

KZZ‘;’%_ Sa}tﬁﬂvayp&&r 6a,uS/3y5 550

T 801050 ypBs5— 6appu0ypSses (2222)
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LHvPO

aﬂyrS Ta,u.5[3v5 650'_§Q}LT,BV5‘)/[)550'

*+ 00,080 15056 6005101 55, (222D)

N opys(x) = f de Xa)(g,\/y)(§N(x,c), (2 23a)
Jaﬁyé(x):f dC XaXEXyX?J(x’C) (2 23b)
The boundary conditions on the functions N,g,s and J 5,6
are
aa
N,gys(x=0)+ ZJaﬂyé(xzo):5a15B1§yl 3515 (224)
aw
Narﬂy&(sz)_ Z‘]a,Byé‘(sz)zo (2 25)
The second moment p—2 1S determined by
— |7 L
pr=lyt > [Jin(x=L)—=Jyz(x=L)
—Jon(x=L)+Jppn(x=L)] (226)

The numerical solution 1s plotted also 1 Fig 2, together with
the asymptotic expression

1 2k\3 %

Varp=—+
3 3sinh(k \/—3‘) smh?k

It 15 evident fiom Eqs (2 20) and (2 27), and from Fig 2,

that the 1egime with p=1, Vai p=0 1s entered for wgr=f
ffor sinyp=0(1)], 1n agreement with Stern’s citterion (1 1) for
adiabaticity For smaller wg7 adiabaticity 1s lost Thete 1s a
transient regime wp7<(f</L)?, m which the piecession fie-
quency 1s so low that the spm remamns 1n the same state
duting the entie diffusion process For (f//L)*<wpr<f
the average polarization reaches a plateau value close to zero
with a finte variance For a sufficiently nonuniform field,

Ssinm>1, we find 1n this regime p=0 and Va1 p = 1/3, which
means that the spin state 1s completely randomized The tran-
stent 1egime, the 1andomuzed regime, and the adiabatic te-
gime are indicated in Fig 2 by the lettets A, B, and C

227)

C. Comparison with Monte Carlo simulations

In oider to check the diffusion approximation we solved
the full Boltzmann equation by means of a Monte Carlo
stmulation A paiticle 15 moved from x=0 over a distance
/| m the duection ¢, then over a distance /5 m the direc-
tion ¢,, and so on, until 1t 1s reflected back to x=0 or trans-
mitted to x=L The step lengths //, are chosen randomly
fiom a Poisson distribution with mean ¢ The directions ¢,
are chosen uniformly fiom [0,27], except for the mitial di-
1ection ¢, which 1s distributed occos¢; The spin compo-
nents are grven by

(Xl) =H elS+Teos )7, 17

X2 :

1
0) (2 28)
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To find p”, one has to average (x;|>—|x2|*)" over the trans-
mitted particles. The results for L//’=25 are shown in Fig. 2
(data ponts). They agree very well with the results of the
previous subsection, thus confirming the validity of the dif-
fusion approximation for L/ > 1.

III. WEAK LOCALIZATION
A. Formulation of the problem

We turn to the effect of the nonuniform magnetic field on
the weak-localization correction of a multiply connected sys-
tem. We consider the same geometry as in Fig. 1, but now
with periodic boundary conditions—to model a ring of cir-
cumference L. Only the effects of the magnetic field on the
spin are included, to isolate the Berry phase from the con-
ventional Aharonov-Bohm phase. As in the previous subsec-
tion, we assume that the orbital motion is independent of the
spin dynamics. We follow LSG in apglying the semiclassical
theory of Chakravarty and Schmidt” to the problem; how-
ever, we start at the level of the Boltzmann equation—rather
than at the level of the diffusion equation—and make the
diffusion approximation at a later stage of the calculation.

The weak-localization correction AG to the conductance
is given by

eZD de —t/T C
ahL ) re"eC(1),

AG= (3.1)

where 7, is the phase coherence time and the diffusion co-
efficient D=wvl/d in d dimensions. (In our geometry d=2.)
The ‘“‘return quasiprobability’” C(z) is expressed as a sum
over ‘‘Boltzmannian walks’® R(z) with R(0)=R(z),

C(t)y= 2, WTr(UTU"). (3.2)
{R()

Here W[R(#)] is the weight of the Boltzmannian walk for a
spinless particle. The 2 X2 matrices U*[R(#)] are defined
by

ig My
2%

Ui=Texp[i fotdz’B(R(t’))-O'], (3.3)

where 7 denotes a time ordering. The factor Tr(U*U™) in
Eq. (3.2) accounts for the phase difference of time-reversed
paths.

The Cooperon can be written in terms of a propagator x,

1 27 27
C(Z)zﬁjo d¢f0 dd)lazﬁ Xaﬁﬂa(xl’xl;¢7¢l;t)’
(3.4)

that satisfies the kinetic equation

van LANGEN, KNOPS, PAASSCHENS, AND BEENAKKER

PRB 59

ig B

2h

d
(5+B)Xaﬁy5(x’xl;¢v¢x;t)_—

X 2 [(B(X) : O-)aa’ﬁyy’ - 5aa’(B(x) : o-)y'y']Xa',B'y’é

N
a,y

= 5(t) 5(_X—Xl)5((f)— ¢|)601B575‘ (35)
The Boltzmann operator B is given by

B= i + ! 1j2wd¢ 3.6

—UCOS¢5; ; ;0 —2—7}‘ ()

The propagator y is a moment of the probability distribu-
tion P(x,¢,U",U",1),

Xapys= f aut f dU™ UggUsP, (3.7)
that satisfies the Boltzmann equation
Bt d /dU+)+ a /dU_
gt gut\ dr | ay-\ dt
XP(x,,UT,U",1)=0, (3.8)
with initial condition
P(x,¢,U",U™0)
=8(x—x)8(¢p— ) S(UT =D S(U™—1).
(3.9)

The notation dU™ or dU~ indicates the differential of the
real and imaginary parts of the elements of the 2 X2 matrix
U* or U™. We will write this in a more explicit way in the
next subsection.

The Boltzmann equation (3.8) has the same form as the
one that we studied in Sec. II. The difference is that we have
four times as many internal degrees of freedom. Instead of a
single spinor & we now have two spinor matrices U" and
U™ . A first doubling of the number of degrees of freedom
occurs because we have to follow the evolution of both spin
up and spin down. A second doubling occurs because we
have to follow both the normal and the time-reversed evolu-
tion.

B. Diffusion approximation

We make the diffusion approximation to the Boltzmann
equation (3.8), by following the steps outlined in Sec. II. The
4X2 matrix u* containing the real and imaginary parts of
U=,

ReU;; ReUp
. | mU5, ImUj
T ReU5; ReUsj |’ (3-10)
ImU3 ImUs,
has a time evolution governed by
du™ .
T—E—=iZ(x)u—, (3.11a)
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i 2wfx ) 2arfx
0 —cosy sin sin —sinzy cos—
i 27fx ) C2wfx
cos7y sinz cos sin7 sin—
Z(x)=wgT 3.11b
(¥)=wp . C2afx ) 2mfx ( )
—sinz sin —siny cos— 0 cos7
) 2arfx . 27fx
sinz cos ~sing s —Cos7 0
|
The Boltzmann equation (3.8) becomes, in a more explicit dJapys I8MBT
notation, =

d
—P tu,t
T (x,,u™,u",t)
P ad
=—/cos p—— —Z (X ul P
arm WE’k ot wlX)

d _
+ 2 —Z(x)ugP—P
1,5,k (?u”

27Td¢’
+ —_— "utuT ). 3.12
fo 7 P(x,¢ ,u™,u,t) (3.12)
We now make the diffusion ansatz in the form
o 27
J a’te”‘”saf d¢p,P=N-+Jcos . (3.13)
0 0

By integrating the Boltzmann equation over ¢, once with
weight 1 and once with weight cos ¢, we obtain two coupled
equations for the functions N(x,u",u”) and J(x,ut,u").
Next we multiply both equations with U ;BU s and integrate
over the real and imaginary parts of the matrix elements. The
moments N,g.s and J, .5 defined by

Napy(s(x)=f dU*f dU™ UjgU N,  (3.142)

Jaﬁyﬁ(x)":j dU+j au~ U:BU;&], (3.14b)
are found to obey the ordinary differential equations

dN o5ys _ 18 MBT

/ dx 24

Y [(B(X): 0)agr by

a/f”y/
- 5aa:(B(x) . o)yy’]‘/a’ﬁ'y'é_(l + T/T(p)‘]a,B'yév
(3.152)

dx h a%r [(B(x)-a)w,5w,

~ Saa (B )y W55
—(27/ TN 4 ysT278,50,56(x —x,).
(3.15b)
The periodic boundary conditions are
Nopys(0)=Nagys(L)s  Japys(0)=J apys(L).
(3.16)

The Cooperon C and the propagator y of Egs. (3.4) and (3.7)
are related to the density N by

© _ 1 27
Naﬁys(x)zfo dtc i q)—j,_’)-'r—fo d¢

2
Xfo Ao Xapys(X.X30,¢,3t), (3.17)

2 Na,B,Ba(xl):f dte—[/T‘PC(t)- (318)
a,B 0

Hence the weak-localization correction (3.1) is obtained
from N by

62

D
AG=— m;ﬂ N appal)- (3.19)

The transformation to the local basis of spin states (2.3)
takes the form of a unitary transformation of the moments N
and J,

~ . + -
Naﬁ‘yﬁ— E Qaa/Q.y,y/Nalﬂl.y/(;fQﬂ,ﬂQ:s,5, (3203)
a',ﬁ',y',&'
7 —_ ¥ T
Jaﬁyé‘_ E Qaa’Qy-y"Lr’B’y’&’QBIBQ5f5’
a’,ﬁ’,y’,&’
(3.20b)
.7
emrf,\/L COS; e—t'n"fx/L sm—2—
Q(x)=

/A 7
- ez‘n‘fx/L SIHE e vrfxl/L COSE‘

(3.20¢)
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FIG 3 Weak-localization correction AG of a ring in a spatially
rotating magnetic field, as a function of the tilt angle # Plotted 1s
the result of Eq (3 21) for f=5, L=3500/", L,=125/" The upper
panel 1s for wg7<1 From top to bottom wgr=1073, 1074, 2
X107% 3X107%, 5%X107%, 1073, 10 2 At wpr=(f//L)% the
weak localization correction crosses over from the transient regime
A of Bq (3 23) to the randomuzed regime B of Eq (3 30) The lower
panel 1s for wgT=1 Fiom bottom to top ws7=01, 1, 2, 5, 10,
100 Here the weak-localization correction reaches the adiabatic
regime C of Eq (3 22)

The transformed moments obey

dNopys N
//_dx_yz 2 (Taar 8yyrF Saa Tyy)Nar gy s
a' y
* /E, (Saa’57'y’—5aa'S77')‘7a'187’5
a'y
—(1+ 7 7) T apyss (321a)
djaﬂ S A
/—L—ix—7—=2 ,E, (Saa’éyy’—61101’577’)1\,“"87"5
a'y

+ 2 (Toa 8yy+ 80aiTyy ) o gyrs

a'y'
- (2 T/T‘p)ﬁaﬂ75+27’5[1'35755()6_)('1),
(3 21b)

with the same 2 X2 matiices S and T as in Sec II Because

the transformation fiom N to N 1s unitaiy, the weak-
localization  correction 15 stll  given by AG=
—(e’DIThL)Z , gN appalx)), as m Eq (3 19)

We have solved Eq (3 21) with periodic boundary condi-
tions by numerically computing the eigenvalues and (right)
eigenvectors of the 8 X 8 matrix of coefficients The 1esulting
AG 15 plotted n Fig 3 as a function of the tilt angle % In the
adiabatic 1egime wp7>f we find the conductance oscilla-
tions due to the Berry phase These are given by®
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AG:_iﬂ smh(L/L,)

7h L cosh(L/L,)—cos(2afcosn)

(322)

analogously to the Aharonov-Bohm oscillations* (The
length L,= VD, 1s the phase-coherence length ) In the ran-
domized regime (f//L)*< wp7<f there aie no conductance
oscillattons Instead we find a reduction of the weak
lIocalization coriection, due to dephasing by spin scattering
In the transient 1egime wp7<(f// L)? the effect of the field
on the spin can be 1glloled,10 and the weak-localization coi-
rection remains at 1ts zero-field value

e? ch L
AG=~ — —cotanh| =—

7h L 2L, (323)

C. Comparison with Loss, Schoeller, and Goldbart

If we replace the Boltzmann operator B1n Eq (3 5) by the
diffusion operator — D%/ 9x? and ntegiate over ¢ and @,,
we end up with the diffusion equation studied by LSG,

J
(E_H)Xaﬁyﬁ(xsxl )= 5(t)5(x_x|)501ﬂ5767
(3 24a)
7 18 g

HZDEJ—CE-F 7

[B(x) o1=B(x) o,], (324b)

1 27 2
Xaﬁyﬁ(x7x1’t):'2—;f0 d¢f0 d¢1Xaﬁ75(xvx19¢7¢nt)
3 24c)

Heie o and o, act, 1espectively, on the fiist and third mdi-
ces of Xqpys

The difterence between the diffusion equation (3 24) and
the diffusion equation (3 15) 1s that Eq (3 24) holds only 1f
wpT<1, while Eq (3 15) holds for any value of wgr LSG
used Eq (3 24) to argue that there exists an adiabatic 1egion
within the 1egime wp7<€1 In contrast, owr analysis of Eq
(3 15) shows that adiabaticity 1s not possible if wg7<<1 The
argument of LSG 1s based on a mapping of the diffusion
equation (3 24) onto the Schiodinger equation studied 1n Ref
11 Howevel, the mapping 1s not cartied out explicitly In
this subsection we will solve BEq (3 24) exactly using this
mapping, to demonstiate that the adiabatic 1egime of LSG 1s
in fact the randomized 1egime B This misidentification per-
haps occurred because both regimes aie stationary with re-
spect to the magnetic-field stiength (¢f Fig 2) However,
Beny-phase oscillations of the conductance are only sup-
ported m the adiabatic 1egime C, not 1n the 1andomized 1e-
gume B (cf Fig 3)

We solve Eq (3 24) for the weak localization correction

AG=-

D
;ﬁLaEg (x,a,ﬂl(T;I'H)_llx,,B,a),
(3 25)

whete we ntroduced the basis of eigenstates |x,a,8) (with
a,B=*1) of the position operator x and the spm operatois
o, and o, The opeiator 7 commutes with
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L o
J= 5ot a2)

2 Ox (326)

It 1s therefore convenient to use as a basis, mstead of the
eigenstates |x,a,3), the eigenstates |j,a,8) of J, oy,, and
o,, The eigenvalue y of J 1s an integer because of the peri-
odic boundary conditions The eigenfunctions are given by

(x.a',B'|j,a.8)
1 2mix
=Eéa’a5ﬁ’ﬁexp (J=3fa—1fB)
(327)
In the basis {|7,1,1),7,1,— 1),]7,— 1,1),]7,— 1,— 1)} the op-
erator H has matrix elements
(' a'.B'[H|),e.B)
G=nN* 0 0 0
2\? 0 720 0
=_D(—L_) 1 o o0 ;2 o
0 0 0 @(+5H?
0 sy —siny 0
stny  —2cosy 0 —siny
“rody, —smy 0 2cosn sy
0 —smy smn 0
(328)
Substitution nto Eq (3 25) yields
AG Wf:E 2 (e Bl(ry, =H) "), B.)
2
= vrﬁz *+y+)%)

+K2(3f2+4'y+4]2+f2C05277)]

X[y +)4UF +2f2y+ V2 =202 429%+ )9
F26 232y + 2y = 22+ 4yt
+2/ 4+ (P + y =3 )cos29)] 7! (329)

We abbreviated k=2 wgr(L/27/)* and y=(L/27L,)*> The
sum over j can be done analytically for «> 1, with the result

> 1 [4a_+4y+(3+cos27)s?
mh 477Ql Va_tanma_
4a,+4y+(3+cos2n)f*
Vatan mya 4 '
0=[f*9cos’2np—2cos27—7)
—32vf3(1 +cos2m) ],

AG=—

(3 30a)

(3 30b)

ar=—y+i(1+3cos2n)f*+1Q (3 30c)
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We have checked that our solution (3 29) of Eq (3 24) co-
mcides with the solution of Eq (3 15) m the regime wgT
<1 (The two sets of cuives are mdistinguishable on the
scale of Fig 3) In particular, Eq (3 30) comcides with the
curves labeled B 1n Fig 3, demonstrating that 1t represents
the randomized regime—without Berry-phase oscillations

Recently!? Loss, Schoeller, and Goldbait have reconsid-
ered the condition for adiabaticity We agree on the equa-
tions [our exact solution (3 29) 1s then starting pomt], but
differ 1n the interpretations They interpiet our randomized
regime B as being the adiabatic regime and explain the ab-
sence of Berry-phase oscillations as bemng due to the effects
of field-mnduced dephasing We reserve the name ‘‘adia-
batic’’ for regime C, because if the spin would follow the
magnetic field adiabatically 1n regime B, 1t should not suffer
dephasing

IV. CONCLUSIONS

In conclusion, we have computed the effect of a nonuni-
form magnetic field on the spin polarization (Sec II) and
weak-localization correction (Sec IIT) 1n a disordered con-
ductor We have identified three regimes of magnetic-field
strength the transient regime wg7<<(f//L)?, the random-
1zed regime (f//L)*<wp7<f, and the adiabatic 1egime
wp7>f In the transient regime (labeled A i Figs 2 and 3),
the effect of the magnetic field can be neglected In the ran
domized regime (labeled B), the depolaiization and the sup-
pression of the weak-localization correction are maximal In
the adiabatic regime (labeled C), the polarization 1s restored
and the weak-localization correction exhibits oscillations due
to the Berry phase

The criterion for adiabaticity 1s wgt > 1, with wp the
spm-precession frequency and ¢, a chatacteristic timescale of
the orbital motion We find z.= 7, 1n agieement w1th Stern,’
but in contradiction with the result z.=7(L//)? of Loss,
Schoeller, and Goldbart ¢ By solving exactly the diffusion
equation for the Cooperon derived m Ref 6, we have dem-
onstiated unambiguously that the regime that m that paper
was 1dentified as the adiabatic regime 1s m fact the random-
1zed regime B—without Berry-phase oscillations

We have focused on transport properties, such as conduc-
tance and spin-tesolved transmussion Thermodynamic prop-
erties, such as the persistent current, in a non-uniform mag
netic field have been studied by Loss, Goldbart, and
Balatsky!' > 1n connection with Berry-phase oscillations
These papers assumed ballistic systems We believe that the
adiabaticity criterion wg7> | for disordered systems should
apply to thermodynamic properties as well as ttansport prop-
erties This stiong-field criterion presents a pessimustic out-
look for the prospect of experiments on the Beny phase i
disordered systems
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