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Abstract. Descartes’s rule of signs imples that the number of non-vanmishing real zeroes
of a non-zero polynomial f 1 one variable with real coefficients 15 at most 2k, 1f k41 1s the
number of non-zero terms of f In this paper the following non-archimedean analogue 1s
obtamed Let p be a prime number, L a field that 1s a finile extension of the field of p-adic
numbers, and k a positive mteger Lhen there exists a positive mteger B = B(L, L) with
the following property if f € L[X] has at most k41 non-zero terms, and f 5 0, then f has
at most B non vamishing zcroes i L, counting multiphicities For example if L 1s the field
of 2 adic numbers, and k = 2, then one can take B = 6 As a consequence, 11 1s shown that
for any three positive integers m, &, and d there exists a positive integer A = A(m, k, d)
with the following property Suppose that K 1s an algebraic number field of degree at
niost m over the ficld of rational numbers, that f € K[X] 1s a non-zero polynomial with
at most k1 non-7ero terms, and that g € K[X]1s a factor of f such that each irreducible
factor of g has degree at most d and such that g(0) # 0 Then the degree of g 1s at most A
The value for A given by the proof satisfies A(m,k,d) = O(k* 2™ mq log (2mdk)),
the O-constant bemg absolute and cffectively computable
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1. introduction

Let Q denote the ficld of rational numbers, and for a ring R, wiite R[X] for the
1mg of polynomials m onc variable X over R

Theorem 1. For any three positwe mtegers m, k, and d there emists a positwe
integer A = A(m, k,d) with the followrng property Suppose that K s an algebraic
numbcr ficld of degree at most mn over Q, that f € K[X] 15 a non zero polynomaal
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with at most k + 1 non-zero terms, and that g € K[X) 1s a factor of f such that
each wrreducible factor of g has degree at most d and such that g(0) # 0 Then the
degree of g 1s at most A

Note that the bound A 15 independent of the cocfhicients and the degree of f

With d = 1, the theorem mmplies a bound A = A([K  Q], &, 1) on the number of
non-vanishing zcxocs m K of any non-zero polynomial mn K [X] with at most & +1
non-zero terms If K can be embedded in the ficld R of real numbers, then 2k 15
such a bound, by Descartes’s rule of signs (sce [10, Section 109]), i particular, one
can take A(1,k,1) = 2k My proof mn the general case, which 1s given 1 Section 5,
mvokes the following non-archimedean analoguc of Descartes’s rule of signs For a
prime number p, let Q, denote the ficld of p-adic numbers

Theorem 2. For any positwve wnteger k and any field L Lhat 15 a finite extension
of Q,, for some prume number p, there exists a posibwe mteger B = B(k, L) with
the followwng property Let f € L[X] be a non-zero polynomaal unth at most k + 1
non-zero terms and with f{0) #£ 0 Then [ has at most B zeroes i L, counted
wath multiplicities

B Poonen [7] has shown that this result can be extended to ficlds of Laurent se-
ries over finrte ficlds if the zeroes arc not counted with multiplicitics I do not know
whether there exist generalizations to systems of equations i several variables, as
n [3]

The proof of Theorem 2 15 given i Section 4 It depends on a result that s
even valhd for algebraically closed fields Let an erponential valualion on a ficld be
defined as m |11, Section 1-3]

Theorem 3. For every prume number p, evcry positwe anteger k, and cocry pos-
wwe real number 1 there exists a positwe inieger C = Cp,k,r) with the follow
myg property Let B be a field of characteristic zero with an cxponc nhal valuation
v E = RU{co} satesfying v(p) = 1, and let | € E[X] be a non-zcro polynomaal
with al most k -+ 1 non-zero terins Then f has at most C' zeroes v ¢ E wnth
v(x — 1) > r, counted with multiplcities

The theorem 15 remimiscent of the following observation of Hajés (sce [2, 6,
Lemma 1)) 1f £ 16 a ficld of chatacteristic zero, and f € E[X] 15 a non-sero
polynomial with at most & + 1 non-zero terms, then no non-vamshing zero of f has
multiplicity greater than k& My proof of Theorem 3, which 1s given m Section 3,
may be viewed as a refinement, of Hajos’s argument Tt makes use of a property of
bmomal coefhicients that 15 proved 1w Section 2

Hajés™s result casily implhies a result analogous to Theorem 3 for ficlds with an
exponential valuation that have a residue class field of characteristic zCYo, m this
case onc can take C' = k, and the condition v(r —1) 2 r can stmply be replaced

by v{ —1) > 0 In the case of Theoremn 3, polynomials ke X »" _ | show that
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the bound C necessarily depends on 7. I do not know a valid variant of Theorem 3
that applics to algebraically closed fields of non-zcro characteristic.

In Scction 6 we cxtend, by a specialization argument, Theorem 1 to a more
general class of ficlds and to polynomials in several variables.

Explicit valucs for A, B, and C are given in Propositions 8.1, 7.2, and 7.1,
respectively. They satisfy

A(m, k,d) = O(k* - 2 - md - log(2mdk)),
B(k,L) = O(K* - p/* - ef, - log(2e.k)),
k-log(k/(r1

N g(k/(r ng))))

rlogp

C(p, k,r) = O(k

where e;, and f;, denote the ramification index and the residuc class field degrec
of L over Q,, respectively, and where the O-constants are absolute. These estimates
give a fair impression of the order of magnitude of the best bounds that may be
obtained by my method, for many values of the arguments; at the same time, my
bounds are certainly open to numerical improvement.

From Theorem | and the value for A just given one can deduce a lower bound
for the largest degree of an irreducible factor of f, and an upper bound for the
number of irreducible factors of f. Thesc bounds depend only on &, on the degree
[K : Q] of K, and on the degree n of f. They arc quite weak; in fact, for fixed k
and (K : Q] they are roughly proportional to logn and n/logn, respectively. On
the other hand, they are completely independent of the coefficients of f and the
discriminant of K.

It is an interesting problem to cstablish lower bounds for any valuecs of A4,
B, and C that make the conclusions of the theorems valid. Is the best value for
B(k, L) computable from & and rcasonable data —such as a defining polynomial—
specifying L? It is not hard to show that the answer is affirmative if k£ = 1. For
the rest, T have not attcmpted to go beyond the case k = 2 and L = Qa, which is
treated in Section 9; it turns out that the sargest number of non-vanishing zerocs
that a “lrinomial” f € Qg[X] can have in Q2 equals 6 (sce Proposition 9.2).

Cucker, Koiran, and Smale [1] exhibited a polynomial time algorithm that
computes all integer zeroes of a sparscly encoded polynomial f € Z[X], where
Z denotes the ring of integers. The present paper was originally inspired by one
of the problems that they raise, amely that of computing the rational zcroes
of f in polynomial time as well. This can indced be done, and in fact there is a
polynomial time algorithm that determines all low degree irreducible factors of
a sparscly cncoded polynomial in one variable with coefficicnts in an algebraic
number ficld. This result is obtained in [5], by means of technigues different from
those employed here.

Whenever, in the remainder of this paper, zeroes of a polynomial arc counted,
then it is understood that they are counted with multiplicities. If p is a prime
number, then ord, denotes the unique cxponential valuation Q — R U {oo} for
which ord,p = 1. If R is a ring with 1, then R* denotes its group of units.



280 H.W. Lenstra, Jr.

If n is a non-ncgative integer, and ¢ belongs to some Q-algebra, then we write
(n) = [T £=2; this cquals 1 if n = 0.

n =0 n—u?

2. Interpolating binomial coefficients

For two non-negative integers k and n, define dg(n) to be the lcast common multi-
ple of all integers that can be written as the product of at most k pairwise distinct
positive integers that are at most n. Taking empty products to be 1, we have
dy(n) = 1if k = 0 or n = 0. Clearly, dj (n) divides n!, with equality if n < k. (In
fact, it is not hard to show that one has di(n) = n! if and only if n <2k +1, a
result that will not be needed.) We have

(2.1) m - dy_1(m — 1} divides dy(n) fi1i<m<mn, k>1.

This is immediate from the definition.

Proposition 2.2. Let k and n be non-negative wntegers, and let T C Z be a set
of cardinality k + 1. Then there emsts a polynomial h € Z[X] such that for each
t € T one has h(t) = d(n) - (}).
Remark. With dy(n) replaced by n!, the conclusion of the proposition is triv-
ial. This trivial result is strong enough to imply Theorem 3 in the casc that
r > 1/(p — 1), which suffices for the proofs of Theorems 2 and 1.

Proof. We proceed by induction on k. If k = 0 then T = {t} for some integer ¢,
and the constant polynomial h = (,LL) has the required property, since dy(n) = 1.
Next let & > 0. Let an clement u € T be chosen. The formal identity (1 + X)) =
(1+X)" - (14 X)'=* shows that for each t € Z we have

(-0

m=(0)

Using thai (") = =2 (“=1) for m > 0, we obtain

t U | U t—u-—1
= t— . —
<n> (n>+( w %m(n—m)(rnwl)'
Applying the induction hypothesis with k—1, m~ L, and {t —u—1:t e T, t#u}
in the rqlcs of k, n, and T, respectively, we find that for each m ¢ {1,2,...,n}
there cxists h,, € Z[X] such that for cach t € T, t # u, onc has (el =

hon(t —u—1)/dy_1(m — 1). Thercfore we have el

(=)o £ (Yo

m=1
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for each ¢t € T this time we can include ¢ = w, because of the factor ¢ — wu.
Multiplying by dj (n) we obtain dj (n) - (]L]) = h(t) for each t € T, where

h = dy(n) - <Z> (X —u)- Zn: E%(n iLm>hm(X—u— 1).

=1

By (2.1), the polynomial h belongs to Z[X]. This proves 2.2.

Corollary 2.3. Let k and n be non-negative integers with n > k, and let T C Z,
be a set of cardinality k+ 1. Then there emst rational numbers Co, Cly - .., Ck Such
that for each i the denominator of c, dwndes dy (n)/i! and such that for eacht € T

one has () = Zf:o e(h).

Note that dy(n)/3! is actually an integer, for 0 <i < k < n.

Proof. Let h be as in Proposition 2.2. Replacing h by its remainder upon division
by [1,cr(X —1t), we may assume that degh < k. (In fact, if h has been recursively
constructed as in the proof of 2.2, then it already satisfics this condition.) Since
il (91( ) is an ith degree polynomial in Z[X] with leading coefficient 1, for each s >0,
W can write b = Zfb:o lﬂ,!()’() with I, € Z. Now the numbers ¢, = Lil/di(n) have
the required properties. This proves 2.3.

Proposition 2.4. Let p be a prime number, and let k, n be integers with k >0
and n > 1. Then we have

logn ]

< k.
ord, dy (n) < k [logp

where [z] denotes the largest integer not exceeding x.

Proof. From the definition of dj, () one sces that the largest power of p dividing
dy.(n) divides some product of al most k positive integers that are at most n. Each

of these integers has at most [log n/ log p| factors of p, so their product has at most
k - [logn/ logp] factors of p. This proves 2.4.

Algorithm. Let p be a prime nuraber, and let & and n be non-ncgative intcgers.
To compute ord, di (1), one determines the least non-negative integer j for which

[n/p’*!] < k; then onc has
ord, d;. (n) = jk + ord,([n/p’]!).

This computation is convenicntly carried out in base p; then one obtains [n/p’] by
deleting the p-adically most significant j digits of n, and if s denotes the sum of the
remaining digits then one has ord,([n/p’ I = ([n/p’] = s)/(p—1). The clementary
correctness proof of this method is left to the rcader.
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For cxample, with p = 2, k = 25, n = 181 onc has 1 basec 2

k=11001, n=10110101, j5=10(=p), [n/p/]=101101, s = 100,
ord,([n/p’]!) = 101001, ord, d;(n) = 10 11001 + 101001 = 1011011,

and the conclusion 1s that ord, d,5(181) = 91

3. Zeroes closeto 1

We prove Theorem 3 For p, k, and 7 as n the statement of the theorem, we define
Clp,k,r) =max{m >0 mr —ord,d; (m) < max{sr —ord,(s") 0<2 < K3}

with d; (m) as defined m Section 1 If p, k, and 7 are fixed, then max{sr —ord,, (2!)
0 <2 <k} 1 constant, and mr — ord, d; (m) tends to mfnity with m, this follows
from 2 4 and the hypothesis that » > 0 Thercfore C'(p, k,1) 15 well-defined, and
we have C(p, k, r) > k since dy (k) = k!

We shall, with p, k, and 7 as above, prove that C' = C(p, k,r) satisfics the
conclusion of the thecorem To do this, let E, v, and f be as i the theorem
Replacing E by an algebraic closure and extending v we may, without loss of
generality, assume that E 1s algebrawcally closed

Write f = 37, ., /X', wherc T15 a set consisting of k+1 non-negative mtegers,
and a; € £ for t € T Define g € E[X] and b, € E, for 1 2 0, by

g=11+X)=> bX*

>0

2
b,zZa,(J for1>0

LcT

Then we have

Smee f # 0 we have g # 0, so not all b, vanish

Denote by n the number of zeroes 2 of f m E satisfymg v(r — 1) > ¢ This
15 the same as the number of zeroes y of g E satistying v(y) > r Smce E
15 algebracally closed, that number can, by the theory of Newton polygons (sce

[L1, Section 3-1]), be expressed 1n terms of r and the valuations of the cocfhicients
b, of g, as follows

n=max{m >0 vb,)+m =wmm{vd)+w 1> 0}}
It follows that we have
v(by) +nr <wv(b,)+ for all ¢ > 0

Smce not all b, vamsh, this implics that v(b,) #
It n <k, then we have 1 < €, as required Suppose next that n > k& By 2 3,
there arc rational numbers ¢, ¢, s &, with the denominator of ¢, dividing



On the factorization of lacunary polynomials 283

di (n) /4!, such that for cach ¢ € T one has

(1) -2 ()

Multiplying by a; and summing over £ € T we find that

I
by, = ZcLb,.

=0
Therefore we have
v(bn) 2 min{v(c,) +v(b,):0<i < k}.

The bound on the denominator of ¢, and the normalization v(p) = 1 imply that
v(c,) Z ord,(1!) — ordy di(n). Also, we have v(b,) > v(b,,) + nr — 4. Thercfore we
find that

v(bn) > min{ord, (i) — ord, di(n) + v(by) +nr —ir: 0 <4 < k).

Since v(b,,) # oo, this implies that
nr — ordy, dy,(n) < max{ir — ord, (i) : 0 <4 < k).

Thercfore we have n < ', as required. This proves Theorem 3.

Remark. If d; (n) is replaced by n! in this proof (c¢f. the Remark in Section 2),
then it is still valid for » > 1/(p — 1), but not for » < 1/(p — 1). This follows from

ord,(n!) = n/(p — 1) + o(n) for n — co.

4. Local fields

We prove Theorem 2. Let L be as in the theorem. Then L has a discrete valuation v
with a finite residue class ficld. Let v be normalized such that v(p) = 1 for some
prime number p, and lct e be the unique positive integer for which v(L*) = X =Z.
We write @ for the valuation ring {& € L : v(x) > 0}, and P for the maximal xdcal
{rel:vz)>0={zel: v > L/e} of O. We denote by ¢ the cardinality
of the finite residuc class field O/P. Let C = C(p,k,1/e) be as in Theorem 3. We
shall show that B =k - (¢ — 1) - (" satisfics the conclusion of Theorem 2.

Let f € L[X] be any non-zero polynomial with ai most & + 1 non-zero terms.
Theorem 3 implics that f has at most C' zeroes in 1+ P. Applying this result to
J(uX), for u € O, we sce that f has at most C zcroes in any coset u+P € (O/P)*
Sumiming this over the ¢ — 1 clements of (O/P)", we derive that f has at most
(g~ 1) - C zeroes in OF. Applying this result to f(aX), for a € L*, we find that f
has at most (¢— 1)-C zeroes in any coset aQ" € L* /O%; or, cquivalently, that [ has
at most (¢ — 1) -C zeroes © € L* for which »(z) assumes a given finite value. Since
by the theory of Newton polygons we have #{v(z) oz € L*, f(z) = 0} < & (sce
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also [8, Lemma 2 1}), we can now conclude that f has at most & (¢—1) C zcroes
m L* If we restrict, as m Theorem 2, to polynomials with f(0) # 0, then this 1s
also an upper bound for the number of zeroes of f in L This proves Theorem 2

Remark. If the conclusion of Theorem 3 15 available only for 7 > 1/(p — 1)
(cf the Remark 1 Section 3), then the preceding proof still works if one replaces
the cosets u+ P € (O/P)" by u+ P € (O/P")*, where I/c > 1/(p — 1), then the
factor ¢ — 1 needs to be replaced by the order (¢ —1) ¢+ of (O/PY*, and the
conclusion 1s that onc can take B(k, LY =k (¢—1) ¢~ C(p,k,l/e)

5. Number fields

We prove Theorem 1 Let m, &, and d be as in Theorem 1 Let p be any prime num-
ber, for example p = 2, and let Q, be an algebraic closure of Q, By
[4 Chap II, Prop 14], the field Q, has only fimitely many extensions of degree at
most dm 1 Q,, Let L be the composite of all these extensions, 1t 1s of finite degree
over Q,, We shall show that A = B(k, L) satwsfies the conclusion of the theorem
Let K, f, and g be as in Theorem 1 We may embed K as a subﬁeld n Qp

Then K Q, has degree at most m over Q,, Hence any zero of f in Q,, that has
degree at most d over K lics in an cxtension of degree at most dm of Q,,, and
therefore m L Thus, the number of zeroes of f Q,, that have degree at most d
over K 15 hounded by B(k, L) This imphes that the degree of g 1s at most B(k, L),
as required This proves Theorem 1

6. A generalization

For a ring R and a positive mteger n, we denote by R[X1, , X, ] the polynomal
ring 1 n variables X, | X, over R A polynomual m one variable 1s called
momac 1f 1t has leading cocfhcient 1

Proposition 6.1. Let m, k, d be positie wntegers, and let A = A(m, k,d) be any
posttwve wnteger for which the conclusion of Theorem 1 s true Suppose that K
15 o ficld that 15 of degree at most m over a purcly transcendental field extension
Ky of Q, that n 15 a positive wnteger, and that f € K[X,, ,X,] s a non-zero
polynomeal with at most k+1 terms Let g € K[X1, X, be a factor of f such
that for each o € {1,2, | n}, every wreducible factor of ¢ has degree at most d

m X, and g vs not dunsible by X, Then, for each v € {1,2, n}, the degree
of g m X, 15 af most A

Proof We know the result to be true if K, = Q and n = 1 We first extend
this to the case Ko = Q(t ¢t € T) for some collection 7' that 1 algebraically
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mdependent over Q, still for n = 1 Let Ko be such, let K = K(u) be of degree I
over Ky, and let f, g € K[X] be as m the statement of 6 1 Without loss of
generality we assume that f and g are momec Let Ry C Ky be a subring of the
form Ry = Q[t t € T][1/r], where 7 € Q[t t € T] 15 a non-zero element
that 15 chosen i such a manner that Ry contains the coefficients of the tollowing
elements of K, when expressed on the Ko-basis (u*)/_{ of K the coefficients of f
the coefficients of the monic rreducible factors of g, the mverse of 9(0), and ut
Then R = Zi;é Ry w' 15 a subring of K that 1s 1somorphic to Ry[U]/(R) for some

monic polynomual h = ' kU’ € Ro[U], and one has [ 9 € R[X] Next, one
chooses rational numbers a;, for ¢ € T', such that (a;);cr 15 not a zero of r, and
one defines ¢ Ry — Q by substituting a; tor { Adjomning a zero of >, elh)UY,
one can extend ¢ to a ring homomorphism from R to some algebraic number field
K; of degree at most [ over Q The mduced map R[X] — K[X] sending X to X
maps f to a monic polynomial f; € K1[X] with at most &+ | non-zero terms, and
g to a factor g of f) that has the same degiee as g, that can be wiitten as the
product of polynomials of degree at most d, and that satisfies g,(0) 32 0 Hence by
what we know about K1, the degree of g 15 at most A This proves the case n = 1
ot 61

For general n, let the notation agamn be as 1 6 1, and let 2 € {1,2, n}
View f and ¢ as polynomuals n a single variable X, with coefficients 1n the field
K(X,}y # 1) of fractions of the polynomial ring 1n the remaining variables, this field
15 of degree at most m over the field Ko(X,[y # 2), which 1s purely {ranscendental
over Q In K(X,|7 # 1)[X.], the polynomial g 15 a product of polynomials of degree
at most d, and 1t 15 not divisible by X, Hence by what we know about the case
n = 1, the degree of g 15 at most A Thus proves 6 1

7. Explicit bounds: the local case

Proposition 7.1. Let C(p,k,r) be as defined wn Section 3, and write

SPL o maxfi— (ordy()/r 0<2<A), w= -t
S Al =max{t — (o0 d,(a")}/r 0<:<k}, w
¢ (expl) — 1’ Y fr= () rlogp

Then we have
log(k/(rlogp))
Olp.hr) S e (v+wlogu) Se b (14002800

We note that ¢ = 1 58197671

Proof The last mequality follows from the fact that v < k We prove the first
mequality By the definition of C(p, &, r), 1t suthces to show that

~(11@7).@&.(_@2>y forall m > ¢ (v+ wlogw)
r
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The function 1 — (logz)/z of a positive variable  assumes 1ts minimum 1/c at
2 = expl Hence for all z > 0 we have z > (log.r) + /¢ Now let m be an integer,
m > c (v+wlogw), we have m > 1, since v > 1 and wlogw > —exp(—1) Taking
2 = m/w and applymg 2 4 we find that

wa m
m=w z>w logx+ — =wlogm—wlogw+7
C

klog d,d
>wlogm +v = ogrn+v>w@+

et 2

rlogp T
as required This proves 7 1
Let p be a prime number, and let L be a finite field extension of Q, Denote by

er, and fr the tamification index and the residue class field degree of L over Q,,
respectively For a positive integer k& we define

B(k,L) =k (p/" —1) C(p,k,1/eL),

with C(p,k, 1/ey,) as defined 1 Section 3

Proposition 7.2. With B(k,L) as just defined, the conclusion of Theorem 2 1s
valid Morcover, with ¢ as i 71 and ey and f;, as just defined, we have

log(ek/1
B(k,L)<c k> (p/" —1) (1+ cr, Ogl(sép/ ogp))

Proof This 1s clear from Section 4 and 7 &

Example: & = 1. One can show that C(p,1,1/c;) = sy e; + L, where s; =
max{s €Z s e; +1>p°}, o onc has B(L,L) = (p/” - 1) (s; e; +1) The
smallest value for B that makes the conclusion of Theorem 2 valid with k£ = 1 15
equal {o the number of roots of umity m I, which 15 of the form (p/t — 1) p'7,
where 77, 18 a non-negative mteger for which (p —1) p'7 ' divides e;

8. Explicit bounds: the global case

For positive mtegers m, k, and d, we define

md

Alm,hyd) =k (20 = 1) C(2,k, !
J=1

)

where [2] denotes the greatest integer not exceeding x, and the function C 1s as
defined 1 Section 3
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Proposition 8.1. With A(m, k,d) as yust defined, the conclusion of Theorem 1
15 valid Moreover, we have

A(m,k,d)<~(:— k* (md+10) 27t log(

kmd
log 2 ) ’

log 2

where ¢ ts as m 7 1

We note that ¢/log2 = 2 28230995

The proof of 8 1 requires a more refined approach than the one taken mn Sec-
tion 5

We denote by Q: an algebraic closure of the field Qy of 2-adic numbers. and
by v Qy — QU {oo} the extension of the natural exponential valuation ori Qo
normalized so that ¥(2) = 1 We fix a group homomorphism Q —» Qs3, Wmtter;
7 — 27, with the property that 2! =2, to construct such a group homomorphism
one chooses mductively 277" to be an nth root of 24/~ "and one defines 29/
to be the ath power of 2!/7', for a € Z We have v(2') = 7 for each r ¢ Q For
positive mtegers 7 and e, we define the subgroups U, and T, ot Q} by

U={2 va—1) 21/}, T,={C ¢ '=1)
We have U, c U if e <é,and T, C Ty o 7 divades

Lemma 8.2. Let k, 5, and e be positwe integers, and let f € QQ[X} be a non-zero
polynomaal having k+ 1 non-zero terms Then f has at most k (27 —1) C(2, k, 1/e)

zeroes wn the subgroup 29 T, Uc of Qs

Proof This 15 done by a straightforward extension of the argument of Section 4
onc knows from Theorem 3 that f has at most C(2,k,1/e) zeroes m U,, and one
deduces that the same 1s true for any coset of Uc, next one observes that T, has
order 2/ — 1, and one derives that f has at most (27 — 1) C(2,k,1/e) zeroes
each coset 2/ T, U, of Ty U, and one concludes the proof using the fact that
v assumes at most k different values r at the zeroes of f in Qf This proves 8 2

Lemma 8.3. Let n be a positwe wnteger, and let L be an exlension of Qq of degree

at most n mside Qo Then there enses an anteger 3 € {1,2,  n} such that

Lt 2@ T, U[n/,],,

Proof Let f; and e; be as m Section 7, and put M = L(2'/°) We claim that
) = fas, the residue class field rlegrec of M over Q,, has the stated properties
To prove this, denote by ¢’ and f’ the ramufication mdex and residue class field

degrec of M over L Then we have ¢f'=[M L] <ey, and therefore

fau<d fu=c [ fuoser fu=[L Qf<n
This proves, first, that 7 = far does belong to 1L 2, , n}, and secondly, that

e < n/ful = ["/7] Hence the ramification mndex ep; of M over Qg satisfies
eny =€ ey <[n/y] n Therefore each x € M with v(z — ) > 0 belongs to
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Ui jgin- From j = fur it follows that 7, C M”, and that T, is in fact a system of
representatives for the group of units of the residue class ficld of M (see [9, Chap. 2,
Prop. 8(iii)]). It follows that the kernel of v : M* — Q is contained in T, - U /50 -
Now, in order to prove that L* C 29T, “Upnyn, let x belong to L*. Then v(z) = r
for some r € %Z, 50 the element 2 -27", which docs belong to M™, is in the kernel
of v. Therefore we have x € 2" - T} - Uy / ;jn C 2Q. Ty - Uln/,Jn, as required. This
proves 8.3.

One can show that the integer ¢’ occurring in the proof above is a power of 2.
This observation may be used to improve our value for A(m, k,d), but it will not
change its order of magnitude.

We turn to the proof of 8.1. Let m, k, d be positive integers, and let K, f, ¢
be as in Theorem 1. We may assume that K is a subfield of Q,. Then every zero
of g in Qg lies in an extension of degree at most n = md of Qz, so by Lemma 8.3
also in U;L:l (29. T, Uy gin)- From Lemma 8.2 it now follows that the number of
zeroes of g in Qp is at most

D> k(22 -1)-C(2,k,1/([n/s]n)) = A(m, k,d).
=1

Hence A{m,k,d) is an upper bound for the degree of g. This proves the first
assertion of 8.1. We prove the second assertion. From 7.1 we obtain

Al o, d) < ¢ K .i(w . (1 . [/aln: logl((gz/;]nk/ log2))

J=1
where we still write n = md. For [n/2] < 3 < n we have [n/j] = 1, and for
L < j < [n/2] we have [n/j] < n and log([n/j]nk/log2) < 2log(nk/log2). This
leads to

A(m, k,d) < c-k?*- (2”“ Lgn+1, 1o log(nk/log2) ooy 0% - 2log(nk/log2) \

log 2 log 2 /

(n + 10) - log(nk/log 2)
log 2

the second inequality being obtained by a routine argument. This proves 8.1.

_<_C-k:2'2”+1 .

3

9. Two-adic trinomials

In this section we determine how many zeroes a polynomial of the form
(9.1) f=a+bX" +cXu with 6 € Q5, b, c€Qq, t,ueZ, 0<t <u,

may have in Qg; here we still count zeroes with their multiplicities. We let the

function C be as defined in Section 3, and we write v for the natural exponcntial
valuation on Qs.
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According to the first assertion of 72, with k =2, p=2, L = Q,, e;, = 1, and
fr = 1, an upper bound for the number of zeroes of any f as mn (91) mn (’QQ 18
given by 2 C(2,2, 1), which by a direct computation 15 found to be 8 (The second
assertion of 7 2 gives the upper bound 16 0018 ) The following result shows that
the best upper bound 15 6

Proposition 9.2.

(a) Let f be aswn (9 1) Then the number of zeroes of f mn Qy equals 0, 1, 2, 3
4, or 6, and of it equals 4 or 6 then t and u are both even ’

(b) For any n € {0,1,2,3,4,6} there emsts f as i (91), with b # 0 and ¢ # 0
such that the number of zeroes of f wn Qo equals n ’

7

In the proot we use a variant of 22 We write Z,, for the ring of p-adic mtegers

Proposition 9.3. Let p be a prime number, n a non-negatwe teger, and T a fi-
mite non-empty subsel of Z WriteT) = {t € T (t mod p) = 3} for each y € Z/pZ
and put k = max{#I, J€ Z/pZ} —1 Then there emsts a polynomial h € Z, [X]’
such that for each t € T one has h(t) = di(n) ) P

Proof Let 3 € Z/pZ be such that T, 15 non-empty, and put k(y) = #7, — 1
Applying 2 2 to T}, we obtam a polynomial i, € Z[X] with the property that for
each ¢ € T, one has h,(t) = dy(;)(n) (1) Next define

o=t-11(- 1 =)

LeT, wCT ugli,

We have g, € Z,[X], simce none of the denominators ¢ — u 15 divisible by p Also,

we have g,(t) = 1 for t € T, and g(u)y=0forueT, ugT
It 1s now straightforward to verify that the polynomial

h = }:g, h, di(n)/dyy(n)
J

has the properties stated m 9 3, note that for each y we have di (n)/d; () (n) € Z,
since k(7)) < k This proves 93

Proof of 92 (a) Let f beasm (91) Let1t first be assumed that ¢ o1 w 15 odd, m
this case 9 2(a) asserts that f has at most 3 zeroes 1 Q2 To prove this, we obseive
that 7" = {0,1,u} contamns integers of both parities, so when we apply 9 3 we can
take k =1 (as opposed to k =2 when we apply 2 2) With this improvement, the
argument given 1n Section 3 shows that the number of zeroes of fin 2% = 1+27Z5 15
at most C'(2,1,1) =2 (as opposed to C(2,2,1) = 4) If v assunies at most 1 value
at the set, of zeroes of f m Qz, then the argument of Section 4 now mmphes that f
has at most 2 zeroes m Qo Assume therefore that 1 assumes at least 2 values at
the zeroes of f m Qp Let 7 and s be zeroes of fm Q2 with v(r) > v(s) By the
theory of Newton polygons, cach zero of fm Qs mr Ziorms Z3}, and the
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polynomials f(rX) and f(sX) have the shape
foX)=(d +¥V X" +X") d', with o',V € Z3, ¢ € 2Z5, d' € Qj,
FsX) = (@ + V"X + "X d’, with o € 2, V', ' € Z, d" € Q}

Each of these polynomials has 1 as a zero and has at most 2 zeroes in Z5 If ¢ 15
odd, then 1 15 a stmple zero of the reduction of f(r X)/d’ modulo 2, so by Hensel’s
lemma (see [11, Cor 2-2-6]) 1t 15 the umque zero of f(rX) m Z5 = 1+2Z, It t1s
even then u 15 odd, and 1 15 a simple zero of the reduction of f(sX)/d” modulo 2,
50 by Hensel’s lemma, 1t 15 the unique zero of f(sX) m Z3 In erther case, one of
the two polynomials has a unique zero m Z3%, and the other at most 2 Therefore
f has at most 3 zeroes m Qg, as asserted

Next assume that ¢ and v are even We can write t = ¢2' and u = uo2', where
[ 15 a postive imteger and ty or ug 1s odd Then we have f = fo(X 21), where
fo=a+bX' +cX", and the zeroes of f arc the 2'th roots of the zeroes of f; By
the above, fi, has at most 3 zeroes m Qs, and since Qg contains exactly 2 roots of
unity, each of thesc zeroes that has a 2'th root 1 Q) has exactly 2 of them Hence
the number of zeroes of f m Qg equals 0, 2, 4, or 6 This proves (a)

(b) One easily verifies that the polynomials

X2+ X+1, XP+X?2-2 X?-5X+4, X'-5X*+4

have exactly 0, 1, 2, 4 zeroes i Qg, respectively (They have m fact the same
property over Q and R ) Next consider the polynomial

f=3X"+X—-4
One has

F(8X +1)
128

By Hensel’s lemma, f(8X 1) has two zerocs in Zz, so f has two zeroes mn 1487,
Also, one has

= T68X° +480X% + 120X° + 15X? + X =X (X — 1) mod 2

4X r
f%:ﬁ):g 22 X°4+ X —~1=X~1modS8,
50 f(4X) has a zero m Zy that 15 | mod 8, and f has a zero m 22 (148Z,) This
shows that f has at least 3 zeroes m Qz, and by (a) 1t has no others Siice each
element of 1+8Z, 15 a square 1n Q,, each of the 3 zeroes of f has two square roots

m Q2 Therefore the polynomal 3X'° + X2 — 4 has exactly 6 zerocs m Qo This
proves 9 2

Remark. The arguments used m the proof of 9 2 lead to the following general
result Let the hypotheses and the notation be as i 7 2, and define
Bk, L)y =w, (p'" ~1) (1+(k—1) Clp,k—1,1/er)),

where wy, denotes the number of roots of unity i L that have p power order
Then the conclusion of Theorem 2 15 valid with B’ (k, L) 1 the place of B(k, L)
For k =1, we have B'(1,L) = wy, (p’7 — 1), which 15 the number of all roots of
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unity in L; it follows that for k& = 1 the bound B’(k,L) cannot be improved. If
k > 1, then one has B'(k, L) < B(k, L) for all L with wy = 1; but if wy, > 1, then
one has B'(k,L) > B(k, L) for all k exceeding a bound that depends on L.
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