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We analyze how nonclassical features of squeezed radiation (in particular, the sub-Poissonian noise) are
degraded when 1t 1s transmutted through an amplifying or absorbing medium with randomly located scattering
centra Both the cases of direct photodetection and of homodyne detection are considered Explicit results are
obtained for the dependence of the Fano factor (the ratio of the noise power and the mean current) on the
degree of squeezing of the incident state, on the length and the mean fiee path of the medium, the temperature,

and on the absorption or amplification rate

PACS number(s) 42 50 Dv, 42 25 Bs, 42 25 Dd, 42 50 Ar

I. INTRODUCTION

Squeezed radiation 1s 1n a state in which one of the
quadiatuies of the electric field fluctuates less than the other
[1,2] Such a nonclassical state 1s useful, because the fluctua-
tions 1n the photon flux can be reduced below that of a Pois-
son process — at the expense of enhanced fluctuations m the
phase Sub-Poissonian noise 1s a delicate feature of the ra-
diation, 1t 1s easily destroyed by the mnteiaction with an ab-
sorbmg or amplifymng medwm [3] The noise fiom
spontaneous-emission events 1s responstble for the degrada-
tion of the squeezing

Because of the fundamental and practical mmportance,
there exists a considerable literature on the propagation of
squeezed and other nonclassical states of light thiough ab-
sotbing o1 amplifymg media We cite some of the most te-
cent papers on this topic [4~10] The main simphfication of
these mvestigations 1s the 1estriction to systems in which the
scattering 1s one-dimensional, such as parallel dielectiic lay-
ers Each propagating mode can then be tieated sepaiately
fiom any other mode It 1s the purpose of the present paper to
remove this restiiction by presenting a geneial theory for
thiee-dimensional scattering, and to apply 1t to a medium
with randomly located scattering centra

Our work builds on a previous paper [11], m which we
considered the propagation of a coherent state thiough such a
random medium Physically, the problem considered heie 1s
different because a coherent state has Poisson noise, so that
the specific nonclassical features of squeezed 1adiation do
not arise in Ref [11] Technically, the difference 1s that a
squeezed state, as most other nonclassical states, lacks a di-
agonal representation in terms of coherent states [1,2] We
cannot therefore duectly extend the theory of Ref [11] to the
propagation of squeezed states The basic idea of our ap-
proach remains the same The photodetection statistics of the
transmitted radiation 1s related to that of the ncident radia-
tion by means of the scattering matrix of the mediuum The
method of random-matrix theory [12] 1s then used to evalu-
ate the noise properties of the transmitted radiation, averaged
over an ensemble of random media with different positions
of the scatterers

The outline of this paper 1s as follows In Sec II we fiist
summarize the scattering formalism and then show how the
charactenstic function of the state of the transmutted radia-
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tion can be obtained from that of the mcident state This
allows us to compute the photocount statistics as measuted 1n
duect detection (Sec 1II) and in homodyne photodetection
measuiements (Sec IV) The expressions n Secs 1I-1V aie
genetally valid for any incident state In Sec V we specialize
to the case that the mcident radiation 1s 1 an 1deal squeezed
state (also known as a squeezed state of minimal uncertainty,
or as a two photon cohetent state [1,2]) The statistics of
direct and homodyne measuiements are expressed 1n terms
of the degree of squeezing of the incident state The Fano
factot, mtioduced 1n Sec VI, quantifies the degiee to which
the squeezing has been destioyed by the propagation through
an amplifying o1 absotbing medium The ensemble average
of the Fano factor 1s then computed using random-matrix
theoty in Sec VII We conclude n Sec VIII

II. SCATTERING FORMULATION

We consider an amplhifying o1 absorbing disoidered me-
dium embedded m a waveguide that supports N(w) propa-
gating modes at frequency @ The conceptual advantage of
embedding the medium 1n a waveguide 1s that we can give a
scattering formulation 1n terms of a finite-dimensional ma-
trix The outgoing radiation in mode n 1s described by an
anmhilation operator a*(w), using the convention that

modes 1,2, ,N aie on the left-hand side of the medium
and modes N+ 1, ,2N are on the 1ight-hand side The
vector a® consists of the operators ai™,a3™, ,a5n

Sumilarly, we define a vector ™ for mcoming radiation
These two sets of operatots each satisfy the bosonic com-
mutation relations

la(@),a,(w)]=0
21

[a,(@).a}(0)]=8,,8(0—w"),

They are related by the input-output relations [13-15]

a®(w)=S(w)a"(0) +Q(w)b(w), (2 2a)
a®(w)=$(w)a"(w)+V(w)c'(w), (2 2b)
wheie the fiist equation 1s for an absorbing medium and the

second for an amplifying medium We have ntroduced the
2N X 2N scattering matrix S, the 2N X2N matrices Q and V,
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and the vectors b and ¢ of 2N bosonic operators The scat-
tering matrix can be decomposed into four N XN reflection
and transmission matrices,

(23)

r=rT, and r’

Recipiocity mmposes the conditions ¢ =47,
— rIT

The operators b and ¢ account for spontaneous emission
m the medium They satisfy the bosomc commutation rela-

tions (2 1), hence

00'=1-58", vvi=8s5t-1 24

Then expectation values are
(bi(@)by(0)= 8 d(w—0")f(,T),  (25)
(cnl@)cy(w)==6,,0w~w)f(w,T) (25b)

The Bose-Emstem function
flw,T)=[exp(hw/kT)~1]7! (26)

1s evaluated at positive tempelature 7 for an absoibing me-
dmum and at negative tempeiatuie for an amplifying medium

It 1s convenient to discietize the frequency m mfinitesi-
mally small steps of A, so that w,=pA, and tieat the fre-
quency mdex p as a sepatate vector mdex (1n addition to the
mode ndex n) For example, apy=ay(w,) and S,, ;-

nn’(wp) pp!

The state of the outgoimng radiation 1s described by the
characte1istic function

Xoul )= < CXP( A 1/2% [azm(“’p) Na(@,)

=7, (@ )a°“‘(wp)]) >

=( exp[AHa*" p—7'a®] ), 27

where ( ) mndicates the expectation value of a normally
ordered pioduct of operatois a® and a®*' (creation opera-
tors to the left of the annihidation operatois) The vector %
has elements 7,,= #,(w,) The density operator of the out-
goimng radiation 1s uniquely defined by the characteristic
function o [1] Similarly, the mcoming state has a charac-
teristic function,

Xm( 77):< eXp[Auz(aan—— nTam)] >

The characteristic function of the thermal radiation mside an
absorbing medium 1s given by

Xas( 1) ={ exp[AV(bTp—7'b)] )

28

=exXp _nEP ﬂjpf(wp 1T) Nnp
=exp(—7'f7) (29)
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FIG 1 Schematic illustration of direct detection Radiation 1s
mcident on a random medium (shaded) The transmitted radiation 1s
absorbed by a photodetector

In the final equality f denotes the matrix with elements
Sup ntpr= Oppr Oppi f(w, , T) For an amplifying medrum, re-
placing b by ¢’ and noimal ordering by antinormal ordering,
one finds 1nstead

X mpl M) =exp(n'fn) (2 10)

A combination of Eqs (22) and (2 4) with Eqs (2 7)-
(2 10) yields a 1elationship between the characteristic func-
tions of the mcoming and outgoimng states,

Xout( 77):exp(—— WT(l_SSt)f”])Xm(Skn) (2 11)

Thus 1elation holds both for absoibing and amplifying media,
because the difference m sign m the exponent of Eqs (2 9)
and (2 10) 1s canceled by the difference m sign between
00"=1-55" and VVI=—(1-55

HI. PHOTOCOUNT DISTRIBUTION

The photocount distribution 1s the probability P(n) that n
photons ate absoibed by a photodetector within a certamn
time 7 (see Fig 1) The factouial cumulants «, of P(n) [the

first two being «;=n and ky=n(n— 1)—n?] are most easily
obtained fiom the generating function [2]

=]

F(¢)= 2]—§—ln(20(1+§>"1°<n>) G1)

j=1 n=

The generating function 1s detetmined by a noimally o1~
dered expectation value [16,17],

F(§)_< §W> W= J-dtz d”aoutt(t)agut(t)

(32)

Here d,,€[0,17 1s the detection efficiency of the nth mode
and the time-dependent operators ate defined as

aﬁ“‘(t)=(27r)_mf:dwe 1wt Out(w) (3 3)

Discretizing the frequencies as desciibed in Sec 1I, one can
write

A2 [r ,
Wi [0S 4,3 20 g v,)a%0,)
0 n pp'
(34)

This expression can be simplified m the limt 7— < of long
counting times, when one can set A=27/7 and use
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i Ap—p' —
foe -rigr=15,, (35)

Hence, 1n the long-time Iimit the generating function 1s given
by

np

er(§)=< exp( SAE d”azuﬁ(wp)aﬂut(wp)) >
=( exp(§Aa™ Da™) ), 36

where we have defined the matuix of detector efficiencies
an n'p’ :dn é\nn’ 5})1)’

Compating Eqs (27) and (3 6), we see that the geneiat-
ing function F(§) can be obtamned from the characteristic
function y,, by convolution with a Gaussian,

! 1
Fo__ b [
¢ det(—gwp)f dﬁXout(ﬂ)eXp(gn D 77)’
37
whete [d7 1s an mtegiation over the real and imaginary

parts of 7 We now substtute the 1elation (2 11) between
Xouw and x,,, to artrve at a telation between F(&) and x,,

PO =

1
WJ’ dn xu(STy)

Xexp

1 .
En‘”D“n—n*(bSS»M 38)

The fluctuations in the photocount ate paitly due to ther-
mal fluctuations, which would exist even without any inci-
dent radiation If we denote by F(€) the generating func-
tion of these thermal fluctuations, then Eq (3 8) can be
wiitten 1n the foim

1
F(g)thll(§)+1n Wf d77Xm( W)exp(" 77TM_177)}9

(39)
Fu(&)=—Indet[1— £D(1-55T)f] (3 10)

We have defined the Hermitian matrix
M=—&S1—¢D(1-~SST) 171 DS, (311)

and we have performed a change of mtegiation variables
fiom 7 to S [with Jacobian det(SS)]

The expression (3 10) generalizes the 1esult of Ref [15]
to arbitrary detection-efficiency matrix D Returning to a
continuous fiequency, 1t can be written as (recall that A
=2/ T)

Fy(8)=— %J:dw Indet(1— D[ 1— S(w)S" ()]

X flw,T)), (312)
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whete D 1s a 2N X 2N diagonal matrix contamning the detec-
tion efficiencies d,, on the diagonal (D,,,,=d, 8,,) The first
two factorial cumulants are

th__ fwdw 1 ¥
'=7] Faf(@DuD=s@)s (@], (13)

th_ de“’ 2 2
=1] SEADUOI-S@)S (@] (14)

Note that all factorial cumulants depend linearly on the de-
tection ttme 7 1n the long-time limit

If only the N modes at one side of the waveguide are
detected (with equal efficiency o), then d,,=0 for 1 <n=N
and d,=d for N+ 1=n=2N, hence

Fy(&)=— %T-j:dw Indet(1~&d[1—7 (w) H(w)

~t(w)t (0)]f(w,T)), (3 15)

n agteement with Ref [18]

The difference F(&)— Fy(€) contams the noise from the
mcident radiation by 1tself as well as the excess noise due to
beating of the mcident radiation with the vacuum fluctua-
tions If the incident radiation 1s 1 a coherent state, then
X =exp(a’p—7'a) for some vector a (called the dis-
placement vector) with elements a,,,= «,(w,) Substitution
nto Eq (3 9) gives the generating function

F()=Fy(§)—a'Ma
=Fu(§)+ %f:dw a’(w)S'(w)

X{1=£D[1-S(@)S™(w)]f(w,T)} !
XDS(w)a(w) (316)

The first two factorial cumulants aie

K =rfwd—wa*(w)sf(w)DSWM(wHK“‘ (317)
! 0 2ar o

K7=2TJwg—wf(w,T)aT(w)ST(w)D[l—S(w)Sr(w)]
02

XDS(w)a(w)-f-K;h (318)

If the incident coherent radiation 1s 1n a single mode my
and monochromatic with fiequency wg, then Eqs (3 16)—
(3 18) simplify for detection mn transmission to

F(§)=Fy(&)+ rédlo(t"{1= £d[1—1 rT—11"]
Xf(wO’T)}_lt)momO’ (3 19)

K1=IOTd[t1 t]momo—*_Kt]h’ (3 20)

th__ f”dw + 4
k| =1d . Er—f(a),T)tl[Jl—r(w)z (w)—t(w)t(w)],
(321)
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FIG 2 Schematic illustration of homodyne detection At the
left, radration 1s incident on a random mediim (shaded) At the
right, a strong coherent beam 1s superimposed onto the transmutted
radiation, and the combined radiation 1s absorbed by a photodetec-
tor

Ky =2Lo7d*f(eq, T)[t* (A= ri T =161)t] e + 15, (322)

[h szf -——fz(a),T)tl[J—l(c[))rT(a))—t(cLJ)tT(ru):l2
(3 23)

Hete Iy=(2m) "' f;dw|a|* 1s the mcident photon flux and
the matiices r and ¢ without frequency aigument aie to be
evaluated at fiequency w, These are the 1esults of Ref [11]

IV. HOMODYNE DETECTION

The photocount measmement desciibed m Sec III
{(known as duect detection) cannot distinguish between the
two quadratures of the electric field Such phase-dependent
mformation can be retrieved by homodyne detection, 1 e, by
superimposing a strong probe beam (described by operatois
aP™™) onto the signal beam (see Fig 2) The total radiation
mcident on the detector 1s described by the operator

total _ Kl/Zaout+(1 _ K)I/Zaprobe’ (4 1)

a
where the factor vk accounts for the attenuation of the signal
beam by the beam splitter that superimposes 1t onto the
probe beam (For simplicity we assume a 1eal scalar «, mote
genetally « would be a complex coupling matrix )

The characteristic function of ! 1s the product of the
chatacteuistic functions of a®** and aP™* We assume that the
probe beam 1s 1n the coheient state with displacement vector
B, having elements B,,=f3,(w,) Fiom Eq (2 11) one gets

Xuotall 7) =exp[ — k' (L=SST) fp+ (1= ) A BT p— 5" B)]
X Xl ST&27) 42)

The generating function Fygp.(€) of the photocount distribu-
tion 1 homodyne detection 1s given by [cf Eq (3 6)]

expl Fromo(§) 1= < exp( antomT Da toml) >

~exp[£(1 - x) BDBI exp(A*Vi(1—K)§
X[a®" DB+ B Da’™]) ) (44)

43)

In the second approximate equality we have liearized the
exponent with respect to a®, which 1s justified 1f the probe
beam 1s much stronget than the signal beam The remaming
expectation value has the foim of a characteristic function 1f
we take & purely 1maginay, so that £%= —¢ The 1esult 18
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Fhomo(g) = §(1 - K)ﬂTDB'*'ln Xout( V(1 — K)fDﬁ)
=1~ k) BTDB+ k(1 - )£ B D1~ 5S")fDB
+lnX1n(VK(1'—K)§STDﬁ) (45)

In the second equation we have substituted the relation
(2 11) between yqy and x,,

V. SQUEEZED RADIATION

We consider the case that the mcident 1adiation 1s mn the
wdeal squeezed state |€,a)=CS|0) [1,2], obtamned fiom the
vacuum state |0) by subsequent action of the squeezing op-
etatot

S=exp[$A(aMe*a™—a™ ea™)] 61
and the displacement opeiator
C=exp[A(a™ a—ata™)] (52)

As m the preceding sections, we have discretized the fie-
quency, w,=pA, and used the vector of opelators a,,
=a,(w,) The complex squeezing paiameters €,(w)
=p, (w)e’d’"(“’) ale contained 1n the diagonal matrix € with
elements €,, 1,/ = n( w,) Syt Similarly, the vector «
with elements a,,= a,(w)) contams the displacement pa-
rametets

The charactenistic function of the incident radiation 1s
given by [1,19]

wp

Xu( ) =expla’p—pta—inT(e""¢smh2p)y
—Lpf(e'*smh2p) 5 — n'(smh? p) 7] (53)

Accordmg to Eq (2 11), we thus find for the characteristic
function of the outgoing 1adiation

Xoud M) =exp(a’STn—n'Sa~;7"S"(e7*¥smh 2p)STy
—1+7'S(e'? smh2p) ST 7*
= n'[f=S(f—smh® p)S']7)

The generating function F(£) of the photocount distiibu-
tion 1s obtained fiom y,, by convolution with a Gaussian, cf
Eq (37) We find

G4)

T

_ 1 1 a* -1 Ma
F(E)=Fp(€)—7 IndetX—3 al X Vet (55

whete the matrix X 1s defined m terms of the matrix M by

Yol M smhp —Me’¢coshp)
=1+
—M*e¢ '"$coshp  M*smhp
sinh p 0
56
0 smhp) (56

If squeezing 1s absent, p=0, hence X=1 and Eq (55) re-
duces to the result (3 16) for coherent i1adiation For a
squeezed vacuum (a=0) one has simply F(&)=Fyu(§)
—1IndetX
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If the radiation 1s mcident only 1n mode mg, then we may
compute the matrix inverse and the determunant m Eq (5 5)
explicitly The matix M(w) defined n Eq (3 11) may be
replaced by 1ts m,mq element,

MmOmO(w)Eln= - §(St(]_ §D[1_SST]f)—lDS)m0mO
57

Note that m 1s 1eal, simce 1t 1s the diagonal element of a
Heimitian matiix The 1esulting generating function 1s

=dw
F(&)=Fu(&)—1 Tf 2—77111( 1 +2m sinh? p—m? smh? p)
0

“dw
_ aw 2
T . 27Tm|a|

y 1+ m sinh p[ sinh p+cosh p cos(2 arg &~ ¢)]

1 +2m smh? p—m? smh? p
(58)

The fi1st two factorial cumulants, for detection mn transmis-
sion, ale

»dw
_ .t jahad 2 2 i
Ky K1+de0 ZW(Ial +smh” p)[ '] gy, (59)
“dw
— th 2 22 2
Ky=kKy+27d Jo 277(’“] +smh” p)

»dw
X LT A=rrf=1)2] uy + szf T,
0

m Olﬂ 0

X[|acoshp—a'e'?simhp|*—|al?

+smh? p(cosh? p+smh? p)], (5 10)

th

where «7' and Klzh ate given by Eqs (3 21) and (3 23)
The generating function for homodyne detection follows
fiom Eqs (4 5) and (5 4),

Fomo(§) = £(1— 1) BT DB+ &i(1= 1)
X(a'STDB+ B DSa)— L k(1 —k)
X[BDS* (e '?smmh2p)STDB
+BDS(e'? smh2p)STDBT]
+&k(1—k)BD[f—S(f—smh? p)STIDB

(511)

]

| @ cosh p— a*e'® sinh p|? — | @|?+ sinh? p(cosh? p+ sinh? p)

PHYSICAL REVIEW A 61 063805

All factorial cumulants except for the first two vanish in the
strong-probe approximation We may simplify the generating
function by assuming that the signal beam 1s incident in a
single mode m and that the ptobe beam 1s also 1 a single
mode ng For detection 1 transmission one then has the fac-
torial cumulants

wd
K1 = Tdfo %{(I_K)lﬁlz'i_z \)K(l - K)RC[CY,B*Z'”O,,IO]},
(5 12)

ky=—1K(1—K)d* °cd—(f)-Re[,B*ze””t2 ]smnh2
2 0 2 1r nghg p

*d@
#2 (1= ) [ 528 Tltg s p

+f(=rrT =) ] (513)

VI. FANO FACTOR

For the application of these geneial foimulas we focus

owr attention on the Fano factor F, defined as the ratio

1

of the noise power P=7"!varn and the mean curient T

=71

f=P/7=1+K2/K1 (61)

(We have assumed the limit 7—o0 } For cohetent radiation
F=1, corresponding to Poisson statistics Thermal 1adiation
has F>1 (supei-Poissonian) Nonclassical states, such as
squeezed states, can have F<<1

We assume that the 1adiation 1s mcident m a single mode
my and 1s detected 1 tansmission (equal efficiency d
per tiansmitted mode) We consider a frequency-iesolved
measuiement, covermg a nariow fiequency mterval around
the central frequency wq of the incident radiation The ther-
mal contributions K[1h and Ktzh may then be neglected,
since they are spread out over a wide frequency range The
mcident radiation has Fano factor F,;, measured mn direct
detection with umit efficiency For squeezed radiation, one
has

~7:1n_1+

|a|?+smh? p

62)
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We seek the Fano factor of the transmutted radiation, both
for direct detectton (Fy.) and for homodyne detection
(Frome) Combiing Eqs (5 9) and (5 10), we find for direct
detection

fdlrect_ 1 :d(ﬁ[)momo(]:m_ 1)

["QA=rrf=2D1]

l710”10

+2d f(wy,T) D
myg

(63)

The first term 1s due entirely to the mcident radiation It 1s
absent fo1 coherent radiation (because then F,,=0) The sec-
ond term 1s due to the beating of the mcident radiation with
the vacuum fluctuations It 1s ndependent of the incident
radiation and was studied m detail in Ref [I11] Sub
Poissoman counting statistics, 1€ , Fyreer<1, 15 1n an ampli-
fying medium (f<—1) only possible when

2
mgin

2(ﬂtt*t)mom0<(ﬁt) , T2 t)momo—2(t*rr't),,,0m0

(64)

In the absence of reflection ( =0) and intermode scattering

(¢t diagonal), this reduces to the well-known condition
. 2

[201227] D momg <2 Stce (€ 1178) = Zpl (17) il

B(t t)momo’ .

the maximally allowed amplification factor (¢ D mgmg

The Fano factor in the strong-probe approximation
(|B]—) follows fiom Eqs (512) and (513), with the
result

the presence of mtermode scattering decreases

Fhomo™ 1=2 dKltnOmO’2 Smth+2 dr f(wg,T)

X (]—rrT—ttT)nOno——dK

XRefe!?72 ‘“gp)tiomo]smh 2p 65)
In the strong-probe approximation, it 1s independent of « and
|B] Simularly to Eq (6 3), the first term 1s entirely due to the
mcident radiation, vamishing for coherent radiation (p=0),
and the second term 1s due the beating with vacuum fluctua
ttons The additional third term describes the effect of the
phase of the probe beam on the measurement Typically, in a
measurement one would vary the phase of the probe beam
until the Fano factor 18 munmimuzed, which occurs when

min

arg =3 p+arg Engm, The resulting Fano factor F . 15
given by
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min

— 2,—
homo'—l_ZdKItnomol e Psmhp

+2 dk flwg, T)(1—1 7" =111 (6 6)

Moy
Squeezing m the outgoing radiation for an amplifying me-
dwm 1s only possible when |tn0n10|2<2—2(r1 D gy

- Ek,ﬁmoh,,oklz The single-mode limit ltno,n0[2= 2 1s thus de-
creased by both teflection and intetmode scattering

VII. ENSEMBLE AVERAGES

The expresstons for the Fano factor given 1n the preceding
section contain the reflection and transmission matiices of
the waveguide These aie N dunensional matrices that de
pend on the positions of the scatterers nside the waveguide
The distuibution of these matiices n an ensemble of disor-
dered wavegwmdes 1s described by random matux theory
[12] Ensemble averages of moments of r7~ and #z for N
>1 have been computed by Brouwer [23], as a function of
the mean free path [ and the amplification {absorption) length
£,=\D,, where 1/7, 1s the amplification (absorption) rate
and D=cl/3 1s the diffusion constant It 1s assumed that both
&, and L are small compared to the localization length N/ but
large compared to the mean free path / Obviously, this 1e-
quires a large number N of propagating modes The relative
size of L and &, 1s arbitrary

As sample-to sample fluctuations are small for N> 1, we
can take mm Eq (6 3) the averages of numeiatot and denomu-
nator sepatately The dependence on the mdex my

of the mcident mode diops out on averaging, >’”o’”0

=N"Ytr ) For an absorbing disoidered waveguide, we
find
d
Fawea= 1+ m(}-m_ L)+ é'f(wOaT)
2s+cotanhs s cotanhs—1 s
x| 3~ - -
smh s sih” s smh? s

(71

We have abbreviated s=L/¢, In the limit of stiong absoip
tion, s—oo, the Fano factor appioaches the universal limut
[24] Fyre=1+3df The Fano factor F,, 1s given by Eq
(6 2) for an mcident squeezed state, but Eq (7 1) 1s more
generally valid for any state of the incident radiation

The result for an amplifymg disordered waveguide fol-
lows by the replacement 7,— — 7, , hence §,—1§,

8or BT ' FIG 3 Average Fano factor Fyye for direct

25 25 ¢ E detection as a function of the length of the wave

20 20 7 guide The left panel 1s for an amplifying medium

% s § 15 : g 3 [Eq (72), f=—11, the night panel for an absorb-
& ‘o % o 3 %\\ ing medwm [Eq (7 1), f/=0] In both cases we
E e took I/£,=01, d=1, and values of F,, increas-

Ot Fu=0 amplificaton ost Fn=0 absorption ing from O to 3 1n steps of 05 The dotted parts
oo00 . 4815- 1'0 '1'5 2o oooo 0'5 1'0 1'5 - of the curves are extrapolations in the range L

Ut, Ufa =/ that 1s not covered by Eqs (7 1) and (7 2)
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112

110 100

FIG 4 Average minimal Fano factor for ho-

108
106
104

mn
Fhomo

102 amplification 7

absorption

modyne detection, from Eqs (73) and (7 4)
Same parameter values as m Fig 3, with N
=10, k= %, and p increasing from O to 1 1n steps
of 025 For L=</ the curves extrapolate either to
1 (f ng#mg) or to 1—e~Psmhp (if ng=my)

00
02 03 04 05 06 07 08B 09 10

UEa Uta
41d d
Farec= 1 + m(fm— D+ 5f(wo,T)
2s—cotans scotans—1 S
X[3- + -
si s sin’ s sin’ s
(72)

The Fano factor diverges at the laser threshold s=a The
function f(wq,7T) now has to be evaluated at a negative tem-
peratuie Foi a complete population mversion of the atomic
states f— — 1

The mimimal Fano factor 1n homodyne detection 1s given
by Eq (6 6) The average ([t,,omolz) 1s agan mdependent of

the mode ndices, hence 1t can be replaced by N~ *(trzt")
For an absoitbmg waveguide we find

mn | 8ldk -6 unh o+ 8ldk
bomo™ * 3N £ smhs ¢ “sumhp 3¢, Flwo,T)
hs+ ! 3
X
cotanh s+ ———|, (73)
and for an amplifymng waveguide
mn _ | 8ldk -
homo™ © T 3Nz gms© ST
8ldx

1
cotan s — ————} (74)

* 3¢, flwo.T) s s

Measwement of the ensemble average F pon, requues that

for every sample the phase of the piobe beam 1s 1eadjusted
so as to mmimize the Fano factor This is common practice
1n a homodyne measurement If the phase of the probe beam
1s fixed, the random phase of Lngmg will average to zero the

third term n Eq (6 5) In Eqs (7 3) and (7 4) this amounts to
the substitution ¢ " ?— —smh p

8
02 03 04 05 06 07 08 09 10

(This extrapolation 1s not shown 1n the figure )

A giaphical presentation of the results (7 1)—(7 4) 1s given
m Figs 3-5 For the absoibing case we have taken f=0
(appropuiate for optical frequencies at 1oom temperature)
For the amphfymg case we have taken f=—1 (complete
population mveision) The formulas above cannot be used

for L=<l The values of Fyrects Fhomos and F pon, for L=0
can be read off fiom Egs (63)-(66), Fupec

homo
=1-26, ,.dke Psmmhp An extapolation to L=0 1s
0™

shown by dashes in Fig 3

The common feature of the Fano factors plotted n
Figs 3-5 1s a conveigence as the length of the waveguide
becomes longer and longer Foi an absorbing medium the
L—oo [imit 1s independent of the state of the incident radia-
tion For an amplifymmg medium, complete conveigence 1s
preempted by the laser threshold at L=w§,

—1+d(Fa= 1), Fromo=1+2 8, m, dx smh’ p, and F {0

VIII. CONCLUSIONS

In conclusion, we have derived general expiessions foi
the photodetection statistics m teims of the scatteimg matrix
of the medium thiough which the radiation has propagated
These expressions are paiticularly well suited for evaluation
by means of 1andom-matrix theory, as we have shown by an
explicit example, namely the propagation of squeezed radia
tion through an amplifymmg or absoibing waveguide The
sub Poissoman noise that can occur m a squeezed state
(characterized by a Fano factor smaller than umty) 1s de-
stroyed by theimal fluctuations 1 an absorbing medum or
by spontaneous emission m an amplifying medium The
theory piresented here describes this interaction of nonclassi-
cal 1adiation with matter m a quantitative way, without the
1estiction to one-dimensional scattering of earlier investiga-
fions
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FIG 5 Average Fano factor for homodyne
detection, from Eqs (7 3) and (7 4) after the sub-
stitution e~ ?— —simh p, otherwise 1dentical to
Fig 4 For L=<I the curves extrapolate either to 1

(if ng#mg) or to 1+sinh?p (f ng=mg) (This
extrapolation 1s not shown n the figure )
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