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CHARGED VORTICES IN THE NEGATIVE U HUBBARD MODEL
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We have studied the negative U Hubbard model as a candidate generic model for high-Tc
superconductivity with short coherence length. We show that in the strong coupling limit the structure
of the vortex is qualitatively different from the usual picture. Charge is accumulated in the vortex and
the core is insulating, while the size depends on the band filling.

1. INTRODUCTION

Evidence has been accumulating that the supercon-
ducting state in the high T superconductors is rather
unusual. There are strong indications that it is of
strong coupling nature, and the proportionality be-
tween hole count and 7; points at instantaneous
interactions, suggesting a breakdown of the Migdal
approximation. In this context the negative U
Hubbard model has recently 7" drawn renewed
attention. Here, in the strong coupling limit the co-
herence length (i.e. spatial extent of the Cooper pairs)
becomes of the order of a lattice spacing, as appro-
priate for the conditions just sketched.

In the present paper we show that in this model the
nature of the vortex is unusual for superconductivity
and in fact reminiscent of superfluidity. The structure
of the vortex is determined by the energy balance that
arises from the coupling between particle density and
superconductive order. Consequently, charge accu-
mulates in the vortex core and the total charge of an
isolated vortex diverges. Further, the vortex core is
insulating and the size of the vortex is inversely pro-
portional to band filling.

2. STRONG COUPLING NEGATIVE U
HUBBARD MODEL

In the strong coupling limit the negative U
Hubbard model is equivalent to a spin 1/2 model ™ :

H=T7) [SiS7 — (S7S7 + S'SN1 = BY (257 + 1), (1)
if i

with spin up (down) corresponding to a doubly occu-
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pied (empty) site. Here J=22/{U| and
B=yu+ |U!/2. In mean field (MF) approximation,
away from half filling the low temperature phase is a
superconducting (SC) phase (a spin flop phase in spin
language) with order parameter <cicf> =
<S+> = <8, > exp(ip) , while the average particle
number is given by n=2<57> + 1=cos0+ 1. At
T=0 one has 2<S%> =cos 0y = BfzJ, z being the
number of neighbors, and 2 <S5, > =sinfy. In MF
the phase @, although arbitrary, is fixed, thus break-
ing the symmetry in the xy-plane.

We demonstrate here that the MF equations also
allow for nonuniform solitonlike solutions which rep-
resent topological defects. The interesting feature is
that they necessarily involve spatial variation of both
<§z> and <S8, >, i.e. of both particle density and
superconducting order parameter. The reason is that
in the present model it is assumed that the interactions
are large compared to the bandwidth (‘ultra-strong
coupling”) while there is no frequency cut-off (‘in-
stantaneous interactions”). As a consequence all carri-
ers participate in the SC condensate. This partially
restores the symmetry between diagonal and
offdiagonal charge density: if the particle density (or
hole density for a more than half filled band) in-
creases, T, increases, and if the SC order is weakened
as in the vortex, the particle (or hole) density de-
creases.

We have restricted ourselves to T = 0, which should
be sufficient to bring out the essential structure of the
solitons. We have investigated the solitons both by
numerical solution of the MF equations on a finite
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lattice and by analytic treatment of the continuum
limit. In the quasi-1D case we find charged domain
walls ~ ; here we present results on the 2D vortex.

3. VORTICES

Because of the nearly 2D nature of the
superconductivity associated with the CuQO;-planes in
the high-T, oxides, the vortices that occur in 2D are
of special interest, in particular since they might give
rise to a Kosterlitz-Thouless phase instead of true
long range order . Our numerical results for square
lattices with up to 40 x 40 sites and antiperiodic
boundary conditions indeed show stable vortex sol-
utions with 2<5%?> going to | in the centre. So
charge accumulates in the vortex core, as illustrated in
the cross sections shown in fig. 1.

The origin of this behavior is readily recognized
from the continuum limit, where the energy density is
E=[27cos26 (vo)” + L 27sin% IV¢|2

2 2 2)
+ 2(zJ cos 20 — 4B cos § ~ 4B)]/8¢12 .

For a simple vortex ¢(r, ¢) = ¢ (using polar coordi-
nates 7, ¢) one has |Ve| = 1/r , and the resulting di-
vergence in (2) is then suppressed by having 6(r) — 0
linearly in » as r — 0. Actually, one easily verifies that
one of the two Euler equations associated with (2) is
solved by the above ¢(r, ¢) , but that a constant 6(r)
is then not a solution of the remaining one.

Particle density and SC order parameter approach
their asymptotic values not exponentially but accord-
ing to a power law: cos 8= cosp/(1 — 1/8r2) and
sin O sin 6(1 — /4/8¢%)  for large v, where
{= af tan Gg. For n=>1.5 these expressions describe the
numerical results within 1 percent after a few lattice
spacings from the vortex center. The size of the

vortex is seen to diverge as 1 /\/n(z —n) as the band
becomes completely empty or completely full.

For a single vortex the energy shows the character-
istic logarithmic divergence with system size,
E, = E.+ (nJj2)sin20y In(R/R.) , where R, and E,.
are a core radius and core energy. The vortex charge
diverges as well, since the number of particles con-
tained in the vortex is Ny= N, +
(n/4)cos 8y In(R/R) . However, for a vortex-
antivortex pair both energy and charge are finite.
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FIGURE 1

Charged vortex in 2D for z/=4.0, B=3.0,3.4,3.8 ;
particle number (2<52> =c0s0): &, +,0; SC or-
der parameter (2<S8; > =sin8): V, x , A

The presence of charge in the vortices may have in-
teresting consequences. For instance, it would give
rise to a repulsive correction to the vortex-antivortex
pair energy if long range Coulomb forces were added
to the Hubbard model. In addition, a natural pinning
mechanism for vortices offers itself: oppositely
charged impurities, such as are present in the doped
oxide superconductors, could bind the vortices
electrostatically. This could be very effective since the
mass of the vortex is estimated to be rather large.
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