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1 Motivation and summary

The study of entanglement entropy in field theories has attracted renewed interest since

it was first equated to the area of bulk minimal surfaces using AdS/CFT [1]. While this

original proposal only dealt with static geometries, it was soon expanded to time-dependent

ones [2]. With this, it has become possible to study the time evolution of entanglement

entropy after quenches. In [3], the idea of an “entanglement tsunami” was proposed:1 after

a global quench, entanglement is generated extensively and soon2 spreads balistically. This

results in the entanglement entropy of a region growing linearly for some time after the

quench and saturating after a time equal to the linear size of the region. This picture can be

refined and better understood in terms of a quasi-particle model where all the entanglement

is carried by EPR pairs created during the quench and moving at a speed bounded above

by the speed of light [6]. The entanglement entropy in a region Σ of characteristic linear

size R is then expected to behave as

S(t, R) =

{
sΣ(R)FΣ(t) + S0 , t ≤ R
sΣ(R) + S0 , t > R ,

(1.1)

where FΣ(t) is a function depending on the geometry of Σ with the property that FΣ(0) = 0

and FΣ(R) = 1, S0 is the (divergent) initial entanglement entropy and sΣ(R) sets the overall

scale. If the geometry of Σ is relatively simple, analytic expressions can be obtained for

1See also [4] for a pre-holographic approach.
2This tsunami picture is only valid after a time set by the inverse effective temperature of the quench.

If the subsystem size is small enough, this model may fail [5].

– 1 –



J
H
E
P
0
8
(
2
0
1
7
)
1
2
1

the above expressions. For example, in [6] the entanglement entropy of a disk of radius R

in two dimensions was predicted to follow

FΣ(x) =
2

π

(
x
√

1− x2 + arcsinx
)
, x = t/R , (1.2)

sΣ(R) = sπR2 . (1.3)

In this case, s(R) scales as the area of the disk. More generally, sΣ(R) is expected to be

extensive since the model assumes a uniform creation of entangled pairs. s can then be

thought of as the density of entanglement pairs produced by the quench. This model was

found to be in good agreement with numerical calculations for a global quench in a free

field theory [7]. In that paper, it was also shown that, for a mass quench (taking the free

field mass to go from M to 0), s follows:

s =
log 2

4π
M2 . (1.4)

In this note, we examine numerically how well 1.1 describes the behaviour of the

entanglement entropy of a free scalar field on a noncommutative sphere after a mass quench.

We take the region Σ to be a polar cap of varying angular size (the angular size playing

the role of R). This setup is the easiest non-trivial one for a noncommutative theory.3

Nonetheless, the geometrical problem of finding FΣ(t) is rather intractable analytically,

therefore we use a numerical calculation of the same setup in the commutative theory

as a proxy for the details of the quasi-particle model. This is reasonable given that the

quasi-particle model has been found to describe the aftermath of a mass quench in a free

field theory in flat space well [7] and that the general features should not change when we

change the geometry.

In addition to being related to the behaviour of D-branes in magnetic fields [8] and

the quantum Hall effect [9], theories defined on noncommutative geometries are interesting

because they are inherently non-local. Non-locality has been postulated to be essential

to fast scrambling [10–12]. Entanglement entropy on the fuzzy sphere has been shown to

deviate from the area law even in the limit where one would expect noncommutativity to

vanish [13–16].4

The rest of this note is organized as follows. In section 2, we explain the exact setup for

these calculations: we review some relevant concepts about the noncommutative sphere,

present the Hamiltonian for each of the two theories we focus on and summarize how we

calculate entanglement entropy after a mass quench. We present our results in section 3:

we compare the commutative and noncommtutative theories, examining both FΣ(t) and

sΣ(R). We find that for masses well below the UV cutoff there is no sign of non-locality

in the time dependence, area dependence or mass dependence of the entanglement entropy

following a quench. This is our main result. However, we note that if we consider a mass

larger than the UV cutoff imposed by the noncommutativity of the fuzzy sphere, the spread

3Noncommutativity has no effect on free field theory on a plane
4Other studies of field theory in non-local theories have also seen violation of the area law for entangle-

ment entropy, see for example [17–21].
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of entanglement appears to be faster and its value at the expected saturation time grows

more weakly as a function of mass. We leave a more systematic study of the large mass

regime as well as an analysis of the impact of coupling (either weak, as in [15, 16] or strong

as in [17, 18]) to future work.

2 Setup

2.1 The fuzzy sphere

The noncommutative (or “fuzzy”) sphere is obtained by replacing Cartesian coordinates

(x1, x2, x3) with operators (X1, X2, X3) proportional to the SU(2) generators in the irre-

ducible representation of dimension N = 2J + 1 [22]:

Xi =
R√

J(J + 1)
Li , [Li, Lj ] = iεijkLk i = 1, 2, 3 . (2.1)

Notice that these have the property that

X2
1 +X2

2 +X2
3 = R21N , (2.2)

where 1N is the N × N identity matrix, whence the spherical geometry. Evaluating any

function at a particular point on the sphere is done by taking the expectation value of the

equivalent operator in a corresponding coherent state (as reviewed in [13]). These states

are necessarily overcomplete, which means that the overlap between states corresponding

to different points is not zero. In fact, the width of a state is proportional to a certain

noncommutativity lengthscale R√
N

. The number of coherent states is N2, thus we have

a small-distance (UV) cutoff proportional to R
N . Integration is accomplished by taking a

trace and differentiation by taking the commutator with coordinate operators.5

2.2 Free scalar field on the fuzzy sphere

The Hamiltonian of free field theory on a noncommutative sphere takes the form

H =
2πR2

N
Tr
(

Π2 −R−2 [Li,Φ]2 + µ2Φ2
)
, (2.3)

where Φ is the scalar field (an N ×N matrix), Π is its conjugate momentum and µ can be

thought of as the mass, coupling to the geometry, or a combination of both. From now on,

we set R = 1. This Hamiltonian is quadratic in the matrix elements of Φ, therefore it can

be written in the form

H =
1

2

N2∑
a,b=1

(πaδabπb + φaKabφb) , (2.4)

5This can be made more precise by considering fuzzy spherical harmonics, obtained by replacing Carte-

sian coordinates with their matrix analogues in the expressions for spherical coordinates. For a review of

noncommutative geometry, see e.g. [23].
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θ

1 N

(1-cos(θ)) x
(N-1/2)

N

Figure 1. Degrees of freedom on a polar cap and the corresponding matrix elements. Figure taken

from [14].

with φa and πa being matrix elements of Φ and Π respectively and [φa, πb] = iδab. In fact,

due to the structure of the Li, the Hamiltonian can be split into different non-interacting

sectors. This decomposition, first shown in [24], is as follows. Take, for m ≥ 0,

Q(m) = (Φ1,1+m,Φ2,2+m, . . . ,ΦN−m,N ) , Q(−m) = (Φ1+m,1,Φ2+m,2, . . . ,ΦN,N−m) , (2.5)

and define the following quantities

c2 = J(J + 1)

Aa = − a+
N + 1

2
a = 1 . . . N

Ba =
√
a(N − a) a = 1 . . . N, (2.6)

where c2 is the quadratic Casimir of the spin-J representation of SU(2) and Aa, Ba are

defined such that they are the non-zero elements of L3 and L± respectively. Then the

Hamiltonian can be written as

H =

N−1∑
m=−(N−1)

Hm =
1

2

N−1∑
m=−(N−1)

N−|m|∑
a,b=1

(
π(m)
a δabπ

(m)
b +Q(m)

a V
(m)
ab Q

(m)
b

)
, (2.7)

V
(m)
ab =

[
2

(
c2 +

µ2

2
−AaAa+|m|

)
δa,b −Ba−1Ba−1+|m|δa−1,b −BaBa+|m|δa+1,b

]
. (2.8)

In order to calculate entanglement entropies for subregion, we must know which matrix

elements correspond to which regions on the sphere. In [13], it was shown that the matrix

elements above the kth anti-diagonal correspond to the degrees of freedom on a polar cap

of size

cos θ = 1− k

N − 1
2

, (2.9)

as illustrated in figure 1. The thickness of the boundary between the polar cap and its

complement is proportional to the noncommutativity lengthscale 1√
N

.
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2.3 Free scalar field on the commutative sphere

The Hamiltonian for the free scalar field on a commutative sphere of unit radius is

H =
1

2

∫
dΩ

(
Π2 +

(
∂Φ

∂θ

)2

+
1

sin2 θ

(
∂Φ

∂φ

)2

+ µ2Φ2

)
. (2.10)

To calculate entanglement entropy on the commutative sphere, we regularize the theory

by discretizing the polar angle θ:

θ → θn = n
π

N
, n = 1 . . . N − 1 . (2.11)

This leads to a short-distance cutoff proportional to 1
N . We then expand the field in Fourier

modes along the azimuthal direction φ, labelling each mode by m. After various rescalings

necessary to ensure canonical commutation relations, we get that the Hamiltonian can be

written as [14]:

H =
1

2

∞∑
m=−∞

N−1∑
i,j=1

Π
(m)
i δijΠ

(m)
j + Φ

(m)
i K

(m)
ij Φ

(m)
j , (2.12)

with

K
(m)
ii =

(
2N2

π2
cos

π

2N
+

m2

sin2 θi
+ µ2

)
i = 2 . . . N − 2 ,

K
(m)
i,i+1 = K

(m)
i+1,i = −

sin θi+1/2√
sin θi sin θi+1

i = 2 . . . N − 3 ,

K
(m)
11 =

N2

2π2

sin θ3/2

sin θ1
+

1

4

(
m2

sin2 θ1
+ µ2

)
,

K
(m)
N−1,N−1 =

N2

2π2

sin θN−3/2

sin θN−1
+

1

4

(
m2

sin2 θN−1
+ µ2

)
,

K
(m)
1,2 = K

(m)
2,1 = −

sin θ3/2√
2 sin θ1 sin θ2

,

K
(m)
N−1,N−2 = K

(m)
N−2,N−1 = −

sin θN−3/2√
2 sin θN−1 sin θN−2

. (2.13)

2.4 Entanglement entropy for quadratic Hamiltonians

The Hamiltonian for both of our theories takes the form

H =
∑
m

Hm =
∑
m

∑
i,j

1

2

(
p

(m)
i δijp

(m)
j + x

(m)
i K

(m)
ij x

(m)
j

)
. (2.14)

For each m sector, it is possible to write down the ground state explicitly in terms of K(m)

and calculate the entanglement entropy [25, 26]. Furthermore, it is possible to calculate the

new ground state after a mass quench and therefore the time evolution of the entanglement

entropy. This is done explicitly in [7], and we summarize that construction here. Let O be

the orthogonal matrix that diagonalizes K(m):

K(m) = OTKDO , (2.15)
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where KD is diagonal. Denote by ω2 the vector formed by the eigenvalues of K(m) (i.e. the

elements of KD) and ω̃2 = ω2 −∆(µ2), where ∆(µ2) is the difference in the squares of the

pre-quench and post-quench masses. ω and ω̃ are the frequencies of the normal modes of

our system of coupled harmonic oscillators before and after the quench respectively.6 Now,

define the following matrices

Qij =
∑
k

OkiOkjq
2
k ,

Pij =
∑
k

OkiOkjp
2
k ,

Rij =
∑
k

OkiOkjr
2
k , (2.16)

where

q2
k =

1

4ω̃2
kωk

[
ω2
k + ω̃2

k − (ω2
k − ω̃2

k) cos 2ω̃kt
]
,

p2
k =

1

4ωk

[
ω2
k + ω̃2

k + (ω2
k − ω̃2

k) cos 2ω̃kt
]
,

rk =
ω2
k − ω̃2

k

4ωkω̃k
sin 2ω̃kt . (2.17)

q2
k, p

2
k and rk are respectively the expectation value of q̂k

2, p̂k
2 and 1

2{q̂k, p̂k} when the

post-quench Hamiltonian is H = 1
2

∑
k(p̂k

2 + ω̃2
kq̂k

2).

Take the subsystem whose entanglement entropy we wish to calculate to be the set of

oscillators xi with i ≤ I. Define the matrix

M = i

[
Rij Pij
−Qij −Rij

]
, (2.18)

where i, j ≤ I. This matrix has eigenvalues {±γk} with k = 1 . . . I. The entanglement

entropy is then

S(m) =
I∑

k=1

[(
γk +

1

2

)
log

(
γk +

1

2

)
−
(
γk −

1

2

)
log

(
γk −

1

2

)]
, (2.19)

and the total entanglement entropy is

S =
∑
m

S(m) . (2.20)

6The astute reader may notice that our definition of ω̃ only works if the change in the matrix K(m) after

the quench is proportional to the identity matrix but that the coefficients of µ2 in K
(m)
11 and K

(m)
N−1,N−1

are different than those in Kii for other i. This can be remedied by changing that coefficient, which is

equivalent to making the quench slightly non-uniform. However, this is an edge effect that in practice has

no impact when considering regions which are larger than about 10 sites.
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3 Results

With the methods explained in section 2, we can calculate the entanglement entropy for

a scalar field theory after a mass quench on both the commutative and fuzzy spheres.

For convenience, we will take µ = 0.5 after the quench in all cases: this corresponds to

conformally coupling the scalar to the geometry. We will mostly take the pre-mass quench

to be much smaller than the UV cutoff of each theory, which in both cases means that

µ� N . (3.1)

Note that µ is measured in units of the inverse sphere radius (which we have set to one),

not in units of the UV cutoff; in other words as we take the continuum limit for the

commutative theory we should keep µ fixed. At the end of this section, we discuss what

happens in the noncommutative theory as we take µ to be large.

3.1 Time dependence

We start by calculating the entanglement entropy as a function of time after the quench.

To get rid of the scale dependence sΣ(R), we also consider the logarithmic derivative of

the time-dependent part of the entanglement entropy:

DS ≡ 1

S(t, θ)− S(0, θ)

∂

∂t
(S(t, θ)− S(0, θ)) . (3.2)

By construction, this quantity only depends on FΣ(t). Figure 2 shows results for both the

commutative and noncommutative spheres for a polar cap at a small angle. Crucially, note

that the curve reaches an approximate plateau after a time equal to the angular size of

the polar cap. If the entanglement spread faster on the noncommutative sphere, we would

expect that feature to occur earlier. We note a small discrepancy for times close to this

saturation time, but this is not a large effect. Finally, there appears to be some subleading

growth after the saturation time in both the commutative and noncommutative theory. A

similar effect was noted in [7].

Figure 3 shows the results for a larger polar cap. Again, we note agreement between

the commutative and noncommutative results. In fact, it generally appears that for times

less than but close to the expected saturation time the results for larger polar caps match

the commutative result more than they do in the case of a smaller polar cap. This is

probably due to edge effects.

One might expect that the function FΣ(t) would only depend on the ratio t/θ. Indeed,

if Σ is a disk on a plane then that is the case (as in equation (1.2)). However, this turns

out not to be the case, even in the commutative theory. Figure 4 shows θ · DS plotted

against t/θ for various θ. If FΣ(t) only depended on t/θ then the points for various θ would

lie on the same curve in this figure, but they do not. This is not so surprising since there

is another scale in the problem: the radius of the sphere.

3.2 Mass dependence and entanglement density

So far, we have focused on the function FΣ(t) and taken the pre-quench mass to be much

smaller than the UV cutoff in both theories. We now turn to how the overall scale sΣ(R)

– 7 –
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Figure 2. Entanglement entropy (with t = 0 contribution subtracted, left) and its logarithmic time

derivative (right) after a quench from µ = 10 to µ = 0.5, as a function of time. The polar cap has

a radius of 0.36 rad. The blue points correspond to the results on the fuzzy sphere with N = 400

and the red line is an interpolation of the results on the commutative sphere with N = 199. N

needs to be so high on the fuzzy sphere to accurately probe a small polar cap. The dashed vertical

line indicates the expected saturation time, t = 0.36.

Figure 3. Entanglement entropy (with t = 0 contribution subtracted, left) and its logarithmic time

derivative (right) after a quench from µ = 10 to µ = 0.5, as a function of time. The polar cap has

a radius of 1.32 rad. The blue points correspond to the results on the fuzzy sphere with N = 200

and the red line is an interpolation of the results on the commutative sphere with N = 213. The

dashed vertical line indicates the expected saturation time, t = 1.32.

behaves. According to the quasi-particle model, it should be extensive:

s(θ) = sA(θ) , (3.3)

where A(θ) is the area of the polar cap and s can be thought of as an entanglement density

(e.g. the number of EPR pairs generated by the quench per unit area). We find that for

low pre-quench masses7 the entanglement entropy is sub-extensive: it grows as Ap(θ) for

some power p < 1, but p approaches 1 as the mass is increased. This is independent of

7Recall that µ is measured in units of the sphere radius, not of the UV cutoff.
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Figure 4. Scaled logarithmic derivative of entanglement entropy following a mass quench as a

function of time in units of the expected saturation time; for various polar cap sizes. All curves

are for the theory on the commutative sphere with N = 150 and a pre-quench mass of µ = 10. We

can see the dependence of the global behaviour FΣ(t) on the size of the polar cap Σ from the fact

that the curves appear flatter as the angular size increases. Note that this effect becomes more

pronounced as the time approaches the saturation time.

N , as long as we take care to always be in the regime 3.1. This behaviour is seen in both

the commutative and non-commutative theories and its interpretation appears simple: the

temperature of the quench (which is related to the pre-quench mass) must be high enough

to “wash out” any vacuum features. This was also discussed in [16]. These results are

shown in figure 5, which show the growth of entanglement entropy for small and large µ.

We can also ask how the entanglement density depends on the pre-quench mass. In [7],

it was found that on a two-dimensional plane the entanglement density for a free field

quenched from mass M to zero was:

s =
log 2

4π
M2 . (3.4)

The Φ2 term of the Hamiltonian of a scalar field can be written as

(M2 + ξR)Φ2 , (3.5)

where M is the mass of the field, R is the Ricci scalar of the geometry and ξ is the coupling

between the geometry and the field. For a unit sphere, we have that R = 2. A conformally

– 9 –
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Figure 5. Entanglement entropy at saturation time (with t = 0 contribution subtracted) as a

function of area. The points correspond to the result on the fuzzy sphere at different N and the

results on the commutative sphere, which are consistent with each other. The graph on the left is

for µ = 5. The solid curve corresponds to a power law fit, yielding a power of 0.79. The graph on

the right is for µ = 30. There, the solid curve is from a linear fit to the commutative results, with

slope 50.74.

coupled scalar in two spatial dimensions has ξ = 1
8 , so we can think of our parameter µ as:

µ2 = M2 +

(
1

2

)2

, (3.6)

in which case going from µ = µ0 to µ = 0.5 is equivalent to taking the mass of a conformally

coupled scalar from M =
√
µ2

0 − 0.52 to M = 0. From the slope of the best fit line in

figure 5, we can see that if s is proportional to M2, then the proportionality constant

would fall within less than 3% of log 2
4π .

In figure 6, we confirm that the result 3.4 applies on the fuzzy sphere. First, we consider

the entanglement entropy of a polar cap of a given size at the saturation time (subtracting

the t = 0 contribution). As expected, this is quadratic. Let b be the fit coefficient of

M2 (there is also a constant offset that accounts for the non-thermal behaviour for small

M). We then consider how b depends on the area of the polar cap: the relationship is

linear, consistent with our previous observations that the entanglement entropy added by

the quench is extensive. The slope of the b vs A(θ) line is then the coefficient of M2 in s.

We find a value of 0.0555, which is within 0.7% of the flat space result.

3.3 Large masses

We have been careful to take values of µ which are much smaller than N . In the case

of the commutative sphere, operating in this regime is natural and we should not expect

results calculated outside of it to be meaningful: any result with µ ∼ N would not be

physical as we take the continuum limit. However, when dealing with the fuzzy sphere the

situation is more subtle. Finite N is not a computational tool, it is inherent to the theory’s

noncommutativity. On a sphere of finite radius, it is not possible to take the UV cutoff

– 10 –
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Figure 6. Mass dependence of entanglement entropy at saturation time (with the t = 0 value

subtracted). The left graph is for a polar cap of size θ = 1.23 rad. The solid line is a quadratic fit

with coefficient b = 0.227 (and a constant term). The graph on the right shows the value of the fit

parameter b for polar caps of various areas (with masses taken in the same range). The slope of

the fit line is 0.0555.

to zero while maintaining a finite noncommutativity lengthscale. In fact, this connection

between the noncommutativity scale, the UV scale and the IR scale is probably at the root

of the unusual behaviour of entanglement entropy on the fuzzy sphere.

As we move to away from the small mass regime, we find that the entanglement entropy

appears to saturate faster. In fact, as we take the mass to be much larger than N , we find

that the entanglement entropy seems to be described better by the curve describing a polar

cap of reduced size, with the change in size scaling roughly as 1/
√
N . An example of this

is shown in figure 7. It is interesting to note that this is compatible with the idea that

the theory is non-local on scales up to the noncommutativity lengthscale. To see that this

change in behaviour occurs at µ ∼ N , we can consider the derivative of the entanglement

entropy of a region at the saturation time as a function of µ for various N . This is shown

on a log-log scale in figure 8. Notice that for small µ we have a line of slope 1, which

is expected for the M2 growth described earlier. For large µ, we have a line of slope -1,

indicating logarithmic growth. The position of the turnover point is clearly close to N .

Note that a qualitative change in the behaviour of the entanglement entropy at large masses

was also seen at t = 0 in [13].
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Figure 7. Entanglement entropy (with t = 0 contribution subtracted, left) and its logarithmic

time derivative (right) after a quench as a function of time for a polar cap of size 0.724 rad. On the

left, the blue points correspond to N = 200 with µ = 2000 and the red line is an interpolation of

the results for µ = 20 (scaled for comparison). On the right, the blue points correspond to N = 200

with µ = 2000, the red line is an interpolation of the results for µ = 20. For comparison, the green

dashed curve is an interpolation of results for µ = 20, N = 203 for a polar cap of size 0.623 rad.

The vertical blue dashed line corresponds to t = 0.724.

Figure 8. Derivative of entanglement entropy with respect to µ, evaluated at θ = π
2 , t = π

2 . The

various points represent different N , with vertical lines at those values to illustrate the turnover

at µ ∼ N .
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