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Let r and n be integers with r $. 2 and n $-3 . For χ , y e

the arithme ti_c_ dis tanc e d(x , y) is defined to be the smal lest integer t ^0 for

vfhich there exists a representation

* - y = d ^ c . r n ( i > m o d ( p n - l ) ) ,

with c
±
 , n(i) e Z , )ο

±
| < r , n(i) ̂ 0 , for l <. ± $ t . It is easily seen

that d is a metric on _Z/(r - l)jZ .

An arithmetic code, or more precisely a cyclic AN-code of word length n in

base r, is a subgroup C of Z/(r - l)_Z . The "AI" in the terminology is

explained by the observation that every such code can be represented äs

C = {AN mod (rn - l) « 0 ̂  N < B] ,

for a unique pair A , B of positive integers, with AB = r11 - l , The adjective

"cyclid'doesnot referto the group structure of the code, but to the folloiiing pro-

perty. Let the elements of Z/(r - l)Z, be represented by their digits in base r

i. e. let the "word" (c.)^In represent the elemont J^~^ c. r
1 mod (rn - l) ·

i i—u i=u i ' '

only 0 mod (r - l) has two such representations. Then, for every cyclic Aff-co-

de C , and every word ( c
i) i_ 0

 6 C » also the cyclically permuted word (c. )f~1 ,

with c_1 = cn_>1 , belongs to G , since

Arithmetic codes are used for checking additions and subtractions of numbers

written in base r , see ([9], [ll], [12]). The procedure is roughly äs follows. To

add two numbers N , Ή^ , one encodes them äs AH , AN2 , and one adds the en-

coded numbers in Z/(r - l)£ ; let the result be S . Next, one determines AN e Cs

with d(AJL. , S) least possible. If no errors have been made, then AN^ = S and

Έ is the sum of M^ and N
2
 (mod B ) . Generally, d(M , S) is a lower bound

for the number of errors which have been made, and I is the most likely result

of tho addition 1^ + Kg (mod B) .

In this way, all combinations of e , or fewer, errors, can be corrected if and

only if, for every χ e JZ/(r - l)Z_ , there is at most one c e G , with
' 4 et- ' "~

g'^' d(x , c) ̂  e . A code having this property is called e-error-correcting. If
}
 f

o r

o <D every χ e Z/(^ ~
 1

) ^ . > 'there exists exactly one c e C , vrith d(x , c) ζ e

5' code is called perfect. If we put

S = {s e Z/(rn - i)£ ; d(s , 0) ^ e} ,
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then a subgroup C c Z/(r - l)_Z is a perfect e-error-correcting arithmetic code

if , and only if , every χ e ĵ A*
1
 - l)j2 has a unique representation χ = s + c ,

with s e S and c e C . ¥e will be interested in t he case β = l , cf . ([l],

[3], [4], [5]).

cpdes .

Ebcample. - Let r - n = 3 > then r - l = 26 . ¥e have

S = { 0 , ± l , ± 2 , ± 3 , ± 6 , ± 9 , ± 1 8 ) c Z/26JS .

It is casily checked that, for every χ e JZ/26Z , we have cither x e S , or

χ e 13 + S., . lience the subgroup C = {0
 5
 13} i

s
 a perfect one-error-correcting

cyclic 13H~code of word length. 3 i*
1
 base 3 · This code can be used to check addi-

tions raodulo 2 (= B ) on a ternary Computer.

In bhe general casc , we have

S = (0 , ± c.r
3
 mod r

n
- l ; l < : c ^ r - - l , 0 < : j < n ] ,

ifS
J
 = t + 2(r - l). n

(here, we use that n > 3 ). Let G c Z/(r - l)̂ Z be generated by A mod (r
n
 - l),

whoro A divides r
n
 - l . This is a perfect one-error-correcting code if , and on·*·

ly if , every χ e Z/(r
n
 - l) Z, is uniquely representable äs

χ = M , or χ = M ± er
0
 ,

with Al\
f
eC, l ^ c ^ r - 1 , 0 ̂  j < n . If this condition is satisfied, then

r
n
 - l = IC #S

]
_ -

 Γ Ώ

Α
"
 X
 (l + 2(r - l)n) ,

so A and n determine each other by

Δ - l = 2(r - l)n .

Pasaing to (Z/(r - l),Z)/C = ,§/A§. >
 w o s e e

 ^
a
^ " i

s
 perfect one-error-correct-

ing if, and only if, every χ e Z/AZ, can be «ritten in a unique way äs

x = (0 mod A ) , or χ = (± cr
j
 mod A ) ,

with l < c < r - l 0 < j < n . It was ohserved by GOTO and RfICÜliüRA [4], and by

BOJAHINOV and KAßATJAjMSKIJ [l] that this condition implies that A is prime. To

see this, suppose that A = ab , with a < A , b < A . With χ = (a mod A ) , we

find a Ξ ± cr^ mod A , so a divides er
3
 5 but a is coprime witb. r , since

it divides r*
1
 - l , so a divides c , he nee a < r . Similarly b < r . Then

A < r
2
 , so A has in base r at most two digits : A =

 G I
 r + C

Q
 , 0 ̂  c

±
 < r .

But then z = (C
Q
 mod A) has two representobions,

x = (c mod A) , χ - (- c
t
 r mod A) ,

contradicting our uniqueness assumption. Ue conclude that A is prime.
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Observing that {l , r , ... , r11" } is a subgroup of Ff , we arrive at the fol-

lowing proposition.

(2.1) PROPOSITION. - Lc_t A bc a positive integer. Then A goneratgs a perfect

one-error-correcting cyclic AN-code in base r if, and only jf, A is primo, and

(i) and (ii) hold :

(i) _̂ ho subgroup (r mod A) _o£ Fts has indes 2 in the subgroup

(r mod A , - l mod A) ;

(ii) l'ho s ubgroup (r mod A , - l mod A> has index r - l in F* , with

1 , 2 , ... , r - l (mod A) äs a complete System of repräsentatives.

The word length n of the code is determined by

n = ̂ ~-5-~y = #<r mod A> ;
it is necessarily odd, since (- i rnod A) ̂ <r mod A> , by (i). Notice that, in

(ii), we may replace 1 , 2 , . . . , r - l by 2 , 3 » . . . , r - l , r , since

r =5 l mod <r mod A , - l mod A) .

Exampl_e [llj. - Let r = 2 . In this case (i) and (ii) mean

<2 mod A) p <2 mod A , - l mod A> = Fj ,

and this is casily seen to be equivalent to

A s 7 mod 8 and - 2 is a primitive root mod A .

Examples are A = 7 , 23 , 47 , 71 , 79 , 103 , 167 , ... . If Artin's conjectu-

re on primes, wifch a prescrived primitive root, is true, the condition is satisfied

for 18,69779... % of all prime numbers. We retuark that this conjecture is known to

be a concequence of the genoralized ItLemann hypothesis [6].

Bxamp_le [5]. - Let r = 3 . In this case, (3 mod A) must have odd order

(A - l)/4 in F? . Then, A Ξ 5 mod 8 , and - l i <3 mod A> ,
 a n
d

"^rL

2 φ (3 )uod A , - l mod A) are automafcically satisfied. Examples are A = 13

109 , 181 , 229 , 277 , 421 , ... . Iiodulo the Riemann hypotheses, 3,739558 % of

all primos safcisfy the condition.

In tho general case, we are interested in conditions on r uhich are necessary

and yrobably sufficient for the exißtence of perfect one-error-correcting codes in

basü r .

.r that A äs in (2. l) exists. Then

(2.2) r is no square,

2 ,, (A-l)/(r-l) 2η η ΤΛ

since i f r = s , say, then s" 7 = : S = r = l mod A , so s Ξ t L

 m o a A

for some t , confcradicting bhat s , by condition ( i i ) , reprosents a non~trivial

olement in the group | ^ / < r mod A , - l mod A) =£. Z/(r ~ l)_Z .
By ( i i ) , the canonical map
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{2 , 3 ? ·· · , r - 1 , r] —^ F /̂ (r rnod A , - l mod A)

iß bijoctive, arid this gives :

(2.3) There oxiscs a group raultiplication Λ- on V = [2 , 3 , . . . , r - l , r)

such that t

(2.4) (V , *) i s a cyclic group of ordor r - l uibh neutral olernenb r ;

(2.5) a A b = ab vhenevor a , b e V are such that ab e V ;

(2.6) If p is prime and 2p divides r - l , then p is a square in (T , *) ;

(2.7) If r Ξ _ i mod 4 , then 2 is no square in (V , *) .

To prove (2.6), nobice thab A = l + 2(r - l)n = l mod 4p , so the Legendre sym-
Λ

bol (p/A) equal.s l , and (p mod A) e .F? . This proves (2.6). Similarly, if

r Ξ - l mod 4 , thon A ̂  5 mod 8 , since n is odd, so (2/A) =. - l , which

implies that 2 is nob a square in (v , *) . This proves (2.7).

Example. - Let r = 10, and suppose that V - (2 , 3 , · · · , 9 > 10} has a cy-
*-i

clic group structure oatisfying (2.4) and (2.5). Since 2 - 8 ^ 10 ( = unit ele-

ment), the order of 2 in V is 9 , so 2 generates the group, and

2 1 = 2 , 2 2 = 4 , 2 3 = 8 , 2 9 = 10 , 2 8 = 5 (s ince 2.5 = LO ) .

Let 3 = 2Z . Glearly, x ^ l , 2 , 3 , 8 or 9 . If x = 4 , 5 or 6 , then
2 8 1 ^

9 = 3 = 2 , 2 or 2 = 5 , 2 or 8 , a contradiction. Also χ ~ 7 leads to a

conbradiction : 6 = 2X+ -2 - 5 . Wo conclude bhat no perfect one-error-correc-

ting arithmetic code in base 10 exists, cf. ([4] (for the caae A < 10 ), [3]).

The following theorem shows that the necessary condibions (2.2), (2.3), (2.4),

(2.5), (2.6), (2.7), for the existence of a perfoct one-error-correcting arithmetic

code in base r , are, conversely, sufficient for the existence of infinitely many

such codes, if certain Riemann hypotheses aro true. If M is a set of prime num-

bers, the limit

lim

x_oo "f{p"l p prime, p^~xj '

if i t exists, is called the density of H , and denoted by d(M) .

(2.8) THEOKM. - Let r be an integer ^ 2 satjsfying (2.2)-(2.7), and suppose

that, for every sguarefree integer m , the ζ-function of tho field

"oFc. '( ^ ( r ~ l ) ^ ^ satisfies the generalized Hicciann hypothesis. Ilere L de~

notes a primitive k-th root of umty._Jhen. there exist infinitely pany prime num-

bgrs A wMch gencratc a^£erfe:c±_o^=error^o^e°^'^. cyclic AF-code inbage r ; mo

re prccisely the_ set S ^ L ^ ^ ^ L J ^ ^ J ^ 1 ^ ^ ' 3 h & S 3 t r i c t : i · ? P o s i t i v e ^naity.

The proof of this theorem is outlined in Lhe follouing section. ¥e shall also

give a precise formula for d(S) , under the assumptions of the theorem.
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Denote by L the infinite Galois exten-iion of Q obtained by adjoining ζ, and
lr

Λ/ä bo ,g s for all k e Z_ , k §> l , a <= £ , a > 0 , with ζ̂ . äs in (2.8). ¥e

translate thc condibions (2.1) (i) and (2.1} (ii) on A in coiiditions about the

behaviour of the prime A in L/£ .

Let A bc prime,, and let (A , L/g) denote the set of all σ e G-al(L/g) for

whiclx there exists a prime & of L lying· over A such that ο (α) Ξ Q/
 m o

d 0. ,

for all algobraic integers a e L . Let σ e (A , L/g) .

If (2.1) (i) and (2.1) (ii) hold, bhen F* has a sub^roup of index 2 (r - l) ,

so A Ξ l mod 2(r - l) . This is equivalent to

(3.1)
 a

^ 2 ( r - l )
) = ζ

2(Γ»ΐ) '

if A > r . Tlio requircment that F^ contains (r mod A ) , but not

(-1 mod A) y is expressed by

(3.2) a ^ -

(3.3) σ(^-·

Notice that (3.1) and (3.3) are together equivalent to

(3.4) σ(ς
Α|

Condition (2. l) (ii) implies that no t wo of 2 , 3 , . . . , r - l , r (mod A )

are congruent modulo the subgroup |J "" » wnicb, is expressed by

r
~
 r

"(3.5) a(
r
~A17b)) ^

 r
" ( a / b ) ' , for all a , b e Z , 2 ̂  a < b ̂  r .

Wo have not yet expressed thc condition that F^ is generated by (r mod A)

and (- l mod A ) . This is oquivalent to the non-existunce of a prime £ dividing

the index [,£f ' <
r m o d A

 » ~
 3 lüod A ^ ' -1· °' for w h i c h Α Ξ

 l mod 2(r-l)i,

and (r mod A) e ̂ ^ ^ . This leads to

(3.6)
 0

l^2(i--lU ' «*$ ̂  id , ~
p
or every prime number l ,

in the case SL = A , this may be wrong for some, but not all, σ e (A , L/g) .

¥e concludo that a prime number A satisfies (2. l) (i) and (2.1) ( ü ) if> ana

only if , A > r and

(A , L/g) n II ̂  ̂  ,

whero

(3.7) U= (σ e Gal(L/ä) ; σ satisfies ((3.2), (3-4), (3.5), (3-6))} .

Let μ denote the Haar measure on G-al(L/g) , normalizod such that ^(Gal(L/g)}= 3

(3.8) PROPOSITIONc - Let the hypothesos and notabions be äs in (2.9), (3.7). Then

a (s) = μ(ιι) .
v

Proof. - The proposition would be an immediate consequence of the Cebotarev den-
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s i ty thoorom ([10], Chap. 7, § 3) if (3.6) vould only be required for firiifcely

many priiars jj . In our Situation, the desired conclusion can be drawn by appoaling

to a suitdbly generalized form of Artin' s conjecture on primes with prescribod

primitive roots, which is known to be a coiisequence of the Äiomann hypotheses men-

tioned in (2.9) (see [2 ] , [6 ] , [ s ] ) . This provus (3.8).

¥e remark that,, vd.th.out any unproved hypothcsis, i t can be proved that

d+(S) <: μ (U) , where

- lim
— XJJH

* . ..... l ........... — V " j; ' ..... Λ »

;. A I.Q pn.me
?
 A <: xj

To prove thü theorem, i t yuffices to show that μ(ΐΐ) > 0 if (2.2), (2.3), (2.4),

(2.5), (2.6), (2.7) ,-re satisfied. In [δ], it is provod that, for sets U
 o
f the ty-

pe, we are considering ZG is truc that

μ (ll) > 0 if , and only if , 11 J ψ .

We givfc an outline of the proof that U -f- <$ if (2.2)-(2.7) hold.

¥e begin with an explicit description of G-al(L/Q) . Choose C = exp(2ni/k) ,
•i ia*c xC

,yä" = exp((log a)/k) , for k e _ Z , k ^ l , a € Ä ? a > 0 , and lob _Z be the

profinite completion of _Z , with group of units 2_'r .

(3.9) PROPOS ITIOIf. - Lct_ σ e G-al(L/o) . Then^ there is a imique elomont u e _Z* ,

and a uninuc oenucnce (v(p)) . > with v(p) e Z , for p prime. such that
- i - ä_̂  - \ \t-// - ~ — — ·* - * - -
(3.10) σ(ζ, ) = ζ, , for all k e Z , k £. l ;

K K ~'-"°

(3.11) σ^Τρ) = cj/ P ^ Vp , for a l l k e Z , k £. l , and a l l primos p ·

(3.12) (- l) P ' - (-) (JacoM-symbol^), f or_ a l l primos p .

ConvcrsGly, if u e Jf , v(p) e z, (for_ p prinie) sacisfy (3.12), then there i s

â  un.i([uo__ elomont σ e Gal(L/oJ ^^ÜHl iB^ (3.10), (3.1l) ·

Proof. - The exiatonce of unique u , v(p) such that (3.10), (3.11) hold i s

obvious, and (3.12) ±3 provod by calculeting σΟν/ρ)/Λ/ρ in two ways · uning (3.1l)>

or using (3.10), 'jith „/P expressed äs a Gauss auji.

The converae follows by Kummer theory ovor the base field K = g(^ ; k = l , 2 , 3 , . . . )

i f we know that

(3.13) Tor a l l u e | " , there exists a e Gal(K/£) such that (3.10) holds ;
o

(3.14) cVä 5 k e ^ Z , fc^-1, a e Ji , a > 0 } n K = { , / a ~ ; a e ^ , a > 0 } .

flere (3.13) follows from the i r reducibi l i ty of bhe cyclotomic polyiiomials, the

inclusion o in (3.14) i s proved by expressing square roots äs Gauss sums, and the
lj- _̂_

oppositc inclusion ic, proved äs follows. Let Ja e K , with k e ZI , k $> l ,

a e £ , a > 0 , l e t τ β Gal(K/g) bo complex conjugation, and let p e Gal(K/g)

be arbitrary. Then, p(k/ä) - T| V ä , for some T| , with η = l , and τ(η) = η
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r (yä ) - Va . Since Gal(K/ĵ ) i s abelian, we have

Multiplj'in^ by p( V&) = T] Ja , we find p( Va2) = Va2 , for a l l p , so

b = V8·2 feelongs to £ , and \/a = Λ/b , as requirea. This proves (3.9).

If (v(p)) p r i m e

 i s a s i n (3.9), then, for m e _Z , m > 0 , we dofine v(m)

t>y

(3.15) ν(ρχ p 2 . . . ph) = V ( P I ) + v(p2) + . . . + v(ph) e |

( P
1
 9 P

2
 > ··· > P

h
 prime). Wotice that /e then have o( ,/ä) = ζ̂  k

yS~ , for

all k e J3 , k > l , in the Situation of (3-9).

Suppose now that (2.2)-(2.7) are satisfied, and let ψ : (v , *) — > Z/(r-l)Z

be a group isomorphism. Here, ue use (2.4). We Claim that, for an elernent σ of

Gal(L/g) to belong to II , it suffices thafc the numbers u , v(p) from (3.9) sa-

tisfy

(3.16) v(r) s 0 rnod 2(r - l) ;

(3.17) u Ξ i + 2(r - l) mod 4(r - l) j

(3.18) v(p) Ξ ψ(p) mod (r - l) , for al l primes p < r ;

(3.19) i?or no prime nurnber Ji , ue have both

u 5= l mod 2(r - L)Ä , v( r ) Ξ 0 mod ( r - l)jj .

The properties (3-2), (3-4), (3·6) of σ are obvioasly equivalent to (3.16),

(3.17), (3.19), respectively. From (3.18), (3.15), (2.5) and the fact that ψ is a

group homomorphism, we sej· that v(a) = ψ(
&
) mod (r - l) , for all a e z ,

»*··· *

2 <~ a ζ r , so the fact that ψ is bijective gives (3.5). This proves our claim.

By (2.6), (2.7), we have

(3.2u) If p is prime and 2p|r - l , then ψ(ρ) is even j

(3.21) If r s 3 mod 4 , then ψ(2) is odd.

To finish the proof that II ^ 0" , and hence the proof of the theorem, i t suffices

to see that the conditions (3.12), (3-16), (3.17), (3.18), (3.19) are compatible if

(2.2), (3.2ü), (3.2l) hold. This is an entirely straightforvardcombinatorial exer-

cise, - hich we leave to the reader °, notice that (3.20), (3.2l) are forced by

(3.12)5 (3.17), (3-18). This concludes our outline of the proof of theorern (2.9).

ί/ith alißlrtly more effort, one can determine the number μ(ΐΐ) , which by (3.8)

equals d(S) if the Riemann hypotbeses are true. The result is as follows.

(3.22) PßOPOSITIOH. - Let_ r be an integer ^ 2 which is no square, and define

' P gg-Jĝ y P $ r ) >

p prime, 2p|r - l ] ,
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w = mS3c{m e 23 ; r id an m-th power j .

et II be äs in. (3,7), ^nd_ M bhe_ set _of_ _group iatiltiplic_at_ion3_ * an

V = {2 , 3 , . . . , r - l , r} satisfying (2.4), (2.5), (2.6), (2.7). I'Hrrther, if

r J.

c =
4(r - i) "

wibh Π" r̂ angiin_g overjbhc primes £, wifcji i r - l , ,i/w , and 1T over t hose

with, A/2 (r - l) . Lf r i s oö'd, tuen, for * e ¥ , put

2fc~2 τι Π/·, 1 Ν nIV/ [f ( ι _ _ ΐ ) ,

" < r - 1 > ϊ -1

Μ ranging over the primes Z wi_tĥ _ Jt,\r - l , 2/2w , the^ jroduct ΪΓ

over those primeu ,2. <: r s jl/r - l , which _are sguarcs in (? s ·*) , and Π over

the priiaes & > r . Then, ve have_ :
(a) If r - i> r ,, with r n ô dd and squarefree, and r even; then

"
(
 (r

0
-l)/2 _

 1

Ä - A - l

wrth Π i anging pver_ the __primeg. -̂

not as in (a), i. e. 2 occurs to an odd ppwer in r ,

then

μ(ΐΐ) = #¥.c ;

(c) If r Ξ l mod 4 , then

(d) ΙΓ r Ξ 3 ωοά 4 , then.

M-code of word length n in base r i s a subgroup G c Z/(rn+ l) Z.

wherc n is an integer ^ 2 . Arithmetic distance and perfectness aro defined as

in the cyclic case.

r = 2 , n = 5 , then r"1 + l = 33 . The elements of Z/33,2 ,

with ac'ithaietic distance <_: l to 0 , are

(4.1) 0 , ± l , ± 2 , - t 4 , * 8 , ± l 6 .

EVery z e Z/33Z is of ezactly one of the three forms χ = s , χ .-, s + 11 ,

s = s -i 22 , uifch" s one of the elements (4.1). It follows that 0= {0 , H , 22}

is a perfect One-error-correcting negacyclic code.

The resulto of the precedirig sections all have analoges for perfect one-error-

correcting negacyclio M-codeS. The modifioatioos are ar — —
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In p'-oposition (2« l ) , condition (i) is replaced by

( i 1 ) (r inod A) = (r mod A , - l mod A) .

The wojd iengtn n = (A *- l)/2(r - l) - (t/2)fr(r riod A) is not necessarily odd,

and th° proof that c onci.it ions (2.2) and (2.7) are necesaary breaks down. IIo nev

conditiona takf their place, and T?C have the following theorem.

(4.2) ΪΙιΕΟΗΕΪι. - Lgt_ r b_e_ an intejer :> 2 s aj i gf ying (2.3), (2.4), (2/0? (2.6)

and suppose tliat, for_ eyery 3quarofroe_ intogeT· ω , _lhe_ ς-f unction p f the _f ie M

Q(C / ^ mU- )ß^ «safcisrics the geuerali^ed Rlemann liyp_othesis . "hen, there
·* ^ ~ i - - - — · - · — ~~ — ~- '"·'
e x ist in F 3 r i t e ly niany pr iiae numbe rs A Oiich gencrate a pfrfect one-error-oorrec_fa-

ing negcicyc_lic^_ AW-codo in "Oase r ; mpre precisely, tho set S1 of these^ prime

numbezo has _s farict_ly positive donsity.

In the proof of thls theorem, the r öle of U is played by

U' = {σ e Gal(L/g,) ; σ satisfies (3.1), (3-5), (3.6) and o ( r~Vr = Γ""1

Ν/τ} .

The Ri ernenn hypotheses imply that

d(,3') = (idi
1
) ,

and μ(ΐΐ') io given by the following proposition.

(4.3) PROPObTTION. - LeJ r be an integer ^ 2 , and q , t , w äs in (3.22). Let

U1 be äs j u s t def ined, and ¥' the set of group raulbiplications on

V = (2 , 3 , . . . , r - l , rj satisfying (2.4), (2.i>), (2.6). Define c , if r

ig_evgii ?. . jtnd c^ , if_ r is odd., for * e W , a.s_ in (3.22). Then? -i/e have :

(a) If r = τ\ r2: , with r„ sgriarefree r ~ l mod 4 and r even, then
v " / _,„_ Q l - (J

 Λ
 ............. U " ~ i ·· .....

μ(ΐΐ') - 2 #¥'·α(ΐ - Π - ^ - ^ - ) ,

& - e - ι
with Jl ra-nging__OYer the prime_3_ i d i v i ding r^ j

(b) If i" j-S even_,_ but not _ag_ ijn_ (a),

μ,(ΐΐ') = x

(c) Cf r i_s an o_dd sgunrc, thon

μ(ίΐ') = 2 Σ

( d ) i Γ r 1s odd, but no t a squ.are , thon

5.

(|5.l) PROP03ITION. - No pei-roci; one-error-correcting c^clic o_r negacyclic AK-~codei

in base r exist i f r assiffles one of the follo ring values ;

(a) r = 5 , 9 , 10 , 13 , 25 5
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(b) r = s , ."ii-ii
 w
^

r
 ~ "

L
 '

La__addition, ao perfect one-error-correcting cyOlic M-co du _in bas e r exigts i_f

r js a

Proof. - For r = 10, ΤΟΘ (2.S). The other four cases are similar to each. other j

we only treat r .- 25 . Lct V = {2 , 3 , ... , 24 , 25} iiave a group multiplica-

tion * batiafying (2.4), (2.5), (2.6). Tjy (2.6), thr numbers 2 and 3 are

squares in (V , -v)
 s
 and since 5 has ordcr tro, it is also a square. This gives

fifbeen snuares in ff ;

2 , 3 , 4 , 5 , 6 , 8 , 9 , 10 , 12 , 15 , 16 , 1Ρ , 20 , 24 , 25 ,

contradicting that, in a cyclic group of order 24 , there are only twelve squares.

For the last Statement of (5.1-)» see (2.2). This proves (5. l).

Notice that powers of two fall under (5. l) (b) ; If r - 2 , w > l , and >r

dividev3 2 - l , the n let q be the smallest prime divxding w . From
r \ 0—1 W

( , q - l 5 v / ) - l , 2 1 Ξ ι mod q , 2 = 1 iaod q , i t bhen follovs that

2 's. l mod q , a contradiction. Cence, there exist no perfect one-error-correcting

ariblimetic codes in ba0e 2 , w > l . The result i s due to BOJARINOV and

KABÄTJANSKIJ [ l ] .

I do not Icnow whethers for a l l r , other than those in (5.l) perfect aribhmptic

codes do exist. i odulo the Riemann hypothesos, thio problem comes doitn Lo cons-

tructing group multiplications * äs in (2.3). I ca«· only do this in ccrtain spe-

cial cases.

One wry bo proceed is äs followö. Suppose one finds a map

ψ ; [p ; p prime, p <: rj —> Z/(r - l)2i

such bhat ψ , vhen extended to V =. (2 , 3 , · ·* » r ) ^3

becomes a bijection satisfying

(5.2) ψ(Γ) = 0 |

(5.3) ·φ(ρ) is even if p is prime and 2p|r ~ l ;

(5.4) ψ(2) is odd if r £= 3 mod 4 .

Then, a gioup multiplication * on V satiafying (2.4), (2.5), (2.6), (2.7) is
-i

given hy a * b = ψ~ (ψ(α) -t- ijt(b)) .

For examplo, if r = 6 , one can take ψ(2) = l , ψ(3) -- 4 , φ(5) - 3 (mod 5)

and if r = 15 , .Don f(2) = l , *(3) - 4 , *(5) = 10 , *(?) - 12 , ψ(ΐΐ) = 7

ψ(ΐ3) = 9 (mod 14) .rorkB. All r < 60 , except ihose in (5.l), can be treated in

thio Wc,,y.

Tho following heuristic argumcnt leads one to cxpect that, for all sufficiently



15-11

Ic.rge r vith w (r - L) (cf. (3.22), (5.1) (b)), such a ψ can be found. Tho

nuuibcr o? niaps {p 5 p prime, p < r ] — ? ^ / ( r - 1 )_£ is (r - l ) q , ,/ith q äs

in (3.22). The probability that tlie extended map V —> ZJ'(T - l)Z satisfios (5.2),
— h i" 1 **IJ*

(5.3), (5.4) i s w.2 / ( r - l) or g.2™ ~ / ( r - l) , wich t äs in (3.22). If we

further eötimate the probability for tho map to be bijective bo be (r-1)«/(r-i)1""1 ,

then v/es find

w.Qp ~ l)*"1 (r - 1)!
~

äs the Hinüber of maps ψ ue may exycct to satisfy our co^ditions. The reader easi-

ly chedc& that fcliis espression tends fco infinity witli τ- .

(5.5) PROPOUITIOt1. - Let r be_ an integer satisf ying_ one of the i^ollojring condi-

tions :

( a ) r i s prime^^and r Ξ l mod 8 ;
'·) p

(b) r is jjr_ime ; _and_ r - x~ + y + i , for certain integers χ 5 y , with

(x , y) = l ;

(°) T> i s prime,_and 2r - l ±s_ priac ;

(d) r = 3p , wiiere p , 2p - l and 2r - l are _prime ,__ wA p >, 5 .

Further , let the Biemann hypothesejs mentioned in (2.9) be__satip_fied._ Theii, thore

esist inf 'initpj-y _ mariy perf ect one-error-correcting cyclic M-c^qdes in base r ,

and t:he samc io true for negacyclic codes»

Proo£. - tfe define the group tmilbipiication ^ °n v such that the

maps are group isomorphismo : In cases (a) and (b),

V — $= Γ" , r ι — £» (l mod r) , a ^ — ̂  (a mod r) (a ^ r) 5

in cose (c),

r
 ι — ̂  {± l mod 2r - 1}

 s
 a ι — £ {± a mod 2r - 1} (

a
 r r) ;

and in cabe (d)

T-^J^AD .

r
 4 — ^ {± l mod 2r - l } , p l· — & £± 2p mod 2r - l } ,

2
p
 , — ̂ , (± (2p - l) mod 2r - 1} , 2p - l · — ̂  {± p mod 2r - 1} ,

a i — » C^ a
 m o d

 2r - 1} (a ̂  r , p , 2p , 2p - l) .

Then (V , *) clearly satisf ics (2.4), condition (2.5) is easily checked, and

(2.6)9 (2.7) are prowed by the quadratic reciprocity law. In case (b), notice that

r - l has no divisors which o.re 3 mod 4 . The proposition now follows from (2.9'

and (4.2).
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Exauioles.

(a) r = 17 , 4i , 73 » 89 , 97 , and infiaitely many others ;

(b) r ~ 2 , 3 , 11 , 59 , 83 , 107 , and infinitely many others, cf. [7] j

(c) r = 2 , 3 » 7 , 19 , 31 » 37 , 79 , 97 , and probably infinitely many others;

(d) r = 21 , 57 , 47t , 597 , 687 , 1137 , 1317 , 1731 , and probably infinitely

many obhers,

Generators for pcrfec c aritbuebic codes in basc-s 2 and 3 are oasily obtained

from t h- fcables of WEJTEM o na , ALLER [13]. -LA t&.ble l, one finds a l l prinies
5

A < 10 which. generabe a perfect one-error--correc bing cyclic or negacyclic M-co-
7

de in base 6 or 7 , and a l l A < 10 , for bases 11 and 12 . In each case, tbe

word lcnp:th n i s given by n - (l -- l)/(2r - 2) . I n table 2 , ono finds, for a l l

r ^ 15 , noc dealb with by (5.l) > the densities (modulo tho Pdomann hypothes®s) of

the sets S , and G' defined in (2.9) and (Ί.2).

5 7

Tliere are 9592 and 664579 primes less than 10 and 10 , respectivoly. The

reader may decide for himoelf to '/hich extent our results cast clcmbt on the validi-

ty of bhe Eiernarm hypotheaos.

Tnble l : Generators for perfect codes.

r

6

7

cyclic

18191
20611

22391

25031

27791
375U

38011

40031

50231

50971

53591

56591

56951
59011

7687l

82031

8649l

91291

19237

300 13

73453

neg-acyc.

7741

10831

11171
15161

2274 1

23431

23531

39971
42131
46381

46471
49261

56081

64451

65581

75641

79691

M 37 1

G 1.401

93251

56053

67453

98893

β · »l · · *
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cyclic negacyclic

11

12

r

2

3

6

7

11

12

14

15

L513021
5652421
6169021
922722 L

5187359
8936159

Table 2

d(S)

1.8698 χ

3.7396 χ

1.5116 χ

3.1608 χ

6.1369 χ

5.5774 χ

3.8757 χ

2.7936 χ

Acknowledgement .

4723981
7556701

1588423
3079627
4911941
5847029

: Densities oC S and S'

d(S

IO"1 3-7396

10~2 3.7396

ίο"3 3.0231
10~̂  3.1608

-6
10 6.1369

10 ~ 6 9.2956
Γ Τ

10"' 7.7513

10 ~ 7 4.0724

- Research for this

' )

χ L O " 1

„p
χ LO

χ 10 ~ 3

χ 10""4

p.
χ 10 6

χ I O - 6

—7
χ 10

χ 10""7

paper '

(modulo Riemann hypothesOs)

aation for bhe Advancement of Pure iiesearch (Z. ¥ . 0.)«
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