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PERFECT ARITHMETIC CODES

by H. W. LENSTRA Jr

1. Cyclic All-codes,

Let r and n be integers with r 22 ad n>3 .For x, ye z/(r"-1)z,
the arithmetic distance d(x , y) is defined to be the smallestinteger t >0 for

which there exists a representation

X -y = (Efwl c; rn(i) mod (2" - 1)),

with c; » n(i) e 7, lc}<r, n(i) >0, for l£igt . It is easily seen
that d is a metric on g/(r - 1)Z .

An arithmetic code, or more precisely a cyclic AN-code of word length n in

n
bagse r, is a subgroup C of g/(r ~ 1)5,. The M"AN" in the terminology is

explained by the observation that every such code can be represented as
n
= {0 mod (r" ~1) ; 0gN<B},

for a unique pair A , B of positive integers, with AB = r - 1 , The adjective
"eyclid' doesnot referto the group structure of the code, but to the following pro~
perty. Let the elements of N/(r - 1)Z be represented by their digits in base 1 ,
i. e. let the "word" (C ) represent the element Zp é 3 r mod (2 - 1) ;
only O mod (<" - 1) has tWO such representations. Lhen, for every cyclic AN-co-
n-1 )n—l

de C , and every word (c ) _o € C , also the cyclically permuted word (c o
i= i=

with C_y =2Cp g belongs to C , since

-1 i - n-1 i n
2, gy T =T Zﬁ:O ¢, ¥ mod (r - 1) .

Arithmetic codes are used for checking additions and subtractions of numbers
wiitten in base r , see ([9], [11], [12]). The procedure is roughly as follows. To
add two numbers Nl , l\T2 , one encodes them as ANl ’ AN2 , and one adds the en-~
coded numberg in g/(rn - l)Z ; let the result be S . Next, one determines AN3 e C,
with d(AN3 R S) least possible. If no errors have been made, then AN3 =S, and
N3 is the sum of N, and W, (mod B) . Generally, d(ANB » 8) is a lower bound

for the number of errors which have been wmade, and N3 is the most likely result
of tho addition N, + I, (mod B)

In this way, all combinations of e , or fewer, errors, can be corrected if, and
only if, for every x € Z/(¥" - 1)Z , there is at most one ¢ € C , with
d(x , ¢) € e . A code having this property is called e-error-correcting. If, for

, the

every x € Z/(rn - 1)Z , there exists exactly ome c¢ € ¢, with a(x , ) <e

code is called pexrfect. If we put

={SEZ‘/(I’n-—l)RZ‘; d(S,O)se},
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n
then a subgroup C c Z/(r - 1)2_ is a perfect e-ervor-correcting arithmetic code
if, and only if, every x € 2/(r" - 1)Z has a unique representation x = s + c ,
with s € S and ¢ € C . We will be interested in the case e =1, cf. ([1],

(3], [43, [57).

2. Perfect one-error~correcting arithmetic codes.

Example, — Let r =mn = 3, then " - 1 =26 . We have
Sl={0,:f:1,:t2,i3,i6,ﬁ:9,i18}cg/26§.

It is casily checked that, for cvery x € Z/ZQQ , we have cither XEESl , Or
x € 13 + S1 . lience the subgroup C = {0 , 13} is a perfect one-error-correcting
cyclic 13H~code of word length 3 in base 3 . This code can be usced to check addi-

tions moduls 2 (= B) on a ternary computer.

In the general casc, we have

S n
Sl = {0, & cor? mod ¥ - 1 5 l&egr-1, 0L j<n}l,

#SJ =1+ 2(1’ - 1)01’1

(here, we use that n >3 ). Let C c,g/(rn - l)g be generated by A mod (rn - 1),

where A divides rn - 1 . This is a perfect one-error-correcting code if, and on+
1y if, every x € g/(rn - 1)Z is uniguely representable as

x = AN , or X = AN & cr? s

with ANeCC, lgegr-1, 0£j<n. If this condition is satisfied, then
Tl -}
o= 4048, = == (1 + 2(r - 1)n) ,

so A and n determine each other by

A -1=2(r~1)n.

Passing to (£/<rn - 1)2)/0 = Z/Ag , we see that C is perfect one-error-correct-

ing if, and only if, every X € Z/AZ can be written in a unique way as

% = (0 mod &) , or x = (& cr? mod 4) ,

with 1gegr-1, 0<35<n. It was okhserved by GOTO and FUKUITURA [47, and by
BOJARINOV and KABATJANSKIJ [1] that this condition implies that A is prime. To

see this, suppose that A = ab , with a <A, b <A . With x = (a mod 4) , we

i . J : : . .
J mod & , so a divides cr° ; but a is coprime with r , since

find a & cr
it divides r -~ 1 , so a divides c , hence a <w . Similarly b <r . Then

at wost two digits ¢+ A=c¢, r+c., 0K c, <71 .

A < r2 , 80 A has in base I 1 0

But then zx = (cO mod A) has two representat ions,
X = (CO mod 4) , x = (= c, r uwod A) ,

contradicting our umiquencss assumption. We conclude that A is prime.
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n-l}

Observing that {1 , r, ... , v is a subgroup of F7 , we arrive at the fol-

A
lowing proposition.

(2.1) PROPOSITION. ~ Lot A be a positive integer. Then A generates a perfect

one—error—correcting cyclic AN-code in base r if, and only if, A is prime, and

(i) and (ii) hold :

(i) s'he subgroup <{(r wmod A) of EX has index 2 1in the subgroup
{r mod &, ~ 1 mod A) ;

(ii) The subgroup (r mod A , — 1 mod A) has index r - 1 in EX , with

1,2, see 3 7 =1 (mod A) as a complete system of representatives,

The word length mn or the code is determined by
A -1

L= STy S #{r mod A) ;
it is neccessarily odd, since (- I mod A) ¢ (r mod A) , by (i). Notice that, in
(ii), we may replace 1 , 2, see , =1 by 2, 3, o0 y v =1, r , since
r=1 mod {x mod A , -1 mod A) .
Example [11]. - Let » = 2 . In this case (1) ond (ii) mean

(2 mod A ; (2 mod A , =1 mod A) = 7

b

~fy f
and this is casily seen to be equivalent to

A=97 mod 8 and =~ 2 is a primitive root mod A .

Examples are A =17 , 23, 47, 71, 79, 103, 167 , ... . If Artin's conjectu~
re on primes, with a prescrived primitive root, 1ls true, the condition is satisfied
for 18,69779... % of all prime numbers. We romark that this conjecture 15 known to
be a consequence of the gencralized Xiemann hypothesis [6].

Example [5]. - Let r =3 . In this case, (3 mod A) must have odd order
(4~ 1)/4 in Fy . Then, 4 =5 mod 8, and = 1 ¢ (3 mod 4) , and
o¢ (3 wod A, -~ 1 mod A) are sutomatically satisfied. Examples are A = 13 ,
109 , 18L , 229 , 277 , 421 , +es o hodulo the Riemann hypotheses, 3,739558 % of

all primes satisfy the condition.

In the general case, we are interested in conditions on r vhich are necessary
and wrobably sufficient Tfor the existence of perfect one-error~correcting codes in
bage 1 .

Assume that A as in (2.1) exists., Then

(2.2) r is no square,

(a~1)/(x-1) R Z R 1 mod h , so s=tt

mod A
for some t , contradicting that s , by condition (ii), represents a non~trivial

clement in the group EX/(T mod A , - L mod A) = Z/(r ~ 1)Z .

. - 2
since if r =8 , say, then s

By (ii), the cenonical map
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{2,3, 00, 2~-1, 1 -9,EZ/(r mod A , ~ 1 mod 4)
i3 bijective, and this gives :

(2.3) There cxiscs a group multiplication x on V = {2,3, vea y v =1, 1}
such that ¢

(2.4) (V s %) is a cyclic group of order r -~ 1 with neutral clement r

(2.5) a % b =ab vhenever a , be V are such that abe V
(2.6) If p is prime and 2p divides r ~ 1 , then p is a square in (V , %) ;
(2,7) &f v =-1 mod 4 , then 2 is no square in (v , %) .

To prove (2.6), notice that A =1 + 2(r = 1)n =1 wod 4p , so the Legendre sym—
vol (p/A) cquals 1, and (p mod 4) e Eﬁz . Mhis proves (2.6). Similarly, if
r=-1 mod 4 , then A =5 mod 8, since n 4is odd, so (2/A) = - 1 , which

implics that 2 is not a square in (V , %) . This proves (2.7).

Bxample. - Let r = 10, and suppose that V= {2 , 3 , ... , 9, 10} has a cy-
3.8 # 10 ( = unit ele-
ment), the order of 2 in V is 9 , so 2 gonerates the group, and

8
l- 2 3::8, 29=lo, 2 1‘:5 (Since 2,5:—:],0 ).

clic group structure satisfying (2.4) and (2.5). Since 2

Let 3 =2" . Clearly, x#1,2, 3,8 of 9.If x=4,5 or 6, then

9 = 32 = 28 , 21 or 23 =5,2 or 8, a contradiction. Also x =7 1leads to a

conbradiction ¢+ 6 = 2X+1 = 28 = 5 , We conclude that no perfect one-crror-correc-—

6
ting arithmetic code in base 10 exists, cf. ([4] (for the case & <10 ), [3]).

The following theorem shows that the necessary conditions (2.2), (2.3), (2.4),
(2.5), (2.6), (2.7), for the existence of a perfect one-error-correcting arithmetic
code in base r , are, conversely, sufficient for the existence of infinitely many
such codes, if certain Riemann hypotheses arc true. If M is a set of prime num~

bers, the limit

. #Hp; peM, p<x}
1lmx——)oc —#:tp H P prjme, PSX} !

if it exiots, is called the demsity of 1l , and denoted by a(i) .

(2.8) THEOREH, - Let r be an integer > 2 satisfying (2.2)-(2.7), and suppose
¢~-function of the field

that, for every squarefreec integer m , the
,Q(sz( 1) m(r»llvg) satlisfies the generalized Riemann hypothesis. Ilere g, de-
e

notes a primitive k—th root of unity. Then, there exist infinitely weny prime num-

bers A which gencratc a perfect onc-error—correcting cyclic All-code inbase r ; mo

re procisely the set S of thesc prime numbers has gtrictly positive density.

The proof of this theorem is outlined in the following section. We shall also

give a precise formula for d(S) , under the assumptions of the theoren.
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3, Proof of the theorem.

Denote by L the infinite Galois extension of Q obtained by adjoining gk and
k L 1 ¥
Va bo Q, forall kez, k21, acQ, a>0,with {  asin (2.8). Ve
translate the conditions (2.1) (i) and (2.1) (ii) on A in conditions about the
L/g

/

-~

behaviour of the prime 4 in

k]

Tet A be prime, and let (& , L/Q) denote the set of all o e Gal(L/Q) for
which there exists a prime U of L 1lying over A such that o(u) = QA mod & ,

for all algobraic integers o€ L . Let o e (4, L/Q) .

Ir (2.1) (1) and (2.1) (i1) hold, then F, has a subgroup of index 2(r - 1) ,

so A =1 mod 2(r ~ 1) . This is cquivalent to

(3.1) U(QZ(r-l)) = Co(p-1)

Z(r—l)

if A > 7 . The requircment that EX contains (r mod A) , Dbut not

(~ 1 mod &) , is cxpressed by

(3.2) G<2<rnlz/gvz Q(Tﬁl)vg,,
(3.3) o(2(x-1) gy 20e-1)

Wotice that (3.1) and (3.3) are together equivalent to

(3.4) (G (1)) = 7 Ca(z) -

Condition (2.1) (ii) implies that no two of 2, 3, «ee ;v -1 1 (mod A)
wlr-1

are congruent modulo the subgroup £g< )
€z, 2

(3.5) a(r“%/ia7b)) # rﬂ%]{a7b , for all a , b
w(r=1)

Wo have not yet expressed the condition that EA is generated by (r mod )
and (~ ! mod A) . This is cquivalent to the non-existoence of a prime g dividing
the index [gz(r“l> : (¢ mod A , ~1 wod Ad], i. e. for which A=1 mod 2(r-1)2
and (r mod A) E,Ez(r . This leads *to

, which is expressed by

N

a<bygr.,.

r~1)4 By . .
(3.6) O){Q2(T_l)£ J (r-1) Jr} # id , for every prime number j ,
in the case 4 = A , this may be wrong for some, but not all, o e (4, LAQ) .

We copclude that a prime number A satisfies (2.1) (i) and (2.1) (ii} if, and

only if, A >r and

(A, L/Q nUu#d,

where
(3.7) = {o e cal(L/Q) ; o satisfies (3.2), (3.4), (3.5), (3.6))} .
Lot b denote the Haar measure on Gal(L[g) , normalized such that M(Gal(L/Q»:j

3.8) PROPOSITION. ~ Let the hypothescs and notabions be as in (2.9 . 7
3 Rk s \3+7). Then
a(s) = pw) .

Proof. — The proposition would be an immediate consequence of the Cebotarev den-
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sity theorem ([107], Chap. 7, § 3) if (3.6) -muld only be required Tor Finitely
many primecs ¢ o In our situation, the desired conclusion can be drawn by appcaling
to a suitably generalized form of Artin's conjecturc on primes with prescribed
primitive roots, which is known to be a consequence of the Ricmann hypotheses men-—
tioned in (2.9) (see [27, [6], [8]). This proves (3.8).

We remark that, without any unproved hypothesis, it can be proved that
d+(3)-$ w() , vhere

+ . a3 A€ A £ x}
3) = , : 2 H >
a’(8) = 1in PUPy e 44 5. A is prime, A < x} T

To prove the theorem, iv gsuffices to show that u(u) >0 if (2.2), (2.3), (2.4),
(2.5), (2.6), (2.7) ere satisfied. In [8], it is proved that,for sets U of the ty-
pe, we are considering i: is true that

() >0 if, and only if, U# ¢ .

We give an outline of the proof that U # ¢ ir (2.2)-(2,7) hold.

We begin with an explicit description of Gal(LZQ) + Choose gk = exp(2nmi/k) ,
k A
Ja = oxp((log a)/k) , for ke 4, k21, aegQ, a>0, and let 2Z be the

profinite completion of Z , with group of units 2{“.

(3.9) PROPOSITION. - Lot o e Gal(L/Q) . Then, there is a unigue element u e Z°

, with v(p) € Z, for p prime, such that

and o vniquc sequence (v(p))p prime

(3.10) o(g,) = gﬁ , for all ke 2, k21l

(3.11) O(KJE) = g;(p> K/ forall keZ, k21, and all primes p ;

(3.12) (- 1)V<p) = Qg) (Jacobi-symbol), for all primes p .

A S

Conversely, if u € 2f°, v(p) € 3 (for_p prime) savisfy (3.12), then there is

a uvnique eloment o e Gal(l/Q) satisfying (3.10), (3.11).

Proof. - The existence of wnique uw , v{p) such that (3.10), (3.11) hold is
obvious, and (3.12) i3 proved by calculeting GQ/E)/JE in two ways : using (3.11)7

or using (3.10), gith ./p expressed as a Gauss sun.
The converse follows by Kummer theory over the base field K:HQ(QK P k=1,2,3,...)
if we kmow that
(3.13) For all u e Z* , there exists ¢ € ¢al(K/Q) such that (3.10) holds ;
- 2
(3.14) g}ﬁgg keZ, kzl, a€ell, &~ 0} nk={"a; aeg, a>0}.
dere (3.13) follows From the irreducibility of the cyclotomic polynomials, the
inclusion o in (3.14) is proved by expressing square roots as Causs sums, and the
k , .
oppositc inclusion it proved as follows. Let Ja e X, with keZ, kx1,
aeqQ, a>0, lot 7ecal(k/Q be complex conjugation,kand let p e Gal(x/Q)
: i . \ -1
be arbitrary. Then, p(kdﬁ) = T kJE , for some T , with " =1, and (M) =1
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T(FJE) = £ a . Since Gal(K/@) is abelian, we have
o(Va) = pr(V8) = 7p(A) = +(n VD) - W Km
Hultiplying by p(%JE) = ] KJE , we find P(ng§> = ngg , for all p , s0

b = Eda2 belongs to Q , and EJE = %ng, as requirea. This proves (3.9).

it (v(p))

by

p prime is as in (3.9), then, for m €Z, m>0, we dofine v{(m)

m

(3.15) v(p; Dy eee py) = vp) + v(p) + i+ vl(p) €2

t

. k
( Py s Pg s tee 5 Dy prime). Notice that se then have o{( ./n) gg(m) kJﬁh, for
all ke 2, k21, in the situation of (3.9).

Suppose now that (2.2)~(2.7) are satisfied, and let ¢ : (V, %) _~;.g/(r_.1)z
be a group isomovphisu. Here, we use (2.4). We claim that, for an element o of

Gal(L[Q) to belong to U, it suffices that the numbers u , v(p) from (3.9) sa-

tisfy

(3.16) v(r) 20 mod 2(r - 1) ;

(3.17) w=1+2(r-1) mod 4(r - 1) ;

(3.18) v(p) = y(p) mod (r = 1) , Tor all primes p < r ;

(3.19) Tor no primc number £ , we have both
w=1 mod 2(r = )2, v(r) =0 mod (r - 1)y .

The properties (3.2), (3.4), (3.6) of o are obviously equivalent to (3.16),
(3.17), (3.19), respectively. From (3.18), (3.15), (2.5) and the fact that y is a
group homomorphism, we se. that v(a) = w(a) mod (r ~ 1) , Tor all a €z,
2cagr, so the fact that { is bijective gives (3.5). This proves our clainm.

By (2.6), (2.7), we have
(3.20) If p is prime and 2p|lr - 1, then ¢(p) is even ;
(3.21) If T =3 mod 4 , then ¢(2) is odd.

To finish the proof that U #  , and hence the proof of the theorem, it suffices
to see that the conditions (3.12), (3.16), (3.17), (3.18), (3.19) are compatible if
(2.2), (3.20), (3.21) hold. This is an entirely straightforwardcombinatorial exer—
cise, " hich we leave to the reader ; notice that (3.20), (3.21) are forced by

(3.12), (3.17), (3.18). This concludes our outline of the proof of theorem (2.9).

dith olightly more effort, one can determine the pumber u(ﬂ) » which by (3.8)

equals a(8) if the Riemann hypotheses are true. The result is as follows,

(3.22) PROPOSITION. - Let 1 be an integer > 2 which is no square, and define

qa=#p; p prime, psgr},

t = #{p; p prime, 2p|r -1},



W = max{m € Z3 T is an m-th power} .

Let U be as in (3.7), end U the set of group wultiplications ¥ on

V=1{2,3, ..,7v=1,7r} satislying (2.4), (2.5), (2.6), (2.7). Purther, if
r is even, put

c :»———-l_w(zﬂ‘[(l -372—) M - ql__ =)
4_(3,,__1) ) N\

X , . .
with [T renging over thc primes ¢ with 4

r -1, Lkw , and HQI over those

with 2f2(r = 1) . If r is odd, tuen, for * e W, put
f2 -
2 T
(

1 17 2 v 1
w0 O g T -y

with TFiI ranging over the primes 2 with zlr -1, ZXZW , the product Tgv

: . : v
over those primes (LT, #fr - 1, which are squares in (v , %) , and T over

the primes g > v . Then, we have :

(a) If r= Ty rf , with S odd and squarefree, and r, eveu, then
(r,-1)/2
0 -
Wy) = #.o(l + (= 1) M=ty

L- - 4 =1

with [l 1anging over the primes & dividing r, ,

(v) If T is even, but not as in (a), i. e. 2 occurs to an odd power in r ,

w(u) = #W.c ;

il

(¢) If =1 mod 4, then
2, . C

o

pla) =

)
=
X

-
foN)
N
o
e
it

= 3 wod 4 , then

p(v) = 2%€W'c* "

4. Perfect negacyclic codes,

. . n
A negacyclic Ad-code of word length n in base r 18 a subgroup ceg/("+1)2

wherc n is an integer =2 . Arithmetic distance and perfectness are defined as
- - "

in the cyclic case.

gxeaple. - et r =2, n=05, then £+ 1 =33 . The elements of /332 ,
with ari%ﬁmetic distance g 1 1o 0,
(401) 0, 1,2 ,+4, 8,16,

Ivery x € 7/334 is of exactly one of the three forms x =8, % =3+ 11,

< =8 4 22 with s one of the elements (4.L). It follows that C={C, 11, 22
— » , ¥

L3 3 ;! e
is a perfect one—error-correcting negacyclic couc.

The results of the preceding sections all have analogues for perfect one-error-—
w3 '

correcting negacyclic 4N-codes. The modifications are a3 follows.
s (D 15 P
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In proposition (2,1), condition (i) is veplaced by
(11) (r mrd A) = { mod A, ~ 1 mod A) .

The wosd lengtn n = (& = 1)/2(c ~ 1) = (1/2)#{r nod A) is not necessarily odd,
and th~ proof thet conditions (2.2) and (2.7) are necessary breaks down. o new

conditions take their place, and we have the following theorem.

(4.2) THECREM. -~ Let 1 Dbe an inteyer > 2 satisfying (2.3), (2.4), (2.0), (2.6)

and suppose that, for every sguarefree intoger w , lhe (~function of the field

miy-1 L. K
£ﬁ§2m<£_l) ’ ( >J§) satislics lhe smeneralized Riemann hypothesis. "““hen, there

exist infiritely many prime numbers A which gencrate a prrfect one-error-correc bt-

ing negecyclic  AN-code in base 1 ; more precisely, the set S' of these prime

numbers has strictly positive donsity.

Tn the proof of this theorem, the role of U is plaved by
W = {o e 0al(L/Q) 5 o satisfies (3.1), (3.5), (3.6) and o(r“1¢§ = ?—1J§} )
The Riemann hypotheses imply that
a(sy) = ulu) ,
and p(Y') is given by the following proposition.
(4.3) PROPOLTIION. — Leb r be an integer 22, and q , t, w as in (3.22). Let
1yt be as just defined, and W' <the set of group nultiplications on

V=1{2,3, vee , v -1, r} satisfying (2.4), (2.5), (2.6). Define ¢ , if v

il v is odd, for % € W' , as in (3.?2), Then, e have s

lemaecy

is even, and c, ,

(a) L r= Ty ri , with Ty squarefree, T =1 mod 4 and rl even, lhen

wur) - 2 sl - TT— - )
L7 - ¢ =1

with 4 ranging over the primes [ dividing Ty 3

(b) If r is even, but not as in (a), then

W(U) = x #Wee

(¢) Lf r i an odd Sguarec, then

e

wlar) = 2 Z#eW' Cy 3
(¢) 1f © +is_odd, but mo. a square, thon
w(u) = %@W'C*.

5. Exauples.

(5.1) PROPOSITION., - No perfect one-error-corvecting cvclic or negacyclic AN-codes

ip base r exist if r assumes one of the follo ring values :
S DeRE

(&) £=5,9, 10,13, 25
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(b) r = " , with wfr - 1.

In addition, 10 perfect one-error-correcting cycllec AM-code in base r exists if

r 18 a scuire.

Proof. - Tor » = 10, ace (2.8). The other four cases are similar to each other g

we only treat r =25, Let V= 1{2, 3, ..., 24, 25} bhave a group multiplica-

5% oatiofving (2.4)9 (2.5)7 (2.6). By (2.6}, the numbers 2 snd 3 are

(3

tion
squares in (V ’ *) y and since 5 has order two, it is also a square. This gives

fifteen s~uvares in V ¢

2,354 ,5,6,8,9,10,12,15,16 , 18 ;20 , 24 , 25

¥

contradicting that, in & cyclic group of order 24 , there are only twelve squares.

For the last statement of (5.1), see (2.2). This proves (5.1).

Notice that powers of two fall under (5.1) (b) ¢ Tr r = 2"

P i . .
divides 2 =~ 1 , then let q %be the smallest prime dividing w . From

(-1, =1, 2% =21 woaq, 2" =1 wod q , it bhen follows that

1 . . .
27 =1 mod g , a conlradiction., flence, there exist no perfect one-error-correcting

, W >1, and w

arithmebic codes in base 2 , w >1 . The result is due to BOJARINOV and
KABATJANSKIT [1].

I do not know whether, for all =r , other than those in (5.1) perfect arithmetic
codes do exist. . odulo the Riemann hypothescs, this problem comes down lo cons-
tructing group multiplications # as in (2.3). I can only do this in certain spe-
cial cases.

One wry to proceed is ag Tollows. Suppose one finds a map

y: {ps p vrime, pSri-—>2/(r-1)2
such that ¢ , when extended to V= {2, 3 , ses , T} by the rule
y(av) = ¥(a) + y(0) ,
becomes a bijection satisfying
(5.3) (p) is even if p is prime and 2pir -~ 13
(5.4) §{2) is odd if r =3 mod 4 .

Then, a gioup multiplication =+« on v satisrying (2.4), (2.5), (2.5), (2.7) is
given by a % b = w“l(w(a) + ¢(p)) .

For example, if v = 6 , one can take ¢(2) =1, ¢<3) =4, ¢(5) =3 (mod 5)

and if 1 = 15 s vhon “f(2> =1, $(3> = 4 s ¢(5) = 10 5 ¢(7> = 12 ’ 11,’(11):7
¢(13) =9 (mod 14)  works. A1l v £ 60 except those in (5.1), can be treated in

this w¥e

The following heuristic argument leads one 10 cxpect that, for 21l sufficiently
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lerge o with w|(r - 1) (ef. (3.22), (5.1) (b)), such & § can be found. Th:
nuiber of maps {p 3 p prime, pLr —332/(r-1)2 5 (v - D%, dtn g as
in (3.22). The probab1¢1ty ibat the extended map V —» 7/(r - 1)z satisTies (5.2),
(5.3), (5.4) is e - 1) or w2 ~b- l/(r 1), with b as in (3.22). If we
further cstinate the probability for the map to be bijective to be (Tul):/(r—i)r'l,
then we fiund

w.(r ~ l)q“l (r -~ 1)1
2t(+1) (r - 1)r~l

as the muwber of maps {§ we may expect to satisfy our conditions. The reader easi-~

1y checks that this espression tends bto infinity with -+ .

(5.5) PROPOLITION, — Let v be an integer satisfying one of the folloring condi-

tiong
bt

i

(a) r is prime, and r =1 mod 8 3

. 2 L
(b) r is prime, and T = x + y2 + 1, Tor certain integers x , y , with
(x,9)=1;

(¢) = is prime, and 2r - 1 is primc ;

() 7 =23p, where p, 2p - 1 and 2r - 1 are prime, and p =5 ,

[l

Purther, let the Riemann hypotheses mentioned in (2.9) ve satiofied. Then, there

exist infinitely many perfect one-crror-correcting cyclic AlN-codes in base T )

and the samc is true for negacyclic codes,

Proof, -~ We define the group wulbtiplication & on V such that the frllowing

maps are group isomorphisms : In cases (a) aand (b),
7 ‘“5<§; , Twe» (I mod r), ar>(a modr) (a # )
in cose (c),
VI /1),
Tie—s {£ L wod 2r - 1}, a3 {4 a mod 2r ~ 1} (a A )
and in case (d)
v ‘f?.idr l/{L 1},
7> {£ 1 mod 2r — 1} , p—> {+ 2p mod 2r ~ 1} ,
2p +—» {£ (2p = 1) mod 2r -~ 1} , 2p -~ 1 +—> {* p mod 2r - 1} ,
abs {+ a mod 2r -1} (a#r ,p, 2p, 2p ~ 1)

Then (V , %) clearlysatisfics (2.4), condition (2.5) is casily checked, and
(2.6), (2.7) are proved by the quadratic reciprocity law. In case (v), notice that
v ~ 1 hag no divisors which sre 3 wmod 4 . The proposition now follows Ffrom (2.9’

and (4.2).



15-12

Bxamples,

(a) r= 17, 4L, 73, 8 , 97 , and infinitely wnany others ;

?
(p) r=2,3, 11,5 , 83, 107, and infinitely many othcrs, cf. [ 7] ;
¢y r=2,3,T7,19,3L, 27,7, 97, and probably infinitely many others;

(&) » =21, 57, 471, 597 , 687 , 1137 , 1317 , 1731 , and probably infinitely

many others.

Generators for perfect srithmebic codes in basces 2 and 3 are casily oblained
from th- tables of WESTERN ond 1LILER [137]. 1n teble 1, one finds all primes
A< 105 which generate a poerlect onew-error-correcting cyclic or negacyclic AN-co-~
de in base 6 or 7, and all A< 1O7 , for bases 11 and 12 . In cach case, the
word lcngth n is given by n = (4 - 1)/(2r - 2) . In table 2 , onc finds, for all
r < 15 , not dealt with by (5.1),“5@ densities (modulo the Ricmann hypothesés) of

the sebs S, and ' defined in (2.9) and (4.2).

There are 9592 and 664579 primes less than lOb and 107 , respectively. The
reader nmay decide for nimoelf to hich extent our results cast doubt on the validi-

ty of the Riemann hypotheses.

Table 1 : Generators Tor perfect codes.

T cyeclic negacyclic
6 18191 7741
20611 10831
22391 11171
25031 15161
27791 22741
37511 23431
38011 23531
40031 39971
50231 42131
50971 46381
53591 46471
56591 49261
56951 56081
59011 64451
7687 L 65581
82031 75641
86491 79691
91281 HL3T1
L1401
93251
7 19237 56053
3001013 67453
73453 98893

cos/onn




11

12

15-13

cyclic negacyclic

1513021 4723981

5652421 7556701

6169021

9227221

5187359 1588423

8936155 3079627
4911941
5847025

Table 2 : Densities of S and S' (modulo Riemann hypotheses)

a(s) a(st)
1.8698 x 107 3.7396 x 10~
3.7396 x 1072 3.7396 x 1072
1.5116 x 1077 3.0231 x 1072
5.1608 x 107 3.1608 x 1074
6.1360 x 10“6 6.1369 x 10"6
5.5774 x 107° 9.2056 x 10™°
3.8757 x LO“Z 7.7513 x 10“Z

2.7936 x 10~ 4,0724 x 10
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