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Voltage probe model of spin decay in a chaotic quantum dot with applications to spin-flip noise
and entanglement production
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Instituut-Lorentz, Universiteit Leiden, P.O. Box 9506, 2300 RA Leiden, The Netherlands

�Received 19 December 2005; published 23 March 2006�

The voltage probe model is a model of incoherent scattering in quantum transport. Here we use this model
to study the effect of spin-flip scattering on electrical conduction through a quantum dot with chaotic dynamics.
The spin decay rate � is quantified by the correlation of spin-up and spin-down current fluctuations �spin-flip
noise�. The resulting decoherence reduces the ability of the quantum dot to produce spin-entangled electron-
hole pairs. For � greater than a critical value �c, the entanglement production rate vanishes identically. The
statistical distribution P��c� of the critical decay rate in an ensemble of chaotic quantum dots is calculated
using the methods of random-matrix theory. For small �c this distribution is ��c

−1+�/2, depending on the
presence ��=1� or absence ��=2� of time-reversal symmetry. To make contact with experimental observables,
we derive a one-to-one relationship between the entanglement production rate and the spin-resolved shot noise,
under the assumption that the density matrix is isotropic in the spin degrees of freedom. Unlike the Bell
inequality, this relationship holds for both pure and mixed states. In the tunneling regime, the electron-hole
pairs are entangled if and only if the correlator of parallel spin currents is at least twice larger than the
correlator of antiparallel spin currents.

DOI: 10.1103/PhysRevB.73.115329 PACS number�s�: 73.23.�b, 03.67.Mn, 05.45.Mt, 73.63.Kv

I. INTRODUCTION

The voltage probe model, introduced by Büttiker in the
early days of mesoscopic physics,1 gives a phenomenologi-
cal description of the loss of phase coherence in quantum
transport. Electrons that enter the voltage probe are rein-
jected into the conductor with a random phase, so they can
no longer contribute to quantum interference effects. Such a
device is no substitute for a microscopic treatment of specific
mechanisms of decoherence, but it serves a purpose in iden-
tifying model independent “universal” features of the transi-
tion from coherent to incoherent electrical conduction.

In this paper we analyze an application of the voltage
probe model, to spin-resolved conduction through a quantum
dot. The voltage probe then serves a dual role: It randomizes
the phase, as in the original spin-independent model,1 but it
also randomizes the spin. Two spin transport effects are ex-
amined: spin-flip noise and spin entanglement. The two ef-
fects are fundamentally connected, in the sense that the de-
gree to which spin-up and spin-down current fluctuations are
correlated provides a measure of the degree of spin entangle-
ment of electron-hole pairs exiting the quantum dot.2

The geometry is sketched in Fig. 1. The coupling of the
electron spin to other degrees of freedom �nuclear spins,
magnetic impurities, other electrons, etc.� is replaced by an
artificial reservoir connected to the quantum dot via a tunnel
barrier. The reservoir draws neither particles nor energy from
the quantum dot.3 Both the time-averaged current and the
time-dependent fluctuations vanish, enforced by a fluctuating
distribution function of the artificial reservoir.4,5 This phe-
nomenological description of decoherence has found many
applications in the context of �spin-independent� shot noise.
�Recent references include 6–9.� For alternative models of
decoherence in that context, see Refs. 6 and 10–13.

In the context of spin-resolved conduction, the voltage
probe introduces two altogether different decay processes:

spin flip and decoherence. These are characterized in general
by two independent decay times �denoted T1 and T2�2T1,
respectively�. In order to obtain two different time scales we
could provide, in addition to the spin-isotropic voltage probe,
a pair of ferromagnetic voltage probes that randomize the
phase without flipping the spin �pure dephasing�. Here we
will restrict ourselves to the simplest model of a single volt-
age probe, corresponding to the limit T2=2T1. This choice is
motivated by the desire to have as few free parameters as
possible in this exploratory study. The more general model

FIG. 1. Illustration of the voltage probe model. A chaotic quan-
tum dot is connected to a voltage source by two single-channel
leads. Decoherence is introduced by means of a fictitious voltage
probe, which conserves the particle number within each energy
range �E�eV, on time scales �t=h /�E. �The dashed line in the
figure indicates the tunnel barrier that separates the voltage probe
from the quantum dot.� The random spin flips introduced by the
voltage probe give a nonzero correlator of spin-up and spin-down
currents ��spin-flip noise�. The voltage probe also reduces the en-
tanglement production by transforming the pure spin-singlet state of
electron-hole pairs into a mixed Werner state.
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will be needed to make contact with the existing microscopic
theory for the spin decay times.14–17

The applications of the voltage probe model that we con-
sider center around the concept of electron-hole entangle-
ment. A voltage V applied over a single-channel conductor
produces spin-entangled electron-hole pairs.18 The entangle-
ment production rate is maximally eV /2h bits/s, for phase-
coherent spin-independent scattering. Thermal fluctuations in
the electron reservoirs19 as well as dephasing voltage fluc-
tuations in the electromagnetic environment20,21 reduce the
degree of entanglement of the electron-hole pairs. Unlike
other quantum interference effects, which decay smoothly to
zero, the entanglement production rate vanishes identically
beyond a critical temperature or beyond a critical decoher-
ence rate.

One goal of this investigation is to determine the prob-
ability distribution of the critical decoherence rate in an en-
semble of quantum dots with chaotic scattering. The fluctua-
tions in the artificial reservoir reduce the entanglement
production by transforming the pure state of the electron-
hole pair into a mixed state. For decoherence rates �	�c the
density matrix of the electron-hole pairs becomes separable.
The value of �c is sample specific, with a probability distri-
bution P��c� that we calculate using the methods of random-
matrix theory.22

The entanglement production is related to physical ob-
servables via the spin-resolved shot noise. The correlator of
spin-up and spin-down currents �spin-flip noise� is of par-
ticular interest, since it provides a direct measure of the spin
relaxation time.23 By assuming that the elastic scattering in
the quantum dot is spin-independent �no spin-orbit interac-
tion�, we derive a one-to-one relation between the degree of
entanglement �concurrence� of the electron-hole pairs and
the spin-resolved shot noise. In the more general spin-
dependent case such a relation exists for pure states,24,25

through a Bell inequality, but not for mixed states.19 The
expressions for the concurrence C take a particularly simple
form in the tunneling regime, where we find that C is nonzero
if and only if the correlator of spin current fluctuations is at
least twice larger for parallel spins than it is for antiparallel
spins.

We derive closed-form expressions for the ensemble av-
eraged correlators in the regime of weak decoherence, both
in the presence ��=1� and absence ��=2� of time-reversal
symmetry. While the average spin-resolved current correla-
tors are analytic in the decoherence rate � around �=0, the
average concurrence �C� has a singularity at that point: a
square-root singularity 1− �C���� for �=1, and a logarith-
mic singularity 1− �C����ln �� for �=2. The singular effect
of a small decoherence rate on the entanglement production
also shows up in the probability distribution P��c� of the
critical decoherence rate: It does not vanish for �c→0, but
instead has a large weight ��c

−1+�/2.
The outline of this paper is as follows. We start in Sec. II

with a description of the system �a quantum dot with a volt-
age probe� and a formulation of the twofold question that we
would like to answer �what is the entanglement production
and how is it related to spin noise?�. A solution in general
terms is presented in Sec. III. We begin in Sec. III A by

simplifying the problem through the assumption of spin-
independent scattering in the quantum dot. The concurrence
of the electron-hole pairs is then given as a rational function
of spin-resolved current correlators �Sec. III B�. These corr-
elators are expressed in terms of the scattering matrix ele-
ments of the quantum dot with voltage probe �Sec. III C�. To
evaluate these expressions an alternative formulation, in
terms of a quantum dot without voltage probe but with an
imaginary potential, is more convenient �Sec. III D�. The
connection to random-matrix theory is made in Sec. IV. By
averaging over the random scattering matrices we obtain the
nonanalytic � dependencies mentioned above �Secs. V and
VI�. We conclude in Sec. VII.

II. FORMULATION OF THE PROBLEM

We consider a quantum dot coupled to source and drain
by single-channel point contacts. The voltage probe has N


channels, and is connected to the quantum dot by a barrier
with a channel-independent tunnel probability �
. By taking
the limit �
→0, N
→� at fixed �dimensionless� conduc-
tance ��N
�
, we model spatially homogeneous decoher-
ence with coherence time26


coherence = lim
�
→0

lim
N
→�

h

��
. �2.1�

�We denote by � the mean spacing of spin-degenerate lev-
els.� Since the mean dwell time in the quantum dot �without
the voltage probe� is 
dwell=h /2�, one has

� = 2
dwell/
coherence. �2.2�

The scattering matrix S of the whole system has the di-
mension �N
+2�� �N
+2�. By convention the index n=1
labels the source, the index n=2 labels the drain, and the
indices 3�n�N
+2 label the channels in the voltage probe.
All of this refers to a single spin degree of freedom. Each
channel is spin degenerate. As mentioned above, we assume
that the scattering is spin independent. In particular, both the
Zeeman energy and the spin-orbit coupling energy should be
sufficiently small that spin rotation symmetry is not broken.
The applied voltage V between the source and drain is as-
sumed to be large compared to the temperature, but suffi-
ciently small that the energy dependence of the scattering
can be neglected.

The energy range eV above the Fermi level is divided into
small intervals �E�eV. The voltage probe conserves particle
number and energy within each energy interval, on time
scales �t=h /�E. We write this requirement as I
�E , t�=0,
where I
�E , t� is the electrical current through the voltage
probe in the energy interval �E ,E+�E�, averaged over the
time interval �t , t+�t�.

Because the voltage probe does not couple different en-
ergy intervals, we may consider the entanglement production
in each interval separately and sum over the intervals at the
end of the calculation. In what follows we will refer to a
single energy interval �without writing the energy argument
explicitly�.

The density matrix � of the outgoing state in each energy
interval, traced over the degrees of freedom of the voltage
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probe, contains combinations of 0, 1, or 2 excitations in the
spin degenerate channel of the source lead and the drain lead.
Only the projection �eh onto a singly excited channel in the
source as well as in the drain contributes to the entanglement
production.19 We denote by w=Tr P� the weight of the pro-
jection, with P the operator that projects onto singly excited
channels �so that w�eh=P�P†�. The label “eh” stands for
“electron-hole pair,” where “electron” refers to the single
excited channel in the drain and “hole” refers to the single
nonexcited channel in the source.

In the absence of decoherence �eh is pure ��eh
2 =�eh�. The

voltage probe transforms �eh into a mixed state. Our aim is to
calculate the loss of entanglement of �eh as a function of �
and to relate it to the spin-resolved current correlators.

III. GENERAL SOLUTION

A. Simplification for spin-isotropic states

The assumption of spin-independent scattering implies
that the 4�4 density matrix �eh is invariant under the trans-
formation �U � U��eh�U† � U†�=�eh, for any 2�2 unitary
matrix U. As a consequence, �eh must be of the Werner
form,27

�eh = 1
4 �1 − ��1 + ���Bell���Bell�, − 1

3 � � � 1, �3.1�

with 1 the unit matrix and

��Bell� = 2−1/2��↑↓� − �↓↑�� �3.2�

the Bell state.28 �The spin-up and spin-down arrows ↑,↓ label
the two eigenstates of the Pauli matrix �z.�

The concurrence29 �degree of entanglement� of the Werner
state is given by

C =
3

2
max�0,� −

1

3
	 . �3.3�

The Werner state is separable for ��1/3. The entanglement
production rate �bits per second� in the energy range �E un-
der consideration is given by19

E =
�E

h
wF
1

2
+

1

2
�1 − C2� , �3.4�

F�x� = − x log2 x − �1 − x�log2�1 − x� . �3.5�

The parameter � that defines the Werner state �3.1� can be
obtained from the spin-spin correlator

Tr �eh�z � �z = − � . �3.6�

In order to make contact with the voltage probe model we
now relate this correlator to a spin-resolved current cor-
relator, along the lines of Refs. 2, 24, and 25.

B. Solution in terms of current correlators

We define NX,�
out �t� as the number of electrons going out of

the quantum dot in a time interval �t , t+�t� through the
source lead �X=S� or through the drain lead �X=D� with spin
up ��= ↑ � or with spin down ��= ↓ �. In terms of the current

IX,��t� one has ND,�
out �t�=−ID,��t��t /e, NS,�

out�t�=1− IS,��t��t /e,
with the convention that the current is positive if electrons
enter the quantum dot. The spin-spin correlator �3.6� is ex-
pressed by

� = −
��NS,↑

out�t� − NS,↓
out�t�
�ND,↑

out �t� − ND,↓
out �t�
�

��NS,↑
out�t� + NS,↓

out�t�
�ND,↑
out �t� + ND,↓

out �t�
�

= − ��t/e�2 1

w
��IS,↑�t� − IS,↓�t�
�ID,↑�t� − ID,↓�t�
� ,

�3.7�

w = ��t/e�2��IS,↑�t� + IS,↓�t� − 2e/�t
�ID,↑�t� + ID,↓�t�
� ,

�3.8�

where the brackets �¯� indicate an average over many mea-
surements.

The time dependent current IX,��t�= ĪX,�+�IX,��t� has time

average ĪX,�. The current fluctuations �IX,��t� on the time
scale �t=h /�E have cross correlator ��IS,��t��ID,��t��
= ��E /h�P��, with spectral density30

P�� = �
−�

�

dt��IS,��0��ID,��t�� . �3.9�

The total spectral density of charge noise is given by

Pcharge = �
�,�
�

−�

�

dt��IS,��0��IS,��t�� = − �
�,�

P��.

�3.10�

�The minus sign appears because ���IS,�=−���ID,�, as a
consequence of current conservation.�

Substitution into Eqs. �3.7� and �3.8� gives

� = −
h

e2�E

1

w
��h/�E��ĪS,↑ − ĪS,↓��ĪD,↑ − ĪD,↓�

+ P↑↑ + P↓↓ − P↑↓ − P↓↑
 , �3.11�

w =
h

e2�E
��h/�E��ĪS,↑ + ĪS,↓ − 2e�E/h��ĪD,↑ + ĪD,↓�

+ P↑↑ + P↓↓ + P↑↓ + P↓↑
 . �3.12�

Because of the spin isotropy, ĪX,↑= ĪX,↓, P↑↑= P↓↓, and

P↑↓= P↓↑. We denote by Ī�0 the total time averaged current
from source to drain in the energy interval �E. Spin isotropy

implies ĪS,�= 1
2 Ī and ĪD,�=− 1

2 Ī. Equations �3.11� and �3.12�
then simplify to

� =
P↑↓ − P↑↑

eĪ − 1
2 �h/�E�Ī 2 − 1

2 Pcharge

, �3.13�

w =
2h

e2�E
�eĪ −

1

2
�h/�E�Ī2 −

1

2
Pcharge� . �3.14�
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C. Solution in terms of scattering matrix elements

So far the analysis is general and not tied to a particular
model of decoherence. Now we turn to the voltage probe
model to express the average current and the current correla-
tors in terms of the scattering matrix elements and the state
of the reservoirs. For a recent exposition of this model we
refer to Ref. 7. The general expressions take the following
form in the case of spin-independent scattering considered
here:

Ī =
2e�E

h

T1→2 +

T1→
T
→2

N
 − R

� , �3.15�

P↑↓ =
e2�E

2h

Q

T
→1T
→2

�N
 − R
�2 +
Q1
T
→2 + Q2
T
→1

N
 − R

� ,

�3.16�

P↑↑ =
e2�E

h
Q12 + P↑↓. �3.17�

We have defined the transmission and reflection
probabilities1

Tn→m = �Smn�2, R
 = �
n,m=3

N
+2

�Snm�2, �3.18�

T
→m = �
n=3

N
+2

�Smn�2, Tn→
 = �
m=3

N
+2

�Smn�2, �3.19�

and the correlators of intrinsic current fluctuations31

Qnm = �
n�,m�=1

N
+2

��nn��nm� − Snn�
* Snm��

� ��mm��mn� − Smm�
* Smn��fn��1 − fm�� , �3.20�

Qn
 = �
m=3

N
+2

Qnm, Q

 = �
n,m=3

N
+2

Qnm. �3.21�

The state incident on the quantum dot from the reservoirs
is fully characterized by the mean occupation number fn,
given by

fn = �
1 if n = 1,

0 if n = 2,

T1→


N
 − R


if 3 � n � N
 + 2.� �3.22�

For the source and drain reservoirs this is a state of thermal
equilibrium at zero temperature. For the fictitious reservoir
this is the nonequilibrium state

�
 = �
n=3

N
+2

�fnan
†�0��0�an + �1 − fn��0��0�
 , �3.23�

with an
† the operator that excites the nth mode in the voltage

probe. These are all Gaussian states, meaning that averages

of powers of an and an
† can be constructed out of the second

moment �an
†an�= fn by the rule of Gaussian averages.

D. Reformulation in terms of imaginary potential model

The model of a quantum dot with voltage probe can be
reformulated in terms of a quantum dot without voltage
probe but with an imaginary potential.26 This reformulation
simplifies the expressions for the entanglement production,
so we will carry it out here.

The unitarity of S makes it possible to eliminate from the
expressions in Sec. III C all matrix elements that involve the
voltage probe. Only the four matrix elements Snm, n ,m
� �1,2�, involving the source and drain remain. This subma-
trix of S forms the subunitary matrix

s = 
S11 S12

S21 S22
� = 
r t�

t r�
� . �3.24�

As derived in Ref. 26, the matrix s corresponds to the scat-
tering matrix of the quantum dot without the voltage probe,
but with a spatially uniform imaginary potential −i�� /4�.
The coefficients t , t� ,r ,r� are the transmission and reflection
amplitudes of the quantum dot with the imaginary potential.

After performing this elimination, the expressions �3.20�
and �3.21� for the correlators Qnm that we need take the form

Q12 = − ��1 − f
�S11S21
* − f
S12S22

* �2, �3.25�

Q11 = Q22 = �f
�1 − �S12�2� + �1 − f
��S11�2


� ��1 − f
��1 − �S11�2� + f
�S12�2
 , �3.26�

Q

 = 2�Q12 + Q11� , �3.27�

Q1
 = Q2
 = − 1
2Q

, �3.28�

with mean occupation number

f
 =
T1→


N
 − R


=
1 − �s†s�11

2 − Tr ss† . �3.29�

We also define the quantity

f̃
 =
T
→1

N
 − R


=
1 − �ss†�11

2 − Tr ss† , �3.30�

which equals f
 in the presence of time-reversal symmetry
�when Tn→m=Tm→n�—but is different in general.

The expressions �3.15�–�3.17� for the mean current Ī and
the correlators P�� simplify to

Ī =
2e�E

h
�f
�1 − �S22�2� + �1 − f
��S21�2
 , �3.31�

P↑↓ = P↑↑ −
e2�E

h
Q12 =

e2�E

2h
Q

� f̃
�1 − f̃
� −

1

2
� .

�3.32�

Some more algebra shows that

eĪ − 1
2 �h/�E�Ī 2 = 2�e2�E/h�Q11, �3.33a�
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Q

 = 2f
�1 − f
��1 − Det ss†� . �3.33b�

Substitution of Eqs. �3.32� and �3.33� into Eqs. �3.13� and
�3.14� finally gives compact expressions for the Werner pa-
rameter � and the weight w of the electron-hole pair:

� =
Y

X + Y
, �3.34�

w = 2�X + Y� , �3.35�

X = f
�1 − f
��2 f̃
�1 − f̃
� + 1
�1 − Det ss†� , �3.36�

Y = �rt* − f
�ss†�12�2. �3.37�

The spin-resolved current correlators �3.32� are expressed
similarly by

P↑↓ = P↑↑ +
e2�E

h
Y =

e2�E

h

1

2
X − Z� , �3.38�

Z = f
�1 − f
��1 − Det ss†� . �3.39�

Let us check that we recover the known result2 for the
entanglement production in the absence of decoherence. In
that case s is a unitary matrix s0, so X ,Z→0 and Y
→ �r0t0

*�2—independent of f
. �The label 0 indicates zero de-
coherence rate.� Hence �=1 �maximally entangled electron-
hole pairs� and

w0 = 2g0�1 − g0� , �3.40�

with g0= �t0�2 the phase coherent conductance of the quantum
dot in units of 2e2 /h. The total entanglement production rate
�integrated over all energies� becomes

E0 = �eV/h�w0 = �2eV/h�g0�1 − g0� , �3.41�

in agreement with Ref. 2. Furthermore, we verify that in this
case P↑↓=0 �no spin-flip scattering without the voltage
probe�, while P↑↑=−�e2�E /h�g0�1−g0� is given by the shot
noise formula for spin-independent scattering.32,33

IV. RANDOM-MATRIX THEORY

A. Distribution of scattering matrices

The expressions of the previous section refer to a single
quantum dot. We now consider an ensemble of quantum
dots, generated by small variations in shape or Fermi energy.
For chaotic scattering the ensemble of scattering matrices is
described by random-matrix theory, characterized by the
symmetry index �=1 in the presence of time-reversal sym-
metry and �=2 if time-reversal symmetry is broken by a
magnetic field.22 �The magnetic field should be sufficiently
weak that the Zeeman energy does not lift the spin degen-
eracy.� Since we assume that spin-orbit coupling is not strong
enough to break the spin rotation symmetry, the case �=4 of
symplectic symmetry does not appear.34

In the absence of decoherence, s is unitary and its distri-
bution is the circular ensemble. With decoherence, s is sub-

unitary. Its distribution P�s� was calculated in Ref. 26. It is
given in terms of the polar decomposition

s = u
�1 − 
1 0

0 �1 − 
2
�u�, �4.1�

with unitary matrices u�=uT if �=1 and u� independent of u
if �=2. These matrices are uniformly distributed in the uni-
tary group. The real numbers 
1 ,
2� �0,1
 are the two ei-
genvalues of 1−ss†. Their distribution P��
1 ,
2� is given as a
function of � by Eq. �17� of Ref. 26. �It is a rather lengthy
expression, so we do not repeat it here.�

We parameterize the 2�2 unitary matrix u by

u = ei�3
ei�1+i�2 cos � ei�1−i�2 sin �

ei�2−i�1 sin � − e−i�1−i�2 cos �
� , �4.2�

and similarly for u�. The angles �1, �2, �3 are uniformly
distributed in the interval �0,2��, while the angle �
� �0,� /2� has distribution P���=sin 2�.

In this parametrization the occupation numbers �3.29� and
�3.30� are

f
 =
1

2
+

1

2
cos 2��


1 − 
2


1 + 
2
, �4.3�

f̃
 =
1

2
+

1

2
cos 2�


1 − 
2


1 + 
2
, �4.4�

with ��=� if �=1. The quantities X, Y, Z that determine �,
w, P↑↓, P↑↑ become

X = f
�1 − f
��2 f̃
�1 − f̃
� + 1
�
1 + 
2 − 
1
2� , �4.5�

Y = ��e−i��1 − 
1 sin � cos �� − ei��1 − 
2 cos � sin ���

��ei��1 − 
1 cos � cos �� + e−i��1 − 
2 sin � sin ���

+ 1
2 f
�
1 − 
2�sin 2��2, �4.6�

Z = f
�1 − f
��
1 + 
2 − 
1
2� . �4.7�

The phase �=�2+�1� is uniformly distributed in �0,2��, re-
gardless of the value of �.

B. Weak decoherence

In the regime ��1 of weak decoherence the expressions
simplify considerably. The distribution P��
1 ,
2� is then
given by the Laguerre ensemble26,35

P��
1,
2� = c��3�+2 exp�−
1

2
���
1

−1 + 
2
−1�� �
1 − 
2��

�
1
2�2�+2 ,

�4.8�

with c1=1/48 and c2=1/24. Since 
1 ,
2���1, we may
expand

X = f
�1 − f
��2 f̃
�1 − f̃
� + 1
�
1 + 
2� + O�
i
2� ,

�4.9�
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Y = g0�1 − g0��1 − 
1 − 
2� + �
1 − 
2�� f
 − 1
2�

� ��g0 − 1
2�cos 2� + 1

2 cos 2��
 + O�
i
2� , �4.10�

Z = f
�1 − f
��
1 + 
2� + O�
i
2� . �4.11�

The phase coherent conductance g0= �t0�2 is given in terms
of the angles �, ��, � by

g0 = 1
2 − 1

2 cos 2� cos 2�� − 1
2 sin 2� sin 2�� cos 2� .

�4.12�

It is independent of 
1 and 
2, with distribution36

P�g0� = 1
2�g0

−1+�/2, 0 � g0 � 1. �4.13�

V. ENSEMBLE AVERAGES

Averages over the ensemble of chaotic cavities require a
fourfold integration for �=1 �when ��=��,

�¯�1 = �
0

1 �
0

1

d
1d
2P1�
1,
2��
0

2� d�

2�
�

0

�/2

sin 2�d�¯

�5.1�

and a fivefold integration for �=2,

�¯�2 = �
0

1 �
0

1

d
1d
2P2�
1,
2��
0

2� d�

2�

� �
0

�/2 �
0

�/2

sin 2� sin 2��d�d�� ¯ . �5.2�

Results are plotted in Figs. 2 and 3. In Fig. 2 we see that
the correlator P↑↑ of parallel spin currents �lower curves� is
reduced in absolute value by the voltage probe—in contrast

to the spin-flip noise P↑↓ �upper curves�, which is increased
in absolute value. For large � all correlators tend to the same
limit,

lim
�→�

P��� = −
1

16

e3V

h
, �5.3�

regardless of the presence or absence of time-reversal sym-
metry. In Fig. 3 we see how the decoherence introduced by
the voltage probe reduces both the entanglement per
electron-hole pair �quantified by the concurrence C�, as well
as the total entanglement production rate E.

In the limit of weak decoherence, the averages can be
calculated in closed form using the formulas from Sec. IV B.
For the spin-resolved current correlators we find, to order �2:

�P↑↓�1 = −
7

120
�

e3V

h
, �5.4�

�P↑↓�2 = −
23

378
�

e3V

h
, �5.5�

�P↑↑�1 = 
−
2

15
+

7

120
�� e3V

h
, �5.6�

�P↑↑�2 = 
−
1

6
+

31

378
�� e3V

h
. �5.7�

�We have replaced �E by eV, to obtain the total integrated
contributions.�

The average Werner parameter,

���� = 1 − � X

X + Y
�

�

, �5.8�

is nonanalytic in � around �=0, because �X /g0�� diverges.
Since P�g0��g0

−1+�/2, cf. Eq. �4.13�, the average has a

FIG. 2. Dependence on the dimensionless decoherence rate �
=2
dwell /
coherence of the ensemble averaged spin-resolved current
correlators P↑↓ and P↑↑, both in the presence ��=1� and absence
��=2� of time-reversal symmetry. The solid and dashed curves are
computed by averaging Eq. �3.38� with the random-matrix distribu-
tions, according to Eqs. �5.1� and �5.2�. The dotted lines are the
weak-decoherence asymptotes �5.4�–�5.7�. For strong decoherence
all curves tend to the value − 1

16e3V /h.

FIG. 3. Dependence on � of the average concurrence C and
entanglement production rate E. The solid and dashed curves are
computed by averaging Eqs. �3.3�, �3.4�, �3.34�, and �3.35�. The
dotted lines are the weak-decoherence asymptotes �5.9�–�5.13�. The
asymptote for �C�2 converges poorly, because the next term of order
� in Eq. �5.10� is not much smaller than the term of order � ln �.
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square-root singularity for �=1 and a logarithmic singularity
for �=2. The average concurrence has the same singularity,
in view of Eq. �3.3�. To leading order in � we find

���1 = 1 − 0.75�1/2 Þ �C�1 = 1 − 1.13�1/2, �5.9�

���2 = 1 −
13

42
� ln

1

�
Þ �C�2 = 1 −

13

28
� ln

1

�
. �5.10�

The ensemble averaged weight �w��=2�X+Y�� of the
electron-hole pairs is analytic in �,

�w�1 =
4

15
+

11

30
�, �w�2 =

1

3
+

62

189
� . �5.11�

The average entanglement production is given, to leading
order in �, by

�E�� =
eV

h

2�X + Y�� −

3

ln 2
�X���

�

�5.12�

Þ��E�1 = 
 4

15
+

11

30
� −

9

10 ln 2
�� eV

h
,

�E�2 = 
1

3
+

62

189
� −

58

63 ln 2
�� eV

h
.�

�5.13�

�We have again replaced �E by eV for the total entanglement
production.�

VI. CRITICAL DECOHERENCE RATE

For each quantum dot in the ensemble, the entanglement
production rate E vanishes identically for � greater than a
certain value �c at which the Werner parameter � has
dropped to 1/3. For � slightly less than �c we may expand
�=1/3+O��c−��. In view of Eqs. �3.3� and �3.4� the en-
tanglement production rate has a logarithmic singularity at
the critical point,

E � ��c − ��2 ln��c − ��−1 if �↑�c. �6.1�

This is a generic feature of the loss of entanglement by the
transition to a mixed state, cf. the logarithmic singularity in
the temperature dependence of the entanglement production
found in Ref. 19.

The statistical distribution P���c� of the critical decoher-
ence rate in the ensemble of chaotic quantum dots is defined
by

P���c� = − � d

d�
��
� −

1

3
��

�
�

�→�c

, �6.2�

with ��x� the unit step function ���x�=1 if x	0 and ��x�
=0 if x�0
. The result of a numerical evaluation of Eq. �6.2�
is plotted in Fig. 4. The ensemble average is

��c�� = �0.954 if � = 1,

0.957 if � = 2.
	 �6.3�

Since �=2
dwell /
coherence, the critical decoherence rate of a
typical sample in the ensemble of chaotic quantum dots is of

the order of the inverse of the mean dwell time. Although the
mean of the distributions for �=1 and �=2 is almost the
same, their shape is entirely different, cf. Fig. 4.

The full probability distribution shows that sample-to-
sample fluctuations are large, with a substantial weight for
�c�1. For small �c the distribution P���c� has the same
limiting behavior ��c

−1+�/2 as the conductance g0 �cf. Eq.
�4.13�
. More precisely, as derived in the Appendix,

lim
�c→0

P���c� = �0.085�c
−1/2 if � = 1,

13/42 if � = 2.
	 �6.4�

VII. DISCUSSION

A. Strength and weakness of the voltage probe model

We have shown how the voltage probe model of shot
noise1,4,5 can be used to study spin relaxation and decoher-
ence in electrical conduction through a quantum dot. The
strength of this approach to spin transport is that it is non-
perturbative in the dimensionless conductance g0, permitting
a solution for g0 of order unity using the methods of random-
matrix theory. It is therefore complementary to existing
semiclassical approaches to spin noise,37 which require g0
�1.

The weakness of the voltage probe model is that it is
phenomenological, not directly related to any specific
mechanism for decoherence. We have examined here the
simplest implementation with a single voltage probe, corre-
sponding to a single decay rate �. The dominant decoherence
mechanism of electron spins in a quantum dot, hyperfine
coupling to nuclear spins,38 has a much shorter �ensemble
averaged� decoherence time T2 than the spin-flip time T1.
Pure dephasing �decoherence without spin flips� can be in-
cluded into the model by means of ferromagnetic voltage
probes. This is one extension that we leave for future inves-
tigation.

Another extension is to include spin-orbit scattering
�symmetry index �=4�. We surmise that the result

FIG. 4. Probability distribution of the critical decoherence rate
�c, beyond which the entanglement production vanishes. The solid
and dashed curves are computed from Eq. �6.2�. The dotted lines
are the weak-decoherence asymptotes �6.4�: P��c���c

−1+�/2 for �c

�1.
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P��c���c
−1+�/2 for the distribution of the critical decoherence

rate in the weak decoherence regime, derived here for the
case �=1,2 without spin-orbit scattering, holds for �=4 as
well—but this still needs to be demonstrated.

B. Entanglement detection for spin-isotropic states

By restricting ourselves to a system without a preferential
basis in spin space, we have derived in Sec. III B a one-to-
one relation between the entanglement production and the
spin-resolved shot noise. This relation goes beyond the volt-
age probe model, so we discuss it here in more general
terms.

The basic assumption is that the conduction electrons
have no preferential quantization axis for the spin. This so-
called SU�2� invariance means that the full density matrix �
is invariant under the simultaneous rotation of each electron
spin by any 2�2 unitary matrix U:

U � U � U ¯ � U�U†
� ¯ U†

� U†
� U† = � .

�7.1�

The 4�4 matrix �eh, obtained from � by projecting onto a
single excited channel in the source as well as in the drain,
has the same invariance property:

U � U�ehU
†

� U† = �eh. �7.2�

As explained in Sec. III A, the concurrence of the electron-
hole pairs then follows directly from

C =
3

2
max�0,− Tr �eh�z � �z −

1

3
	 . �7.3�

Here we have excluded a spontaneous breaking of the spin-
rotation symmetry �no ferromagnetic order�. The more gen-
eral case has been considered in the context of the isotropic
Heisenberg model.39

The concurrence in this spin-isotropic case is related to
the spin-resolved shot noise by Eqs. �3.3� and �3.13�. The
entanglement production rate E follows according to Eq.
�3.4� from C and a weight factor w, given in terms of the shot
noise by Eq. �3.14�. To detect the spin entanglement one thus
needs to measure the correlator of parallel and antiparallel
spin currents. This is in essence a form of “quantum state
tomography,” simplified by the fact that an SU�2� invariant
mixed state of two qubits is described by a single parameter
�the Werner parameter ��. The isotropy assumption does
away with the need to compare correlators in different bases,
as required for the Bell inequality,24,25 or for quantum state
tomography of an arbitrary density matrix.40

In closing, we mention the remarkable simplification of
the general expressions of Sec. III B if the �dimensionless�
conductance g0�1 �tunneling regime�. Then the shot noise

is Poissonian, hence Pcharge=eĪ=−2�P↑↑+ P↑↓�. Moreover,

the term quadratic in Ī is smaller than the term linear in Ī by
a factor g0, so it may be neglected. Instead of Eqs. �3.13� and
�3.14� we thus have

� =
P↑↑ − P↑↓

P↑↑ + P↑↓
, w =

h

e�E
Ī . �7.4�

The expressions �3.3� and �3.4� for the concurrence and en-
tanglement production simplify to

C =
3

2
max�0,

P↑↑ − P↑↓

P↑↑ + P↑↓
−

1

3
	 �7.5�

=
2

eĪ
max�0, �P↑↑�− 2�P↑↓�� , �7.6�

E =
Ī

e
F� 1

2 + 1
2
�1 − C2� . �7.7�

We thus arrive at the conclusion that the electron-hole pairs
produced by a tunnel barrier in a single-channel conductor
with spin-independent scattering are entangled if and only if
�P↑↑��2�P↑↓�, that is to say, if and only if the correlator of
parallel spin currents is at least twice as large as the cor-
relator of antiparallel spin currents. We hope that this simple
entanglement criterion will motivate further experimental ef-
forts in the detection of spin noise.
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APPENDIX: DERIVATION OF EQ. (6.4)

We wish to evaluate the distribution P���c� of the critical
decoherence rate in the limit �c→0. We can use the expres-
sions of Sec. IV B for the weak decoherence regime.

If ��1 the criticality condition �=1/3 is equivalent to
g0�1−g0�=Q�, with the definition

Q = �
̃1 + 
̃2�� f
�1 − f
�� f̃
�1 − f̃
� + 1
2
 + g0�1 − g0��

− �
̃1 − 
̃2�� f
 − 1
2���g0 − 1

2�cos 2� + 1
2 cos 2��
 .

�A1�

The Laguerre distribution �4.8� of the rescaled variables 
̃i
=
i /� is independent of � in the limit �→0 �when 
̃i ranges
from 0 to ��. Substitution into Eq. �6.2� gives

P���c� = ��
g0�1 − g0�
Q

− �c��
�

. �A2�

We first consider the case �=1. Then ��=�, so g0 and Q
simplify to

g0 = �sin 2� sin ��2, �A3�

Q = �
̃1 + 
̃2�� f

2 �1 − f
�2 + 1

2 f
�1 − f
� + g0�1 − g0�

− �
̃1 − 
̃2�� f
 − 1

2�g0 cos 2� . �A4�

The average over � contributes predominantly near �=0
and �=�, with the result
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lim
�c→0

P1��c�

=
1

2�
� 1

�c
��
̃1 + 
̃2�1/2� f


2 �1 − f
�2 + 1
2 f
�1 − f
�
1/2

sin 2�
�

1
.

�A5�

The remaining average over 
̃i and � gives simply a numeri-
cal coefficient, resulting in Eq. �6.4�.

Turning now to the case �=2, we first observe that the
limit �c→0 contains equal contributions from g0 near 0 and
1. Hence Eq. �A2� simplifies to

lim
�c→0

P2��c� = 2�Q��g0��2. �A6�

To reach g0=0 we need �=�� and �=0 or �. Expanding
around �=�� and �=0, we have to second order g0

=�2 sin2 2�+ ��−���2. There is a similar expansion around
�=�. Using the identity ��a2+b2�=���a���b� we thus ar-
rive at

��g0� =
�

sin 2�
��� − �������� + ��� − ��
 . �A7�

Substitution into Eq. �A6� gives the limiting value

lim
�c→0

P2��c� = ��
̃1 + 
̃2��2f

2 �1 − f
�2 + f
�1 − f
�
�2 =

13

42
,

�A8�

as stated in Eq. �6.4�.
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