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We calculate the concentration-dependence of the short-time self-diffusion coefficient D, for
spherical particles 1n suspension Our analysis 1s valid up to high densities and fully takes into
account the many-body hydrodynamic interactions between an arbitrary number of spheres. The
importance of these many-body interactions can be nferred from our calculation of the second virial
coefficient of D,

1. Introduction

It is well-known that properties of a suspension of particles in a fluid (e.g.,
diffusion, sedimentation, viscosity) are concentration-dependent, due to direct
interparticle interactions and due to a coupling of their motion via the fluid. This
coupling is called hydrodynamic interaction and is the subject of our investigation.

The influence of hydrodynamic interactions on properties of suspensions can be
studied conveniently by analyzing the concentration-dependence of the so-called
short-time self-diffusion coefficient of uncharged spherical particles in suspension.
This quantity (which we denote by D,) describes diffusion of a single “tracer”
particle on a time-scale, over which the spatial configuration of the particles is
essentially constant?). If the mobilities of the spheres are known —as a function
of their positions — it is possible to calculate D, by means of a generalized Einstein
relation®), which relates D, to an average of these mobilities over all the
configurations of the spheres. Experimentally the short-time self-diffusion
coefficient can be determined from dynamic light-scattering studies: the initial
decay of the auto-correlation function of the scattered field at large values of the
scattering vector yields values for D).

If the suspension is sufficiently dilute we can assume the hydrodynamic
couplings to be pairwise additive, i.e. we need to consider only two-body
hydrodynamic interactions. Most theoretical treatments of properties of sus-
pensions are restricted to this low-density regime*: the linear density corrections

* An exception 1s formed by Muthukumar et al., who included many-body hydrodynamic
interactions mn their analysis of Darcy-flow (cf. ref. 5 and the references therein).
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to the values at imfinzite dilution of D, and of the bulk-diffusion coefficient were
calculated by Batchelor’) and by Felderhof®) and Jones’) Batchelor used gener-
alized Einstein relations for these coefficients, while Felderhof and Jones based
their analysis on a Fokker-Planck equation in the many-particle coordinate space
Their results were equivalent For the case of bulk-diffusion the value of this first
virtal coefficient has been confirmed by experiments®)

Recent theoretical results on many-body hydrodynamic interactions®) (see also
ref 10) enabled us to extend the analysis of Batchelor®) to include second-order
density corrections As we reported in ref 11, we could conclude from our
calculations that three-body hydrodynamic interactions may not be neglected 1f
the suspension 1s not dilute (see in this connection also ref 12) At still higher
densities one will have to take into account the full many-body hydrodynamic
interaction Moreover, an expansion 1 the density {(a “virial expansion’) 1s not
appropriate n this high-density regime

In the present work we present a theory for the concentration dependence of
the short-time self-diffusion coeffictent D, which 1s valid up to high densities and
which fully takes into account the many-body hydrodynamic interactions between
an arbitrary number of spheres In section 2 we summarize the expressions for the
many-sphere mobilities®) and derive a few formulae for later use, by means of an
Einstein relation®) we can express D, in terms of these mobilities, cf eqs (3 2) and
(3106)

In the latter equation the contributions due to hydrodynamic interactions
between clusters of 2, 3, 4, 5, spheres are formally resummed In the sections
5, 6 and 7 we evaluate D, as the average of an expansion 1n powers of the
fluctuation 1n the concentration of the suspended particles The zeroth order
approximation (no density fluctuations) can be called an effective medium or
continuum theory for the self-diffusion coefficient, which can then be expressed
i terms of an effective viscosityt We will include 1n our calculation of D, the
lowest (second) order correction due to fluctuations in the concentration From
our numerical results we can conclude that this fluctuation expansion can describe
the concentration dependence of D, reasonably well up to high densities

Eq (3 2) on the other hand 1s a suitable starting point for a vinal expansion
in the volume fraction ¢ Details on the calculation of the second vinal coefficient
of D, (1¢ the coefficient of the term of order ¢?) are given 1n section 4 (cf ref
11 where also the bulk-diffusion coefficient was calculated to the same order in
9)

Finally in section 8 we discuss our results and compare them with
experiments'4)

t The Clausius—Mossott: formula for the dielectric constant can simularly be regarded as the zeroth

order result from a fluctuation expansion Bedeaux and Mazur'®) have investigated 1n this context the
deviations due to density fluctuations
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2. Mobilities

Consider N equal-sized spherical particles with radius @ and position-vectors R,
(i=1,2,...N), moving in an incompressible fluid with viscosity n, which is
otherwise at rest. We describe the motion of the fluid by the linear quasi-static
Stokes equation, supplemented by stick boundary conditions at the surfaces of the
spheres. The velocity u, of sphere i can be expressed as a linear combination of
the forces K, exerted by the fluid on each of the spheres j

N
u=— p-K, i=12_._N. 2.1
J=1
The mobility tensors g, depend on the configuration of the N spheres; a term in
p, which depends on the positions of s spheres is said to reflect s-body
hydrodynamic interactions. In eq. (2.1) we have assumed that the fluid exerts no
torque on the spheres, i.e. each sphere can rotate freely.
The general expression for the mobilities, as derived in ref. 9, has the structure
of an infinite series of reflections or scatterings from the spheres,

o0 o0 0 0 N N
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and is given as a sum of products of tensors called connectors. The connector
Ar™(i #j) is a tensor of rank n +m, which characterizes a hydrodynamic
interaction between a force multipole of order n on sphere i and a multipole of
order m on sphere j. This connector is a function of R,=R,— R, of order
(a /|R,J|)"+"'“1 and hence, for large separation of the spheres, low values of n and
m dominate. By definition these connectors are zero for i = j. The tensor B!
is a generalized inverse of a tensor B™™ of rank 2m, which does not depend on
the positions of the spheres. The notation A"™ © B™™ "' prescribes an m-fold
contraction, with the convention that the last index of the first tensor is contracted
with the first index of the second tensor, etc.
The general expressions for the connectors are (cf. ref. 9)

Al =0, (2.3)

Afj"’”')zJdrJdr’é(R,—r)(S(Rj—r’)A(""")(r’—r), i#j, |R|>2a, (2.4)

-
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with the connector field A®"(r) given by

ACm(p) = (g na3>g(2n — D@m= DM@ (2r) 3 ~[dk e " "ak)?

"' sin(ak) ~~f 07! sin(ak)
_ R A 25
X (6(ak)"“ ak )(1 kk)(@(ak)'"“ ak (23)
The tensor B®?~' 15 given by*
B2 '=——199A(”) (26)

The tensor B™™ for m > 3 1s defined, in terms of the connector field (2 5), as
Bmm = _Amm(r=0), mz=3 2N

The nverse of this tensor 1s evaluated expheitly below

In the above equations (2n —D)'"=135 Qn-3)(2n—1), k=Ik|,
K=k /k The notation b7 denotes an irreducible tensor of rank p, 1€, a tensor
traceless and symmetric 1n any pair of its mndices, constructed from a p-fold
ordered product of the vector b (in the present context b stands for /0(ak)) For

p=1,2,3 one has (see e g ref 15)
ba=bsy biby=biby—15,4%,

1 (298

babﬂby = babﬂby - % (5uﬂb/ + 5ayb,‘3 + (Sﬂyba)bz

The tensor 4?2 used 1n eq (2 6) belongs to a class of tensors 4” ™ of rank 2n,
which project out the irreducible part of a tensor of rank »n

A(nn)c)bn:bnOA(nn)___'b—nl (29)
For n =1, 2 we have")

Az(x‘ﬂl):{1}aﬂ=5uﬁs @ 10)
A gzﬁ)’zo) = % 5(155/3) + %501)5[36 - %5111367()

The general expression for the mobilities as a function of the positions of the
spheres (2 2) constitutes an expansion in the inverse mnterparticle distance 1/R An
explicit evaluation up to and including terms of order (1/R)’ can be found in ref
9

Egs (2 3)—(2 10) define 1n principle all the quantities appearing 1n the expression
(2 2) for the mobilities For later use 1t 1s convenient to rewrite the connector field
(2 5) (from which connectors are formed according to eqs (24) and (27)) in a

* The tensor B2 2 ' defined here corresponds to B* 2 'n ref 9
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somewhat different form, using the identity

o7 sink

1/2
R — for(— 1y< ) Joentk), p=0,1,2,..., @.11)

where J, ., is the Besselfunction of order p + 1/2. Eq. (2.11) follows from the
definition'®)

2K\ sink
Jpriplk) =(— 1)"<n> k”(k_ld/dk)"— (2.12)
and the relation'”) (which can be proven by induction)

ak,,f(k)—k”(k”d/dk)”f(k) (2.13)

If we now define a Fourier-transformed connector field
ArME) = Jdr e r Ay, (2.14)
we have, in view of eqs. (2.5) and (2.11),

A (k) = <§ ﬂ:a3>§(2n — DI @m — DN (— i)m—"g(ak)—3

X Iy _yplak )T, @k ) R~ (1 — KR)Em=" 2.15)

The above relation may be used to evaluate the tensor B™™ explicitly for
m =3, since (cf. eq. (2.7))

B = — (2n)-3Jk2dk J dEATMK), m =3, (2.16)

The scalar part of the above integration may be evaluated with help of the formula
(ref. 16, p. 679)

Jdkk"],z,,_l,z(k)=(2m—1)“. (2.17)
0

Using, for the angular integration in eq. (2.16), the results given in appendix A
(see eq. (A.9)), we find the explicit expression

3 m
B('",m) —_ — — _ 1 l 2 _ H (m—1dm—1) __ A("'vm)
5 (m = D@m= 3)4 2m + 1
m- A(m Lm—1) ;nm—2 g(m—1,m—1)
O" 4 ), m=3, (2.18)

T om—1
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where the symbol (@ denotes an /-fold contraction. The tensor A~ 1dm=1 jg 3
tensor of rank 2m with elements

TN i W (2.19)

(m—1ladm-1)
A‘Xl fl”,_]ﬁ}'(;[ Om _ 1

This tensor acts as a unit tensor when contracted with a tensor T®™ of rank m,
which is irreducible (traceless and symmetric) in its first m — 1 indices*

Am—1dm—1) 0 T = T(M) . (220)

The tensor B™™~" (m > 3) appearing in eq. (2.2) is the generalized inverse of
B ™ in the space of tensors of rank m which are irreducible in their first m — 1
indices. It is therefore determined by the equation

B(mm OB(mm)_A(m—lldm—l) m 23 (221)
The result
3
mm-' _ _ | 2 — 1) — 3N A= ldm—1) Al
B |:(m DI2m 3)} ( +m+1
m_lzm 3A(m—lm—l)(Dm ZA(m—lm—l)) m>3 (222)
m—22m—1

may — with help of the formulae (A.3)<(A.5) in appendix A -be checked by
substitution in eq. (2.21).
We recall that B®?™" is defined in eq. (2.6).

3. Self-diffusion

The short-time self-diffusion coefficient D, is related to the mobilities discussed
in section 2 by a generalized Einstein relation?)

D, = kyT— <z ,;> 3.1)

=1

where { ... ) denotes an average over all configurations of the N spheres inside
a volume V. We denote the temperature and Boltzmann’s constant by 7 and ky,
respectively. The short-time self-diffusion coefficient D, describes the diffusion of
a single ‘“‘tracer” particle, over distances small compared to the interparticle
separation (see in this connection the discussion in ref. 2). Combining egs. (2.2)
and (3.1) we obtain (see also eq. (2.3))

* Notice that A%*™ 1s by defimtion irreducible mn 1ts first # — 1 and last m — | indices
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0 o © N N N
Dp=1+N (L F % T L. % AL
s=1m=2 mg=21=15=1 J=1
Pty A Js#Iy -y
OBMm™ ' AJ(:'}'Z""Z)O L O BmmT A/(x”r'”l)> , (3.2)
where we have defined
Dy = kgT(6mna)="'. 3.3)

Thus for isolated spherical particles D, = D, 1, the familiar Stokes—Einstein result.
Eq. (3.2) will be the starting point for the virial expansion of D, evaluated up
to second order in section 4. In order to study also the behaviour of D, at higher
densities, we will cast this equation in a different form, which permits a formal
resummation. We first redefine the connector field in the following way

ACm(py= A"y ifr#£0, A®M(r=0)=0. (3.4)

If we now use definition (2.4), eq. (3.2) becomes

D/Dy=1T+N""'3Y Y ... % Jdrojdrl...Jdrs
mg=2

s=1m=2

x<§: S(R,— r,) i SR, —r). .. i SR, —1.)
=1

n=1 Jo=1

X ACm (i —r) O B O O A ey —r)). (3.5

Note that the introduction of the modified connector field A™")(r) enabled us to
perform the summations over the particle indices without restriction. Due to
homogeneity of the suspension, the integrand in eq. (3.5) is invariant under a
translation of the particle position vectors over r, After a change of integration
variables eq. (3.5) takes the form

D/Dy=1T+ng'y 5 ... Y drlfdrz...jdrs

s=1m =2 my=2
x {n(r = 0) A" r)n(r) © Brm™ ™' O Ao (p, —p)
Xn(r) © ... QB QAN (—r)), (3.6)

where the microscopic density field, with average n,= N/V, is given by

n(r) = i S(R,—r). 3.7

Eq. (3.6) may alternatively be written in operator notation

D,/Dy=1 +ng! i i Y {pACmp © B!

s=1m=2 mg=2

@A(ml,mz)n 0...0 B ms)=! o A('"“])}(O | 0)> , (38)
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where n and A™" (written without argument) are linear integral operators with
kernels

n(r|r)=n@E)s@ —r), (3.9)
A |1y = A" —r). (3.10)

We see that in r-representation n is a diagonal operator and A®™ a convolution
operator. The notation { ... }(0|0) prescribes an evaluation of the kernel of the
operator between braces at r =¢' =0.

Next we define matrices .«/ and #~! with elements

()= ACM (3.11)

(B "} = 0B (3.12)
and projection operators P and Q =1— P

(Pl =00y {Q}nm = S — 010 - (3.13)

With these notations we may write e.g.,*

Y AN @ BemT S AN = Pof QB oA P (3.14)

m=2
and eq. (3.8) takes the form

D/Dy=1+n;" i PUnsA(nQ B4y} (0] 0))P. (3.15)

s=1

This equation can formally be resummed to yield

D,/Dy=1+n;'P{{net(1 —nQB "'s7)~'}0|0))P, (3.16)
where we have used the fact that, in view of definition (3.4),

PUna/}0]0))P =n A" =0)=0. 3.17)

We remark that it is possible to derive eq. (3.16) algebraically from egs.
(5.2)-(5.5) of ref. 9, in a way which does not require a resummation. Eq.
(3.16) — which contains the full hydrodynamic interaction of the N spheres — will
be the starting point for the expansion of D, in correlations of density fluctuations,
performed in section 5.

4. The virial expansion

For a dilute suspension it is appropriate to express the short-time self-diffusion
coefficient D, as a power series in the density », (a so-called virial expansion). We

* To be more precise: the r.h.s. of eq. (3.14) is a matrix with the Lh.s. as the only non-zero element.
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shall evaluate this series up to and including terms of second order in the density.
Up to this order we need consider only two- and three-body hydrodynamic
interactions, since the probability that a given particle has s neighbours is of order
n{. The contributions to the virial expansion of D, originating from two- and
three-body hydrodynamic interactions are discussed separately in subsections 4.1
and 4.2, respectively.

4.1. Two-sphere contributions
A restriction of g, to terms which depend on the positions of at most two

spheres has the following expansion in powers of 1/R'*?)

15 R
(6mna)p,(two-spheres) =T + Y <— Z)(a/R;k)4fzerk
kit

+ k; %(a JR)N105F 8, — 171) + O(a/R)® . (4.1)

Here the vector R, = R, — R, has magnitude R, = |R,k| and direction #, = R,/R,.
Substitution of eq. (4.1) in eq. (3.2) yields for the two sphere contributions to D,

D,/ D, (two-spheres) = T + n, JdR g(R)
X (—l;(a/R)“ff—k%(a/R)é(lOSﬁ— 171)>, 4.2)

where g(R) denotes the pair-distribution function for two spheres separated by
R. Up to order n, we have (see e.g. ref. 19)

0, if R <2a,
4 1
gR)=11 +§na3no<8 —3R/a +1—6(R/a)3>, if 2a <R <4a, 4.3)
1, if R >4a.

An elementary integration gives the required first and second order density
corrections to D, due to two-body hydrodynamic interactions

D (two-spheres) = D,7[1 — 1.73¢p — 0.93¢> + O(¢)], (4.4
where ¢ is the partial volume or volume fraction of the spheres

¢ =%na’n,. (4.5)
4.2. Three-sphere contributions

Of the three-sphere terms in the expansion of u, in powers of 1/R we have
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retained the dominant one (which is of order R ~7), evaluated in ref. 9,

(6mna)m,(three-spheres) = ¥ 3. — 1 (a/Re) (/R (a/ R,

k#£il#Lk

X Fuby <(1 = 3D = 3¢H + 6L+ 6&&@) + 0(a/RY, (4.6)

where & =/F,-F,, & =F, Fy, & =P, F, are direction-cosines. The three-sphere
contribution to D, is obtained by averaging eq. (4.6) with the three-sphere
distribution function g(R,,, R, Ry), given in lowest order by

0, ifR,<2a or R;<2a or Ryy<2a,

1, elsewise . “.7)

g(Ryy, Ri3, Ryy) = {

After three trivial angular integrations, we are left with a three-dimensional
integral over a complicated domain, determined by eq. (4.7). This integral was
evaluated numerically using Monte-Carlo techniques*. The resulting three-sphere
contribution to D is

D (three-spheres) = Dy 7[1.80¢% + O(¢*)] . 4.8)

If we add egs. (4.4) and (4.8) we obtain the virial expansion of D, up to second
order in the density (communicated by us in ref. 11)

D (two- and three-spheres) = D,7{1 — 1.73¢ + 0.88¢? + 0O(¢7)] . 4.9)

The term of order ¢ is well-known®’). Batchelor®) used exact expressions for the
two-sphere mobility tensors and found — 1.83¢ for the correction of order ¢.
Comparison with eq. (4.9) shows that the terms of order R ~® and higher neglected
in eq. (4.1) are not very important. Concerning the three-sphere contributions
neglected in eq. (4.6) (of order R ~° and higher), we can say the following: a
calculation of the contribution to D, due to one of the three-sphere mobility terms
of order R ~° givest about 19 of the value in eq. (4.8), which results from the only
term of order R~".
We defer a discussion of our result (4.9) to section 8.

* Use was made of the adaptive stratified Monte-Carlo ntegration program RIWIADY)
1 Using the notation of ref. 9 we found that the sequence of connectors

G(I Zr)(RI) B(Zs 25— 1 H(?_v lr)(Rlz) B(?_s 2)-1 G(?_y l)(_ Rz)
contributes — 0.016¢2 to D/D,.




398 C.W.J. BEENAKKER AND P. MAZUR
5. The fluctuation expansion

The fluctuations in the microscopic density field are defined by
n(r)=ny+ on(r). (5.1)
The average (dn(r)) equals zero by definition, while?')
(on(r)on(r)y = md(r' = r)+ nilg(

with g(r) the pair distribution function.

Our aim is to expand the expression between braces in eq. (3.16) in powers of
on. This can be done most conveniently by using first the identity (4 is an
arbitrary operator)

[1— (1 +om)A)~ = (1 — ngd)~[1 — onA(l —noA)="]". (5.3)

r’—r|)— 1], (5.2)

Substitution of (5.1) in eq. (3.16) gives, with the aid of (5.3), the alternative
expression for D,

D,/Dy=1+ng'P{{net, [l —onQ B 'o,] ' }(0|0))P, (5.4)
where the renormalized matrix of connectors 7, is defined as
A=A —nQRB A" (5.5)

This renormalization accounts for the fact that fluctuations in the concentration
of the spheres interact hydrodynamically via the suspension rather than through
the pure fluid.

If we expand the expression between braces in eq. (5.4) in powers of dn, we
obtain an expansion of D, in correlations of density fluctuations of higher and
higher order (a “fluctuation expansion”)

D.=DO+D®+ .., (5.6)

where D¥ contains terms of order ((én)’).
The zeroth order term D© is given by

DO/Dy=1+ A% =0), 6.7

where the renormalized connector field A{"(r) is the kernel of the convolution
operator AS,':;’"’, which in turn is an element of the matrix 7,

Aﬁ,'(')"") - {d (5.8)

no}n,m .

The renormalized connector field will be evaluated in the next section; an explicit
expression for D® is given in section 7.

We will include in our calculation of D, the lowest order correction to D? due
to fluctuations in the concentration of the suspended particles. This correction D ?
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results from terms of order {(6n)*) in eq. (5.4) and is given by

D®/Dy=ng'P{{ondt,onQB A,
+ 1ol OnQ B, nQ B4, }(0 | 0))P, (5.9)

or, written out explicitly,

DPIDy= Y, AL (r =0)O B O Al = 0)

m=2

+ 3 ny | drALTE) @ BT © ACI(= Pig(r) — 1)

m=2

+ 2 X nofd'Aﬁ.L"">(r>®B<'""">‘ O AH(0)

m=2k=2

© B O AL(~ 1)
+3 Y ”4 & J dr' AL"(r) O BO ' © AGH( — 1)

m=2k=2

© B®H! OAfff)‘l)(—r')[gqr'—rl)“ 1. (5.10)

Use has also been made of eq. (5.2). The contributions to D result from
pair-correlations (the terms containing g(r) — 1) and from self-correlations which
would also be present in the hypothetical case of penetrable spheres.

6. Evaluation of the renormalized connectors

According to egs. (5.5) and (5.8) the renormalized connector field A%™(r) is
formally given by

APy =A@y + Y Y LY g Jdrl . J‘drxﬁ("'"’l)(rl)

s=1my=2 my=2

@ B(ml,ml)“l @ A'(ml,mz)(rz___ "1) O L @ B(mv.mr)*l @ A'(mv.m)(r . rs) ,
6.1)

cf. also the definitions (3.10)—(3.13). We observe that we may replace A™"(r)
under the integral in eq. (6.1) by 4™ (r), since these two connector fields differ
by a finite amount in a single point only, cf. eq. (3.4). Hence, in terms of the
Fourier-transformed connector field defined in eq. (2.14), eq. (6.1) takes the form

o)

ACm(p)y =A@+ Y Y Y ni@en)T? fdk e kT Aem(f)

s=1lm=2 me=2

o B tmm)~! Q) A(ml,mz)(k) 0...0 B sm)! Q) A('"S"")(k), (6.2)
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To proceed we make use of the formula (proven in appendix B)
- 9
nAE) O B O AP(k) = — pA ("’m)(k)iep

X (2p = 15 @) uak),  p 22, 6.3)

with the definition
6=5/9, ¢=1 (p=3). 6.4)

The volume fraction ¢ is defined in eq. (4.5). Using well-known formulae for
Bessel functions (cf. appendix C), we can analytically perform a summation over

p in eq. (6.3)

>, mATI) © BY! © ARK) = — (@A), (65

p=2

where the function S(x) is given by

S(x) = % [Si(2x)x ~' +1cos(2x)x ~2 + § sin(2x)x ~3
— (sin x)%x ~* — 4(sin x — x cos x)*x ~9]. 6.6)

Here the sine-integral Si(2x) is defined by

Si(2x) = Jsin t/tde. 6.7)

For small values of x, S(x) behaves as
S(x)=5/24+ O(x?. (6.8)
With the aid of formula (6.5) we can resum the formal expansion (6.2) to yield
the required expression for the renormalized connector field

ArM(r) = Am(p) — (2m) J dk e~ * T AT (k) S (ak)[1 + S (ak)] ™. (6.9)

We remark that as a consequence of the expansion (6.8), we have for r large
ALM(r) = A% (r)(1 +30) 71 + Oa/r)]. (6.10)

We thus see that the range of a renormalized connector is the same as the range
of an unrenormalized one, or, in other words, the hydrodynamic interaction is not
screened in the effective medium.

For the fluctuation expansion we need in particular the value A,‘,’;"")(r =0) (cf.
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eqs. {(5.7) and (5.10)). Using, for the angular integration in eq. (6.9), the results
(A.9)—(A.11) from appendix A we find

AlVr=0)= —1 Jdk k=T3S (I + ¢SO}, (6.11)

B(m m)— 1| @ AE,:: m)(r —_ 0) @ B(m,m)*l

= Bmm™{(0m — 1) jdk k=12 n()$S U + ¢SK) ™Y m =2, (6.12)

A(m,m+2) r =0 .:A(m+2m) r=0)= — 3 m + 1)1 om — l)uA(m+l m+1})
2

ny no
¢

x fdkk" =12 (KW 3p(R)GS (KT + $SGR)] ™", (6.13)

0

ACmG —0)=0 ifn<mandn £m+2, (6.14)

ny

where B™" " '(m 2 2) is given by eqgs. (2.6) and (2.22). The remaining one-
dimensional integrations in the above equations may be performed numerically.

7. Numerical results for the fluctuation expansion

In section 5 we have written the fluctuation expansion of the short-time
self-diffusion coefficient D, in the form

D.=DOY+DP+ .., (7.1)

where D” contains terms of order {(én)”), i.e. correlations of density fluctua-
tions of order p.
From egs. (5.7) and (6.11) we obtain for D the expression

DO = D01(1 ,%qs fdk (sink [k S(k)[1 + ¢S(k)]]>

oo

2 .
= Dﬂ1—TE Jdk (sink (kY1 + ¢S(k)] ', {7.2)
0
where the function S(k) is defined in eq. (6.6). A numerical integration* yields the
values listed in tabie I.

* We used an adaptive routine based on Gauss-quadrature rules®). This routine, together with an
algonthm for the evaluation of the sine-integral appearmng m definition (6.6), 1s part of the
NAG-hbrary (Oxford}
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TasLE 1
The fluctuation expansion (eq (7 1)) of D, The
values under D©/D; and D®/D, result from egs
(7 2) and (7 3), respectively

¢ D®D, +  DP[D, = DJD,

000 1 000 + 0000 100
005 0896 + 0005 090
010 0812 - 0007 0380
015 0743 - 0024 072
020 0685 - 0041 064
025 0636 - 0057 058
030 0593 - 0071 052
035 0556 - 0083 047
040 0524 - 0093 043
045 0495 - 0102 039

With the aid of eqs (6 13) and (6 14) the expression (5 10) for D% reduces to
D®/Dy=Al r=0) OB 'O AL (r=0)

+ Y n |drAG™(r) O BT O AL ™(0)

m=2

OB"™ 'OAYN(—r)+2 Y n, | drAlmE) O BT

m=2

OA(mm+2)(0) OB(m+2m+2) 1 A(m+21)( )

+ Z rzojdrA(l ") O B™™ ' O A= r)g(r)—1]

m—2
+ Y Z n%jdr Jdr’Af,L'")(r)OB(’""’) 1OAf,';”‘)(r’—r)
m=2k=2

OBE 9 ' QAL —r)g(r —r)—1] (73)

We have numerically evaluated all the terms 1n eq (7 3) not containing connectors
A" ™(r) with n or m larger than 2, 1€ restricting ourselves to corrections to D
due to monopolar and dipolar hydrodynamic interactions between density
fluctuations The results can also be found 1n table I We approximated g(r) by
the solution of the Percus-Yevick equation for hard spheres, as found by
Wertheim and Thiele?®) Details of the calculations are given in appendix D
The concentration dependence of D; given 1n table I will not be exact for two
reasons a) the values given for D result from monopolar and dipolar terms 1n
eq (7 3) only, b) we have evaluated only the first two terms of the fluctuation
expansion (7 1) To obtain an estimate for the errors due to a) and b) we have
evaluated A) self-correlations (1e terms not contamming the pair-correlation
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function) in eq. (7.3) due to quadrupolar or even octupolar hydrodynamic
interactions between density fluctuations; B) self-correlations contributing to D .
Since self-correlations give (for large ¢) the dominant contribution to D® (see
table II in appendix D), it seems fair to assume that the results from A) and B)
are reasonable estimates of the errors due to a) and b), respectively. We found:
A) higher multipole terms contribute ~ 1073 D, to D® and can thus safely be
neglected; B) D® will be =~ 30% of D?. Since D@ in turn is less than 20%, of D,
one might expect the fluctuation expansion (7.1) to converge sufficiently rapidly.

We conclude that the values for D, given in table I should describe the
concentration dependence of the short-time self-diffusion coefficient reasonably
well up to high densities.

8. Discussion

We have calculated the concentration dependence of the short-time self-
diffusion coefficient D, for spherical particles in suspension.

For low values of the volume fraction ¢ a virial expansion is appropriate. We
found")

D, =D, 1[1 — 1.73¢ + 0.88¢2 + 0(¢?)] . (8.1)

Only two-body hydrodynamic interactions contribute to the — well-known*7) —
term of order ¢, which dominates if the suspension is very dilute. However,
many-body hydrodynamic interactions may not be neglected at higher densitiest:
a neglect of three-sphere contributions would give a value of — 0.93¢? instead of
+ 0.88¢?2 for the term of order ¢? in eq. (8.1). In a concentrated suspension it is
therefore essential to fully take into account the many-body hydrodynamic
interactions between an arbitrary number of spheresy.

The expansion of D, in correlations of fluctuations in the concentration of the
suspended particles satisfies the above requirement. In fig. 1 we have plotted the
results from this fluctuation expansion, including terms of second order in the
fluctuation. At low values of ¢ we can compare these results with the virial
expansion of D, (eq. (8.1)). We found from our fluctuation expansion a value of
— 1.96 for the first virial coefficient, in reasonable agreement with the value of
—1.73 given in eq. (8.1), or with the exact value of —_1.83 calculated by
Batchelor’).

+ The same 1s true for bulk-diffusion'!).

 Van Megen, Snook and Pusey?) have averaged the two- and three-sphere mobilities given 1n eqs
(4 1) and (4 6) with “exact” distributionfunctions (as known from computer simulations). The neglect
of hydrodynamic interactions between four and more particles 1n a concentrated suspension can
however not be justified.
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Fig 1 Density dependence of the short-time self-diffusion coefficient for spherical particles in

suspension The solid curve 1s according to table I The datapoints with errorbars arc measured values
of D, for a suspension of spherical colloidal latex particles (ref 14)

Pusey and van Megen'?) have measured D, for a concentrated suspension of
colloidal latex particles, using dynamic light-scattering techmques Their
datapoints are also plotted in fig 1 Unfortunately, a comparison with the virial
expansion (8 1) 1s not possible, since no measurements could be performed at
sufficiently low concentrations As we can see, the fluctuation expansion 1s 1n
reasonable agreement with the experimental results for ¢ <030 However, for
¢ = 0 35 the calculated values for D, are much larger than the measured ones At
¢ =040 eg, experiment gives D,/Dy=029, while the fluctuation expansion
yields D®/Dy + D®/Dy =0 52 — 0 09 = 0 43 In order to agree, higher order terms
in the expansion would have to contribute 150% of the lowest order correction
D® 1In view of the discussion given at the end of section 7, this seems rather
unlikely One may wonder, on the other hand, whether at these high densities — for
which the typical distance between the centers of the particles 1s 2 5a — the system
studied 1n ref 14 may still be regarded as a suspension of hard spheres

We would like to conclude with the following observation the zeroth order
result D© from the fluctuation expansion of D, (given by eq (7 2)) can, by means
of the expansion (6 8) be approximated by

DOz Tk, T[6man (1 +3¢)] " (82)

The approximation 1 eq (8 2) amounts to a restriction of the hydrodynamic
interaction to the dominant monopolar and dipolar terms As we can conclude
from a comparison with the exact values of D given 1n table I, the error in (8 2)
1s less than 5% The expresston 5(1 +3$) 1 eq (8 2) coincides —up to terms of
order ¢?—with the effective viscosity of the suspension In this sense the zeroth
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order approximation D® can be called an effective medium theory for self-
diffusion.
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Appendix A. Formulae for irreducible tensors

We will use the following formulae (cf. ref. 15)

';:f:rf—n\+ n_l A(n—l,n~l)@n—23:’ (A])
n—1
PO =nlj2n — DY, (A.2)
A(n,n) o A(m‘m) — A(n,n) ifm <n, (A3)
A(n.n) @m A (m.m) — 0 lfm >n 5 (A4)
A(n,n)®n+1A(n,"):MA(”_L"_U’ (AS)
2n —1
1 —r—
— deﬁ"f’" =9,,n[2n + 1)!!]"41("‘") . (A.6)
4
Integrals of the form
1 1 1
Jom = 4—fdr”r””'(1 — )" n,m =2 (A7)
T

can now be evaluated using first eq. (A.1), and then eq. (A.6) and its corollary
(cf. definition (2.19))

1 "r’T—_? l"‘:_—r—l‘ -1l qgn—1,d,n-1)
g | QPP TTEn T = 6,0 — DI(2n — Y] 4 0D, (A.8)
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The result is

Jen = (n — D20 — 1IN~

>(<A(n—l,ld,n~l)_ n A("'") n— lA(n l.n— l©n ZA(n tn— ])>

2n + 1 2n —1
(A.9)
JOnD = Jo+an — _ (g 4 D20 4 3] gD (A.10)
Jom =0 ifntmorn#Fmt2, (A.1D)

where we have made use of eq. (A.3) to simplify the expressions.

Appendix B. Proof of equation (6.3)

Every tensor of rank 2, constructed from the tensor 7 and the vector #, is
necessarily of the form o7 + BFF, with scalars o and f. Hence we can write

(1 — )P " BO = =1 — i) = ol + BfF, n >3, (B.1)

with B®"~" (n > 3) given by eq. (2.22).
If we contract both sides of eq. (B.1) with #, we find

0=(x+p)F, (B.2)

hence, § = — a. To determine « we take the trace of eq. (B.1)

—

" (n ny—1 2 o
Z Z 5#1V| et #n ﬂn Yy Vnr"n Tt r"z
‘ll l‘n vl V”
B P o B )~ 'Okl 4 l" =2a. (B.3)

The Lh.s. of eq. (B.3) can be evaluated with the help of the formulae (cf. egs.
(A.1)~(A.5))

S S bR R A0 ey T g (0 DY (B.4)

o AN P RO T '
o n (n,n) P ( )'

L X Suufu e P AR s v Py = Qnt 1) (B.5)

H Hg v v, (2 1)” ’
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—
A

P
I n n 7
Z Z 5!‘1"]"!‘2 tT r/‘n TI:n HiYy \ rvn e rvz
o Mg My Vn
— - (B.6)
=il l= (- 1)'[(2'1 =3

A l@ A —lidn— 1)®n sn— lr_rn 1®n 1 pn— 1 _(n_l)l[(zn_3)|']

_ (B.7)
L O A0 O P = O = nl[(2n — N, (B.8)
P - 1®n Tonm ol i lr': = pr-l @n—Z;’,‘:‘.".‘
2';—_13m o 2’;__13 (n — DQ2n — 3]~ (B.9)
In egs. (B.6) and (B.9) we have used the abbreviation
Tom = fli=ln=1 =2 fla—1n=1) (B.10)

Substitution in eq. (B.1) of the values for « and f which follow from egs.
(B.2)-(B.10) yields

(1 — @)= OB i =Y(T — i) = — [2n — 3] "XT —#) n2=3.
(B.11)

Since B®2™" equals — 2 422 (definition (2.6)), a simple calculation gives
(1 — i) BeD™  f(T — ) = — 3 (1 — ##). (B.12)
The eqgs. (B.11) and (B.12) give, together with eq. (2.15) the required formula (6.3).

Appendix C. Derivation of equation (6.5)

We wish to calculate the sum

ee)

Z (2n + 1)2J2 +1/2(x)—2\ Z[ n+1/2(x)+ 1/2(x) +3/2(x)]

n=1 n=0

xJTu00) + Jz/z(x) + 2J () 3p(x)] (C.1
where we have used the recursion-relation'®)
@n+ DJ, o p(x) = xJ, - p(x) + XJn+3/2(x) . (C2)

In ref. 25 (§116) we find the useful formula

1

S e (0, 06) = X0 j g, (0T dt, (C3)
n=0
0
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for v and p real numbers If we take v = p =3, we find

2x

Y JﬁH/z(x):n“'Jsm tjtdt =n~'Si(2x), (C4)
n=0
0

while the choice v =3/2, p = — 1/2 gives

X

Y urapX, () =x "} Jz sin 2¢ dt
n=0

0

=x"2n~(}sin 2x — 3x cos 2x) (C5)

Substitution of eqs (C 4) and (C 5) 1n the sum (C 1) yields the result
Y @n 4 1272, (%) = (2/m)[x? S1(2x) + § stn 2x 4 5x cos 2x — x ' sin’x]
n=1

(Co)

This 1s the formula we need in deriving eq (6 5)

Appendix D. Calculation of D®

We can write the integrals m eq (73) in terms of Fourier-transformed
renormalized connector fields A ™(k), which, according to egs (2 14) and (6 9),
are given by*

Al ey = Ak + ¢S (ak)] ®h

ny

Restricting ourselves to terms 1n eq (7 3) containing only connectors with upper
indices n, m < 2, the expression for D takes the form

D?/Dy = ny(2m)~ J dk AL2(K) BCY ' ALY =0)
Be?» A;11>(k)+no(2n)—6fdk Jdk’Af,'UZ)(k) Be»”!

ALK v(lk — k'

)+n5(2n)‘6jdk Jdk’Af,‘oz)(k)

1 7 - ’
B2 ' A2k B2 ACV(k)v(k — k'), (D2

* When A" "™(r) appears as an integrand, we may m its representation (6 9) replace the modified
connectorfield A "(r) by the unmodified field A "(r), since these two fields differ by a finite amount
m a single point only (cf defimtion (3 4))
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where v(k) 1s the pair-correlation function 1n wave vector representation

v(k)= Jdr e* g(r)—1] (D 3)

The first mntegral in eq (D 2) (due to self-correlations, cf section 5) can be
evaluated with the aid of eqs (2 6), (2 15) and (6 12)

«©

135
D?(self-correlation) = — e n¢*D, 1 jdx x T4 (x)T50(x)

0
©

x (1 +¢S(X)]‘2dey"Jﬁ/z(y)S(y)[l+¢S(y)]" (D4

A numerical ntegration?) of these one-dimensional integrals yields the values
listed 1n table 1L, column I The two remaining mtegrals in eq (D 2) contain the
pair-correlation function v(k) We have approximated v(k) by the solution of the
Percus-Yevick equation for hard spheres®)* Using eqs (2 6) and (2 15) we can
write the two terms mn eq (D 2) contaimning pair-correlations as two three-
dimensional integrals These ntegrals were evaluated by Monte-Carlo
integration®®) The results can also be found 1n table II, columns II and III

TasLE II
Specification of the terms contributing to
D®/Dy=1+11+1III The values under I, Il and
III correspond to the first, second and third term,
respectively on the rhs of eq (D 2)

b I i 11
005 — 0007 +0014  —0003
010 0019 +0021  —0009
015 —0033 +0024  —0014
020 —0046 +0024  —0019
025 —0057 +0024  —0024
030 — 0066 +002  —0027
035 —0073 +0020 —0030
040 —0079 +0018  —0032
045 ~ 0084 +0016  —0034

References

1) PN Pusey and RJ A Tough, ;n Dynamic Light-scattering and Velocimetry, R Pecora ed
(Plenum, New York, 1 press)

* An explicit analytic expression for v(k) can be found m ref 26



410 CWJ BEENAKKER AND P MAZUR

2) PN Pusey and RJ A Tough, J Phys AI5 (1982) 1291
3) GK Batchelor, ] Fluid Mech 74 (1976) 1
4) HM Fynaut, J Chem Phys 74 (1981) 6857
5) M Muthukumar, J Chem Phys 77 (1982) 959
6) BU Felderhof, J Phys A1l (1978) 929
7) R B Jones, Physica 97A (1979) 113
8) MM Kops-Werkhoven and HM Fynaut, J Chem Phys 74 (1981) 1618
9) P Mazur and W van Saarloos, Physica 115A (1982) 21
10) GJ Kynch, J Fluid Mech 5 (1959) 193,
T Yoshizaki and H Yamakawa, J Chem Phys 73 (1980) 578
11) CWJ Beenakker and P Mazur, Phys Lett 91A (1982) 290
12) GDJ Philles, J Chem Phys 77 (1982) 2623
13) D Bedeaux and P Mazur, Physica 67 (1973) 23
14) PN Pusey and W van Megen, J de Phys 44 (1983) 285
15) S Hess and W Kohler, Formeln zur Tensor-Rechnung (Palm und Enke, Erlangen, 1980)
16) IS Gradshteyn and I M Ryzhik, Table of Integrals, Series and Products (Academic Press, New
York, 1965)
17) AJ Wesenborn, private communication
18) B U Felderhof, Physica 89A (1977) 373
19) JG Kirkwood, J Chem Phys 3 (1935) 300
20) B Lautrup, Proc 2nd Coll on Adv Computing Methods in Theor Phys (Marseille, 1971)
21) EM Lifshitz and L P Pitaevsku, Statistical Physics, part | (§116) (Pergamon, Oxford, 1980)
22) E de Doncker, Signum Newsletter No 2 (1978) 12
23) M S Werthemm, Phys Rev Lett 10 (1963) 321,
E Thiele, ] Chem Phys 39 (1963) 474
24) W van Megen, | Snook and PN Pusey, J Chem Phys 78 (1983) 931
25) N Nielsen, Handbuch der Theorie der Cylinderfunktionen (Teubner, Leipzig, 1904)
26) F Mandel, RJ Bearman and MY Bearman, J Chem Phys 52 (1970) 3315



