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Superconductivity in the mean-field anyon gas
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The linear electromagnetic response of an anyon gas at zero temperature is obtained from
the mean-field (Hartree) Hamiltonian. Zero resistivity and the Meissner e/Tect follow from tlie
integer quantum Hall effect in tlie fictitious (statistical) magnetic field of the flux tubes bound
to the anyons—provided that the electric field induced by the motion of the flux tubcs is taken
into account.

The introduction of particles with fractional statis-
tics (anyons^) into Condensed-matter physics has led
to a number of interesting applications. Among these,
of particular importance is the Suggestion that high-
temperature Superconductivity might originate from
these (quasi-) particles.2 Indeed, it appears now to be
well established that a two-dimensional ideal gas of
noninteracting anyons has a superconducting ground
state.3"11

Recently, Leggett has addressed the more limited, but
highly interesting, question whether the anyon gas is su-
perconducting when solved in ihe mean-field approxima-
tion.12 In that approximation the anyon gas is replaced
by a gas of fermions, subject to a perpendicular mag-
netic field B-^(r) = (h/pe)n(v)z proportional to the par-
ticle density n (r) (in the x-y plane). The strength of this
fictitious (or "statistical") magnetic field adjusts itself in
such a way to variations in the density, that p Landau lev-
els are kept fully occupied. (The value p = 1 is expected
to be relevant for high-temperature Superconductivity.2)
The single-particle eigenstates of the mean-field Ilamil-
tonian are extended along equipotentials of the electro-
static potential. Leggett uses the insensitivity of these
eigenstates to variations in the boundary conditions (in
a Corbino-disk geometry), to argue that the mean-field
anyon gas is an insulator—rather than a superconductor.

In this paper we reexamine the mean-field theory of
the anyon gas. We show that the mean-field Ilamil-
tonian contains, in addition to the fictitious magnetic
field B·̂  mentioned above, also a fictitious elecinc field
E·* (r) = (/i/pe2)z χ j(r) proportional to the current den-
sity j(r). This electric field arises because in the original
Hamiltonian the anyons are composed of fermions bound
to a flux tube, of strength h/pe and of infinitesimal cross
section. In the mean-field approximation, the flux tubes
are smeared out, and one obtains the fictitious magnetic
field B·' proportional to n. Ilowever, the flux tubes rc-
main bound to the particles. When a flux tube at ra

moves with the velocity va, it induces an electric field
E(r) = —να χ b(r — ra), where b is the magnetic field of
the flux tube. As we will show below, the fictitious elec-
tric field transforms the mean-field anyon gas from an

insulator into a superconductor. We consider the case of
an ideal (impurity-free) anyon gas in detail, but we will
argue that the Superconductivity persists in the presence
of disordcr (by using results from the integer quantum
Hall effect).

The anyon Hamiltonian in the fermion-gauge represen-
tation is given by

( \ / \rü), a(r) = —pe
z χ r

(1)

(2)

The Hartree-Fock equations are obtained by approximat-
ing the ground state Φ of the many-body Hamiltonian (1)
by a Slater determinant of single-particle wave functions
{ψί} and minimizing the energy EHF =< ΦΗΓ|^|ΦΗΓ >·
Disregarding the exchange terms, we obtain in a straight-
forward manner the single-particle mean-field (Hartree)
Hamiltonian for anyons,

(3)

The fictitious electromagnetic potentials Φ·' and A^ are
related to the particle density n and charge current den-
sity j by

(4)

(5)

The corresponding fictitious electric and magnetic fields
take the form

Bf(r,i) = V x Af = — n(v,t)i,
pe

pe.'

(6)

(7)

The wave functions {ψί} are determined by solving the
Schrödinger equation ΉΗψί = E^ together with Eqs.
(4) and (5) self-consistently.
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The term εΦ·^ in Eq. (3) accounts for the fictitious
electric field induced by the moving flux tubes. Such a
term is required by Galilean invariance, but was omitted
in a previous mean-field theory of the anyon gas.11 Other
approaches to the problem,3~10 being Galilean invariant,
include this term implicitly. Since the extra term βΦ·^ is
proportional to the current density [see Eq. (5)], it may
presumably be disregarded in calculations of the density
response.11 However, it plays a crucial role in the current
response (i.e., in the conductivity), äs we now show.

When an external electromagnetic field (Φ6 Χ,Αβ χ) is
switched on, the anyon density and current distributions
are modified. Therefore, the perturbation Hamiltonian
ΔΉ contains terms due to the variations δΦ-f and 8A-f
in the internal fictitious fields from their ground-state
values Φ6Γ and Agr. To first order in the perturbation,
one obtains

(8)

(9)
l

2m

AH = -— (p - eAgr) - (Aex + 6Af) + e (Φ6

m ' ^

(10)

A straightforward application of the Kubo
formalism,13 yields in the long-wavelength limit (k = 0)
the current density response

= σ0(ω) (H)

where Eex = iwAe x — νΦ°χ. The conductivity tensor σ0

is associated with the Hamiltonian HO with unperturbed
Potentials Φ8Γ and Agr. To obtain the true conductivity
tensor σ, one still needs to eliminate δΈ? from Eq. (11)
by applying the self-consistency relation (7), which we
write in the form

ÄE/ = -^2c '*J· (12)

Here, e is the antisymmetric tensor of rank two (exx =
Cyy = 0,exy = —fyx = 1)· The solution to Eqs. (11) and
(12) is

, ΡοΞο-ö 1 . (14)

Now we use that HQ describes a fermion gas with p
fully filled Landau levels. This implies that p0 equals
the integer quantum Hall effect resistivity tensor at filling
factor p, i.e.,

o)xx = (Po)yy =-

(Po)xy = -(Pü)yx = -- 3 '

(15)

where HO is the bulk density. Upon Substitution of the
expression for p0 into Eq. (14), one obtains

l e2n0
'aß — —- Oaß.

\ω m
(16)

The anyon gas is thus a perfect conductor in the limit
ω —> 0. We now take the curl of Eq. (13) and substitute
Eq. (16) to arrive at the London equation

V χ 5j = - (17)

So far we have considered the electromagnetic response
for k = 0 in the limit ω —* 0. The existence of the
Meissner effect depends on whether Eq. (17) is valid for
ω = 0, in the subsequent limit k —> O.14 As we will now
show, this is indeed the case.

To demonstrate that Eq. (17) holds regardless of the
order of the limits k —*· 0 and ω —»· 0, we consider the
general form of the linear response for density and current
density in the Fourier space,

SJu(k,u>) = Kuv(k,u>}Av(k,u>},
(18)

The response function Κμυ is defined in the space-time
representation äs

-0
-l -- (l _ δμο)δμν.

m
(19)

Because of the continuity equations 3μΚμν = θ'νΚμι/ = Ο,
the elements of the tensor Κμν can all be expressed in
terms of four coefficients X o > i o , ^ o , C o , according to

I\oj(k,u>) = —wxo(k,w)kj + '^o(k,ui)cjnkn, (21)

Kio(k,w) = —iJJXo(k,ij)ki + i?7o(k,a;)e;mfcm, (22)

O
(Λ) η / · '

/ f y ( k , w ) = —g

\ω

(23)

Here, roman indices denote the Cartesian components
x,y. The physical meaning of these coefficients be-
comes more apparent if we rewrite the response equa-
tion (18) in terms of the density δη and the vorticity
(5Ω = z · (ik χ <5j). (The component of 5J along k is not
an independent variable äs it is constrained by the conti-
nuity equation ik · <5j = iuieSn.) The resulting equations
are15

;) == -χQ(k,ω)k2Φ(k,ω) + £0(k,u>)B(k,tjj), (24)

The potential Φ and the magnetic field B contain an
external part and a fictitious part, given according to
Eqs. (5) and (6) by
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φ = φεχ +

B = Be

= Φ6Χ -
pe2P

• 6Bf = Be* + —6n.
pe

(26)

(27)

In Eq. (28) we used the result a(k) = (/z/pefc2)ik χ ζ for
the Fourier transform of the flux tube vector potential.
We now solve Eqs. (26)-(29) for the case Φ6Χ = 0, and
find

(28)

L C o - (29)

The Meissner effect is obtained if C(k, 0) > 0 in the limit
k —> 0. We now calculate this limit and show that it is
the same äs lim^^o C(0;w); thercby proving the analy-
ticity of the response function.

By direct evaluation of Eq. (19), for the case of an
ideal (impurity-free) two-dimcnsional electron gas at the
filling factor p, one obtains the following relations:

(30)

(31)

5

(32)

(33)

(34)

2 2

= - - + 0(u,2),77o(k,0) = - -

In Eq. (30), the constant χο(Ο,Ο) is given by

Xo(0,0) =
mp

Substitution of these relations into Eq. (29) yields

lim C(k,0) = lim ζ ( 0 , ω ) = Λ~ 2 , (35)

; / \ 1/2n M I / ? ι m \
Λ Ξ —[χ0(0,0)]1/2= (—J . (36)

We conclude that £(k,w) is analytic at (k,ω) = (0,0), so
that the anyon gas shows the perfect conductivity and the
Meissner effect in accordance with the London equation
(17) . This completes our demonstration of superconduc-
tivity of the anyon gas in the mean-field approximation.
Wc conclude this paper with a discussion of the sym-
metry of the conductivity tensor and of the influence of

impurities.
Since the anyon Hamiltonian (1) is not invariant under

time reversal, it is possible in principle to have a non-
symmetric conductivity tensor. In the foregoing analysis
we have seen that although <TO is not a Symmetrie tensor,
the true conductivity σ is symmetrical. We believe that
the symmetry of σ, derived here at T = 0 in the mean-
field approximation, holds also at higher temperatures
and particularly in the normal state. A heuristic way to
see this is to replace p0 by the classical resistivity

m
— (Po)yy ~~

(Po)yx — o '

(37)

where r is a relaxation time. Substitution of this ex-
pression into Eq. (14) leads to the Drude conductivity
tensor, i.e., a symmetrical σ. The question of the sym-
metry of σ in the normal state is relevant for the recent
experimental search by Gijs et a/.16 for a spontaneous
Hall effect in zero magnetic field. In this experiment a
symmetrical conductivity tensor was found within the
experimental resolution. In our description of the anyon
gas the Hall electric field originating from the fictitious
magnetic field is fully compensated by the fictitious elec-
tric field induced by the moving flux tubes. An explana-
tion in different terms has recently been put forward by
Wiegmann.8

The demonstration of superconductivity given above
can be generalized to include a uniform distribution of
impurities. The key step in this generalization is to
show that Eqs. (32)-(35) remain valid. This can be
shown if the gap in the density of states for the inte-
ger quantum Hall effect Hamiltonian ÜQ is not closed
by the impurities. The presence of the excitation gap
then implies that the response coefficients Χ ο , ζ ο , η ο , ζ ο
are analytical at (k ,ω) = (0,0), and hence Eqs. (32)
and (35) result. (Whether a mobihiy gap is sufficient
for the analyticity is not clear to us.) Equations (31)
and (32) are enforced by the quantum Hall effect, since
Co(0,0) = -770(0,0) = [ffo(Q)]xy = pe2/h regardless of
the presence of impurities. Note that the impurities will
modify the penetration depth Λ = (h/pe2)[x0(0, O)]1/2,
through their effect on the susceptibility A'QO = — & 2 X o ·
We hope to return to this effect in a future publication.
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