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Let k be a finite field and let £ be an elliptic curve over & In this paper we describe,
for each finite extension / of k, the structure of the group E(/) of pomnts of E over / as a
module over the ring R of endomorphisims of E that are defined over k If the Frobenius
endomorphist 7 of E over k does not belong to the subring Z of R, then we find that
E(ly= R/R(n'— 1) wheie n1s the degree of { over k, and 1f = does belong to Z then E(/)
15, as an R-module, characterized by E(!) ® E(/) = R/R(n" — 1) The arguments used in
the proof of these statements generalize to yield a description of the group of pomts of
an elliptic curve over an algebraically closed field as a module over suttable subrings of
the endomotphuism 1mmg of the curve It 1s shown that sttaightforward generalizations
of the results of this paper to abehan varieties of dimension greater than 1 cannot be
cxpccted fo exist  © 1996 Academic Piess Inc

1} INTRODUCTION

Let k be a field and let E be an elliptic curve over k In this paper we describe
the structure of several groups of pomts of £ as modules over suitable subrings
of the ring End, E of endomorphisms of E over k' We shall view the rning Z of
mtegers as a subring of End, E

Our fitst result 1s concerned with the case of finite fields

THEOREM 1 Let k be a finite field, let E be an elliptic curve over k, and put
R=FEnd, E et ne R be the Frobenus endomorphism of E Further, let | be a
funte field e ctension of k, and denote by n=[1 k] 1ts degree

(a) Suppose that n¢Z Then R has rank 2 over Z, and there 1s an
wsomorphism E(1) = R/R(n" — 1) of R-modules

(b) Suppose that meZ Then R has rank 4 over Z, we have
E()xZ/Z(n" =)D L/Z(n" — 1) as abelian groups, and this group has, up to
isomorphism, exactly one left R-module structure Furthermore, one has
E()® E(l)= R/R(%" — 1) as R-modules

This theorem 1s proved 1n Section 4, as a consequence of results obtammed 1n
Sections 2 and 3 We note that E 1s supersingulat if we are m case (b), but not

conversely

227
0022-314X/96 $12 00

Copyright © 1996 by Acadenuc Press Inc
All nights of reproduction m any form reserved



228 H W LENSTRA JR

In our other results we take k to be algebraically closed, and we let R
be a subring of End, £ with the pioperty that the abehan gioup
(End, E)/R 1s torsion-free, for example we can take R=End, E if E 15
actually defined over some subfield k" of k (see 4 1) We shall give a com-
plete description of E(k) as a module over R The following result expresses
that the torsion subgroup of E(k) 1s the only piece of interest By Q we
denote the field of rational numbers

THEOREM 2 Let k be an algebiaically closed field and let E be an elliptic
curve over k Let R be a subing of End, L for which the abelian gioup
(End, E)/R 15 toison-fiec Denote by E(k), the torsion subgioup of E(k)
Then we haie

(a) the exact sequence 0— E(k)y, — E(k)— E(k)/E(k),,, —0 of
R-modules splits,

(b) of k 15 algebraic over a fic field, then L(k)/E(k),,, =0,

(c) Yk 1s not algebraic over a finite field, then E(k)/E(k), 15, as a left
R-module, 1somoiphic to the direct sum of #k copies of R®, Q

The proof is given n Section 5 It depends on the mjectivity of E(k)
as a left R-module (Proposition 5 1)

The structure of E(k), as an abelian group 1s well-known (see
[13]) If the characteristic char & of k equals 0 then we have
E(k)o =(Q/Z)D (Q/Z), if char k=p >0 and E 1s not supersingular, then
we have E(k), =(Q/Z)®(Z,, /Z), wheie Z,,, denotes the localization of
Z at p, and finally, if char k=p>0 and E 1s supersingular, then
B(K)ion X () /2) D (Z,,)/2)

The description of E(k),,, as an R-module requires some notation There
1s a rng homomorphism R —k that describes the action of the
endomoiphisms n R on the tangent space of E at the zero pomt O of L(k)
(see [13, Chapter III, Theorem 52]) Let p denote the kernel of this map
1t consists of the zero map together with all mseparable 1sogenies F— b:
that belong to R (see [13, Chapter 11, Proposition 42(c)]) Clearly, char
k belongs to p, and if char k=0 then p=0 We view R as a subring ’of the
division ring Rg = R® , Q, and we let R, denote the sub-left-R-module of
Rq generated by {s ' seR,s¢p} If R1s commutative then R 1s Just the
locahzation of R at p, and if char k=0 then R, =R '

We now distinguish cases as to the value of [R Z1], the rank of the
additive group of R as a Z-module By [13, Chapter III, Section 97, 1t
equals 1, 2, or 4 If [R Z]=1 then we have R=Z, and the Z-module
Etjrguczu]lre \évas discussed above The following result deals with the case that

ton
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TueoreM 3 Let k, E, R, and E(k),, be as m Theorem 2, and suppose
that [R Z) =2 Then there s an isomorphism E(k), = R, /R of R-modules

The proof of this theorem 1s given m Section 2 It uses—only implicitly,
in the presentation below—that the ring R 18 a Gorensten ring if
[R Z]=2 (see [2, Proposition (64)]) Rings of ugher ranks need not be
Gorenstein, and this mdicates that no straightforward generalization of
Theorem 3 to higher dimensional abelian varieties can be expected to exist
Section 6 1s devoted to the construction of counterexamples, in any charac-
teristic and m any dimenston exceeding |

In the case that [ R Z7] =4 we have the following result

THEOREM 4  Let k, E, R, and E(k),, be as m Theorem 2, and suppose
that [R Z]=4 Then the number p = char k 1s non-zero, the group E(k),,,
has, up to wsomorphism, exactly one left R-module structure, and we have
E(K)o, @ E(K), =R ,/R as left R-modules

This theorem 1s proved in Section 3 It follows m a straightforward way
from the observation that for any mteger n that 1s not divisible by p the
ring R/Rn 15 1somorphic to the 1ing of 2 x 2 matrices over Z/Zn

The 1esults above can be reformulated n terms of the Tate module 7%
Let the assumptions be as m Theorem 2 For a posttive mteger n let
E[n]={PeE(k) nP=0} For each multiple mn of n there 1s a map
E[mn] — E[n] sending P to mP With these maps, the collection of groups
E[n] forms a projective system, and TE 1s defined to be their projective
limit As a piofinite abehan group, the stiucture of TF 1s as follows If char
k=0 then TExZ®Z, where Z 1s the projective it of the groups
Z/Zn,n>1,1f char k=p >0 and E1s not supersingular, then 7 VACY 2
where Z’ denotes the projective limut of the greaps Z/Zn, with n now rang-
ing over the positive mtegers that are not divisible by p, and if chai
k=p>0 and E 1s supersingular, then TE = 7'® 7' To describe TE as a
profinite R-module n the case [R Z] > 1, we define R’ to be the projective
limut of the R-modules R/a, whete a 1anges over the left ideals of R that are
not contamned m p, for ac b, the map K/a — R/b 1s the natural one Now
f [R Z]=2, then we have TExR as a profinte R-module, and 1f
[R Z] =4, then TE has, up to 1somorphlsm only one left R-module struc-
ture, and 1t satisfies TE® TE = R’ Ths follows m a 1outine manner from
Theorems 3 and 4 We note that E(k),,, may be identified with the injective
limtt of the groups TE/n TE, whete n ranges over the positive integers and
the map TE/n TE— TE/mn TE 1s mduced by multiplication by m Thus
the R-module stiucture of E(k),,, can be recovered from that of TE

Rings are supposed to have umt elements m this paper, and modules are
left modules, unless stated otherwise For a prime number p, we denote by

F, the field Z/Zp
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2 RANK Two

In this section k, E, and R are as i Theorem 3, in particular, k 1s
algebraically closed, and [R Z]=2 In this situation R is commutative,
the division ring Ry = R® Q 1s an imaginary quadratic field extension of
Q, and R 1s an order in R (see [13, Chapter III, Section 9]) For se R
we let E[s]={PeE(k) sP=0)}

PrOPOSITION 21 Let the notation and hypotheses be as above Then foi
every separable clement s e R there 1s an isomorphism E[s] = R/Rs of
R-modules

The proof depends on two lemmas A module M over a ring 4 1s called
Saithful of abl +#0 for each ae A, a#0 A mummal 1deal or submodule 1s
understood to be a mmimal non-zero one

LeMMA 22 Let A be a foute commutatve ring Then the following two
statements are equivalent

(1) each faithful A-module M contans a submodule thar is free of
rank 1 over A,

(n)  the number of maxumal ideals of A 15 equal to the number of mint-
mal deals of A

Proof (1)=(n) Let M=Hom(4, Q/Z) be the dual of the additive
group of 4 The A-module structure on 4 induces an A-module structure
on M It 1s clear that M 1s faithful and that # M = # 4, so by (1) we have
M=>=A4 Hence the number of mimimal 1deals of 4 equals the number of
mimmal submodules of M By duality, the latter number equals the
number of maximal 1deals of A4

(n)=(1) Let M be a faithful 4-module We have A =If.4,, with
m ranging over the maxmal 1deals of 4 (see [1, Theorem 8 hH It "flollows
that M =[], M., where each M, 1s faithful as an A,.-module Fach A4
has a unique maximal 1deal, and clearly at least one minimal 1deal hencg
by (u), each 4, has a umique minimal 1deal Let a,, be a non-zero élemen£
of the unique munimal 1deal of 4., Since M wm 18 faithful, there exists
X €M, with a,x, #0 Then the annihilator of Xn 10 A4, does not con-
tamn the umque mimimal 1deal of 4, , so this annmihilator 1s zero Therefore
the submodule 4,,x, of M, 1s 1somorphic to 4, The direct sum of the
modules 4, x,, 1s isomorphic to 4, as required This proves 22

A finite commutative ring 4 satisfies (1) 1of and only 1f 1t 1s a Gorenstein
ring, and 1if and only if 1t 1s a quasi-Frobenius ring (see [ 5, Chapter VIII
Section 58]) This will not be used 1n the sequel 7
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We use a circumflex to denote the canonical mvolution of End, E, 1t
maps R to R, simnce s+§=deg(s+1)—degs—1eZ for all seEnd, E

Limma 23 Let se R, s#0 Then R/Rs s a finite ring of cardinality s3,
and the number of maximal wdeals of R/Rs 1s equal to the number of mimimal

ideals of R/Rs

Proof The canonical mvolution 1s the restriction to R of the umique
non-trnivial automorphism of R, One deduces that the determinant of the
Q-lmear map Rg — R that sends every x to xs equals s5, so that
#R/Rs = 5§ < o0

Write 4 = R/Rs, and let g be a prime number dividing # 4 To prove 2 3
1t suffices to show that the number of maximal 1deals m < 4 with 4g=m
15 equal to the number of mmmal ideals nc4 with gn=0 Let
A,={acd qa=0} Since 4 1s finite, we have #4, = # A/Aq, and since
R/Rq maps surjectively to 4/4q the number # 4/A4q equals either ¢ or ¢2
If #4,= #A4/Aq=q, then the only m, n as above are m=dAdgn=4,
so the number of m’s and the number of w’s are both equal to |
Suppose therefore that #4,= #A4/4g=q> Then the map R/Rq — Aj/Ag
18 an 1somorphism, so s=rqg for some reR It follows that 4 .=
(RN Rsq™")/Rs=Rr/Rrq= R/Rq=A4/Aq (as A-modules), and under this
isomorphism the mymmal 1deals n< 4, that we are counting map to the
minimal 1deals of 4/4g Thus it remains to prove that the ring 4/A4q of car-
dinality ¢? has equally many maximal and munimal 1deals If 4/4q has only
trivial 1deals (so that it 1s a field) that 1s clear, and in the other case an
ideal 1s maximal 1t and only if 1t has cardnality ¢, and 1f and only 1f 1t 1s
minmmal, so that the statement 1s agan clear This proves 2 3

Proof of 21 We put A=R/Rs and M=E[s] Clearly, M 15 an
A-module, and we claim that 1t 1s a faith ul A-module, that s, any s e R
with M =0 belongs to Rs Namely, let » € R annihilate M = E[s] Since s
1s separable, the homomorphism theorem for elliptic curves (see [ 13, Chap-
ter 111, Corollary 4 117) implies that r = zs for some endomoiphism ¢ of E
We have ¢ s§=rfe R, where s§ 1s a positive integer Smce (End, £)/R 15
supposed to be torsion-free this wraphles that ¢e€ R, so that re Rs, which
proves the claim From 23 we see that 4 satisfies 22(u1) Applymg 22 we
thus find that M contains a free A-module of tank 1 By [ 13, Chapter I1I,
Theorem 4 10(c) and Theorem 6 2(a)] we have # M =deg s =s§, which by
23 1s equal to #A4 Therefore M 15 fiee over 4 of tank 1 This proves 2 1

It will be useful to have a suular result for mseparable s To state such
a result, we assume without loss of generality that p = char k>0, and we
mtroduce some additional notation We still assume that [R Z] =2



232 H W LENSTRA, JR

For se R, 5#0, let deg, s denote the nseparable degree of s (see [13,
Chapter II, Section 27), which 15 a power of p We put deg,0 =00 From
the definition of deg, 1t 1s clear that deg,(st) =deg,s dcg, t for all 5,7e R
We also have deg,(s+ ) >mn{deg, s, deg, 7} for all s, 7€ R, this follows
easily from the fact that deg, s 1s divisible by a given powel ¢ of p if and
only 1f s factors via the gth power Frobenius morphism £— E (see [13,
Chapter 11, Corollary 2 127) It follows that there 1s an exponential p-adic
valuation v on Rg such that o(s)=log (deg,s)/logp for all se R Let
V={xeRq v(¥x)=0} be the valuation 1ing Note that Rc V/

PrOPOSITION 24  Let the notation and hypotheses be as above Then for
every non-zero element s € R there 1s an 1somoiplusm E[s] @ (V) Vs) = R/Rs
of R-modules

Proof  We first show that E[s ] @ (V/Vs) 1s faithful as an R/Rs-module
Suppose that r € R annihilates both £[s] and V/Vs Then deg, 1 > deg, s =¢
(say), so 1f F denotes the gth power Frobenius morphism then r=r'F,
s=s'F for certam r’,s’ E— E, with s separable Now the homo-
morphism theorem for elliptic curves mmplies, as above, that r'=1s' for
some € End, E Then r=ts, and as above one finds that re R, as desired

From 22 and 23 1t now follows that E[s]@® (V/Vs) contains a sub-
module 1somorphic to R/Rs By 23 we have #R/Rs=4i, and by
[13, Chapter III, Theorem 410(a) and Theorem 62(a)] we have
# E[s] = s§/deg,s Hence we obtamn #V/Vs>deg,s, and to prove 24 1t
suffices to show that we have equality Since each of # ViVs and deg, s 15
a constant power of p** 1t suffices to prove equality for a single choice of
s with v(s)#0 We choose s=p Because J 1s contamed 1n a two-dimen-
sional Q-vector space, we have # V/Vp<p? which finishes the proof 1f
deg, p =p* Hence suppose that deg, p <p? Then deg, p =p, and the p-adic
Tate module T, E, which 1s the projective limit of the groups E[ p"]
(nz=1), 15 free of rank 1 over Z, The action of R on T,E mnduces a ring
homomorphism R—Z,, and therefore a Q,-algebra homomorphism
Rq — Q, By elementary algebraic number theory, the existence of such a
homomorphism 1mplies that p splits completely in Rq, so that pis a prime
element of V" and the residue class field V/¥p has p elements This com-
pletes the proof of 24

Remark  From 24 and its proof 1t follows casily that therc 1s a
Z,-algebra 1sornorph12m R®,2,2V®,Z, or R®, Z,=7,x17,,
according as deg, p=p® or deg,p=p Ths mplies that the mdex of R m
the maximal order of R, 1s not divisible by p, which 1s a result of Deuring

We now prove Theorem 3 Let S=R—p be the set of separable endo-
morphisms 1n R First we show that E(k)ior = es E[s], the mclusion



COMPLEX MULTIPLICATION STRUCTURE 233

> being obvious For the other mclusion, suppose that Pe E(k),,,, and let
me Z < R be the order of P If m ¢ p then s =m satisfies s€ .S and Pe E[s]
If mep, then p=chark #0, and any se R for which s mod Rm maps to
(O, 1 mod Vm) under some 1somorphism R/Rm=E[m]® V/Vm as m 24
1s separable and anmhilates P

Reformulating 2 1, we see that for each seS there 15 an 1somorphism
E[s] = Rs™'/R of R-modules, let W, be the set of such 1somorphisms If
t divides s, then passing to the largest submodules annihilated by ¢ we see
that any isomorphism E[s] = Rs~!/R maps the submodule E[¢] of El 5]
1isomorphically to Rt ~'/R, so there 1s a restriction map W, — W, Since the
projective limit of a system of non-empty finite sets 13 non-empty (see [ 3,
Chaprtre I1I, paragraphe 7 4, Theoreme 11), the projective limit of the sets
W, 1s non-empty Therefore we can make a simultaneous choice of
isomorphisms  E[s] 2 Rs ™', R that commute with the inclusions
E[t]<E[s], Rt7'/R=Rs '/R Taking the union over s, we conclude that
E(k) = R,/R as R-modules This proves Theorem 3

3 Rank Four

In this section k, E, and R are as m Theorem 4, m particular, k 1s
algebraically closed, and [R Z]=4 In this situation R 1s non-com-
mutative (see [ 13, Chapter III, Section 9]) Hence the ring homomorphism
R — k with kernel p that was defined 1n the introduction is not njectrve,
so p#0, and therefore char k=p#0 Fot neZ we wnte E[n]=

{PeE(k) nP=0}

ProposiTioN 31 Suppose that [R Z]=4, and let neZ, n# 0 mod p
Then there 15 an wsomorphisnt E[n] = Z/Zn®Z/In as abehan groups, and
this group has up to isomoiphusm exacth one left R-module structure

Furthermore, one has E[n1 @ E[n]) = R/Rn as left R-modules

Proof It 15 well-known that theie 1s an 1somorphism E[n]x
Z/Zn@® Z/7x (see [ 13 Chapter [II Corollary 6 4(b)]) The endomo1phism
img BEnd F{n] of this abelian group 1s isomotphic to the 1ing M(2, Z/Zn)
of 2 x 2 matrices over Z/Zn, and has oider n*

As i the proof of 2 1 we sce that E[n] 1s a faithful module over the 1ing
R/Rn, so the map R/Rn— End L[n] that descuibes the module stiucture 1s
mjective Since both tmgs have cardmahty n* this mmplies that 1t 1s an
1somorphism

To prove that Z/Zn@Z/Zn has, up to isomoiphism, only one left
R-module structure, 1t suffices to show that 1t has, up to 1somorphusm,
only one left module structure over the ung M(2,Z/Zn) By Morita
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equivalence (see [9, Section 3127), each left M(2, Z/Zn)-module P 1s
isomorphic to one of the form (Z/Zn®Z/In)®,,,, Q. wheie Q 15 a
Z/Zn-module that 1s uniquely determined by P, up to isomoiphism
(namely, Q=F® > zzn P whete F 1s the right M(2, Z/Zn)-module
Hom(Z/Zn @ Z/Zn, Z/Zn)) In this situation, P and Q@ O aie 1somorphic
as abehian groups, and the statement to be proved 1s theiefore equivalent
to the easily proven fact that Q@ Q = Z/Zn ® Z/Zn ymples that Q=7Z/Zn

The final assertion of 3 1 1s equivalent to the statement that M(2, Z/Zn)
15, as a left module over itself, 1somorphic to (Z/Zn®Z/Zn)®
(Z2/Zn® Z/Zn), which 1s obvious This proves 3 1

Remark  From the proof of 31 one easily derives that R® , Z, ~
M(2, Z.,)) for every prime number /#p Using the map deg, as n the pre-
vious section, one can show that R® , £, 1s the “valuation ring” of a non-
commutative division algebra of degree 4 over Q, From these statements
it follows that R 1s a maximal order in the division algebra R®, Q, a
result that 1s due to Deuring

We now prove Theorem 4 Above we saw already that the charactenstic
p of k 1s non-zero By a theorem of Deuring (see [ 13, Chapter V, Theorem
31]) there are no elements of order p m E(k),,, so E(k),, =), E[n],
with n ranging over Z — Zp It also follows that fo1 each non-zero s € R the
order s§/deg, s of the subgroup { P e E(k) sP = O} of E(k),,, 1s not divisible
by p Therefore an element s of R belongs to p if and only if the mteger s§
1s divisible by p This implies that the group R, defined in the introduction
1s, as a sub-left-R-module of R, generated by {n ' neZ — Zp}

As i the proof of Theorem3, the isomorphisms E[n]=x
(Zn '/Z)®(Zn '/Z) and E[n]@® E[n]=Rn /R can be glued together
to 1somorphisms E(k),, = (£, /L) D(Z,,/Z) (as abehan groups) and
E(k)ior ® E(k) o @ R,/R (as R-modules) Also, two R-module structures
on (Z,,/LYD(Z,,/Z) give nse to two R-module structures on
(Zn '/Z)® (Zn~'/Z) for each n, which by 31 are 1somorphic, and again
by the projective limit argument from the proof of Theorem 3 such
1somorphisms can be glued together This proves Theorem 4

4 FINITE FiLLbs

In this section we prove Theorem 1 We let k, E, R, 7,1, and n be as 1n
Theorem 1, n particular, & 1s now a finite field, and R = End +E We choose
an algebraic closure k of k containing / We write R = End, E, which 1s the
ring of endomorphisms of E defined over & A theorem of Deuring (see [ 13,
Chapter V, Theorem 31)) states that R® 2z Q 18 a definite quaternion
algebra 1f £ 1s supersingular and an imagmary quadratic field otherwise
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An endomorphism in R belongs to R 1f and only 1f 1t commutes with the
action of the Frobentus automorphism Since the latter acts 1n the same
way as 7, we have R={reR nr=mr} It also follows that the additive
group R/R 1s torsion-free

Let 1t now first be assumed that z¢Z We have ne R, so [RZ]#1
Since 7 belongs to the center of R, we have [R Z] #4 Therefore we have
[RZ]=2

To prove part (a) of Theorem 1, we note that E(/)=E[z"—1], m the
notation of 21, here n” —1 1s separable because zep From 21, apphed
with & as the base field, 1t now follows that E(/)=R/R(n" - 1) as
R-modules, as required

Next suppose that 7€ Z From n° =n#= #k 1t follows that k has even
degree over 1ts prime field, and that 7 = +./#k For each positive nteger
m, the mteger n”"—1 annihilates E(k,,), where k,, 1s the unique mter-
mediate field of k<k with [k, k]=m Smce n”—1 1s coprime to p, 1t
follows that E(k,,) does not contain an element of order p, and the same
is then true for E(k)=|), E(k,) By a theorem of Deuring (see [13,
Chapter V, Theorem 3 1]) this implies that E 1s supersingular, so that R
15 an order 1 a definite quaternon algebia From neZ we see that
R={reR nr=rnr} =R In particular, we have [R Z]=4

To prove part (b) of Theorem 1, 1t now suffices to note that
E(l)=E[="—1] and to invoke Proposition 31 This proves Theorem 1

41 Remark The observation, m the proof above, that R/R 1s torsion-
free, carries over to arbitrary base fields, that 1s, if £ 1s an elliptic
curve over any field k, and [ denotes any extension field of k, then
(End, E)/(End, E) 1s torston-free To prove this, 1t suffices to consider (1)
the case that /1s Galois over k, and (11) the casc that every element of / that
1s algebraic over k 1s purely mseparable over £ In the first case one uses,
as 1n the proof above, that End, E consists of the elements of End, E that

are fixed under the action of the Galois group In the second case one has
in fact End, £ = End, E (apply [ 10, Chapter II, Theorem 57, with B equal

to the graph of an endomorphism)
5 ALGEBRAICALLY CLOSED FIELDS
In this section we let k, E, R, and E(k),,, be as in Theorem 2

ProposiTiON 51 As a left R-module, E(k),,, 1s mjectve

Proof For backgiound on mjective and projective modules, see [9,
310 and 311] We distinguish three cases, according to the value of
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[R Z] If[R Z]=1then R=2Z, and 1n this case the mnjectivity of E(k)
follows from the fact that 1t 1s divisible as an abelian group

Next suppose that { R Z]=2 We first show that for any non-zero s € R
the rmg R/Rs 1s wnjective as a module over itsell The category of finite
R/Rs-modules has a duality that sends any module M to Hom , (M, Q/Z)
Since 1t 1s a duality, 1t interchanges jective and projective objects From
22 and 2 3 1t also follows that the dual of a free module of rank one 1s free
of 1ank one (cf the proof of 22, (1) => (1)), so that the dual of a projective
module 1s projective Hence the projective and mjective objects of this
category are the same In particulai, R/Rs 1s 1njective, also m the category
of all R/Rs-modules (by [9, Proposition 315]) The same applies to the
isomorphic module Rs ~'/R

We deduce that Ry /R 15 mjective as an R-module By [9, Proposition
3157 1t suffices to show that any R-linear map f from a non-zero R-ideal
ato Ro/R can be extended to a map R — Rq/R Since Rq/R is torsion we
can find a non-zero element seker/ Then f induces an R/Rs-hnear map
a/Rs — Rs /R, which by mjectivity of Rs™!/R can be extended to an
R/Rs-linear map R/Rs — Rs '/R The latter map induces an extension of f
to a map R— R,/R, as required

If char k=0 then we have Ry =R, so Theorem 3 tells us that
E(k) i, = Ro/R 1f chal k>0 then 24 and the projective It argument in
the proof of Theorem 3 show that E(k),,, @ (Rqo/V) = R /R as R-modules
In both cases the mjectivity of Ry /R imphes that of E(k),,,

The argument m the case that [R Z]=4 1s similar but simpler If
neZ,n#0, then as above one deduces from 22 that all fimite projective
Z/Zn-modules are mjective By Mouta equivalence, the same 1s true for
fimte projective M(2, Z/Zn)-modules As above 1t follows that Ro/R 15
mnjective as a left R-module Removing the p-primary part, which 1s a direct
summand, and applymng the 1somorphism E(k),,, ® E(k),, = R,/R from
Theorem 4, one concludes that E(k),,, 1s imnjective as well This proves 5 |

tol

We now prove Theorem 2 It 1s clear that 51 mmplies part (a) of the
theorem From the divisibility of E(k) as an abelian group 1t follows that
the R-module E(k)/E(k),, may bec identified with the vector space
E(fk) ®, Q over the diviston 11ng Rg So to prove the remaining assertions
of Theorem 2 1t suffices to show that dim,, ® , Q equals 0 or #k, accord-
g as k is algebraic over a fintte field or not

First suppose that & 1s algebraic over a fintte field Then E 1s defined ove:
some finite subfield k" of k, and E(k) 1s the union of the finite subgroup$
E(), with [ ranging over the finite subfields of k that contain & Therefore
E(k)®, Q=0

Now suppose that k 1s not algebraic over a finite field, and Jet &, < k be
a subfield that 1s either Q or F, (1) for some 7 that 1s transcendental over
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F, It1s casy to see that # E(k) = #k, and for cardinality reasons 1t follows
that dim , E(k)® ,Q 1s equal to #k if #k 1s uncountable, and at most
#k 1f k 15 countable Therefore 1t suffices to show that E(k) ®, Q 1s not
finite dimensional over Rq, o1 over Q, which by dimo R < 0 15 the same

Suppose that E(k) ®4 Q 18 finite dimensional over Q, and choose finitely
many pomts P, € E(k) that give a basis Also, choose a finitely generated
subfield &, of k, containing ko, such that E can be defined over k; and such
that the coordmates of the points P, belong to &, Then the nclusion
E(k,) < E(k) 1nduces an isomorphism E(k,)®, Q= E(k)®, Q Hence, if
one first adjomns to &, all the torsion poits of E(k) and next the points
(1/m)P, for all positive integers m and all 1, then one obtamns the field
k,(E(k)), which 1s the same as the algebraically closed field & Looking at
the Galos groups of these extenstons, and consulting the list of subgroups
of the gioup PSL,F, (for ¢ prime) (see [8, Kapitel II, 8 27]), one con-
cludes that the non-cychic composition factors of any finite Galois group
over k, are among the groups PSL,F,, for ¢ =5 prime Since the image of
the natural map of the absolute Galois group of k, to the absolute Galoss
group of k, has finite mdex m the latter, 1t follows that the finite Galois
groups over k, are built up fiom the same composition factors, plus
possibly finitely many additional simple groups This 1s absurd, since kg has
for each posttive integer 7 a Galots extension with group 1somorphic to the
full symmetric group of degree n (see [ 14, section 66] for k, = Q, the case
ko=F (1) can be done 1 & similar manner)

6 ABELIAN VARIETIES

In this section we show that straightforward generalizations of the results
of this paper to highel dimensional abelian varieties cannot be expected to
exist We restrict attention to the situation of Theotem 3, m which
[R Z]1=2 It may not be obvious what the proper generalization of the
condttion [R Z]=2 to higher dimens:onal abelian varieties 1s, howevet,
any 1easonable generalization would seem to include at least those abelian
varieties A over an algebraically closed field k that satisfy the following

conditions, 1n which we put g=dim 4
(61) if we put R= End, 4, then Rg = R®, Q15 a complex CM field

of degree 2g over Q,
(62) A 1s ordmary, te, if p=chark#0 then dimp {PeA(k)

pP=0}=g,
(63) A hasa principal polarization
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Condition (6 1) means that R 15 a number field that 1s a totally imagmary
quadratic extension of a totally real field of degree g over Q For the notion
of a principal polarization, see [4, Chapters IV and V]

We show that even when we restrict to abelian varieties satisfying these
conditions the direct analogue of Proposttion 2 1 1s false

PROPOSITION 64 Let k be either the field C of complex numbers or, for
some prime number p, an algebraic closure of the freld ¥, Let g be an
wnteger with g > 1, and let Q be a finite set of prime numbers different from
chark Then there exists an abelan variety A over k with dim A =g satis-
fymg (61), (62), and (63), such that for each g€ Q the R-modules
Alql={PeAlk) ¢gP=0} and R/Rq are non-isomorphic, here we put
R=End, 4

Proof We give only a sketch of the proof

Let 1t first be supposed that k=C In [4, Chapter IV] one finds a
description of the category of abehan varieties over C 1n terms of lattices
(see also [ 11, Chapter 17]) In addition, one finds that both condition (6 3)
and the structure of A[¢] as an R-module can be described in terms of the
corresponding lattice Thus one can translate the entire problem into a
problem about lattices Doing this, one finds that the conclusion of 6 4 1s,
m the case k= C, equivalent to the existence of a totally real number field
K, of degree g over Q, a totally imagimary quadratic extension K of K, a
set @ of field embeddings K — C, an additive subgroup a c K that 1s free of
rank 2g, and an element e K, such that the following conditions are
satisfied

(65) &= —&#0, where the overhead ba:r denotes the non-trivial
automorphism of K over K,

(66) @ 1s the set of those field homomorphisms ¢ K — C for which
@(&) has positive imagmary part,

(67) if Tr denotes the trace function of K over Q, then
a={xeK Tr(¢xp)eZ for all yea},

(68) if R denotes the subring {xeK vaca} of K, then for each
g€ Q one has a/ag % R/Rg as R-modules

To construct such objects one starts from an arbitrary totally real
number field K, of degree g over Q and an arbitrary totally imagmary
quadratic extension K of K, Next one lets ae K be an algebraic integer
satisfying « + €€ Z and K= Q(«), 1t 1s easy to show that such « exist (one
may, for the moment, even take a+da=0) Now we put m=[],.,q,
and
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A=2Z[a=Z+Za+ - +Za*®" 1,
R=Z+Am=Z +Zma+ -+ + LImo*s
a=(Z+Za)*" ' (Z+ Zma?)

=Z+Zo+ - +Za '+ Zmof+ . + T

We have Rcac 4, and R, A4 are rings, while a is an R-module. To define
&, we let 2 K— Q be the Q-linear map defined by f(a') =0 (0 <i<2g—1),
f(a* 1) =1/m. There is a unique element ¢ e K such that for all x e K one
has f(x) =Tr(¢x). From a+aeZ it follows that f(x) = — f(%) and hence
that £= —¢&; this proves (6.5). Condition (6.6) is taken as the definition
of @. The verification of (6.7} is straightforward. To show that R is
the same as the ring defined in (6.8), we note that the subring R'=
{xe K: xaca} of K satisfies R< R’ <a; the only such ring is R itself, so
R =R. Suppose that for some ge @ one has a/ag = R/Rq as R-modules.
Then a = Ra + ag < Za + Aq for some a € a, so the image of a in 4/4q is at
most one-dimensional over F,. However, inspection shows that it has
dimension equal to g, which contradicts our assumption that g > 1. This

proves 6.4 in the case k=C.
we consider the case that k is an algebraic closure of I for

Secondly, o
some prime number p. In [6] one finds a description of the category of
ordinary abelian varieties over finite fields in terms of lattices. Again, one
can describe the R-module structure of A[¢] in terms of the lattice corre-
sponding to 4, and the same applies to the existence of polarizations (see
[7, Section 4]). One finds that the conclusion of 6.4, in the present case,
is equivalent to the existence of Ky, K, @, a, ¢ satisfying all the conditions

above, together with an element 7 e R for which
(6.9) mi=p" for some positive integer n, and K=Q(z") for all
positive integers m;
(6.10) there is an exponential valuaticn v on C such that @ consists
of those field homomorphisms ¢: K — C fer which v(en) > 0.
(The valuation in (6.10) is, by (6.9), necessarily a p-adic one. Also, from
the fact that @ consists of ‘half’ the embeddings K — C and (6.10) one

deduces that 7 is, as an algebraic integer, coprime to 7.)
For the construction of 7 it is convenient to suppose that K, and X are

chosen so that the following conditions are satisfied:

(6.11) p is totally ramified in the extension Q = K, and the prime of
K, lying over p splits completely in the extension K, < K;

(6.12) the Galois closure M of K over Q has degree 2%g! over Q.

Note that the degree 2¢g! in (6.12) is largest possible, and that it is
achieved if and only if the Galois closure M, of K, over Q has the full
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symmettic group of degree g as 1ts Galois group and [M M,]=2% It s
easy to construct K and K, such that (6 11) and (6 12) hold (cf the techni-
que used 1 [127) Also, we shall suppose that the algebraic integer ae K
chosen above satisfies

(613) the index (@ A> of A=7Z[«] m the ring of mtegers ¢ of K
1S coprime to p,

in addition to the two conditions a+ &€ Z and K=Q(a) This 1s, again,
easy to achieve, because of (6 11) (but if p =2 we cannot have « + & =0 any
more)

Let 4, R, a,&, and @ now be chosen as above From (611) 1t follows
that there 15 a prime ideal p of @ such that p#p and p*p2=0p Some
power of p¢ is principal, so we have @n7t = Op" for some positive integer
and some 7 e O that 1s coprime to 7 Replacing 7 by np"/% and n by 2n we
may 1 fact assume that nZ=p” From (6 13) 1t follows that (@ R) 1s
coprime to 7, so there 1s some power of n that 1s congruent to 1 modulo
O{0® R) and therefore belongs to R If we replace 7 by that power, and
n by its corresponding multiple, then we obtamn an element z e R that 1s
coprime to 7 and satisfies #n7 =p” For any positive integer m the subfield
Q(z™) of K 13 imagiary, and (6 12) mplies that the only such subfield is
K 1tself This proves (6 9)

From (6 12) 1t follows that all primes of M, lymg over p spht completely
in the elementary abehan extension M, = M of degree 2% Viewing M, and
M as subfields of the field of complex numbers one deduces from this that
any p-adic valuation of M, can be extended to a unique valuation v of M
such that v(¢n) >0 for all p € @ Extending v to C we then find that (6 10)
holds, since m 18 coprime to @

This completes the proof of Proposition 64

In the situation of 64 the R-module A(k),, cannot be embedded
R /R, so that the higher-dimensional analogue of Theorem 3 breaks down
Also, when char k # 0, then we can replace & by a finite subfield over which
A4 can be defined, and take for / any finite extension of £ over which all
points of A[¢] are defined, for some g @ This yields counterexamples to
higher-dimensional analogues of Theorem [(a)
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