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We demonstiate theotetically that the shot noise produced by a tunnel baiiier 1n a two-channel
conductor violates a Bell inequality The nonlocality 1s shown to o11ginate from entangled electron-hole
panus cieated by tunneling events—without requiring election election interactions The degiee of
entanglement (concuiience) equals 2(7 Tz)’/z(Tl + T,)7!, with T}, T, < 1 the tnansmuission eigenval-
ues A pau of edge channels 1n the quantum Hall effect 1s pioposed as an experimental realization
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The controlled production and detection of entangled
patticles 1s the fitst step on the 10ad towaids quantum
information processing [1] In optics this step was taken
long ago [2], but in the solid state it temains an expeti-
mental challenge A vaiiety of methods to entangle elec-
tions have been pioposed, based on quite different
physical mechanisms [3] A common starting point 1s a
spin-singlet election pair produced by 1interactions, such
as the Coulomb interaction 1n a quantum dot [4-6], the
paiing intetaction in a supetconductor [7-10], o1 Kondo
scattering by a magnetic tmpuriity [11] A very 1ecent
proposal based on orbital entanglement also makes use
of the superconducting paiiing interactton [12]

It 1s known that photons can be entangled by means of
linear optics using a beam splitter [13—15] The electionic
analog would be an entangler that 1s based entitely on
single-election physics, without iequiiing interactions
But a direct analogy with optics fails Election 1eseivotis
aie 1n local thetmal equilibiium, while 1n optics a beam
splitter 18 incapable of entangling photons fiom a theimal
souice [16] That 1s why pievious pioposals [11,17] to en-
tangle elections by means of a beam splitter stait from a
two-election Fock state, 1ather than a many-election
thermal state To contiol the extiaction of a single pair of
elections flom an election 1eset voir 1equiies sttong Cou-
lomb intetaction 1n a tightly confined aiea, such as a semi-
conductor quantum dot o1 cartbon nanotube [3] Indeed, 1t
has been argued [18] that one cannot entangle a spatially
sepaiated cuiltent of elections firom a noimal (not-
supetconducting) souice without tecouise to nteractions

What we ptopose heie 1s an altogether different,
interaction-fiee souice of entangled quasipatticles in the
sohid state The entanglement 1s not between election paits
but between election-hole pans in a degeneiate election
gas The entanglement and spatial sepaiation aie 1ealized
putely by elastic scattering at a tunnel baiiier 1n a two-
channel conductor We quantify the degiee of entangle-
ment by calculating how much the cuiient fluctuations
violate a Bell inequality

Any two-channe] conductor containing a tunnet bai-
11e1 could be used 1n principle for our purpose, and the
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analysis which follows applies generally The paiticulai
implementation desciibed 1n Fig 1 uses edge channel
ttanspott 1n the integer quantum Hall effect [19] It has
the advantage that the individual building blocks have
alieady been 1ealized experimentally for diffeient pur-
poses If the two edge channels lie 1n the same Landau
level, then the entanglement 1s between the spin degiees

FIG 1  Schematic desctiption of the method to produce and
detect entangled edge channels in the quantum Hall effect The
thick black lines indicate the boundaiies of a two dimensional
election gas A stiong perpendicular magnetic field B ensuics
that the t1ansport near the Fermi level E- takes place n two
cdge channels, extended along a pan of equipotentials (thin
solid and dashed lines, with aitows that give the diuection of
propagation) A split gate electiode (shaded 1ectangles at the
center) divides the conductoir into two halves, coupled by
tunncling thiough a nartow opening (dashed ai1ow, scattering
mati1x S) If a voltage V 1s applied between the two halves, then
theie 15 a na1tow eneigy 1ange ¢V above E; 1n which the edge
channels are predominantly filled 1n the left half (solid lines)
and predominantly empty 1n the right hal{ (dashed lines)
Tunneling events intioduce filled states 1n the 11ght half (black
dots) and cmpty states in the left hali (open cuicles) The
entanglement of these particle hole excitations 1s detected by
the violation of a Bell mequality This 1equites two gate elec
ttodes to locally mix the edge channels (scattering matiices
U, Up) and two pans of contacts | 2 to sepaiately measuie the
cuiient 1n each tiansmitted and reflected edge channel
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of fieedom Alteinatively, 1f the spin degeneiacy is not
1esolved by the Zeeman energy and the two edge channels
lie 1n different Landau levels, then the entanglement 1s
between the orbital degiees of fieedom The beam splitter
1s formed by a split gate electrode, as 1n Ref [20] In Fig 1
we show the case that the beam splitter 1s weakly trans-
mitting and stiongly teflecting, but 1t could also be the
other way atround To analyze the Bell inequality an extia
pai of gates mixes the oibital degiees of fieedom of the
outgoing states independently of the incoming states
(Alternatively, one could apply a local inhomogeneity
1n the magnetic field to mix the spin degiees of fieedom )
Finally, the cuiient in each edge channel can be measuted
sepatately by using thei spatial sepaiation, as in Ref [21]
(Alternatively, one could use the fer1iomagnetic method to
measute spin cuiient as desciibed 1n Refs [3,22])

It 1s easiest to undeistand what happens 1f the beam
splitter does not mix the edge channels An election can
tunnel from either Landau level 1nto the empty 11ght half
of the system, leaving behind a hole in the filled left half
with the same Landau level index This coiielation en-
tangles the election hole pair Let us assume, for the
simplest example, that each edge channel tunnels with
the same piobability 7 The 1esulting state 15 a supet-
posttion of the vacuum state [0) (all states filled at the left
and empty at the tight) with weight /1 — 7 and the
maximally entangled Bell pan (|11) + [11))/~/2 with
weight /T The 10le of the spin indices 1, ] 1s played by
the Landau level indices 1 = 1, 2 The fuist index 1n the ket
[11) 1efers to the hole at the left and the second 1ndex to the
election at the 11ght We now geneialize this elementary
example to an aibittaly scattering matiix, including
channel mixing and unequal tiansmission piobabilities

Elections ale incident on the beam splitter fiom the left
in a 1ange eV above the Feimi eneigy Er (The states
below E aie all occupied at low tempeiatuies, so they do
not contiibute to transpoit properties ) The incident state
has the form

W =[] al (el ,(e)l0) (1
O<e<cV

The feimion cieation opetatol aI”(s) excites the :th

channel 1ncident from the left at eneigy & above the
Fermi level Similaily, bI“(s) excites a channel 1ncident
fiom the 11ght Each excitation 1s noimalized such that it
carites unit cuttent It s convenient to collect the cieation
operatots 1n two vectois al bl and to use a matnx

mn’ m
notation,

R ) G

m i’

with oy a Pauli mattix
The nput output 1elation of the beam splitter 1s

Ao \. (! 4 in
<bout> <t rl><bm> )
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The 4 X 4 unitary scattering matiix S has 2 X 2 sub-
matiices r, ¥, t, ¢/ that desciibe 1eflection and tiansmis-
ston of states incident fiom the left o1 fiom the 11ght
Substitution of Eq (3) into Eq (2) gives the outgoing state

_ t
|qf0ut> - l—[(a(tutl g, lTbgut + [’ U)’T]IZQiutlaouﬂ

€

+ [to-)tl]lfibzut 1b111t2)|0> (4)

The supeisciipt “T” indicates the tianspose of a matiix

To 1dentify the entangled election-hole excitations we
tiansform fiom paiticle to hole operators at the left of the
beam splittet ¢y, = al The new vacuum state 1s

out

al  al ,10) Toleading order 1n the tiansmission matiix

the outgoing state becomes

[¥ou) = [ [WWID) + VT = wl0Y), (5)

[Py = w=2cl ybl ),y =00t (6)

It 1eptesents a supeiposition of the vacuum state and a
particle-hole state ® with weight w = T1 yyt

The degiee of entanglement of ® 1s quantified by the
concurience [23,24],

C = 24/Detyy! /Tiyyt (7

which ranges fiom O (no entanglement) to 1 (maximal
entanglement) Substituting Eq (6) and using the unitai-
ity of the scattering matiix we find after some algebia that

_ 2(1 = T))(1 = T)T| T,
T] + T2 - 2T1T2
f Ty, Ty < 1

C

= 2JT T, /(T) + T5)

8)

The concuitence 1s entitely detetmined by the eigenval-
ues T}, T, € (0, 1) of the transmission mattix product
ttt =1 — 1) The eigenvectors do not contitbute This
means, 1n patticulai, that channel mixing does not de
giade the entanglement as long as the ttansmission eigen-
values 1emain unaffected Maximal entanglement 1s
achieved 1f the two tiansmission eigenvalues aie equal
C=1.fT =1,

The particle-hole entanglement 1s a nonlocal coriela-
tion that can be detected thiough the violation of a Bell
iequality [25,26] We follow the {o1mulation 1n terms of
iteducible cutient cotielators in the fiequency domain ot
Samuelsson, Sukhotukov, and Buttike: [12], which 1n the
tunnehing hhmit 7'y 7, << 11s equivalent to a moie geneial
formulation 1n the time domain [18] We will demonstiate
explicitly later on that we need the tunneling assumption

The quantity C, = [*_ dt8l; ()81 (0) correlates
the time-dependent curient fluctuations §/; , 1n chan
nel : = 1 2 at the left with the cuuent fluctuations 61k,
in channel y =1 2 at the 11ight It can be measuied di-
tectly 1n the fiequency domain as the covariance of the
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low-frequency component of the cuitent fluctuations At
low temperatutes (kT << ¢V) the cotielator has the gen-
etal expression [27]

C, = —(V/m(reh), 12 &)
We need the following 1ational function of coiielators

_Ciut Gy —Cp— Gy
Ci+CptCpntCy

Tio, rtto ut
_Tortton (10)
Tirti ity

E

By mixing the channels locally 1n the left and 11ght aim
of the beam splittei, the trtansmission and 1eflection ma-
tiices ate tiansfoimed as r — Up i, t — Ugt, with unitary
2 X 2 mattices Uy, Ur The corielator tiansfoims as

TWlo U ritUfo Ugnit
Tirtrete

The Bell-CHSH (Clauset-Hoine-Shimony-Holt) paiame-
ter 1s [25,28]

E(Uy, Ug) =

(1D

(S' _ E(UL, UR) -+ E(U’, UR) + E(UL, U;i’) - E(Ui, ;3)
(12)
The state 1s entangled 1f |£] > 2 fo1 some set of unitary

matiices Uy, Ug, Uy, U, By 1epeating the calculation of
Ref [29] we find the maximum [30]

4U—HW~BWJﬂW
(T)+ T, — T} = T3)?
=21 + 4T To(T, + T,)"2]'/?

Een = 2[1 "

1fT1,T2<<1 (13)

Comparison with Eq (8) confiims the expected 1elation
Emae = 2(1 + CH)'/2 between the concutience and the
maximal violation of the CHSH 1nequality [31] As men-
tioned above, we need the tunneling limit If 7 and 75
ale not < 1 theie 1s no one-to-one 1elation between &£,
n Eq (13) and C 1n Eq (8)

As a final consistency check we consider the effect ot
dephasing [32] Dephasing 1s modeled by intioducing
1andom phase factois in each edge channel, which
amounts to the substitutions

et eV 0
U[-—'UL< O @l(/’2>’ UR—*UR< O 6“1/7> (14)

We avelage E(U;, Ug) over the tandom phases, uniformly
1n (0 27), and find

2Tio IITO'JIH
glmx__TfWSZ (]5)

So for stiong dephasing theie 15 no violation of the Bell
mequality [£] =2 The intetmediate 1egime between
weak and stiong dephasing 1s moie complex Thete exists
a 1ange of dephasing stiengths for which £ = 2 but the
election-hole state 1s still entangled [33] All of this s as
expected for entanglement of a mixed state [26]

147901-3

In conclusion, we have demonstrated theoretically that
a tunnel bartiet cieates spatially sepaiated curients of
entangled election-hole paits 1n a degenetate election
gas Because no Coulomb o1 paiing interaction 1s 1n-
volved, this 1s an attiactive alteinative to existing pio-
posals fo1 the inteiaction-mediated production of
entanglement 1n the solid state We have desciibed a
possible 1ealization using edge channel tianspoit 1n the
quantum Hall effect Theie 1s a 1ematkable contiast with
quantum optics, wheie a beam splitter cannot cieate en-
tanglement 1f the source 1s in local thermal equilibiium
This might well explain why the elementaly mechanism
foir entanglement production desctibed here was not no-
ticed befoie
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