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Abstract. The one-dimensional stationary PSTF momeiff interest. Unfortunately the equations for these three quanti-
equations for radiative transfer in relativistically differentiallies do not form a closed set, which necessitates the inclusion
moving media are examined. It is found that the equations cafnhigher moments and their equations. The transfer problem
have two different types of critical points. In regions of strongemains just as complex; it is only rephrased in another basis
velocity gradients, solutions might have pathological behaviatich better suits the purpose of dynamical calculations. Of
around such critical points. The moment method may therefareurse, an infinite set of equations cannot be solved numeri-
yield unphysical solutions for the radiation field in such flowscally, so one must truncate this infinite set by adopting a closure

assumption for the higher moments. This way one may tune the
Key words: hydrodynamics — relativity — radiative transfer -accuracy of the calculation by choosing the number of moments
shock waves taken into account.

The idea of using a moment expansion of the Boltzmann
equation is due to Maxwell, and was later cast into a consis-
. tent theory by Grad (1949). Its application to radiative transfer
1. Introduction originated from the work of Eddington, Milne and many others

In this paper | investigate an aspect of the mathematical striltthe early 20th century, but it took a long time before con-
ture of the equations governing the dynamics of relativisticaIE}Stent moment equations for relativistic radiative transfer were
moving radiative plasmas. This can be of relevance to probleffyived (Lindquist 1966, Anderson & Spiegel 1972, Mihalas
of accretion onto black holes and neutron stars, problems c@880, Thorne 1981, Udey & Israel 1982, Schweizer 1982).
cerning the origin and powering of relativistic jets and problems Thorne’s paper presents a complete moment formalism
related to gamma-—ray bursts. In relativistically moving plasm# relativistic flow, without any approximations. It is called
(v > 0.3¢), radiative transfer can have an important dynamictle PSTF formalism, and it is a good starting point for any
effect over length—scales of the order of a photon mean frgiéldy involving moments of radiation. For spherically symmet-
path. It is difficult to take such transport effects into accouri¢ Problems this formalism has been used by several authors
because the radiative transfer equation is a Boltzmann equafi®®- Thorne et al. 1981, Turolla & Nob[li 1988, Nobili et al.
for photons. As soon as the optical depth is of order unity, 28991,[1993). It has proven to be a powerful tool for tackling
proximative treatments (e.g. diffusion and Fokker-Planck) breBkoblems of relativistic radiative transfer and relativistic radia-
down and the full transfer equation should be solved. Moreové@n hydrodynamics for 1D flows. Despite its success, however,
for relativistically differentially moving plasmas this Boltzmanrthe results from a study using the moment method should al-
equation is very complex (Thomas 1930, Lindqlist 1966, Mivays be regarded with some amount of suspicion, especially
halag 1980) due to relativistic aberration effects. Solving the&8en used in the regime of marginal optical thickness.
equations analytically is almost always impossible, and even [N this paper | investigate the mathematical structure of the
numerically it is quite costly to do so in sufficient detail to b&oment equations, and focus on their behavior in regions of
useful in a dynamical calculation. vigorous differential fluid motion where strong aberration ef-
There is an alternative to solving the full Boltzmann equéects can be expected. | specifically concentrate on relativistic
tion. In dynamical calculations one is usually only interested f@diation pressure dominated shocks. Itis shown that, especially
the radiative energy- and momentum density, and its press@@und critical points, aberration effects can cause the moment
Of course these follow from detailed transfer calculations, biitethod to go severely astray.
they are costly. It is better to expand the transfer equation into This paper is organized as follows. | start with a review of
moments, and solve these moment equations directly. The fif moment equations, Se¢fs. 2 and 3. The matrix form of the
three moments are precisely the energy density, momentum dRfiJations is presented in Setis. 4 Bhd 5. The boundary condi-
sity and the pressure (for frequency integrated moments), so s are discussed in Se€ts. 6, and then the behavior of solutions
the transfer calculation is performed directly on the quantiti@ound the critical points is studied in Sefis. 7 @hd 8.
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2. The relativistic transfer equation and derivatives in the tetrad frame (i.e. comoving)
Radiation in a thin to mildly optically thick environmentis a, _ 10 0 8
non-equilibrium system and must therefore be described T\ ot +537;E (8)
a photon distribution functiory(p”). Here p° is the four- 10 9
momentum of the photon. The distribution function is propof = v ( 6= 4 + == )
. : cOt  Ox
tional to the photon occupation numh¥ip?):
9 and introduce the somewhat more familiar quantity of radiative
f%) = ﬁN(p") (1) intensity in the tetrad frame:
This distribution function is only defined on the light con (1, v) = h 2V Flu,v) (10)

p°ps = 0 and is therefore not a genuine function of all the

four components gf”. | will retain this misleading notation of gy explicitly substituting the components of the spin connec-
f('p”') in cgrtaln casesin o.rder not to sacrifice covariance whe[gn w®,, into the Boltzmann equation Ef] (5), using full plane-
this is desired. However, in order to be able to do physics, 0pgrallel symmetry and considerable algebra one finds the trans-

done by choosing a local spatial hyper surface upon which the )

light cone can be projected, thus leading to a functi%n of thr@g! + 10;1
variablesf(p). To do so one has to choose a local tefret, 2, 2
so that the photon four-momentustt can be cast into a local Em {7 (17 = 1)(90 + “815)4

tetrad form 9 [ 2 (@ 5:5) 1)
. . — — |y uv Aﬁ-kﬂﬂ[] 11
p* = et ) ov ’ '
2 2
This tetrad defines the ‘local observer frame’ in which the ra-" 7 [2“ o8 + (1~ + 1)816}1
diative quantities will be expressed. A well-defined spatial pro= j — ol
jection ofp® is p® and f (p?) is now a genuine distribution func- . _ o
tion in momentum space. It is physically appealing to chookigere the source terms are explicitly written out as emission and
the tetrad to be ‘comoving’ with the fluid, i.e. to také, = u” absorption terms, as is conventional in this notation.
whereu* is the four-velocity of the fluid. From now on let us
choose a plane—parallel geometry as the simplest example. Bh&oment expansion

following analysis can be extended to any geometry witho L . .
problems. In a plane-parallel situation the comoving tetrad islllhe radlgnve mtensn}l(u,y) can be expanded in Legendre
polynomialsP,, (1) defined by

gl VB e
4 _ ’76 _ Y 1 n 2 _
ety = ets = (3) _ _1\m n (n m) n—2m
0 0 i 0 Po(p) =57 > _(=1) (m) ( Lk (12)
0 0 m=0
0 0 which satisfy the recursion relation
0 0
0 1 *
. o o the orthogonality relation
The dynamics of the photon distribution function is gov- o
erned by the photon Boltzmann equation, which in a relativisti - 2
setting reads = Puli) Py = O 2k + 1 (14)
’ o v 0 o and the differential equation
P |~ 5 | 10°) = CUY] (5) q
d Py (1)

A . -1 = kpPy () — kPy— 15
Thew®,, = Waui;ebu is the spin connection, defined in Ap-(u ) dup nbe (k) e-1(1) (15)
pendix A.The source term[f(p")} ontheright hanq side takes\ye define the moments #{u, v) as
into account all the interactions of the photons with matter. )

In order to obtain a more tractable form of the transfer equa;, ~ 2%(k)? [
tion | definey andv by YT R L v) Prp)dps (16)
o= pi/po (6) and the intensity (u, v) can then be found back by

0
v=p (7) > (20 4 1)!

1 =3 E b, (0 an

1 See Appendix A for definitions. = 27 (n!)?
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Such an expansion is effectively an expansion of the angular thansfer, cast in a relativistic setting. For low enough velocity
pendency of (i, v) in spherical harmonics. Since we have fulgradients {v/dz < 0.2¢/7) it will often produce correct re-
symmetry around the' axis theY,,,,, modes are all zero exceptsults. However, it fails to reproduce the shear viscosity predicted
for the Y,,o, so that one only needs the Legendre polynomiaiy ThomaB, because this is an effect ar?. It is, however, an

for the expansion. instructive system to study because of its simplicity and the fact
By multiplying the transfer equatiof (IL1) by that it covers all first-order effects of the transfer. When one
2k (k)2 takesk = 2 all relativistic second-order effects will be present
~ Pr(p) (18) andthe Thomas shear viscosity will enter. However, for regions
2 (2k)! in which large velocity gradients are present, it can be essential
and integrating, using Eq5_{[3[15,16), one obtains the trandfeiClude more, sometimes even many more moments.
equations for the moments (Thoine 1981) In realistic _appllcatlons, it is often numerically _costly to
solve the equations for alarge number of moments. Itis therefore
Dpwk + 05 (wh ™ + agwk=1) customary to choose a low cut-off order (mostly= 1) and use
42 (b0 B - wET2 4 8y 5 - whT anon-linear glosure for the_higher mome_nts._The expression for
08 - whk + exyf3 wht such.a non-linear closure is in ggneral inspired by the typt_e of
b2 solutions one expects and is designed to guess the behavior of
+ /5018 - w, ] (19 the higher moments as correctly as possible. However, a good
—8,,[72V{gk815 . w’,f‘Q + hi0pB - w,’j"l procedure will always involve a test program of this closure
+ir; 3 - wh + 953 - wht assumption (e.g. by testing the resqlts again_stacalculation using
0.8 - wht?)] = st many more moments, or calculations solving the Boltzmann

equation directly).
whereay, bg., ¢, di, €k, fx, 9k, Dk, 1 are constants defined as

12 4. Matrix form of the equations
a = - 20
F (2k—1)(2k+1) (20) | wish to study the the structure of the moment equatipnk (19)
(k—1)2k%(k +2) when a minimal closure is imposed, i.e. when takinfg™! =
by = (2k — 3)(2k — 1)2(2k + 1) (21) k42 = ... = 0. The discussion will be restricted to the case
9 of frequency integrated moments, defined as
o — _ Kk+3) (22)
(2k —1)(2k + 1) wh = / whdy (30)
5 = Tk? + Tk — 4 23) 0
r (2k —1)(2k + 3) Also, | will only study systems in which the velocity profile
er = (2—k) (24) pB(z,t) is constant in time(z,t) = ((z), since | am particu-
fr = (1—k) (25) IS;Ii)r/]énterested in stationary solutions to the transfer equation.
g = Bk~ 1) (26) a3
_ _ 2
(2k 3}122k 1)2(2k + 1) 9,8 = Vﬂ% 31)
hy = —— 27) 0
T Rk—DRk+1) 03 = va—i (32)
. 2k% + 2k — 1
%k = 5 oL Lo (28) and the definition of the frequency integrated moments, the mo-

2k —1)(2k .
( J(2k+3) ment equations reduce to

This set of equations is complete only when an infinite number b1 el
of momentsw? ... w are taken into account. Of course thi§%et®" + VB0t (W™ + agw” )
is numerically prohibitive, so that one needs to cut off this infity B0, w" + 70, (W + apwh 1)
E@tehseries of moments IE)y a su.itaﬁle ;:]I_oiure assumption for thet,3 (b0 - wh % + ¢, 80,6 - wF! (33)
ighest two moments. For optically thick systems a consistent k k+1
. ) +dg 0.0 - w" + e 0.0 - w
closure relation would be to put to zero all moments higher than £0z0 k0.5

k2] ok

the highest moment one wishes to retain, Ff10af - w7 = 5

Wl =0 wkt2 =0 ... (29) Itis convenientto cast these equations into a matrix equation
of the form

and then solve for - - - w*. Such a closure has a clear phys-

ical meaning: one restricts oneself to a finite set of spherié%qﬁ)actw +B(8)0:w + C(6, u0)w =5 (34)
harmon!c; i.n the analysis. This is'a mathematical.ly appealing A possible bulk viscosity is a more subtle matter, since it involves
way of limiting the angular resolution of the equations. Whethe interplay between the gas pressure and the radiation pressure. It
takingk = 1 one finds the Eddington approximation to radiativeill not be considered here.
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The vectorswv ands are

w = (woawlawza"'?wk) (35)
s = (807517327"'782)) (36)
As an example | work out the matrices for= 1,
_ (1 6)
A= 37
V(455 @)
_ (81
(1 3)
4 23
c= (s Y )on (@)
and fork = 2,
1 6 0
A=yl|38 1 (40)
0 58 1
6 1 0
B =+« % g 1 (41)
0 &+ p
3 28 1
C=a"|30 2 8 |op (42)
6

4 38
5 30 5

In general the matriceA andB can be written in terms of the

B in the fluid frameB(®, as

A = (8B +1)
B =+(B"+p)

(43)
(44)

so that the matrices andB are simultaneously diagonalizable
and their eigenvectors are independentiofThe eigenvalues

are also related to the eigenvalues3#?, denoted by\'”,
7N + 1)
YA + )

As an example | give the eigenvectesdor the casé = 1,

Y =
N o=

(45)
(46)

a= (V) e (¥) @7)
—1 1
and the eigenvalueg; of A and\; of B,
o= v(-%+1) M = A (-F+8) )
v = (HA+1) % = o(H+0)
Fork = 2 one has
15 15
4 4
el = | —3V15 ex=| 315 (49)
1 1
-3
ez = 0 (50)
1

1033

and

o= v(=/28+1) M = A (=/2+5)
Y2 = 7(\/%1%) Ao

(fies)
P2 = A2 3

The dynamics of the moments can now be viewed in terms
of advection of eigenmodes. The characteristic velocities are

_A
i

where, againy; is taken dimensionless (the actual velocity is
cv;). The C matrix mixes the various eigenmodes, an effect
that can be ascribed to the differential motion of the underly-
ing medium. Because the eigenvectors are independent of the
velocity 8 one can diagonalize the moment equations, so that
the hyperbolic nature of the problem becomes more transparent.
If the C matrix and the source ternsswould not be there, the
eigenmodes would be entirely independent and the advection
problem would be trivial. It is these extra terms that make the
moment equations more complicated.

The characteristic velocitias are related to the roots of the
Legendre polynomials (Turolla & Noblli 1988). In the frame of
the fluid (i.e. forg = 0) they satisfy

(52)

U

PE+1(%‘) =0 (53)
where agairk is the index of the highest moment. This equation
hints that one can view an eigenmode with someas being
related to light traveling under an angle éfwith the xz-axis,
with 6; defined asos 0; = v;. Choosing a finite set of moment

is therefore actually similar to choosing a finite set of angles
along which one solves the Boltzmann equation. However, this
moment method is a mathematically more appealing way of
limiting this angular resolution.

5. Stationary solutions of the moment equations

In order to get a good understanding of the time dependent
radiation transfer problem it is important to study stationary so-
lutions first. There are several reasons for this, among which is
the fact that for stationary velocity profiles any time dependent
radiation transfer solution will eventually relax to a stationary
one. Another reason is that stationary solutions often reveal a
lot of the mathematical structure of the time dependent equa-
tions, especially considering the fact that the transfer equation
is hyperbolic.

The type of solution | have in mind is a transfer solution
along a relativistic radiation pressure dominated shock. Non-
relativistic versions of such shocks have been studied by sev-
eral authors (Beckér 1988, Blandford & Payne 1981, Imshen-
nik|1975, Belokon 1959). The velocity profile of such a shock
is expected to be smooth because the dynamics is governed by
the radiation pressure which can never acquire shock-like dis-
continuities. Of course a shock will only be radiation pressure
dominated when enough photons are available for building up
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the required radiation pressure by bulk-Comptonization, witlk? —agw!
out heating the gas. These photons might be produced in the_
shock or provided by the upstream matter. k R
: . o sT = —auw (65)
For the stationary case all time derivatives are taken zero,
so that the tetrad derivatives become where«, is the absorption opacity andis some externally
o given emission term. In the eigenbasis of Eql (58) they become
0 = 1B, Gy
5 x §T = 7 —Qaqw
. §E+1 _ 5154-1 _aaﬂ}fcﬂ (66)
The moment equations therefore reduce to
X bt el The ‘characteristic decomposition’ of the equations reveals
VB0 w" + 70, (W™ + apw™ ) the structure of information flow in the time—dependent version
+73 b0 - w2 + ¢ B0, B - whT! (56) of the equations. This is particularly useful for studying criti-
+d 0,8 - wF + ex 80,5 - W cal points and determining where and how to impose boundary
k427 conditions, as will be discussed below. It should be noted that
108 - w ] = sp . : : ; o )
in the stationary equations the notion of ‘direction of informa-
Its matrix form is tion flow’ does not have a well-defined meaning anymore. Yet,
the source terms usually give meaning to the direction of time,
B(8)0,w + C(53,0,0)w = s (57)  evenin stationary situation, because source terms carry in them

Using a Henyey method one can solve this set of equations fspects of thermodynamic irreversibility.
a giveng(x) and with some set of boundary conditions (Nobili
& Turolla|1988). 6. Boundary conditions

_ N Boundary conditions determine the solution to a set of equations
5.1. Eigenvector decomposition of the kind discussed here. How this works is discussed in this

The mathematical structure of stationary and time—dependéﬁf;t'on' ! atSSL:mel th?t the iOIUtll(_)r? as%/mPtoncially gppr(())aches
solutions to hyperbolic equations is most easily studied aft%?The f(t)r?s an V? ue gf% co. Then, forr — oo, L —
making an eigenvector decomposition. Define the maktrby so that the equations become

~1 51 ~1
A= (e17_”’el_€+1)—1 (58) )\laz'w =] QqW
and transform the matricésandC and the vectorsv ands to - . _ (67)
the eigenbasis N1 Op 0™ = GFF — q qph Tt
B = ABA! (59) The asymptotic solutions are simple e-powers,
C = ACAE (60) i Qa
@~ Aw (61) w' = o + A; exp (x) (68)
s =1Ns (62) where A; are some constants. The condition must obviously
The matrixB then becomes be imposed at the diverging end of the e-power: for positive
~ A; on the left side and for negativg on the right side. This
B =diag A1, -+, A\fyq) (63) can be seen also in the light of the hyperbolic character of the

time dependent version of the equations: for time dependent

and the equations of motion, ER.{57), become simulations the boundary conditions should specify the flux for

B+l the instreaming eigenmodes, not for the outgoing eigenmodes.
MO0 + Zé}gﬂ’ = 3! When the eigenvalues; do not flip sign anywhere, one
i=1 sees that each eigenmode has precisely one boundary condi-

. tion. However, when a\; changes sign at a certain position
: = (64) in space it can happen that this eigenmode reqiwesr no
kt1 boundary conditions. This fact has important implications for

~k+1 k41~ k1 . . . .
Nip10p 0" 4 ZCi ot = §FF the discussion on critical points below.
=1

For the sake of simplicity | shall assume the source to consystCritical points

of only absorption/emission terms, ) . )
For certain specific values ¢f the determinant oB passes

0 through zero and flips sign. This is associated with a flip of sign

s = J— ozn,wo
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of one of the eigenvalues, i.e. with aflip of sign of the direction 8. The nature of the critical points

of flow of this eigenmode. Information along this characterist'LFhe case of critical points in the problem at hand is interwoven
cannot flow through that point, and the differential part of the. P P

equation becomes singular: the equation has a critical poin%’véﬁh the question of where to put boundary conditions in the

that position. By solvinglet B = 0 one finds that these pointsproblem. When there is need to put in a regularity condition
occurwheraé satisfies (Turolla & Nobili T988) at a critical point, somewhere a boundary condition must be

sacrificed, because when one solkes 1 coupled first order
P —0 69 differential equations one may only impoket 1 conditions
ir1(8e) = (69) . \ . .
to pick out the solution of interest. In the section on boundary

One can either have diverging or converging critical point§onditions it became clear that the total number of boundary

depending on the direction of information flow: conditions can differ from the amount of equations. The question
is whether it will be possible to sacrifice a boundary condition
,v; > 0 diverging critical point (70) whenever a critical point requires a regularity condition, and

what to do with the critical points in case one requires more
boundary conditions than the number of equations. To find this

By the definition of the characteristic velocitiesone sees that 0Ut: @ detailed study of the critical points is necessary. _
8,v; > 0 is equivalent tad, 3 > 0, andd,v; < 0 is equivalent As befor_e we take a medium _of .pure isotropic emis-
t0 9,3 < 0. So one has diverging critical points in divergingon/absorption. Ed.(64), after substituting Egl (66), becomes
fluid flqws (e.g. b!ack hple accret%)? apd converging critical M@y @™ + (O + ag)@" + Z Crgt = jn (75)
points in converging fluid flows (radiative shocks). n

The reason for the existence of these critical points is iden-

tical to the reason for the existence of sonic points in fluid do%;/e proceed by singling out the first equatian= 1 (which is

namics. The characteristic velocities of the radiation are cdp. ¢0ICe taken to be the equation that becomes critical), and
stant in the fluid frame, so that they are dragged along with tWﬁ call it the ‘critical equation’. Define.(,) to be the position
fluid. When the fluid velocity becomes larger than one of tHé€€ this equation becomes critical, i.e. wheréz;)) = 0.
fluid-frame characteristic velocities, the lab-frame value of thid'€ value o’ and the derivative ok, determine the behavior
characteristic velocity must flip sign. of w! close to the critical point, as will be shown below. Itis hard
To study this critical point it is best to work in the diagonalt0 derive a general expression 0%, because the complexity
ized version of the equations, EG.164). The critical point is noff the C and/A matrices. However, sinckis a constant matrix,
characterized by the vanishing of the differential part of one #te form of Eq.[(56) indicates that] must be of the form

O0,v; <0 converging critical point (71)

these equations. Let us take it to be the first equation, Cl = (e1 + d1B)720.8 (76)
R+l Thec,; andd; are numerical constants. Precisatythe critical
MOt + Z Clo' = & (72) point (i.e. forz = .(;)) this expression reduces to
1=1 _
~ k+4
Cl(xe(1)) = 57—=e(1)0: (77)

The critical point decouples the function!(z) to the left 2k +3

and the right ofx = Te(1)- At the critical point the first \where we define.(1) = 7(z.1y) andd, 3 is evaluated at..(;

eglljatlon kaeclomes a condition on the full set of eigenmodgs ye||. This expression was found by inspection and verified

(W, -, ) for a wide range of values af(ranging fromk = 1 to k = 12).

S a1 bl a1 Close to the critical point one can approximate the fluid

Ciw’ +--+Cpw™" =3 (73) velocity 3 by a linear functiond(x) ~ .1y + 0.6 ( — c(1))-
Then the eigenvalug; is simply approximated by

In general, this condition is not enough to prevent gx)

from becoming singular at that point. A1(@) > Ye(1) 08 (T — Te(1)) (78)
Turolla & Nobili (1988) solved this problem by adding an  Tpe equation foro!, Eq. [75) forn = 1, can now be writ-
extra regularity condition at this point ten more explicitly. If we divide this equation by,)d,,3, we
obtain

(= e(1))0pd’ — G ()0 + ) Q) B’ ~ Ky(z)  (79)
(for any value ofz) to forcew' to be well behaved there. How- i1
ever, this does not always solve the problem of such Criti%heregl(:ﬂ) 0! (x) and K ()
points, as | shall argue below. ¢

Dyt =a (74)

are defined as

&(x) = —(CHa) + au(@)7, ) (0:0) ! (80)
® The definition of ‘diverging’ used here refers to the radial velocity)1 (z) = cl (x)v‘l (0,3) " (81)
pattern. While black-hole accretion is converging in a global sense, thé ! e(1) A

radial stream lines diverge: they accelerate towards the hole. Ki(z) = jl(x)'y;(i) (0.08)7" (82)
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The function€2! (x), K1 (z) and¢; (x) are smooth differentiable 8.2. Converging critical points

functions ofz. At the critical point itself£; (x) has the value For a converging critical point (i.€l,3 < 0) the ¢, might be

either positive or negative (see Hg.J83]). Wheyps is suffi-

ciently small compared to the inverse mean free path¢the

_ positive and the solution remains regular at the critical point.

The equations fofi? - - - w**! remain as they are in EQ.(75),This implies that no regularity condition needs to be imposed

forn # 1. The values of, - - - A\; . ; are non-zero at = x.(1). here since all solutions converge to the same value at the critical
To study the behavior of solutions arouné- z.;) we seek point. In fact, what remains of the differential equation pre-

approximate solutions of the set of equatiohs] (75 witi 1) ciselyat the critical point (numerically the equation connecting

combined with Eq[(79) in the limit of — ;). The most the grid pointsz; andz; 1),

rapidly diverging approximate solution is of the form

w'(z) = Az — xc(l))fl + f1(z) (84)
WP (x) = Ang (& — 2,1)) " + fo(2) (85)

k+4 oy

&) == gp=5 - Ye(1)0u B

(83)

(Xe(1)028 + ag)" =
—Clu? — - = CF ! (91)

is a condition which has now become redundant. Any solution

= (86) will converge to the same value, making Eq.l(91) unnecessary.
~k+1 _ ~ _ £1+1 _ By removing this equation at this point, one can add an extra
@) = Al (@ = 2eq) T fe (@) ®7 boundary condition to the edges of the spatial domain. In fact,
where f;(x) are smooth differentiable functions, which wehis is everrequiredfor converging fluid flows, as was argued
do not specify any further. For convenience we wrgte= in Sect B, so consistency is once again guaranteed.
&1(wc(1)). The values ofy, - - - 7z, follow by substitutioninto  The behavior of the converging critical point changes when
the equations and taking the limit — z.;). The valueA one has large velocity gradients
is the free parameter of the homogeneous part of the approx- _
imate solution. The value that it actually acquires depends Qn%(l)% N 2_k + 3% (92)
the boundary conditions of the real solution, so that this value Oz k+4

remains undetermined within the scope of this analysis. But tiRen one hag; < 0 and the ‘solution’ Eq[(84) can become

shape of the approximate solution Eql(84) can teach us somiggular again. A regularity condition would be required, just
thing about the behavior of the real solution close to this criticgs in the case of diverging critical points, but this time it is

point: not possible to remove a condition from the boundaries. The

& < 0 Pole chance that that by good luck the amplitude of the singular mode
0 < & < 1 Infinite gradient (88) Wi.||. be prgcisely zero is slim, since by ir}tegrgting towards 'Fhe
1 < & Differentiable critical point an arbitrary small perturbation will grow and will

. ] eventually go to infinity when one reaches the critical pdint.
These three cases will be discussed below. is therefore very likely that no regular solution can be found for
such strong converging velocity gradierote that increasing

8.1. Diverging critical points & might help a bit, but for very strong gradientsyd,. 3 > 2,

the situation is hopeless.
Afurtherinterpretation of this peculiar phenomenonis given

£<0 (89) in Sect(®.

For a diverging critical point (i.e2,,5 > 0) one has

so it is expected that the solution may have a pole around h% _ .. . . .

critical point (see EqL]88]). In order to avoid this singularit)%' - Conwerging critical points for scattering media

(i.e. to forceA = 0 here) one must add a regularity conditiorThe above analysis can also be done for purely scattering media.
at this critical point, which is numerically something like  This involves one extra element. The source terms are now

Wy =,y (90) s* =0

1 _
where thej index refers to the spatial mesh point such that tHe ~—
critical point is in between; < z.(1) < zj41. Butaddinga := :
regularity condition requires the removal of one of the boundag§ = —a w” (93)

conditions. Fortunately, for diverging critical points the corre- i ) ) . '
sponding eigenmodes move outwards at both outer boundarYéI%?reO‘S is the scattering opacity. Due to the zero in the first

s0 no boundary conditions are required for these eigenmo&g&iation the transformation to the eigenbasis is not trivial any-
(see Seckl6), and everything is consistent. So we may conclffg®- The source terms in the eigenbasis become

that diverging critical points require a consistency condition at ;1
the cost of one boundary condition. This was described by No-
bili & Turolla (1988). D=

BV y o s

1. -1
= —Ila,w — 1 QW
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1= _Mlapt — . — Hgﬁasw’;“ (94) moments are used. It is this artificial interaction that can cause
. - _the solutions for the moments to become singular.
If we takew' again to be the one that goes critical at the point A qualitative understanding of these singularities can be
we focus on, then the ‘critical’ equation again becomes likshtained by considering the propagation of (radiative) infor-
Eq. (79), but now th&; is given by mation in the moment formalism. In this formalism, radiation
= 1 is described by moments as seen from a fluid frame observer.
k+4 IT; o - : o
- — (95) The characteristic propagation velocities of these moments are
2k+3  7e(1)0: measured with respect to this fluid frame. When the fluid has
a velocity gradients, the lab—frame characteristic velocities of
- these moments can flip sign at a critical point. In a converging
op _ 2k+3_, flow (0,8 < 0) the characteristic velocities point towards the
— e gy > T Mo (96) o e i
x k44 critical point. Radiative information may therefore artificially
; ; . ‘pile up’ at this critical point, leading to a singularity in the
The values ofl; are betweer; < I} < 1, and can be easily stationary solution. One could say that the radiation field gets

&L=

So the condition for the solution to become singular is

computed using symbolic manipulation programs. ‘shocked’ at the critical point. Only a sufficiently strong ab-
sorption or scattering can prevent such a catastrophic pile-up,
8.4. Non-trivial closure by removing radiative information faster than it is being trans-

d vial cl he ab vsis sh felréed towards the critical point.
In case on adopts a non-trivial closure, the above analysis should, , reality the information propagates with a constant veloc-

be redone,obut goles quite similarly. ConS|_der the case of t‘ﬂ’)‘?v — ccos 0, whered is the angle of the photon propagation

momentsw” andw” and a closure assumption with respect to the 1-D fluid flow. This characteristic velocity

w?(z) = f(z)w’(z) g7) hever Changes s_ign, so in reality these critical points (_and the
corresponding pile—up of photons) do not occur. The singular-

In this analysis | take the functiofi(x) to be a given function ities are therefore purely mathematical artifacts of the moment

of z. If one were to take to be a non-linear function af' /w® expansion.

then the analysis would be much more complicated. At a con-

verging critical point thef; (corresponding to the left-moving 10. Conclusion

characteristic in a fluid moving to the right) will have the form ) )
In this paper | examined the nature of the stationary frequency

4 1 { ) W} integrated moment equations for radiative transfer in relativisti-
=—1———|aq (98) : ,
Ye(1)0z3 28.1) Ox cally moving media. A plane—parallel geometry was chosen for
) i simplicity. A generalization to other geometries is straightfor-
So the solution goes singular when ward, and most likely does not influence the results significantly.
J&i Ye(1) Of | reviewed the analysis of Turolla & Nobili (1938) from a new
~ Ve g, > Og = 28.1) or (99) perspective and extended it to include an alternative kind of
critical point, which can appear in relativistic fluid flows with
and/or when a negative velocity gradient (e.g. radiation pressure dominated
Ye(1) Of relativistic shocks with a width of the order of a photon mean

(100) free path). This new type of critical point requires a different
treatment in numerical relaxation schemes.

When the velocity gradients are very strong, the solutions

9. Interpretation might exhibit singular behavior around these critical points,

The equations for the PSTF moments apparently have problevr’ﬁgle the real sqlutions of the radiativ_e tr_ansfer equation re-
dealing with strongly convergent flows such as strong relativisti ain regular. This pathological behavior is a consequence of

radiation dominated shocks. An attempt to solve the mom f!u|d—frame Legendre expansion of the transfer equauon,
%f is a purely mathematical artifact. The problem might be

> Qg
250(1) or

equations by using some numerical relaxation scheme mi . .
d Y g ved by choosing the observer frame independent from the

lead to singular solutions, even in cases where the real solu N d iring thi ¢ o h Hicientl
to the transfer equation is regular. uid frame, and requiring this new frame to have a sufficiently

The reason behind this peculiar mathematical phenomeﬁ@all velocity gradient. The introduction of this non-fluid-frame
is the fact that the fluid frame velocity artificially enters the left® slerver, Ih(()jwe\;]er, mhlght come ata ?}”%e' houah

hand side of the transfer equation Eqj. (5), when one expands his conclude ,t at the moment metno N thoug Very power-
equation in moments (Eq.J1L9]). In principle, photons do no ca apd ap_peallng for mpst problems, F“'ght ha}v'e @fﬂculty_ n
about the fluid frame velocity, until they have actual interactio%eac:'_ngtw'th problems involving negative relativistic velocity
with the medium (which is the right—hand side of the transf&f 2dI€Nts.

equation). Butin the moment expansion, the fluid velocity artifixcknowledgements. wish to thank V. Icke for his suggestions and
cially influences the radiation field, unless an infinite amount bfs continuous encouragement, and J. M. Smit for many interesting
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discussions on radiative transfer and critical points. Their suggestions The Pfaffian derivativagl,, working on a vecton® in the
for the manuscript have also been of great value. Also | wish to thafd¢;ad frame is defined W“va _ G,Lvderd B Herew?® -

the referee L. Nobili for his careful reading and his valuable criticisn&re the Ricci rotation coefficients. defined in this flat spagetime
Finally | thank C. Dominik for helping me with some numerical worI%S ' '

which triggered the analytical study presented here.

w“ug = e“,{aue”ﬁ» (A3)
Appendix A: notation and conventions In the present plane parallel Minkowskian setting | define
In this paper | use full units, and retdirandc. | use a Minkowski  the dimensionless velocity = v/c and the Lorentz factoy as
metric in a plane parallel setting of the form v=(1-p%)712

ds® = —c2dt* + da? + dy® + d2* (A1)
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