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Long-range correlation of thermal radiation
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A general theory is presented for the spatial correlations in the intensity of the radiation emitted by a random
medium in thermal equilibrium. We find that a nonzero correlation persists over large distances, compared to
the transverse coherence length of the thermal radiation. This long-range correlation vanishes in the limit of an
ideal black body. We analyze two types of systems (a disordered waveguide and an optical cavity with chaotic
scattering), in which it should be observable. [S1050-2947(99)50501-5]
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The Hanbury-Brown-Twiss effect is the existence of spa-
tial correlations in the intensity of thermal radiation by a
distant source. It was originally proposed as an intensity-
interferometric method to measure the angular opening of a
star [1], far less susceptible to atmospheric distortion than
amplitude-interferometric methods [2]. Two photodetectors
at equal distance r from a source (diameter a) will measure a
correlated current if their separation 4 is smaller than the
transverse coherence length d.=\r/a of the radiation from
the source at wavelength . The correlation function decays
with iIncreasing ¢ in an oscillatory way, with amplitude
o<(d, /d) [3].

The textbook results assume that the source of the thermal
radiation is a blackbody, meaning that at each frequency any
incident radiation is either fully absorbed or fully reflected.
In a realistic system there will be a frequency range in which
only partial absorption occurs. The purpose of this paper is to
show that, in general, for thermal radiation the correlation
function does not decay completely to zero, but to a nonzero
d-independent background value. This long-range correlation
is smaller than the short-range correlation by a factor (\/a)?,
and becomes dominant for d=r(\/a)'>. It contains informa-
tion on deviations of the thermal radiation from the black-
body limit.

The information contained in the long-range correlation is
most easily described when the source is embedded in a
waveguide (see Fig. 1). The waveguide has length L, cross-
sectional area A=a?, and supports N=27A/\? propagating
modes at frequency o, counting both polarizations. In the
far-field, and close to normal incidence, each mode corre-
sponds to a transverse coherence area (r\)*A Edf. The
source is in thermal equilibrium at temperature 7. The radia-
tion emitted through the left end of the waveguide is incident
on a pair of photodetectors, one detecting the photocurrent
1,(t) in mode %, and the other detecting I,(¢). Each photo-
cathode has an area equal to the coherence area or smailer.

The photocount n;=n;+ &n, (number of photons counted in
a time ¢) and the photocurrent I,=dn,/dt=1,+ SI, fluctu-

ate around their time-averaged values 7, and T,=n;/t. We
seek the correlation function

e | S
Cklzf 61k(t+ 7')51[([) dr= Iim;&nk(t)ﬁnl(t). (1)
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The overbar indicates an average over many measurements
on the same sample.

The advantage of embedding the source in a waveguide is
that we can characterize it by a finite-dimensional scattering
matrix S(w), consisting of four blocks of dimension N XN,

r t
(7 1)

A mode [, incident from the left, is reflected into mode &
with amplitude 7, and transmitted with amplitude ;.
Similarly, r; and £, are the reflection and transmission am-
plitudes for a mode [, incident from the right. Reciprocity
relates these amplitudes by ri=ry, ry,=ry. and t;;=t;, .

It has been shown recently by one of the authors [4],
using the method of ‘‘input-output relations’’ [5-7], how the
photocount distribution can be expressed in terms of the scat-
tering matrix. The expressions in Ref. [4] are for a single
multimode photodetector. The corresponding formulas for
two single-mode photodetectors are

® , ,adw _
Cy= oy fo [(QQT)kl(wﬂ‘[f(w,T)]'ﬁ + Sy

- * dw
1k=akf0 (0Nl @)f(0.T) 5, (3)

where o is the detector efficiency (the fraction of the pho-
tocurrent in mode k that is detected), and f is the Bose-
Einstein function

FIG. 1. Schematic diagram of a source (length L, diameter a)
radiating into an N-mode waveguide that is open at both ends. The
radiation leaving the waveguide at one end is detected by two pho-
todetectors at a distance r from the source, and separated by a
distance d. The photocathodes have an area below the transverse
coherence area d’=r%/N. We find that the photocurrents are corre-
lated even if the two detectors are separated by more than d, .
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The N XN matrix Q 1s related to the reflection and transmis- 08 108
sion matrices by 06 _/’. Jo6 s
T= Tyt by ! ¥
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The integial over w extends over a iange (), set by the 1 ~— -
02 T~ 402
absorption limew1dth, centeied at wy Typically, Q. <wy, so i
we can neglect the frequency dependence of N and f The ol v 0
matrix Q(w) for a random medium fluctuates on a scale w, 0 20 40 60 80
much smaller than {3, The mtegration over w then averages Ligy

out the fluctuations, so that we may replace the mtegrand by
its ensemble average, mndicated by (),

o« d —
Ckl:akalfzfo <I(QQT)kl(w)]2>—2_%+5kllk (6)

We evaluate the ensemble average using 1esults fiom
random-matiix theory [8] For a medium with randomly
placed scatterets, the ‘‘equivalent channel approximation’’
[9] has proven to be reliable According to this approxima-
tion, all N modes are statistically equivalent As a conse-
quence, for any k1, one has

N
<n<QQ*>2>=Ng1 (0", (00,0

=NN=1(QON W) +N(Q2N%) (1)
The average of ( QQT),fk factorizes 1n the large-N limut [8],

((00M20=((00N WU 1+O(N"’)]=N‘2<trQQ1>2(8)

The combmation of Eqs (7) and (8) gives us
(1(QQNul?)=N"%((Q0N?) ~N"*(u 0Q")*+ O(N—Z()9)

The eigenvalues 0,05, ,oy of the matix rri+zef
aie the ‘‘scattering strengths’ of the 1andom medium We
denote by oP=N"!3, 0% the pth spectial moment of the
scattering strengths According to Eqs (5), (6), and (9), the
cross correlator Cy; (k+#1) then takes the form of a varance,

agof* (= _ _ ., dw
Cu= kNLf .[Q ((0'2>”‘<<T>2)2*7; (10)
This 1s our basic 1esult for the long-1ange correlation an-
nounced m the mtroduction The mfoimation contained n
the cross correlator 1s the variance of the scattering strengths
The autocorielator, i contrast, depends entuely on the first
spectral moment,

o dw
— 202 =l s
Cuu=alf JO<1 G5 +Ty, (112)
- i _dw
Ik—akffo <l—0‘>§—’;, (11b)

where we have used Eq (8)

FIG 2 Long-range correlation C;; (solid line), in units of
Q. lf*a /N &, and short-range correlation Cy,— 1, (dashed line),
mn units of Q (Ife, /€y)?, of the radiation emitted from a disordered
waveguide (inset) A Lorentzian frequency dependence 1s assumed
for the dielectric function, with width €, and absorption length &,
at the center of the absorption line The mean-free-path [ 1s assumed
to be €&, The short-range correlation saturates in the himit L/&,
—o0, while the long-range correlation keeps increasing «In L/§,

The long-range conelation C,; of two photodetectors,
separated by more than a coherence length, 1s an order N

smaller than the short-range correlation C;;—1; of two pho-
todetectots sepatated by less than a coherence length (The
full value Cy, 15 measuted m a single-detector experiment )
The long-range correlation vanmishes if all N scatteting
strengths are the same, as they would be for an idealized
“step-function model’”” of a blackbody (o,=0 for
|o—wo|<Q,., and o,=1 otherwise) A random, partially
absorbing medum, n contrast, has a bioad distribution of
scattering strengths 8], hence a substantial long-1ange cor-
relation of the photocurient

As a first example, we compute the correlation for a
weakly absorbing, strongly disoidered medium The mo-
ments of rr' and #£7, appearmg n Eqs (10) and (11), have
been calculated by Biouwer [10] as a function of the numbei
of modes N, the sample length L, the mean free path /, and
the absorption length é= D7, (7, 15 the absorption time
and D=cl/3 1s the diffuston constant) It 1s assumed that
I/N<€l/§é<1, but the ratio L/&=s 1s atbitraty The 1esult 15

N

(52)——(@2:Ei coth3s— 3 +
3¢ sinhs  giph2s

+scoths—1 s (122)
— , a
smh3s smh?s
=5y =L o (12b)
( 0)—3§tan 5

To compute the correlators (10) and (11) 1t temains to
cany out the mtegrations ovel @ The fiequency dependence
1s governed by the imaginary pait of the dielectric function
£"(w), for which we take the Lorentzian &"(w)=gg[l
+(w—w) Q27! Since 7,= 1/wye”, the coresponding w
dependence of ¢ and s 18 &=sols=[l+(w
—w) Q" with &, and s, the values of & and s at
w=wy Results ate plotted 1n Fig 2 In the it L/§y— 0 of
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a thin sample, we have 025
1 020
Cu=7z Q(If* ey INE) (LI &), (13a)
45 015
(e
9 z
4 _ 010 ©
Ckk=ﬁﬂc(lfak/§0)2(L/§0)2+Ik, (13b)
005
-1 0
Ik=§ﬂc(lfak/§0)(L/§0) (13¢)
In the opposite limit L/&y— o of a thick sample, the cioss 012
correlator Cy; and the mean current T, both diveige loganith- 010
mically «InL/& The rato Cyu/(I,I)Y? tends to B
8 o008 s
(172N)fVara; n the laige-L limat, and the shoit-range cor- — =
telation C,,—1T, tends to $Q (Ifa,/&)?, which 1emams W 006 -
laiger than the long-range correlation because the limit N =z 004 5
— has to be taken before L— o © =
Our second example 15 an optical cavity filled with an 002
absorbing random medium [see Fig 3(a), inset] The radia- L

tion leaves the cavity through a waveguide supporting N
modes The general formula (3) applies with QQT=1—rrf
(since thete 1s no transmussion) The scattering stiengths
0,07, ,on 1 this case are eigenvalues of rr’ Then
distribution 1s known 1n the laige-N limut [11] as a function
of the dimensionless absorption rate y=27/N7,Aw, with
A w the spacing of the cavity modes neai frequency wy (The
quantity y 1s the ratio of the mean dwell time n the cavity
without absorption and the absorption time ) The moments
(o) and (a?) can then be computed by numerical mtegra-
tion Results aie shown m Fig 3, again for a Lorentzian
frequency dependence of £”(w) Unlike 1n the first example,
we are now not 1estiicted to weak absorption but can let the
absorption 1ate g at the central fiequency wq become aibi-
trarily laige For weak absorption, yp<%1, we have

Cu=41Q(fPara/N) v, (14a)

Cu=10farve)+1i, Ti=1Qcfaryvo  (14b)

For stiong absorption, yy>1, all three quantities C;;, Cyy
and T, diverge o« \[y, [see Fig 3(a)] The ratio Cp;/(I,T)"2

tends to 0 062f(a ) YY/N, and the ratio (Cp— 1)/, to
$fa, [see Fig 3(b)] The long-range conelation does not

907102 107 100 10' 102 10° 10°
Yo

FIG 3 Correlators of the radiation emutted from a disordered
optical cavity (inset), as a function of the absorption rate g, at the
center of the absorption line with Lorentzian profile (The absorp-
tion rate 18 normahized to the mean dwell ume) (a) Long-range
correlation Cy; (sohid lne), m umts of &, f*a /N, and short-
range correlation Cy—1; (dashed line), m umts of Q f2a; (b)
Same correlators, but now normalized by the mean photocurrent
(The left axis 1s 1 units of fva,a/N, the right axis mn units of
fayr ) The long-range correlation persists mn the limit yo—o be-

cause of partial absorption 1n the tails of the absorption line

vanish as yg— 20, because theie remains a tail of frequencies
with moderate absorption and thus a wide distitbution of
scattering strengths, even 1f the system behaves like an 1deal
blackbody for fiequencies near wg

In summaiy, we have shown that the thetrmal radiation
emitted by 1andom media contamns long-range spatial corte-
lations 1n the mtensity The long-1ange corielation has infor
mation on the spectral variation of the scattering strengths
that 1s not accessible from the luminosity We have analyzed
two types of systems in detail, providing specific piedictions
that we hope will motivate an expeirtmental search for the
long-range cortelation
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