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Hence:
Jo=4,+ X, + 2 l/AzXz cos (2w, —x,) ,

Also: .
]/Z cos (2w, —w,)

Hence, to the degree of approximation involved in

" the determination of Q , the function R is determined |

3k13]/A ;”zXz_gl_k_lz A—2_§k1
ny ny 2

R=——%I—@V
Us1
k

nq
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.j3=A3—{— X,+2]/4; X, cos (3w}—x3).

= I/A_a + ]/Ya cos (3w;—x3) .

‘ by the equation:

nq

Vm§gx3

4 222 [:lz_i{X2+ 2'[/A2X2 cos (2 wl—xz)} + %{Xﬁ— 2'|/ A, X, cos(3 wl—xs)}] ]/72 cos (2w, —x,)

k - —_— S - —
+ % n—ll?’ 2z [Z—i{Xz—}— 2]/ 4, X, cos (2w, —x,)} + ?{Xs—{— 2]/ 4;X,cos (3 wl—x3)}] 1/ Xjcos (3wi—xs) .
. 1 ,

From this relation the development of R as a gonio-
metric function of wy, x,, ¥ with periods 2w may easily |

be derived, valid to the degree of approximation
adopted. The term:

<k12 g ]/ .+ 3 k1s na l/AzZ> ]/ X2X3 cos (5w, —Xy—X3)

n, n 2 1y Ny

is especially important as the corresponding inter-
action allows the possibility of a secondary oscillation
of arbitrary period. Suppose as a special example
dwy o 1 dws
dw, 20’ dw,

x-argument, hence of the secondary oscillation, is ap-
proximately equal to twenty times the fundamental
period. ‘

—, then the period of the

6. Concluding remarks.

The theory developed in the preceding sections is to
a large extent general; it is not restricted to some
terms singled out in the goniometric development of
the function H; also it is independent from detailed
considerations on the internal constitution of the star
_in its “normal” static state. However, if a numerical
comparison with observation is intended, a definite
construction of the “normal state’ must be assumed:
especially important are the evaluation of the ratio
of the values of the function s: (.) at centre and sur-
face of the star, and also the values of the damping-
constants, closely related to the behaviour of these
s-functions. If EDDINGTON’s construction of the stellar

interior is made the base of the numerical analysis,
many results are available achieved several yearsago?).
However, the degree of concentration towards the
central regions of the star is a fundamental factor in
the determination of the functions s; as well as in that
of the damping-constants; hence it is necessary not to
bind up this determination too closely with a special
theory of the internal constitution of the star.

The general analysis has clearly shown which pe-

‘riods in the secondary oscillation may be expected:

very long (secular) periods, comparable with the
possibly-existing long period in ¢ Geminorum and
periods of moderate value, comparable with those
observed in cluster-type variables.

A determination of the amplitude of the oscillation
is not difficult if only a simple-periodic solution is con-
sidered; the analysis involved if the amplitudes of the
secondary oscillations are to be computed is very in-

“tricate, though well within reach of the known meth-

ods of celestial mechanics. However, the existence of
the upper-limit relation to a large extent replaces the
results of these computations and allows insight in the

“relation between the amplitudes of the first and

second harmonic in observed radial velocities.

On the theory ofanadiabatic star-pulsations: a continuation, extended and emended,

by F. Woltjer Fr | ?)

1. Two systems of simultaneous linear differential
equations are involved in the theory of the anadiabatic’
radial star-pulsationsif only first-order quantities are to
be considered. One system, the 7-equations, principally
determines the variations dr of the radius vector 7,
introduced by the two variables <Q> and (%>

T /cos sin

r

by the equation exhibiting the dependency on the

time-variable :
3 - or or\ .
T “t <—> co nt—l—<—> sinnig;
r T Jcos T /sin
1) Cf. Miss H. A. KLUYVER’s computatlons in B.A.N. No.
268, 276, 313.
2) See Note by the Editor on page 136.
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a is the damplng-constant 2T is the period. The other

system the V-equations, prmmpally determines the
deviations from adiabatic conditions by the intro-
duction of the variable 7 and the corresponding
functions V,,, and Vg, V being the excess in the

.

relative variation - of the temperature 7 over the

N )
value as function of the relative variation °P of the

: P
density p resulting from the adiabatic relation. As the
density p and the entropy = are the two independent
variables to be used in the determination of the physi-
cal state of the matter, the variable V is connected
with dn by the relation

‘ roT
V=75 0
In a former paper 1) the solution of the two systems
has been treated of by approximation with regard to

the anadiabatic parameter. However, the reaction of

the solution of the r-equations on the V-equations had
not been taken duly into account: the present note
contains an evaluation of its effect and the corres-
ponding reduction of the V-equations 2). Moreover,

the restriction of the “normal’’ state of the star to that |

or

3§ P , i

or J p or
Introduction of the assumed functional relation

or . . .
between - and ¢ transforms this equation into twe si-

multaneous equations with only 7 as independent
variable and @I) ’<3_r> s Veoss Vin as dependent
T /cos T /sin
variables; moreover the quantities » and « are intro-
duced, to be determined by the boundary conditions.
If ¥V and « are supposed to be zero the two equations
are reduced to one ordinary differential equation in-
volving the parameter n. A solution of this equation

exists, s(r), that satisfies the boundary condition at |,

the surface of the star and by appropriate determina-

tion of the n-value also the boundary condition at the |
centre; a second solution exists §(r) that is singular at |

the surface of the star as well as at the centre. These
two functions are related by the relation:

221 (645 509 constans
P 3{) dr dr = constant;

hence, the singularities of § at the centre r = o and the

1) B.A.N. No. 282.

2) The reduced V-equations have alrcady been used in
the determination of the damping-constant, several years ago,
by Miss H. A. KrLuyver (B.A.N. No. 313).
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usually denoted by the value 3 of the “polytropic
index” has been removed and asymptotic values of
the variables V. and V,, at the surface of the star
have been evaluated.

2. The r-equations are formed from the equatioﬁ
of variation corresponding to the fundamental hydro-
dynamical equation in the case of radial motion: '

2P o2y
3T g T g

P denotes the total pressure, g the acceleration of
gravity.

Variation of the variables involved reduces this
equation to the relation:

dOP or 9207
Sy T4 TP

and, as P is considered a function of p and #, to the

relation:
oP
(()3[0> or 3237*___3<§;aﬂ>
or o T TP T Jr )

Multiplication by the factor 73 reduces the equa-
tion to the form: :

28_7_’ L
AR NCY,
57 =3 { 5u ) n} .
stellar surface r = r, are apparent. The function

P éa_P’ usually termed Py, has the zeros of P; hence it is

evident that S has the singularities r—3 and (r—r_)~3.
The functions s and § are appropriate means to

. or or .
connect the functions <—> and <—> with V, = and
T Jcos T Jsin

the excess of n over the value used in the construction
of s and S. Here, only the dependency on Vis needed;

. I r.
the corresponding contribution to — st

r d /0P r 0 ~3P
Sf 3733—7(%8«0) dr—sf Sr3.a—r<ﬁa‘n> dr
r, )

rO
OP 7 dS ds\ -
£ pr<dr Sd—r>

This expression may be transformed by partial in-

| tegration intO‘

r
dris fBPa a,(Sr)d

P (sr
_sf dud T

oP ds S(E
pr< dr a’r>
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Restriction to large values of the anadiabatic para-
meter further reduces this amount to the asymptotlc
value:

’ 1 1P
yr, ] P o

o

on dr.

This contribution to ¥ belongs to a higher order

L

N r
of approximation; however in 77
r

dp

the contribution is effective; in ~£ the value is:

dp

1 0P
I—)ﬁ—an.

‘<|»—1

o . . 0T : .
The contribution in —~ equals this amount multi-

T
d by 227 g
plied by T35 " Hence the whole V-term in 7 1
equal to:
_aiczﬁ )
14 T35 \; P nan ,
hence to:
poTa
Ty |
‘T oar ("
P p T on
hence to:
OPOT 9TOP
76 9%~ 9 %
OPOT
3

As2P_(2P\ L (AP\AT P _@P\ T
op _<3p>T <§7’>p op ’ﬁ_<3_T>p A’

the coefficient of Vis equal to:

| 2P » .
hence, as (W)T =% p denoting the gas-pressure,
b4

. oT. .
the whole V-term in o 1s equal to P—y V.

1o P
My,

\{|H

The V-contribution in i is equal to 5

’ﬂ

Nl
U

n

© Astronomical Institutes of The Netherlands e
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From the fundamental relation:

P

T dn— d(U,+ Us) — e

Uy and U; being the energy of radiation and the ther-

. .. oP.
mal energy per unit mass, the derivative +— is seen to

07
be equal to p . Furthermore the ratio of 2 gf
is equal to that of — { (U'—; UJ} + I_)z to 7.
dp . f

Hence the V-contribution in —- is equal to

12U+ )

?[F{ P U R

W; T is equal to — % hence to

(P—p) op
PZ

, the V-contribution in ?

is equal to

3. The formation of the V-equations requires the

lue of — IL,
value of 7=,
per unit of time outwards through a sphere with
radius 7. The absorption-coefficient is supposed to be
proportional to p T-3. Hence:

L being the amount of energy passing

T
3L, 31 or | T4
T,—‘*T_—“L Tt aT

The whole V-te;m in ,SLL

V) +

L;
L,
the adiabatic values of 53_r %

" hence is equal to

st4b

Ti(ilb

a'TyP V"

nd 5_T -
It is to be remembered that the precedmg analysis
only refers to asymptotic values of the quantities in-
volved: the anadiabatic parameter is supposed to be
large. The V-equation may now be formed from the
equation that expresses the conservauon of energy:

oL, 0

7 A VR

¢ is the rate of generation of energy per unit of mass
and time, M, is the mass inside the sphere with radius
r; the variation of ¢ with p and T will not be taken
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into account. Then:
3 9Ls oL,
oL, oL, L, 0 dn

= 0.

oo, I, L aa, T T a

The first term, being of no importance, may be
omitted; then the V-equation results:

36L1:,+47TP Tzrzﬂb__r/_v___o‘
—_— oT dT 9 )
oT L—;

Substitution of the functional relation between V-

and ¢ reduces this equation to two simultaneous or-
dinary differential equations:

LEIDEN
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oL
d(——') 4mp T?2r% dr _
_L’ﬂ—l_ 3T 471" n Ve =o.
dT Ly PP
d<aLLr'>‘ gnp Tipdr
St

The variables (%{—") ’@Lﬁ) consist of the two

terms: a V- contribution and an adiabatic part. Substi-

tution of the two terms and transposition of the adia-
batic parts to the right-hand members reduces these
equations to the form:

b
4+ 45 2 .2
i%Ti<z£Vm>+ 3 §+4“PT’ﬁnVsin=__d_%<aL')§ ,
dT dT }’ P 7 L'BT dT dT Lf cos / adiabatic
4+42 :
da T—d—‘<E£V>+ 4PV) 4mp T?r% dr n v __ié(&lq)
dT dT 7 p 7 Sins LraT dT s aT \ L',sin adiabatic'

4. The coefficient of V,;, in the left-hand members of

sin
cos

the V-equations is asymptotically proportlonal to T,

the value of 3 being equal to

U+ T
)

The valie of ~ 2
vy P

to the value in the outer part of the stellar interior.
Hence, the equations may be made more homo-

may be taken as constant, equal

geneous by multiplication with the factor y g T; then

the coefficient of Vg, is a dintensionless quantity. A

d? Z,, 1\ Z oo

ge — (F =) 22 -
d2 Zsin I Zsin )
dE (“'Z) g T2 le =

d .
The operator 7

changed into 7 4 by the relation:

dr

4 _ <£ ﬂ) ;4

dg  \rd&/ dr’
As only asymptotic values are needed the derivative
with regard to 7 is to be taken at the surface of the

in the right-hand members may be

2
5
2
5

1dr
star:atr=r_.The factor—

[

new independent variable £ may be introduced by
. . . 2
equating this coefficient to —2-5 g2

— 25

4mp T2r2n drﬂ {B(U-I—U:)} .
- N 7 - S
0 2

L, X T’ D) oT
. P .
Denote the coeflicient 4 <?’ + 1) by 54 and. intro-

duce the new dependent variables Z . and Zg, by
the relation: °

-

V=E& 7.

Then the V-equatlons are transformed into the

cos / adiabatic

g % <8L—I;r>§m %adiaba’tic.

7

\& %l& :

g -3

P,
°
P

"

KW

;dE is proportional to £~
the factor of proportionality depends on the anadia-
batic parameter, hence.is a small number.

Then the right-hand members of the dlfferentlal

equations are equal to:

P EZ dr d % aL t)“Ll
<L> g Iio
( T /.cos adxabahc .

sin r=r,

dr

Ty ra’

© Astronomical Institutes of The Netherlands * Provided by the NASA Astrophysics Data System


http://adsabs.harvard.edu/cgi-bin/nph-bib_query?1946BAN....10..130W&amp;db_key=AST

FT94BBAN.  © .-107 “I30Wh

134

The solution of the equations may be expressed in

terms of the right-hand members with aid of the solu-
tions of the homogeneous equations; the necessary
relations have already been worked out in the former

paper 1).

5. The solution of the homogeneous equations may
be constructed following the theory of the differential
equation of BEsseL; only that solution is needed which

has the singularity é‘_) EIt may be made to
depend on an auxiliary function F ‘(x) by the re-
lation:

—8ucoséu F(u) du,
Usintu F(u) du,

the limits of the integrals to be determined presently.

Then the homogeneous differential equations are |

satisfied if the function F (x) is a solution of the differ-
ential equation:

w1 %L+

dF o

ﬁ -+ (I — A ) F=o 5

the integrations being performed from a positive value
ofuthét makes (u2—1) F(u) and (1—u?) fi% —uF(u)

zero to the value u > o0 .

The differential equation is satisfied by each of the

. _— + )
functions (|/ulz/— 12+ %) . The function
u2—1
]/u2——1—|—u ]/u2—1—[—u)_x
F ]
W) = [/ u—1

and the lower limit of integration u = 1 satisfy the
necessary conditions.

This solution of the homogeneous equations is at
the surface of the star, as far as regards the terms of
lowest degree in &, equal to:

N

2} E%_)‘fe

.0

-
u" " ldu.

—y cos
sin

The value of the integrals may be evaluated in the
usual way: they are equal to

cos} T
sin .
4

6. The computation of the values of ¥V, and
V4o at the outer boundary involves the integrals

) 31“(1)

1) B.A.N. No. 282.

LEIDEN
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[¢ %z a¢;

sin

the functions Z introduce the integration with

| regard to the variable «. If the order of integration is

changed these integrals are reduced to the values:
N N !

-z o3
ga’uf xc-os}xx sdx;

[
I o

as A is positive the 1ntegrals are convergent at the

limits x - o, u > .

The first 1ntegral may be evaluated in terms of the

I'-function:
; r( )T ()
[Fayu?-tdu=2""¢ 8
r(» _>
1 < +5
Hence:

D|>—'

IE
olH

[e -tz ae=2
° s

(e D0

(_Eddr
7. The factor <— — d_£>,=,°

from the equation that defines the variable &:

g4mp T?r2n dr o(U, + Ui) 25
L dT7p 3T §o. 27

This relation shows the value of the ratio

J— 5 A

£2: <r°r r) at the boundary of the star to be equal to
8 p r'n <ﬂ>“ PHYyo (U +U)l
2575 L \dr) 7} 3T Sp’

this value is connected with the factor to be com-

puted, by the equation:

. -\ r d&
hmgz<ro_r> —< dr)r——r

25

must be computed

.. dT. .
The derivative——in tlie outer part of the starisequal

dr
7{ P g; m is the molecular weight, R the ab-
solute gas-constant. Then the limiting Value consider-
ed is equal to:

2%,(%)4 fofg 7 @35 <I~%ﬁ); ’

the limiting value of % in the outer part of the star has

to — —

been denoted by f3; the energy per unit volume of the

radiation in thermodynamic equilibrium has been

denoted by a7T*%. Denote the constant of gravitation
*
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