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Dynamic effect of phase conjugation on wave localization

K J H van Bemmel, M Titov, and C W J Beenakkei
Instituut Lorentz Unwessiteit Leiden PO Box 9506 2300 RA Leiden The Netherlands
(Received 22 October 2001 published 26 April 2002)

We investigate what would happen to the time dependence of a pulse 1eflected by a disordered single mode
waveguide 1f 1t 18 closed at one end, not by an ordinary murior, but by a phase-conjugating mirror We find that
the waveguide acts like a virtual cavity with resonance fiequency equal to the working frequency w, of the
phase conjugating mirtor The decay 1n time of the average power spectrum of the reflected puise 1s delayed for
fiequencies near wqy In the presence of localization the resonance width 1s 7, Yexp(—L/l), with L the length of
the waveguide, [ the mean free path, and 7, the scattering time Inside this frequency range the decay of the
avelage power spectrum 1s delayed up to tmes r==7,exp(L/l)
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I. INTRODUCTION

The 1eflection of a wave pulse by a random medum pro
vides msight mnto the dynamics of localization '=* The re-
flected amplitude contamns rapid fluctuations over a broad
1ange of frequencies, with a slowly decaymg envelope The
power spectrum a{w,?) charactenizes the decay in time ¢ of
the envelope at frequency w In an infinitely long waveguide
(with N propagating modes), the signature of localization,> ¢

(a(w,t))yct™? for t>N*7,, (1)

18 a quadiatic decay of the disoider-averaged power spectrum
(a), which sets 1 after N* scattermng times 7,

The decay (1) still holds over a bioad range of times 1f the
length L of the waveguide 1s finite, but much gieatei than the
localization length §=(N+1)! (with [=c7, the mean free
path) What changes 1s that for exponentially large times #
> 7.exp(L/l) the quadratic decay becomes more rapid
ocex_})( —constXIn%) This 1s the celebiated log-normal
tarl "~!! We may assume that the fimte length of the wave-
guide 1s realized by terminating one end by a perfectly re-
flecting murror, so that the total reflected power 1s unchanged

In this paper we ask the question what happens 1f instead
of such a normal muror one would use a phase-conjugating
murror 1213 The 1nterplay of multiple scattering by disorder
and optical Phase conjugation 18 a 1ich problem even in the
static case 4716 Here we show that the dynamical aspects are
particularly stiking Basically, the disordered waveguide 1s
turned 1nto a virtual cavity with a resonance frequency wy set
by the phase-comjugating mirror

We present a detailed analytical and numerical calculation
for the single-mode case (N=1) For times > 7, we find
that a(w,t) has decayed almost completely except in a nai-
1ow frequency range <7, 'exp(—L/I) atound wqy In this fie-
quency range the decay 1s delayed up to times ¢
=7,exp(L/l), aftet which a log-normal decay sets in The
exponentially laige difference in time scales for the decay
neai wq and away from wg 1s a signature of localization

II. FORMULATION OF THE PROBLEM
A. Scattering theory

A scattering matiix formulation of the problem of com
bmed elastic scattering by disorder and inelastic scattering
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by a phase-conjugating mirio1 was developed by Paasschens
et al > We summanize the basic equations for the case of a
single propagating mode in the geometry shown mn Fig [ A
single-mode waveguide 1s closed at one end (» =0) by either
a noimal muior o1 by a phase-conjugating murror Elastic
scattermg n the waveguide 1s due to random disorder m the
tegion 0<<x<L For simphcity we consider a single polar-
1zaton, so that we can use a scalar wave equation

The phase-conjugating murtor consists of a four-wave
muxing cell 213 Two counterpropagating beams at frequency
wg mix with an incident beam at frequency wgy+ w to yield a
1etroreflected beam at fiequency wg—w (for w<wy) The
muxing 1S due to the presence 1n the cell of a medium with a
large third-order nonlinear susceptibility (e g, BaTiO; or
CS,)

For x> L the wave amplitude at frequencies w. = wg
* w 15 an mcoming or outgomng plane wave,

u(r,t)=Re ¢"exp[ —th+(x—L) — 10110+ (y,2),
(2a)

”?:ur(;»f)=Re pTexpliks(x—L)—1wt]h+(y,2)
(2b)

Here k+=ky* w/c 1s the wave number at frequency w- ,
with ky the wave number at wy and c=dw/dk the group
velocity The transverse wave profile . (y,z) 1s normalized
such that the wave cariies unit flux

The 1eflection matrix 1elates the incoming and outgoing
wave amplitudes, according to

o O

O
o} o O()

FIG 1 The geomeuty under mvestigation consists of a single
mode waveguide with a murror at x=0 It can be a normal mirror o1
a phase-conjugating murror There ate randomly positioned ob-
stacles between x=0 and v=L
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¢+ out r++ r+_ ¢+ m
L] Tlroy ro_ ]\ &7 3)

The reflection coefficients aie complex numbers that depend
on w They satisfy the symmetty 1elations

It+(w):’+—(_w) (4)

If theie 1s only teflection at the muior and no disorder, then
one has simply

Fog 1a- _621k+L 0

by r__| 7T 0 —e kL )
for a normal mirro1 and

Pt Fe_ 0 _ leZle/r

oy F__ = leZtLa)/( 0 (6)

for a phase conjugating miio1r opeiating m the regime of
ideal 1etroreflection (We will assume this regime 1n what
follows )

We wish to detetmine how the reflection coefficients are
modified by the elastic scattering by the disorder For this we
need the elastic scattering matiix

rot
Sz(,r r') ™)

The reflection coeffictents r,r’ and ttansmission coefficients
t,t" describe reflection and transmission from the left or fiom
the right of a segment of a disoidered waveguide of length L
The matrix § 1s umtary and symmetric (hence t=¢') The
basis for S 1s chosen such that r=¢'=0, #(* w)=e*+L
the absence of disorder The relationship between the coeffi-
ctents 1 Eqs (3) and (7) 1s?°

ri_(o)=ri(—o),

res(@)=r'(@)+1(o)[1=r"(-w)r(o)]”'r*(- w)i(w),
(82)

re—(@)=—u(w)[l1-r"(-o)r(w)]™'t*(-w), (8b)

for a phase-conjugating mirror For a normal murror theie 18
no mixing of frequencies and one has simply

rip(@)=r'(o)~tHw)[l+r(w)] o), (9a)
re—(w)=0 (9b)
In each case the matrix of 1eflection coefficients 1S unitary, so

lr++(w)'2+|”+—(w)12: (10)

B. Power spectrum

We assume that a pulse o §(z) 1s mcident at x=L [cone-
sponding to ¢y =1 for all w m Eq (2)] The reflected wave
at x=L has amplitude
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2dw
o) =Ree ™0 [ "2 {(r, (@) 41, (@)le™
Iy} a

+Z (@) +rZ(w)]e'} (11)

(We have suppiessed the transveise coordmates y,z for sim
plicity of notation ) Using the symmetiy 1elations (4), we can
tewiite this as

» dw
”oul(f):Ree_mO’f_ 2_7;["++(w)+”+—(w)]€_“m
(12)

The time cortelator of the 1eflected wave becomes
Uoy()ugy(t+1")

v dw (* dw'

! r_ 1!

:%Reelwot J 5 J 3 et(a) a))tezwl
o T~ ar

X[rep(o)+re (o) { (0 )+17 ()], (13)

plus terms that oscillate on a time scale l/w, We make the
1otating wave approximation and neglect these 1apidly oscil
lating tetms The power spectium a of the reflected wave 1s
obtained by a Fouuer transform

a(w,t)=JW dt'cos[ (wo+ @)t Jugu(H) o (t+1")

»déw _ o
=Ref ——e (o, Sw), (14)

e 2T

where we have ntroduced the correlator 1n the frequency
domain

a(w,00)=¢[ri(0+dw)+r.(0+d0)][r},(v)

+ri_(w)] (15)

Integiation of the power spectrum over time yields, using
also Eq (10),

f dta(w,t)=Rea(w,w=0)

=1+1Rer;_(0)rf.(w) (16)

For a normal murror 7, _(w)=0 and a(w,fw=0)=1}, ex-
pressmg flux conservation For the phase-conjugating mirtor
there 1s melastic scattering, which mixes the fiequency com-
ponents w and —w The constramt of flux conservation then
takes the foim

a(w,w=0)+a(—w,w=0)=4% (17)

This follows fiom the symmetiy 1elations (4) and the untar-
ity of the 1eflection matiix Equation (17) implies that a(w
=0,0w=0)=1%

174203 2
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III RANDOM SCATTERERS

We assume weak disoider, meaning that the mean free
path [ 1s much larger than the wavelength 27/ky; The mul
tiple scattering by disotder localizes the wave with localiza
tion length equal to 2/ We consider sepaiately the case of a
phase conjugating mirtor and of a notmal muirol

A Phase-conjugating mirrox

We fitst concentiate on the degenerate 1egime of small
fiequency shift w and will simplify the expiessions by put-
ting w=0 fiom the statt We note that 7 , . (0)=0, 7, _(0)
= —1, as follows from Eq (8) and unitauity of the scattering
matrix (7) Using Egs (8) and (15), we atiive at the powei
specttum 1n the fiequency domain

a(0,60)= i{, (8w)+[1—1*(~ Sw)1 (5w)]~!

X[1}(8w)1*(= 8w) = 1t(Sw)t (= dw)]}
(18)

The scattering amplitudes have the polar decomposition 7

=R exp(t0), r'=+\Rexp(i6'), and r=1\1—Rexp[iu(6
+86], with R, 0,6 real functions of frequency The phase
6’ may be assumed to be statistically mdependent of R
(* dw), 8(* Sw), and untformly distributed i (0,27) (This
15 the Wigner conjecture, proven for chaotic scattering in
Ref 17) In this way only the last tetm i Eq (18) survives
the disorder average {( ),

tH(Sw)t*(— Sw)
I—ri(—dw)r(dw)
defined  Z,,={{(Sw)t? (- Sw)

m=0

4<a<0,5w)>=< >=E Z,, (19)

where  we  have
X[r¥(— Sw)r(w)]™)

The moments Z, satisfy the Berezmski recursion
relation'8 1

m

dL

l :’nz(zm+l+Zm—l—2zm)+(2m+1)(Zm+l—Zm)

+217,60(2m+1)Z,,, (20)

with 7,=1[/c the scattering time (The mean free path [ ac-
counts only for backscattering, so that the scattering time m
a kimetic equation would equal 3 7, ) The mitial condition 1s
Z,(L=0)=4,, InAppendix A we derive an analytical 1e
sult for {a(0,6w)) 1n the small frequency range In(l/7, Sw)
=L/[>]1 TItreads

(a(O,ﬁw))=%J dkik(—217,8w) ™ 12273712

XT3+ )T (A =1 T Y (1 + k)T~ Y uk)

Xexpl = (++k*)L/1) (21)

The mitial decay 1s detetmined by the contitbutions of the
poles at k=—3%1, =31, =31,
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FIG 2 Aveiage power spectrum for reflection by a disordered
waveguide (L/[=123) connected to a phase conjugating miriot
[solid curves, from Eq (21)] or a normal muror [dashed curves
from Eq (28)] The data points follow from a numerical simulation
There 1s no adjustable parameter 1n the comparison Notice the
much faster frequency dependence for the phase conjugating murion
(top panels), compared to the normal muror (bottom panels)

{a(0,6w))y=4%+417, 80 exp(2L/1) — & 72 wexp(6 L/1)
+0(dw?) (22)

The 1esult (21) 1s plotted mn Fig 2 for L/I=123 We
compare with the data from a numerical solution of the wave
equation on a two-dimensional lattice, usmg the method of
recurstve Green functions *° (The method of simulation 1s
the same as i Ref 15, and we refer to that paper for a more
detailed description) The agreement with the analyucal
curves 15 quite good, without any adjustable parameter The
Sdw dependence of {(a(0,6w)) for large L/l occurs on an
exponentially small scale, within the range of validity of Eq
@1

A Fourter ttansform of Eq (21) yields the average power
spectrum 1n the time domamn for In(#/7)>L/[>], with the
result

(a(0,0)y=§ X (LI1) ™3 exp(— LI4l) 7 2~ 12

3

X In(4¢/7,)exp[ — (1/4L)In*(4/7,)]  (23)

The leading logarithmic asymptote of the decay 1s log-
normal, OCexp[—(l/4L)lr121], charactenistic of anomalously lo-
calized states "~!!

These 1esults ate calculated for =0 and 1emam vald as
long as w<<Tt, 'exp(~L/l) This can be checked by perfoim-
mg a Taylor expansion m o of Eq (8), using the polai de
composition for 7,1',r We sull have 7, ,(w)=~0 and
14 _(w)~—1as long as wdbf/dw<€1—R In oider of mag-
nitude this coriesponds to 7,w<€exp(—L/l) This 1s the de
generate 1egime For 7,w>exp(—L/l) the power spectium

174203-3
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a(w,8w) 1s domiated by the tetm r'(w+ Sw)r ' *(w) The
decay of {a(w,dw)) then occurs m the 1ange 7,6w=<1 The
same 1s true fo1 the notmal mirior, which we consider 1n the
next subsectton The piesence of the muriot 1s now only of
impottance for very small o [In(l/7,8w)=L/{> 1], when
a(w,8w)~% For r,w>1 the avelage power spectium
(a(w,8w)) n the range In(1/7,6w)> L/l 1s the same as that
for a notmal mirto1, leading to exactly the same log-normal
decay 1n the time domain This 1s ptoven m Appendix B

B. Normal mirror

For compatison we discuss the known results for a disot
dered waveguide connected to a normal mirior mstead of a
phase-conjugating murror Since r, _ =0, one has fiom Eq
(15)

4{a(w,8w))={r, (w+ dw)ri (w))=R, (24)

The quantities R, ={[r, (0+ dw)ri (w)]™) satisfy the
Berezinskit 1ecutsion 1elation

deﬂ

lgi— =m*(Rp 41+ R —2R,)+217,60mR,, (25)
The 1n1tzal condition is R,,(L=0)=1 for all m The solution
for In(1/7,8w)=L/1 1s known* and gives the average powei
spectrum

(a(w,@w))z%\/—217'55(0(K1[2 V=217, 60]

1 o
+ ;f dk k smh(k)(3+ k)71

XKy [2V—217,8w]exp[ — (5 +k*)LI]],

(26)

with K a Bessel function [The result (26) does not require
L/l>1, m contrast to Eq (21) ] The mitial decay 1s domu-

nated by the contributions of the poles at k=—%1, —31,
3
—3,

(a(®,80))=4%+3i7,60LI— ;72 5w?exp(2LI1) + O(Sw?)
(27)

Comparison of Eqs (26) and (27) with Eqs (21) and (22)
shows that the decay 1s much slower for a normal murror than
for a phase-conjugating muror The characteristic fiequency
scale 1s larger by a factor exp(2L/l) So Eq (26) 1s not suf-
ficient to describe the entire decay of (a(w,ﬁw)), which oc-
cws m the range 7,6w=1 The decay m this range i1s ob-
tamed by putting the left-hand side of Eq (25) equal to zeto,
leading to>*

(a(w,b0))=7— 117,60 exp(—217,60)B1(217,5w),
(28)

whete E1 15 the exponential mtegial function The range of
validity of Eq (28) 1s In(1/7,dw)<<L/! and L/I>1 The ie-
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sult (28) 1s plotted in Fig 2 and 1s seen to agree well with
data fiom the numeiical stmulation

For In(#/7,)<L/l (and L/I> 1) one can peifoim the Fouiter
transform of Eq (28) to get the average power spectium m
the ttme domain®

(a(w,t))=37(t+27,)72% >0 (29)

It decays quadiatically ot~ for t/7,>1 Fo1 exponentially
long times ¢> 7.exp(L/l), one should mstead petform the
Fouiter tiansform of Eq (26) One finds that the quadiatic
decay crosses over to a log-noimal decay oexp
[ = (1/4L)In%],” the same as for the phase-conjugating mirio1

IV. CONCLUSION

We have shown that the interplay of phase conjugation
and multiple scatteiing by disorder leads to a diastic slowing
down of the decay in ume ¢ of the average powel spectium
{a(w,?)) of frequency components w of a reflected pulse
The slowmg down exists 1n a nartow fiequency 1ange around
the characteristic frequency wg of the phase-conjugatmg mu
101 (degenerate 1egime) If w 1s outside this fiequency 1ange
(nondegenerate 1egime), the power specttum decays as 1ap-
1dly as for a normal mirio

The slowing down can be mteipieted m terms of a long-
lived 1esonance at wg, which is induced m the 1andom me
dium by the phase-conjugating mirtor This resonance 1s
known fiom 1nvestigations of the static scattering
properties > The resonance 1s exponentially nartow,
T, lexp(—L/1), n the presence of localization (with 7, the
scattering time, L the length of the disordered 1egion, and [
the mean free path) The resonance leads to the exponentially
large differences in tune scales for the decay of the power
spectrum 1n the degenerate 1egime and the nondegenerate
1egime

We have restiicted the calculation m this paper to the case
of a single propagating mode, when a complete analytical
theory could be provided We expect that the N-mode case 1s
qualitatively similar An exponentially large difference
time scales «exp(L/§) for the decay in the degenerate and
nondegeneiate 1egimes provided the medium 1s localized [ L
laige compaied to the locahization length é=(N+1)!] In
the diffusive 1egime we expect {a(w,?)) to decay on the time
scale of the diffusion ttme 7,(L/l)? The difference with the
nondegenerate 1egmme (or a noimal murtor) 1s then a factor
(L/1)?* stead of exponentially laige

In final analysts we see that phase comjugation gieatly
magnifies the difference 1in the dynamics with and without
localization Indeed, 1f thete 15 no phase-conjugating mirior
the marn difference 1s a decay «¢~ V2 1n the diffusive 1egime
vetsus £~ 2 1n the localized 1egime,® but the chaiacteristic
time scale 1emains the same (set by the scattering time 7,)
We theiefoie suggest that phase comjugation might be a
promusing tool in the ongoing exPeumental seairch for dy
namuical features of localization »#
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APPENDIX A: POWER SPECTRUM IN THE FREQUENCY
DOMAIN

We show how to artive at the 1esult (21) staiting fiom the
1ecuision telation (20) We assume In(1/7, dw)=L/I1>1 Ttis
convenient to wotk with the Laplace transform

2,00= [ Few-amz,m) @y

of the moments Z,, The tecuision 1elation (20) transforms

into
)\Zm(x) - 5111 0:"12[Zm+ 1()\) +Zm— 1()\) - sz()\)]
+(2m+D[Z, 41 (M) =Z,,(M)]

_B(2117.+ I)Zm()\)’ (AZ)

with = —2i7 0w
For small | 8| and laige m this equation can be wiitten as
a differential equation

L PZ(m,\) dZ(m,\)
m +2m

om? om

~(AN+2Bm)Z(m,\)=0,
(A3)

whete m 1s now consideied to be a continuous variable The
solution of Eq (A3) 1s

Z(m,\)=C(\,B8)(Bm) ™K 1max(2\28m)  (Ad)

PHYSICAL REVIEW B 65 174203

The factor C(A, ) 1s detetmined by matching to the solution
of Eq (A2) for Bm—0, m—w, which has been calculated
m Ref 25 The 1esult 1s

CONB)=4mB T (5 +1VI+4XN)
XTI+ 5 VL+40T S VL+4))

Xexp[3v1+4Nn(B/8)] (AS)

To obtamn the power spectium (19) we teplace the sum
over m by an mtegiation, with the tesult

el

Z,(\) =27~ PT2(+ 1 1+4))
0

xT(3=LJ1+4M)T 11
FEVITHANT AT +4))
Xexp[+v1+4XIn(B/8)] (A6)

Theie aie poles at A\=n(n+1), n=0,1,2, , and a branch
cut starting at A=—1/4 When doing the nveise Laplace
transform we put the mtegiation path m between the poles
and the bianch cut The final result 1s given by Eq (21) The
1eason that we need the condition L//>1 1s that Eqs (A4)
and (A5) ate only correct for m>1 The fiist teims 1 the
sum 2, _Z, ate important for L/I=<1, but can be neglected
for L/ 1

m=

APPENDIX B: EQUIVALENCE OF NORMAL AND PHASE-CONJUGATING MIRROR IN THE
NONDEGENERATE REGIME

We show that the aveiage power spectrum (a(, dw)) 1 the 1ange In(1/7,8w)> L/ 1s the same for a normal murro1 and a

phase-conjugating mirior in the regime 7,w>1

First we consider the normal mirtor One can wiite {@(w,dw)) m terms of R, 4, 6’, usmg the polar decomposition and Eqs

(9) and (15) Only two terms survive the average over 6,

4 a(w,00))={r'(o+ 5a))r’*(w))+<

(B1)

tH w+ Sw)t* (w)
[1+r(w+dw)|[L+r(w)]]

The first teim 1s also present for the phase-conjugating mirior, so we only need to consider the second term This term can be

written as

nm

P (w+ dw)t** (w)
[1+rw+dw)][1+r(w)]

=> (= D)"Y w+ 0) P (o) (w+ Sw)r*(w))

=2 (tHw+ 8w)t* (w)r'"(w+ dw)" (o)), (B2)

wheie we have avelraged over € m the last step

Now we consider the phase-conjugating mirior 1n the 1egime 7,w>1 In that tegime the phase 6(w) 1s imdependent of the
phase 0(—w) The power spectium a(w,Sw) can agamn be wiitten m terms of R, 6,0' [Eqs (8) and (15)] Only thiee teims

swvive the aveiage ovel 8(* w), 6 (w),

174203-5
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Hw+dw) (—o-dw)t**(w)i(—w) >

750) . ' 5 [
Halw.00))=(1"(w+ Sw)r (w)>+<[l—r*(—w—5w)1(w+5w)][1—/(——w)1*(w)]

(B3)

[1=r'(—w—bw)i(w+éw)][| -1 (—w) ()]

The first term 1s also present for the notmal mutior Fot 7w 1, #(w) 1s independent of #(— w) The second term 1s then much
larger than the thud teim because of the laige fluctuations m the localized regime (L>!) The second term can also be wiitten
as

+< Ho+ 8w)tt (—w—dw)t' ()t~ ) >

o+ 6w)i (—w—6w)t** (w)i (—w)
[~ (—w=dw)i{w+dw)][l—1(—w)(w)]

= {0+ 6w)>*(0)1"(0+8w)1 ™ (@)1 (= )1 " ¥ (~ w— dw))

=2 {0+ 8w)**(w)1(w+ 5w) ™ (0)) (1" (~ w)1 "1 (— w—w)) (B4)

Comparison with Eq (B2) for a normal mirior shows that the two expressions are the same as long as we can 1eplace
(;”“(—w)r”“’ (—w—3Jw)) by 1 for the ielevant tetms 1n the summation over n It 18 now convement to write 1 "(w
+8w)1"* (w)=R"(w)[1 ~C(w,w)]" The average over {r(w),1 (w+ dw),t(w),t{w+ Sw)} 1s dominated by configutations
whete the transmuttance 7 1s large Fot small dw this cortesponds to configurations whete 1 —R(w) and |C(w, w)| ate much
larger than typical values of these quantities For these dommating configurations the number of ielevant terms in the
summation over 7 15 1elatively small and for these 1elatively small n we can replace (1" (= @)1" "' (—w—Sw)) by I We
therefore conclude that for small dw, the average power spectrum {a(w,Sw)) 1s the same as for a normal murtor The above
aigument breaks down if (1" (= w)r"* 17 (— w— Sw)) starts to deviate fiom 1 for the 1elevant terms m the summation This

18 the case for In(l/7,dw)=<L/!
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