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Nonlogarithmic Repulsion of Transmission Eigenvalues in a Disordered Wire
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An exact solution is presented of the Fokker-Planck equation which governs the evolution of an
ensemble of disordered metal wires of increasing length, in a magnetic field By a mapping onto a
free-fermion problem, the complete probability distribution function of the transmission eigenvalues
is obtained. The logarithmic eigenvalue repulsion of random-matrix theory is shown to break down
for transmission eigenvalues which are not close to unity.

PACS numbers: 72.10.Bg, 05.60,+w, 72.15.Rn, 73.50.Bk

Level repulsion is the phenomenon that the eigenval-
ues of a large Hermitian matrix with randomly chosgn
elements have a small probability for close Separation.
The importance of this mathematical fact for the physi-
cal properties of a complex quantum mechanical System
was first noticed in 1955 by Landau and Smorodinsky
[1]. In the absence of correlations among the matrix ele-
ments, the probability for close Separation of two eigen-
values E and E' vanishes äs \E' — E\@. (The number
β equals l in a zero magnetic field and 2 in a time-
reversal-symmetry breaking magnetic field, while β = 4
in zero field with strong spin-orbit scattering [2].) Math-
ematically, level repulsion originates from the Jacobian
J = IIt<j \EI —Ει Ρ of the transformation from ma-
trix space to eigenvalue space. Wigner [3] introduced
the notion of level repulsion äs a "force" by interpreting
the Jacobian äs a Boltzmann weight, J = e~@w, with
W = — Σι<3 In Ej — E% . This Interpretation of the en-
ergy spectrum äs a one-dimensional gas of logarithmically
repelling classical particles in equilibrium at temperature
ß~l is the essence of the Wigner-Dyson random-matrix
theory.

The analog of level repulsion for transmission eigen-
values formed the basis of Imry's 1986 theory of uni-
versal conductance fluctuations (UCF) [4]. (The trans-
mission eigenvalues Tn, n = l,2,...,N, are the eigen-
values of the matrix product ttf, with t the N χ Ν
transmission matrix of the conductor and N the num-
ber of scattering channels at the Fermi level.) By com-
puting the Jacobian from the space of scattering matri-
ces to the space of transmission eigenvalues, Muttalib,
Pichard, and Stone [5] formulated a random-matrix the-
ory (RMT) of quantum transport, along the lines of the
Wigner-Dyson RMT of energy levels. This new Jacobian
J = rit<j l λ? ~~ λ»|^ takes the same form äs for energy
levels in terms of the ratio \n = (l — Tn)/Tn of reflec-
tion to transmission eigenvalues. By postulating that all
correlations among the transmission eigenvalues are due
to the Jacobian, one arrives at a probability distribution
P of the form P = «/Πι /C^)· All microscopic param-
eters (sample length L and width W, mean free path l)
are contained in the single function /(λ). This strong
assumption could be justified by a "maximum entropy

principle" in the quasi-one-dimensional (quasi-lD) limit
L 3> W of a wire which is much longer than wide [5-7].
As in the case of the energy levels, P can be written äs
a Boltzmann weight,

u(A t ,Aj ) = — ln |Aj — λ, (Ib)

with V = —ß 1 In / playing the role of a confining po-
tential.

It was originally believed that the distribution func-
tion (1) was in exact agreement with the diagrammatic
perturbation theory of UCF [8], which for a quasi-lD
conductor yields a variance

VarG/Go = ± 3-1 (2)

for the sample-dependent fluctuations of the conductance
G (in units of G0 = "2e2/h). However, recently it was cal-
culated [9] that Eq. (1) yields a coefficient ^ instead of ̂
in Eq. (2) mdependently of the form of V(A). The differ-
ence between | and ̂  is tiny, but it has the fundamental
implication that the interaction between the A's is not
precisely logarithmic, or in other words, that there exist
correlations between the transmission eigenvalues beyond
those induced by the Jacobian. What then is the correct
distribution function? Is it still of the form (1) but with a
nonlogarithmic u(Xt, X·,)"? Or is there a many-body inter-
action u(Ai, A 2 , . . . , Ajv) which cannot be reduced to the
sum of pair interactions? That is the problem addressed
in this paper.

Our analysis is based on the Dorokhov-Mello-Pereyra-
Kumar equation [10] for the evolution of the eigenvalue
distribution function in the ensemble of disordered wires
of increasing length,

dL
d r_r_/-ip<->\ " ' (3)

where 7 = ßN + 2 — ß. Equation (3) has to be solved
for the ballistic initial condition lim£_>o P = Y[l6(Xi)·
The complicated differential operator on the right-hand
side (rhs) of Eq. (3) is the Laplacian (Laplace-Beltrami
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operator) in the Riemannian space of transmission eigen-
values [11]. An essentially equivalent "supersyrametry
formulation" of the diffusion process described by Eq.
(3) has been given by lida, Weidenmüller, and Zuk [12].
The significance of Eq. (3) is that it satisfies a central
limit theorem for multiplication of Isotropie transfer ma-
trices [6,13]. The isotropy condition restricts its validity
to quasi-lD geometries L 3> W. Mello and Stone [14]
have shown that for these geometries Eq. (3) yields re-
sults for the average conductance and its fluctuations in
precise agreement with diagrammatic perturbation the-
ory.

Because of the strong coupling between the ./V degrees
of freedom, it has so far only been possible to compute
from Eq. (3) the first two moments of the conductance
[14,15]. This is not sufficient to determine the form of the
eigenvalue interaction, which requires knowledge of the
complete distribution function. Previous work in this
direction was restricted to the case 7V = l of a single
degree of freedom [16]. Here we wish to announce that
we have succeeded in solving Eq. (3) exactly for β = 2
and arbitrary 7V.

The solution proceeds in four steps. The first step is
to transform from the transmission eigenvalues Tn to a
new set of variables x„, defined by

Tn = l/cosh2xn. (4)

The physical significance of the χ variables is that L/xn

equals the channel-dependent localization length of the
conductor [6]. Since Tn e [0,1], xn £ [0, oo). Substitut-
ing \n = sinh2xn, one finds from Eq. (3) that the prob-
ability distribution of the χ variables satisfies a Fokker-
Planck equation with constant diffusion coefficient,

Ω = — V"^ In l sinh2 x3 — sinh2 x,| — — ̂  ln(sinh 2xt),
KJ t

where we have defined s = L/l.
The second step is to map the Fokker-Planck equation

(5) onto a Schrödinger equation by means of the Substi-
tution

This is a Variation on Sutherland's transformation [17],
which we used in Ref. [18] in a different context. Substi-
tution of Eq. (6) into Eq. (5) yields for Φ a Schrödinger
equation in imaginary time,

9Φ_
(7)

H= - — ,
sinh22x,

ß(ß - 2) ^ sinh2 2x-, + sinh2 2xz

,, -cosh2x t)
2 '

. .
( '

- l ) - -7V(7V-l ) (7V-2)—. (9)
'7 v v '67 v

For a particular ordering of the xn's, the function
Φο oc exp(— |/?Ω) is an eigenfunction of the 7V-fermion
Hamiltonian Ή with eigenvalue U [since e~^ is an s-
independent solution of Eq. (5)]. Antisymmetrization
yields the fermion eigenstate

(10)
CJ *ί-ζ.|

with C a normalization constant.
The third step is to relate the 7V-fermion Green's func-

tion G({xn},s {yn}) of the Schrödinger equation (7) to
the solution P({x„}, s {yn}) of the Fokker-Planck equa-
tion (5) with symmetrized delta-function initial condition

l N

P({xn}, 0 | {yn}) = Τ7Γ V Π δ(χ* ~ Ifc,)· (u)/V l ' -** jL JL.

' π ι=1

The sum in Eq. (11) is over all 7V! permutations of
l, 2 , . . . , 7V. Eventually, we will take the limit {yn} —> 0
of a ballistic initial condition, but to carry out this limit
correctly it helps to first consider the more general initial
condition (11). The functions P and G are related by a
similarity transformation,

P({xn},s\{yn}) = Φο({ϊη})σ({χη},5|{2/η})Φο1({2/η}).

(12)

For β = 2 the interaction term in Eq. (8) vanishes identi-
cally, reducing W to a sum of single-particle Hamiltonians

47V 47V sinh2 2x -

It might be possible to solve also the interacting Schrö-
dinger equation (7) for β = l or 4, by some modification
of techniques developed for the Sutherland Hamiltonian
[17,19], but here we will only consider the simplest case
β = 2 of broken time-reversal symmetry. The spectrum
of HO is continuous, with eigenvalues ε = fc2/47V. The
(real and normalized) eigenfunctions are

(14)

where Pv(x) is a Legendre function. The single-particle
Green's function GQ(X, s \ y) is

(15)

The 7V-fermion Green's function G is a Slater determi-
nant of the GQ'S,

Us
G({xn}, s | {yn}) = — Det G0(x„, s ym), (16)

where Detanm denotes the determinant of the 7V χ 7V
matrix with elements anm.
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The fourth step is to take the limit {yn} —> 0 of a ballistic initial condition. The zeros of the Slater determinant
(16) for ym —> 0 cancel the poles of Φ^ ({Un}) in Eq. (12), äs one can see by expanding G Q ( X , s \ y ) in powers of y.
Wefrnd

lim P({xn}, s | {yn}) = C(s) JJ(sinh2 x., - sinh2 xj JJ sinh 2xt
{!/n}->0 _ ^

\
tanh(^fc)fc2m~1 Pi ( i fc_i)(cosh2x„) j , (17)dk e

with C(s) an x-independent normalization constant (such that P is normalized to unity).
The solution (17) holds for any s and 7V. It can be simplified in the regime l <C s <C N of a conductor which

is long compared to the mean free path l but short compared to the localization length Nl. This is the metallic
regime [20]. The dominant contribution to the integral over k in Eq. (17) then comes from the ränge k -^ (N /s)1/2 ^>
1. In this ränge tanh(^fc) — > l and the Legendre function simplifies to a Bessel function, Pi(li._1)(cosh22;) — >

(Ix/ sinh 2α;)1/2 J0(kx), provided χ » (s/N)1/2. The k Integration can now be carried out analytically,

/

o

.

where Lp(x) is a Laguerre polynomial. We then apply
the determinantal identity

= c[](x
2 - x2),

with c an x-independent number [which can be absorbed
in C(s)]. Collecting results, we find that the general so-
lution (17) simplifies in the metallic regime to

P({An},S) = C(s)exp[-

u ( A i , A j ) = -^ln|A., - A,| - τ?1η

V(\,s) = £-l

with β = 2. Equation (20) is similar to Eq. (1), but
differs in the eigenvalue interaction u. For A -C l (i.e., for
T close to unity) u(A t, A.,) —> — In |A,, - A t | , so we derive
the logarithmic eigenvalue repulsion (Ib) for the strongly
transmitting scattering channels. However, for A PS l the
interaction (20b) is nonlogarithmic. For fixed Az -C l,
-ίί(λί, A j ) äs a function of A., crosses over from — In [A. ,—A z |
to — ̂  In |Aj — Aj| at Aj w 1. This answers the question
raised in the introduction: The eigenvalue interaction
(20b) is still a two-body interaction, äs in Eq. (Ib), but
it is different for weakly and for strongly transmitting
scattering channels. For weakly transmitting channels it
is twice äs small äs predicted by considerations based
solely on the Jacobian, which turn out to apply only to
the strongly transmitting channels.

The reduced level repulsion for weakly transmitting
channels should yield an enhancement of the conductance
fluctuations. To check this, we have computed the two-
point correlation function

where p(x) = Σι δ(χ ~ χ·ΐ) ig *ne eigenvalue den-

(18)

P({xn}, s) = C(s) H [(sinh2 x3 - sinh2 x t)(x2 - z2)]

(19)

We now transform back from the variables xn to Xn =
(l - Tn)/Tn Ξ sinh2xn, and write Eq. (19) in the form

Σ

\J

1 / 2-arcsinh2AJ

1 / 2 |,

(20a)

(20b)

(20c)

sity [21] and (· · ·) denotes an average with distribu-
tion (19). We compute K(x,x') according to the gen-
eral method of Ref. [9], by solving the integral equa-
tion -f™dx'i>(x')u(x,x') = φ(χ). The solution ψ(χ) =

/0°°dx' ßK(x, χ')φ(χ') then yields the function K(x, x') in
the large-/V limit. (This limit corresponds to the regime
of validity of the diagrammatic perturbation theory of
UCF [8].) We find

K(x, x') = g(x - x') + g(x + x'),
l T"00 k cos kx

g(x] ^ ^ / OiK

= _LRe[(a; + iO+)-2-(x

· -,
l + cotanh^Trfc)

• ιπ)

The variance of an observable A of the form A = ]
(a so-called linear statistic) is obtained from

/•OO /ΌΟ

VarA = - / dx / dx'a(x)a(x'}K(x,x').
Jo Jo

Substituting Eq. (22) we find

(22a)

(22b)

la(xl)

(23)
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VarA = cifc
- cotanh(^fc)'

/•oo

a(k) = 2 l dxa(x)coskx.
Jo

(24)

(25)

To obtain the variance of the conductance G/Go =
£)4Tt we substitute α(α;) = l/cosh2x, hence a(fc) =
7rfc/sinh(i7rfc), hence

= 4 /
Jo

dk = 5 x π. (26)

in agreement with Eq. (2) for β = 2. In contrast, Eq.
(1) gives a smaller coefficient | instead of ̂ . The dif-
ference is so small because only the weakly transmitting
channels (which contribute little to the conductance) are
affected by the nonlogarithmic interaction (20b). In the
same way we can compute the variance of other transport
properties [22].

In summary, we have shown that the repulsion between
transmission eigenvalues in a disordered metal wire is re-
duced for weakly transmitting scattering channels. Re-
placement of the logarithmic level repulsion (Ib) by the

nonlogarithmic interaction (20b) yields conductance fluc-
tuations in precise agreement with diagrammatic pertur-
bation theory. Between λ <^ l and λ » l the repulsion
is reduced by simply a factor of 2, suggesting that there
might be a symmetry explanation hiding behind the ex-
act solution.

This research was supported in part by the Dutch Sci-
ence Foundation NWO/FOM.

Note added.—We have learned that Chalker and
Macedo [23] have also obtained the result (22) for the
large-7V limit of the two-point correlation function in the
metallic regime. (The functional form of the level interac-
tion was not obtained.) Their method of solution of Eq.
(3) is approximate, but works for all β € {1,2,4}, while
our solution is exact, but restricted to the case β = 2.
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