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Force and weight distributions in granular media: Effects of contact geometry
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The influence of the local contact network on interparticle forces and effective particle weights is studied in
simulations of two-dimensional packings of frictionless, Hertzian spheres. The weight distrilfewon
changegqualitatively when approaching a boundary and differs for regular and irregular packings, while the
interparticle force distributiofP(f) is robust. We provide examples whePéw) at the boundary, which is the
quantity probed experimentally, deviates substantially fre(f) in the bulk. Discrepancies between the
P(w)’s predicted by they model and measured in experiments are due to differences in the contact geometry.
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A crucial property of granular materials is their heteroge-tween bulk force and bottom weight distributions. For pack-
neity [1]. In particular, the strong fluctuations of interparticle ings in which many bottom particles havg=1, however,
forces and the organization of the largest of these in tenuouée bulk force and bottom weight distributions are similar.
force networks have recently attracted considerable attention We will focus on frictionless, Hertzian spheres under
[2—9]. The most basic characterization of the force networkgravity. The particle-boundary forces are then purely verti-
is the probability distribution of the contact forces. Measure-cal, and we will refer to their magnitude as the effective
ments[2—6], numerical simulation§7,8], and theony9] all ~ weightW of a particle. To allow comparison to tltemodel,
find that force distributions decay exponentially for largewe define the effective weight also for bulk particlese
force[10], albeit with nonuniversal exponents. The behaviorFig. 1(b)]:
for small forces is less well settled but relevant: it may indi-
cate archind11] or jamming[12]. -

In this paper, we will unravel the effect of the local con- WiEmjg+<2i> (Fij)z- @
tact geometry on the distributions of interpartiébece Fand
effective particleweight W the weight is defined as the sum
of the vertical components of all downward pointing forces

on a particlesee Fig. ib)]. While the distribution of forces associated with the particles that exert a force on paricle

F is the primar j ne ultimately wish har riz . ’
s the primary object one ultimately wishes to characte efrom above. In the following, we rescal® and F to their

it is difficult to access experimentally. In experiments where

particle-wall forces are measured by means of imprints ondverage values at a certain height; we write the rescaled

carbon papef2—4] or force sensorg5] one probes the weights and forces aw andf with distributions(w) and
weightof the bottom particles. The weight is also the primeP(f)' . -

qguantity described by thg model, which is a lattice model we W'” pr_obe P(w) and_ P(f) by examining boundary

in which weights are randomly redistributed over a fixed?ﬁeCtS In an wregglar packingFigs. 2 z_and B and by study-
number of supporting graif®]. ing a re_gular packing wh(_ere the packing order can be broken

Our central point is that while the distribution &f is by curving the boundargFig. 4). Our framework can now be
robust, the distribution oW is profoundly influenced by the summarized as follows. The geometry_ of the contact network
contact geometry, in particular e number of downward Nas @ strong effect of(w), but P(f) is very robust. The
pointing contact forces n This has the following conse- Weight distribution for particles with a givem, , 7, (w), is
quences. robust and behaves ag'=~* for smallw. P(w) can be de-

(i) The bulk and bottom weight distributions are qualita-
tively different due to geometrical effects: on an average -
is smaller for bottom than for bulk particl¢see Fig. 1a)]. (a) ’

(i) For small weights, the weight distribution of the ‘
model is qualitatively different from distributions observed h
experimentally; this is due to the fixed contact geometry :
(fixed ng) of the g model. A

(iii) The distributions of bottom weights and bulk forces \11171\A iad
are in generatlifferent regular contact geometries or highly
compressed packindg] exhibit substantial differences be- G, 1. (a) Detail of a typical packing in our simulations; the

heighth denotes the distance from the bottom. The force network is
represented by the black lines whose thickness represents the force
*Present address: Department of Physics, University of Warwickmagnitude(b) Definition of interparticle force§ and weightw for
Coventry CV4 7AL, UK. a particle withn,=2.

Here m; denotes masgy denotes gravitylfij are the inter-
particle forces, and the sum runs owves “up” contacts,
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FIG. 4. (a),(b) Packing and force networks in a weakly polydis-
perse packing near a flat bottdia) and a curved bottorttwo circle

FIG. 2. (@ The weight distributionP(w) at various heights Segments of radius 20 glued togethéb). (c) Distribution of
between 10 and 30 in the bullopen circles for 2<h<3 (full welghtsP(_W) on the flat botton{solid line), convex curv&_ad bottom
curve and at the botton{dots. Inset: (W2> which quantifies the (da_shed ling and.the concave curved botto(dotted ling. The
width of P(w) as a function of heighh. The sharp transition of various shapes originate from the corresponding s, pa}: {0,'00'
P(w) near the bottom is clearly visibléb) P(f) in the bulk(open 010 0.99, {0.02, 0.39, 0.58 and{0.04, 0.46, 0.5) respectively.
circles and for the layer-to-layer forces near the bott@ots; the (d) P(f) in the bulk (1 ranging from 10 to ZDTor the flat, convex,
inset showsP(f) for bulk forces on a log-lin scaléc) Detail of a and concave bottoms; the inset shows B{¢)'s on a log-lin scale
typical packing showing dominance near the bottom of Iayer-to-(the curves are offset for clarity
layer forces(black lines to intralayer forcegwhite lineg in deter-
mining w. The numbers show the values wf for the respective
bottom particles(d),(e) Scatter plot of {;;,¢;;) for (d) the bulk
forces ande) the layer-to-layer forces near the bottom.

0 ) T

composed aP(w) =Encpnc73nc(w), WherepnC are the frac-
tions of particles that have.=0,1,2 ... “up” contacts.
Differences ofpnc between boundary particles and bulk par-

ticles, and between irregular and regulay (hodel-like
packings explain the differerf®(w)’s for these cases. When

0.9 0.9 po andp, are large, the total weight distributiorw) ex-
= (a) I (b) hibits a plateau at small weights and a slow decay at large
Pw)r Oo" "oO — 1Py 1 PW e e e 0Py weights; whenp, and p; become large;P(w) becomes
S, % P e 1P sharply peaked. In this wafg(w)’s small weight behavior as
0.3 ;OOI 4 .‘_..i\ o . ;P | 037 e == Py ] well as its exponential decay rate for large weig[6] re-
AN 9 L flect the packing geometry.
00~ 0.0 reees, (a) Numerical methodOur two-dimensional2D) pack-
090 1 2 w 4 090 1 2 w 4 ings consist of frictionless spher¢3D) under gravity; the
) (c) ) 5 (d) particles interact through normal Hertzian forces, where
P (W) hageet lew & 5 ] focd®? andd denotes the overlap distangks]. Unless noted
1 Q% 2 o q otherwise, the material constants and gravity are chosen such
03F * 1 031¢ Oob ] that a particle deforms 0.1% under its own weight, and the
M ; % particle radii are drawn from a flat distribution between
0.0 0.0 i 0.4<r<0.6. Masses are proportional to the cube of the radii.

6 1 2 w 4 0 1 2 w 4  Thecontainer has a width of 24, employs periodic boundary
conditions in the horizontal direction, and has a bottom con-
the bulk (open circleg and (b) at the bottom(dotg; the measured sisting of a fixed hard Support'. The data shown |n.th|S paper
bulk values for the fraction$po,py.p2,ps} in Eq. (3) are{0.01,  Were obtained from 11_00 reallzatl_ons of 1IBQ particles each.
0.11, 0.52, 0.3pand the bottom values af6.08, 0.46, 0.44, 0.g2  YVe construct our packings by letting the particles relax from
as explained after Eq3), we excluded the intralayer, almost hori- & gaslike state. . o

zontal forces at the bottonic),(d) When rescaled to the average  (P) Boundary effectdn Figs. 2a) and 2b), the distribu-
value for each distribution functior;(w) (c) andP,(w) (d) are  tions for the weight and interparticle forces are shown for
essentially the same in the bulkpen circley and at the bottom bottom(dots and bulk(open circles particles. ForP(w) we
(dots. observe a substantial difference between bulk and bottom

FIG. 3. (a,b Decomposition ofP(w) according to Eq(3) (a) in
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particles, and the transition between the bulk and bottonicutoff angle” is strictly 0°. Since the bulk is isotropic, a
behaviors is remarkably sharp: in the slicecR<3 (full cutoff angle of 13° leads to a change of the order of 15%, far
curve), the weight distribution is already bulklikg=ig. 2@  too little to explain the change @f; by a factor of more than
and insel. The force distributionP(f) is more robust; the 4. For simplicity, we therefore have kept a cutoff angle of 0°
only difference between bulk and bottom distributions is thejn the bulk.

change of the small peak arouiet 0.7 for bulk forces to @ The crucial difference between bottom and bulk are the
plateau forP(f) near the bottoniFig. 2b)]. It is intriguing fractions pn, Of particles that experience, other particles

to note that this change is reminiscent of what is proposed as . . )
an identification of thgamming transition[12]. The good pressing on them from above; tmﬁc(w) s obey Eq.(2) and

agreement betweeR(f)p, ik and PyorondW) for w=0.3 is ~ are very similar, except for a small difference between the
fortuitous and, as we will show below, due to the large frac-bulk and botton?;(w)’s for smallw [15].
tion of bottom particles that hawe,=0 or 1. The behavior ofP(w) for smallw is dominated by, and
Figure Zc) illustrates that due to particular geometry of a p1, but these fractions also affect the steepness of the tail for
packing near the bottom, the interparticle forces naturally”(w) via the normalization conditiongdw P(w)=1 and
divide up into almost horizontal intralayer forces and “layer- fdw wP(w)=1. A small value of IingvloP(w) leads to a
to-layer” forces. The distributions of the contact anglgs
are shown in Figs. @) and Ze) for bulk and boundary con-
tacts. In the bulk the contact angles are uniformly distribute

sharply peaked distribution that falls off with a large expo-
dﬁent[Fig. 2(a) for the bulk and Fig. &))], while a plateau at

: - o ) smallw leads to a slower exponential decay at langEFig.
and independent off|: our packing is isotropic. Near the 4 for the hottom and Fig. @]. The contact geometry af-
boundary, however, this isotropy is strongly broken: thefects the small weight distribution and hence, via the normal-

angles of the *layer-to-layer” forces between bottom par- iéation constraints, the exponential decay rate of the large-

ticles and those in the layer above are concentrated around.. o [10]
w13 and 2r/3. g :

Decomposition ofP(w). To understand the change of (c) Regular packings/Ve have seen above that the weight

P(w) near the bottom, consider the typical packing of Fig.diStribUtion,P(W) iS, very S,e”S‘“Ye to th? local packing ge-
2(c). The forces between neighboring bottom particles ar®metry, whﬂg the distribution ofmte:rparhcle forces is robust.
almost purely horizontal, so these hardly contribute to the ©F the particular example shown in Figs. 2 and 3, however,
total force on the particle from abovehe “weight” in Eq.  Poui(f) and Ppotion{w) look rather similar due to a large
(1)]. Thus, the average value of, the number of particles a@mount of particles witm=1. In order to provide an ex-
that contribute to its weight, is on an average lower at theemple whereP(f) and’P(w) are radically different, and to
bottom than in the bulk. Let us now argue wthe probabil-  test the robustness &f(f), we consider a packing of weakly
ity of finding a small value of w increases with smallgt n polydisperse particles, 0.42 <0.51. Above a flat bottom,
Consider Eq(1) for fixed n. and analyzeP, (w), the weight  the particles form an almost perfect hexagonal packftig.
probabilities restricted to particles of given. As long as ~ 4(&], while for a curvedbottom this order is brokefFig.
the joint probability distribution of the interparticle forces 4(b)]. The flat bottom leads to particles with mostly=2,
remains finite for small forces, it follows from a phase-spaceand indeedP(w)~w for smallw in agreement with Eq(2)

argument that [see Fig. 4c)]. For the curved bottom a dramatic change in
L the fractionsp,, and correspondinglyP(w) occurs [Fig.
Ne— — . ¢ . .. . .
Pnc(w)ocw for  w—0, 2 4(c)]. P(f) in the bulk are all indistinguishablEsee Fig.

4(d)] and very similar toP(f) in the strongly polydisperse

for all n.=1 [14]. The particles that do not feel a force from case[Fig. 2b)]: even major changes in the contact network
above haven.=0 and give ads-like contribution atW 4o o+ “eact the bulk ).

=mg; for deep layers this occurs for<1. In experiments, the differences between regular and ir-

To check the validity of this idea, we have determinedregular packings were found to be minii&3. However, the
P“c(w) both in the bulk and near the bottom Py deFerm'nmgexperimental data for regular packings shows evidence for a
n. for each particle and decomposing the weight distributiong peak atw=0, which indicates that there are=0, and
P(w) into the P, (w)’s, likely alson,=1 particles present. Even though the experi-
mentalpackingis regular, thecontact networks apparently
not, possibly due to friction and the hardness of the particles.

The regular packing also clarifies the discrepancy be-
tween theP(w)’s in measurements argimodel[9]. In such
In Figs. 3a) and 3b) we show this decomposition for the a lattice model, the weight of a particle is randomly distrib-
bulk and bottontP(w)’s, while P;(w) andP,(w) are shown uted overn, neighbors. In the simplest casg=2; the re-
in Figs. 3¢) and 3d). In determining the value ofi., we  sulting P(w) is then qualitatively similar to what we found
explicitly exclude the intralayer bottom contacts; for thefor the flat bottom; in particularP(w)~w for smallw [9].
strongly polydisperse packings, these correspond to anglekhis is due to the absence of particles with=1: in simu-
that deviate less than 13° from the horizontal. For our estifations of theq model with random connectivities, we found
mates of the bullpnc’s we do not exclude any forces, i.e., the a variety of P(w)’s with finite IimWwP(w) oncep;>0 [16].

PW)=2 pn P, (W). 3)
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Finally, note thatf;=qw in the g model is more like a con- the exponential tail of”(w); this steepening is clearly vis-
tact force, and thaP(f,) remains finite for smalf, [9,16].  ible in the data of Refl4]. . _ .

(d) PerspectiveOur message is clear: in experiments in 10 further test our framework in experiments, direct mea-
which the forces on a boundary are probed, one measuré&sirements of the fractions would be very welcome. Alter-
effectively the weight distributiorP(w) that is sensitive to  natively, one can directly influence these fractions by placing
the local packing near the bottom and whilpriori is dif- a layer of relatively small or large beads at the bottom. For
ferent from the robust force distributidd(f). Why P(f) is ~ small beadsp, andp, will be enhanced, leading to a large
so robust remains an intriguing open issue. P(w) for smallw, and a slow exponential decay for large

From the experimentally obtaing®{w), one can estimate Relatively large bottom beads will suppress and p; and
the fractionsp, and p; which dominate the small weight increasep,, etc.; the lim  P(w) is then suppressed, the

distribution. The height of the peak at=0, clearly present exponential decay becomes steep @&fd) appears strongly
in Fig. 5 of Ref.[3] and in Ref.[4] is given by po/Aw,  peaked. Sinc®(f) in the bulk is not influenced by a single

whereAw is the bin width. Ignoring this peak and estimating |ayer of boundary grains, this may be the simplest way to test
IimwlOP(W) gives the value ofp;P4(0); direct measure- our framework.

ments of p; would yield P;(0). Based on these consider- An important issue for future study is clearly the role of
ations, it seems that for most experimentally observed pacKriction and dimensionality. Our numerical study has been
Poottom(W) is similar toP(f) . (apart from as peak atw ~ recent studies indicatg8] that the coordination number for
=0). The same argument probably holds for recent simula3D Packings with friction is similar to those of 2D friction-
tions by Silbertet al. [17]. less packings. Qualitatively, the picture with which we have

However, in recent experimental data on highly deformedfdvanced is therefore expected to capture the realistic case of
packings of rubber beadd], a clear decrease in thepeak three dimensions with friction because our phase-space argu-
and lim, P(w) is visible. We think that these trends are MeNts are independent of dimension.

entirely consistent with a decreasegfandp, and increase We are grateful to Martin Howard and Hans van Leeuwen
of p, and p3, as expected for highly deformed packings.for numerous illuminating discussions. J.H.S. and E.S. ac-
Such changes in thg’s would also lead to a steepening of knowledge support from the FOM foundation.
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