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Abstract

A tunnel barrier 1n a degenerate electron gas was recently discovered as a source of entangled electron-
hole pairs Ilere we mmvestigate the loss of entanglement by dephasing We calculate both the maximal
violation Emnx of the Bell mequality and the degree of entanglement (concurience) C If the mitially
maximally entangled electron-hole pair 1s in a Bell state, then the Bell inequality 1s violated for arbiirary
strong dephasing The same relation Emx = 2v/1+ C? then holds as in the absence of dephasing
More generally, for a maximally entangled superposition of Bell states, the Bell imnequality 1s satisfied
for a finite dephasing strength and the entanglement vamshes for somewhat stionger (but still finite)
dephasing strength There 1s then no one-lo-one 1elation between Epa, and C
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1. Introduction

The production and detection of entangled paiticles 1s the essence of quantum information processing [1}
In optics, this 15 well-established with polanzation-entangled photon paus, but m the sohd state 1t 1emains
an experimental challenge Thele exist several theoietical pioposals for the production and detection of
entangled elections [2, 3] These theoietical works addiess mainly puie states The puipose of this aiticle 1s
to mvestigate what happens if the state 1s mixed Some aspects of this problem weie also considered 1 Refs
[4, 5, 6] We go a bit further by compaiing violation of the Bell mequality to the degree of entanglement of
the mixed state

The Bell inequality 1s a test for the existence of nonclassical corielations in a state shaied by two spatially
separated obseivers [7] It 1s called an entanglement “witness”, because violation of the mnequality implies
that the state 1s quantum mechancally entangled — but not the other way aiound [8] Moie precisely
while all entangled puite states violate the Bell mequality, theie exist mixed states which aie entangled
and nevertheless satisfy the mequality [9] A muxed state can aiise either because of the mteraction with
an enviionment (propel nmuxtuie) or because the detector does not differentiate among certain degiees of
fieedom of the entangled puie state (impioper nuxture) Generically, the loss of puiity of a state 15 associated
with a decease m the degiee of entanglement (although this 1s not necessaiily o)

Applications of these general notions typically mvolve polanzation entangled photon paus [10] The
transition fiom puie to mixed states, and the associated degiadation of entanglement, can be avoided quite
effectively m that context — even 1f the photons mteract stiongly with matter degiees of fieedom Fou
a diamatic demonstiation, see a recent experiment [11] and theory [12] on plasmon-assisted entanglement
transfer In essence, this 10bustness of photon entanglement 15 a mamifestation of the fact that linear optics
18 an excellent approximation even if the medium m which the photons propagate 15 strongly scattering and
absoibing
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The entanglement scheme that we will analyze here, proposed in Ref. [6], involves the Landau level index
of an electron and hole quasiparticle. The scheme differs from earlier proposals in that the entanglement
is produced by a single-electron Hamiltonian, without requiring Coulomb interaction or the superconductor
pairing interaction. We consider one specific mechanism for the loss of purity, namely interaction with the
environment. We model this interaction phenomenologically by introducing phase factors in the scattering
matrix and subsequently averaging over these phases. A more microscopic treatment (for example along the
lines of a recent paper {13]) is not attempted here. The mixed state created by this averaging is a proper
mixture. An improper mixture would result from energy averaging. We assume that the applied voltage is
sufficiently small that we can neglect energy averaging. Experimentally, both energy and phase averaging
may play a role [14).

2. Description of the edge state entangler

In Fig. 1 we illustrate the method to produce and detect entangled edge states in the quantum Hall effect
[6]. The thick black lines indicate the boundaries of a two-dimensional electron gas. A strong perpendicular
magnetic field B ensures that the transport near the Fermi level Er takes place in two edge channels,
extended along a pair of equipotentials (thin solid and dashed lines, with arrows that give the direction
of propagation). A split gate electrode (shaded rectangles at the center) divides the conductor into two
halves, coupled by tunneling through a narrow opening (dashed arrow, scattering matrix S). If a voltage
V' is applied between the two halves, then there is a narrow energy range 0 < € < ¢V above Er in which
the edge channels are predominantly filled in the left half (solid lines) and predominantly empty in the right
half (dashed lines).

®sB

I

Figure 1. Schematic drawing of the edge state entangler. Taken from Ref. [6].

Tunneling events introduce filled states in the right half [black dots, creation operator b;r (€)] and empty
states in the left half [open circles, creation operator cI (€})]. These are quasiparticle excitations of the vacuum

state |0)¢, corresponding to empty states in the left half and filled states in the right half. To leading order
in the tunneling probability the wavefunction is given by

1) = [ [(Vwl®)e + VT —w|0)e), (1)

£

|B)e = w2 el (e)7,b1(€)[0)e, (2)
47
v = UyrorytT, w=Tiy . (3)

The matrix «y is given in terms of a Pauli matrix,

A T N A W 4 TR U (4)
Og = 1 0 =01, y . 0 =02, z = 0 —1 =03,
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and the 1eflection and tiansmission matiices 7,¢ (These ale 2 x 2 submatiices of S) The state |U) 1s
a supeirposition of the vacuum state [0) and the entangled paiticle-hole state |®) Terms containmg two
paiticles o1 two holes are of higher order 1n the tunneling probability and can be neglected We also assume
that the applied voltage 1s sufficiently small that the encigy dependence of the scattering matiix need not
be taken into account

Dephasing 1s mtioduced phenomenologically thiough 1andom phase shifts ¢, (¥,) accumulated 1n channel
v at the left (1:1ght) of the tunnel bainier The 1eflection and tiansmission matiices tiansfoim as

11 11Dy
e 0 e 0
(8 Y e (52 ) o

By averaging over the phase shifts, with distuibution P(¢1, 2,11, 12}, the puie state (1) 1s converted into
a mixed state Piojecting out the vacuum contiibution (which does not contiibute to cutient fluctuations),
we obtain for this mixed state the 4 x 4 density matiix

<71],Y}T[>
Py 1 = W7 (6)

wheie () denotes the average over the phases The degiee of entanglement 1s quantified by the concurience

C, grven by [15]
Czlnax{o,\//\—l—\/)\,~\/j\«—\/z} (7

The A;’s are the eigenvalues of the matiix product p (o, ®0y) p* (0, ®0y), mtheorder Ay > Ay > A3 > N\
The concuiience 1anges flom 0 (no entanglement) to 1 (maximal entanglement)

The entanglement of the paiticle-hole excitations 1s detected by the viclation of the Bell- CHSH (Clauser -
Hoine-Shimony-Holt) mequality [16, 17] This 1equues two gate electiodes to locally mix the edge channels
(scatterng matiices Ur, Ur) and two paus of contacts 1,2 to separately measuie the cuent fluctuations
511, and 6Ir, (+ = 1,2) m each t1ansnutted and reflected edge channel In the tunneling 1egime the Bell
mequality can be formulated i tetms of the low-flequency noise correlator [5]

Cy = / " @t 5T 0075 (0) (8)

—0

At low temperatures (kT < eV') the correlator has the geneiral expression [18]

Cy (UL, Ug) = ~(*V/h) (9)

<UL7 tTU;> Z

2

We again mtioduce the 1andom phase shifts into » and ¢ and average the coirelatonr  The Bell-CHSH
parameter 1s

€ =|E(Ur,Ur) + E(UL, Ur) + E(Us,Ug) = E(UL, Ug)|, (10)
where E(U, V) 1s 1elated to the average contelators (C,, (U, V)) by

(Cll + Chy — C’12 - Cgl>
E= 11
(C11 + Cog + Cr2 4 Cay) (11)

The state 15 entangled 1f £ > 2 for some set of 2 x 2 unitary matiices Up,Up, U, U If € = 2v/2 the
cntanglement 1s maximal

3. Calculation of the mixed-state entanglement

We simplify the pioblem by assuming that the two tiansmission eigenvalues (eigenvalues of tt!) aie
wdentical T3 =T, =T In the absence of dephasing the election and hole then form a maximally entangled
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pair. The transmission matrix tg = T2V and reflection matrix ro = (1 — T)1/2V" in this case are equal to
a scalar times a unitary matrix V, V/. Any 2 X 2 unitary matrix €} can he parameterized by

o f e 0 cosf  siné et 0
fl=e < 0 e‘w‘><—sin§ cos§)< 0 e ) (12)

in terms of four real parameters o, 3,0,£. The angle £ governs the extent to which  mixes the degrees of
freedom (no mixing for £ = 0, 7/2, complete mixing for £ = 7/4).
If we set Q = o, V0, VT we obtain for the matrix v of Eq. (3) the parametrization

i w18
Y — eth2tie 0 ) cosf  siné e 0
v=e"VI(l T)< 0 grdr e ( —siné cosé 0 ewz—8 |- (13)
In the same parametrization, the matrix rtf which appears in Eq. (9) takes the form
, 1 —rex 0 3 —wp1—f8 0
b a0—00 — e cosf  siné e
r=e T(1-1) ( 0 gtz ) < —siné  cosé 0 e tis [ (14)

with e = Det V’. We have used the identity V'V = (Det V')(0, V0, VT)* to relate the parametrization
of rtt to that of 4. Note that
Tryyl = 27(1 — T) = TvrtitrT, (15)

independent of the phase shifts ¢, and ,.

To average the phase factors we assume that the phase shifts at the left and the right of the tunnel
barrier are independent, so P(¢y, dg, 11, %2) = Pr(é1, d2)Pr(11,42). The complex dephasing parameters
nr and npr are defined by

"= / d¢1/ déa Pr(d1, d2)e %, i = / dijy / dipo Pr(t1, h)e¥ ~¥2. (16)
The density matrix (6) of the mixed particle-hole state has, in the parametrization (13), the elements
cos? ¢ fircosésing  —if cosésiné  7ifpcos? €
1 N cossing sin? ¢ 1R sin? £ 77, cos £ siné (17)
=3 —fip cosEsing  —fjpfpsin? € sin? & —npcosé&sing
TR cos? ¢ frcosésing —fjcosEsiné cos? ¢

We have defined 7z, = nre” 2%, fip = nre**?. The concurrence C, calculated from Eq. (7), has a complicated
expression. For |nr| = |ngr| = 1 it simplifies to

C = max {0, ~%(1 —n?) + %\/16772 +2(1 ~n?)%(1 + cos 45)} . (18)

Notice that C = n? for & = 0.
For the Bell inequality we first note that the ratio of correlators (11) can be written as

1

E(UL,Ug) = TAT (T Ulo, U, rttULo, Uptrt). (19)
We parameterize

UlJZUL =720+ N0y +0p 0, =0 - T, (20)

Ubo.Up = np 04 + NRyo, + R0, = g G, (21)

in terms of two unit vectors iy, Aig. Substituting the parametrization (14), Eq. (19) takes the form

By, Ur) :lTr< nL ALV >< cos€  siné )( NR: TRVE )( cosé —siné )1 (22)

2 NLVL —NL.z —sing cosé IRVR —MR,z sin§  cos¢
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where we have abbreviated vy, =np ., +npy, Vp =R + 18R y.
Comparing Eqs. (17) and (22), we see that

E(UL,Ug) =Trp(hs - &) @ (Ar-5). (23)

(The transpose appears because of the transformation from electron to hole operatois at the left of the
barrier.) This is an explicit demonstration that the noise correlator (11) measures the density matrix (6) of
the projected electron-hole state — without the vacuum contribution.

The maximal value Epax of the Bell-CHSH parameter (10) for an arbitrary mixed state was analyzed in
Refs. [19, 20]. For a pure state with concurrence C one has simply Ena = 24/1 + C? [21]. For a mixed state
there is no one-to-one 1elation between &, and C. Depending on the density matrix, Emay can take on
values between 2Cv/2 and 2v/1 + C2. The general formula

gmax =2 VUl + U2 (24)

for the dependence of £,,x on p involves the two largest eigenvalues 1y, ug of the real symmetric 3 x 3 matrix
RTR constructed fiom Ry = Trpoi ® 07. For our density matiix (17) we find from Eq. (24) a simple
expression if |npl = |ng| = 7. It reads

gmax = ﬁ\/(l + 772)2 —+ (]. — 772)2 [¢le]] 45 (25)

4. Discussion

The result Epax = 2(1 +n*)1/2 which follows from Eq. (25) for £ = 0 was found in Ref. [5] in a somewhat
different context. This coiresponds to the case that the two edge channels are not mixed at the tunnel
bairier. The Bell-CHSH inequality Enax < 2 is then violated for arbitrarily strong dephasing. This is not
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Figure 2 Relation betwcen the maximal violation ., of the Bell-CIISH mmequality and the concuiience C calculated
from Eqs (18) and (25) for nuxing parameters £ = 0 (tniangles, no mixing) and £ = % (squaies, complete mixing)
The dephasing parameter 17 decreases fiom 1 (upper right corner, no dephasing) to 0 (lower left, complete dephasing)
with steps of 0 05 The dotted hne 1s the relation between Ema, and C for a pure state, which 1s also the largest

possible value of &4, for given C

327



VAN VELSEN, KINDERMANN, BEENAKKER

true in the more general case & # 0, when £nax drops helow 2 at a finite value of 7.

In Fig 2 we compare Enax and C for £ = 0 (no mixing) and § = 7 (complete mixing). For £ = 0 the
same relation Enax = 24/1 + C? between Eax and C holds as for pure states (dotted cuive). Violation of the
Bell mequality is then equivalent to entanglement. For £ # 0 there exist entangled states (C > 0) without
violation of the Bell inequality (Emax < 2). Violation of the Bell inequality is then a sufficient but not a
necessary condition for entanglement. We define two characteristic dephasing parameters 7e and ¢ by the
smallest values such that

Emax >2 for n>ng, C>0 for n>ne (26)

The number 7¢ is the dephasing parameter helow which Bell’s inequality cannot be violated; The dephasing
parameter 7n¢ gives the border between entanglement and no entanglement. From Egs. (18) and (25) we

obtain
. 5 — cos4€ — 2v/2/3 = cos A€ —1 + cosd€ + /2 — 2 cos4€ (27)
c =\ Ne = .

1 — cos4€ e 1+ cos4E

The two dephasing parameters are plotted in Fig. 3. The inequality ng > 7¢ reflects the fact that &,y is
an entanglement witness.

1 T T T r T T T
77 e e -]
e
- “*"“““":7’/ .

J_—_q:__:__:_-_: e Ne
O e L | [ I L ! 1
T T
0 8 4
¢

Figure 3 The Bell-CHSH inequality is violated for dephasing parameters 7 > ne, while entanglement is preserved
for n > ne. The shaded region mdicates dephasing and mixing parameters for which there 1s entanglement without
violation of the Bell-CHSH 1nequality.

In conclusion, we have shown that the extent to which dephasing prevents the Bell inequality fiom
detecting entanglement depends on the mixing of the degrees of freedom at the tunnel barrier. No mixing
(¢ = 0) means that the maximally entangled electron-hole pair produced by the tunnel bairier is in one of
the two Bell states ]

100 __L el
|¢a>—ﬂ(m>+e [11)), |¢)a>~\/§(|TT>+ [14))- (28)

(In owr case the Landau level index 1 = 1,2 replaces the spin index T, |.) Then theie 1s finite entanglement
and finite violation of the Bell inequality for aibitiarily strong dephasing [5], and moieover there is the same
one-to-one relation between degiee of entanglement and violation of the Bell inequality as for pure states.
All this no longer holds for non-zero mixing (£ # 0), when the maximally entangled electron-hole pair is in
a superposition of |¢,) and |1,-). Then the entanglement disappeais for a finite dephasing strength and the
Bell inequality is no longer capable of unambiguously detecting entanglement.
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