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We will present elementary scaling arguments focused on the thermodynamics in the proximity of the
guantum critical point in the cuprate superconductors. Extending the analysis centered on the Griineisen
parameter by Rosch, Si, and co-workers to the cuprates, we demonstrate that a combination of specific-heat and
chemical potential measurements can reveal the nature of the zero temperature singularity. From the known
specific-heat data it follows that the effective number of time dimensions has to equal the number of space
dimensions, while we find a total of six scaling laws governing the temperature and density dependence of the
chemical potential, revealing directly the coupling constant scaling dimension.
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The possible existence of quantum phase transitionith the universality clasgz, the dynamical critical expo-
(QPT’9 in a variety of condensed matter systems is attractnen) has to be equal to the number of space dimensidns
ing much interest. The cuprate high, superconductors The quantum (T=0) singularity resides elsewhere: the
have played a prominent role in this development since it haghemical potentiak. We find a large set of scaling relations
been suspected for a long tifmethat the state realized at the petween its temperature dependence and its density depen-
doping, where the superconducting transition temperature igence(i.e., the inverse electronic compressibilitwhile it
maximal (X)), is controlled by a continuous QPT. This sus- also relates directly to the doping dependence of the
picion is mainly motivated by the observation of the pseudogap scal&ss The chemical potential can be mea-
“wedge” in the doping(x) temperaturgT) plane set by the sured, in principle, with the required accuracy and such ex-
“pseudogap’Tsg(x)] and “coherencé’ [T ,(X)] crossover periments can decide if a genuine quantum phase transition
temperatures, bordering a “quantum-criticglQC) region s taking place in the cuprates.
characterized by power-law behaviors. It is believed that this Thermodynamics is, of course, in the first instance asso-
signals a QPT from a poorly understood “pseudogap” phaseiated with temperature. A classical phase transition is driven
at low dopings to a Fermi liquid at high dopings. Although by temperature, but this is profoundly different for a quan-
direct evidence appeared for the presence of scale invariantem phase transition. The QPT is driven by a zero tempera-
of the quantum dynamics in the QC regifhit,is unclear if  ture control parameter, and the path integral formalism
this “critical state” is truly critical in the sense that it is shows that temperature takes the role of a finite 5@e the
characterized by universality and hyperscafin@iven that compactification radius of the imaginary time dimension
apparently fermionic degrees of freedom are involved, thid ,=%/(kgT). The essence of the Zhat al. scaling analysi$
is, from a theoretical point of view, far from obvious becauseis that one has to determine the dependence of the free en-
the fermion signs obscure the analogy with thermal phasergy relative to variations of the coupling constant to learn
transitions? One would like to establish empirically the pres- about the quantum singularity. However, standard thermody-
ence of scaling laws, revealing universality. Such evidence isamics associated with variations of temperature gives addi-
lacking in the cuprates. tional information of the finite-size scaling variety. Their

Thermodynamics has played a pivotal role in establishingcombination yields a powerful phenomenological scaling
the nature of the classical critical state. In a recent papetpol box.
Zhu et all! showed that the thermodynamic singularity —Following Zhu et al,'* our analysis rests on a
structure of QPT’s has quite interesting observable consesingle theoretical assumption. It is assumed that the
guences. They argued that in the case of a QPT, wher@PT is associated with an unstable fixed point at zero
pressure takes the role of a zero-temperature control parantemperature, reached by tuning a single zero temperature
eter (“coupling constant’r), the Gruneisen paramet@atio  variable y such thatr=(y-y.)/y. measures the distance
of thermal expansion and specific he@j is particularly  from the critical point residing at/.. Since temperature
revealing with regard to the presence of universality.T corresponds withL, it enters the singular part of
This was subsequently applied succesfully to the QPT'she free energy densitfs as a finite size under a scale
in several heavy fermion intermetalliééHere we will adapt  transformatiorx— bx,
and extend their scaling analysis to the particular situation
encountered in the cuprate superconductors. The electronic Fq(r,T) = b @ 2F(bYr, b?T), (D
specific heat of the cuprates is known,and using
simple scaling arguments we will argue that its “normal” whered is the space dimensionality armithe dynamical
appearancé.e., C=vT with y constantin the QC and over- exponent, while hyperscaling is assumed in order to relate
doped regime has actually a profound consequence: it inthe finite size to the scaling dimensign of the coupling
plies that the effective number of time dimensions associatedonstant(y,=1/v, where v is the correlation length expo-
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neny. Equation(l) is equivalent to the following scaling poC (d = yo2)
forms for the free energy denstty, Tre(T—0,r) == T_OW(yO +1)(2-«a)
0 To
T (d+2)/z r ~ _
:_Po<_) f(—,) 2) Xr.e(T—0,r) == pof(0)(d+2-1)(2 = a)r
To (TITy)¥'=
_ d-yd)| , d-yoz
therepo and T, are nonuniversal constants, whiléx) and ~Cpo d+z (2-«a) dvz )
f(x) are universal scaling functions. Since there is no singu- T \vorl
larity at r=0, T>0, f(x— 0)="f(0)+xf'(0)+(1/2)x?f"(0) X r(z_ar)(d_YOZ)/(d+Z)_2(T—) i (5)
0

+--- while f(x)=f(0)+g(x), where g(x) describes the low
temperature thermodynamics of the phases to the left or rightrom the above equations one directly infers the main results
side of the QPT. When the phase is fully gappedfrom Zhu et all! the “Griineisen ratioT,=#,/C~TY/Zin
g(x) ~ e while for a massless phagéx)=cxo*! such that the quantum critical state while in the massless phase it be-
Yo corresponds with its specific heat exponépy=1 for a  comes exactlyfd—yy2)/(yoy,)r 3, i.e., it acquires a universal
Fermi liquid, and 2 for a “nodal liquid” characterized by amplitude expressed entirely in terms of the exponents. The
d-wave-like “Dirac conesy. significance of the coupling constant susceptibijtyis im-
We find it convenient to parametrize the exponentsmediately clear from Eq$4) and(5). Its temperature depen-
in terms of d,z, and the zero-temperature analog of thedence reveals that it is more singular thgnwhich is in turn
specific heat exponent, characterizing a thermal phase more singular thanC. In addition, its temperature-
transition, independent part diverges in the approach to the critical point
with the exponenty,, in direct analogy with the divergence
a=2- d+ z (3)  of the specific heat witlr in the approach to a thermal phase
Yr transition.
Let us now apply the above scaling laws to the specific
context encountered in the cuprates. By restricting ourselves
to thermodynamics we have to assume very little in addition

X o . to Eqg. (1): (i) In the cuprates the relevant zero-temperature
tf]lcethquant;ty 7= (0 Z/]&Hﬂ'), Tgveallng tthf E'ependence direction is the electron density varied by the dopipg
of the entropy on the coupling constant. ov!ever,.we.l.he reduced coupling constant corresponds, therefore, with
will extend the a.m'a.ly?s_by 3'52 '”C'.“d'r.‘g the coupllng x=(p—p)/pe (ii) Recently, evidence has been accumulating
constant susceptibility’y,=¢*F/or%, which is the quantity showing that the overdoped state is a Fermi liquid, charac-
that is actually most sensitive to the zero-temperatur%rized byyo=15719 (iii) We rely on the specific h,eat as
singularity. YYo=~ y b

From the scaling forms Ed2) and the above definitions measured by Loram and co-workefsSince the supercon-

. > . ductivity appears to hide the critical behavior, the regime of
it follows that the singular parts of various measurable quan- . .
interest is at high temperature.

tities have the following temperature dependence in the Given the assumption that electron density is the

quantum critical statér=0). zero temperature control parameter it follows from

In analogy with classical criticality, we expect this
exponent to be a fraction of unity. Following Zhet al,
we will consider the specific heaC=-T(¢F/dJT?) and

(d+2d/ T\ elementary thermodynamics that the quantitigsand y,
Ce(T,r =0) = pof(0) 2z \7,) relate tou,
oz P
f'(0)1-a,d+z o I
77r,cr(T,I’=O):—p0 © X X IT Ix
TO 2 —Q z 5
oF u 1
[d(1-ay)-Z)[Z(2-,)] = al =2 6
% l , Xcrx Y X r (6)
To a
wherek is just the electronic compressibility amdthe total
T \ L@+ alz(2-ap)] electron density. Notice that when pressure is the control
Xl T,r=0)=- pof”(O)(T—> (4)  parametery~ °F/dp?~ dV/ dp refers to the total compress-
0 ibility.

On the other hand, in the massless phase characterized by aLet us now turn to the measured electronic specific heat of
specific heat exponen, at low temperatures in the vicinity the cuprate$? In fact, the remarkable property of the mea-

of the QPT, sured specific heat is its uninteresting appearance. In the
T\ overdoped regime it is indistinguishable from the specific
C 0 i i -
Co(T—0,r)= Piyo(yOJr l)r(2—ar)(d—yoz)/(d+z)<_) , heat of a ci)nven'glonal BCS superc_onductor. At hlgh tem
To To peraturesC=+T with a temperature-independeftas in a
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Fermi liquid, and at the superconducting transition the spesamples where the superconductivity has been surpressed by
cific heat shows a BCS-like anomaly. Upon decreasing dopZn doping.Tpg turns out to be indeed weakly sublineandin

ing, all that happens is that the pseudogap scale manifesgsiggesting thaty, is in the range 0.2-0.3, i.e., a reasonable
itself quite clearly in the form of a decreasing a fact ex-  value for a strongly interacting unstable fixed point.

ploited by Loramet al. to study the doping dependence of  Up to this point we have presented the case that if a
the pseudogap temperatufgs. Above Tpg y is temperature  QPT js present at optimal doping, the quantum singularity
independent and connected smoothly with the specific heag |argely hidden from the specific heat for specific reasons
in the overdoped regime, showing no noticeable doping de(d:z, the Fermi liquid. To establish the presence of this
pendence. singularity one has to look elsewhere and the remedy is ob-

It seems to be a reflex to assume that the “metallic” aPvious: the thermodynamic potential. Assumithgz one finds

pearance of they aboveTpg is just revealing that a Fermi- interesting collection of scaling behaviors for/ 9T and

liquid state is reestablished at high temperatures, but this '%_e inverse compressibility,.

actually quite unreasonable. Recently, evidence has been a Omitting nonuniversal factors and including the specific

cumulating that on the overdoped side a “coherence” crossﬁ Lt let th b in th A itical
over occurs: one can identify a temperatiligg, below which ree;mgr compieteness, these become in the quantum-critica

transport shows Fermi-liquid signatufé8while photoemis-
sion reveals that the quasiparticles become underdafped. 9
T..n€Merges at optimal doping and increases with increasing Cy ~T, —o ~ - T o)y~ T-2al(2=a)),
doping in the overdoped regime. It is no wonder that the Ter ’
low-temperature specific heat in this Fermi-liquid regime is (7)
conventional, but why is it so that it remains conventional .
above To,? Stronger, why is it unaltered at temperatures 1€nce, Dy measuring the temperature dependences
greater thaTpg even in the strongly underdoped regime? of the chemical potential anq. the c'ompreSS|b|I|ty_ n
Let us reconsider the scaling of the specific heat in the Qéhe hlgh-temPeraturequanturr’I’ critical regime one obtains
regime, Eq.(4). The remarkable fact is that its temperaturediréctly the “quantum alpha’ characterizing the nature of
dependence is predicted to be uninteresting. Its temperatuF%e quantum singularity. Notice that the incompressibility
exponent is just given by the ratio of the number of spaie should be precisely twice as singular as the temperature

and effective time(z) dimensions. In the quantum critical de[llﬁatl\léercr)r]:ﬁ.i id regimey,=1) is not particularly reveal
regime of the cuprate€~T and this means that=z, the € Fermi-liquid regiméyo=1) 1S not particularly reveal-

number of space dimensions equals the number of time atn9:

mensions. At these high temperatures, it seems reasonable to u B
assume thatl=2, with the implication thaz=2, signaling Crioer~T, =0, XpLorx~ X . (8)
diffusion. ITFLer

There is a nontrivial consistency with the observationThe critical part ofdu/dT vanishes because the prefactor
that the specific heat is not sensitive to the crossovecontainsd—y,z as does the temperature-dependent pagt,of
from the quantum critical to the Fermi-liquid regime at Only the temperature-independent part of the inverse com-
Teon From Eq. (5) it follows that the specific heat in a pressibility reveals directly the quantum singularity.
massless state knows about the proximity of the QPT via In the pseudogap regimgy,=2) this changes drastically.
the factor r2-)(@ye2/(d*2  governing the divergence of Parametrizing matters in terms of the pseudogap scale
the quasiparticle mass. The exponent contains the combingpg(n) ~ x(?-/2,
tion of the dimensionsd-yy,z and whend=z and y,=1 5
as in the Fermi liquid the exponent vanishes and the specific c " T I _ Csaer
heat becomes insensitive to the zero temperature singularity. PEEr Tod®)’ ITsGer X
The specific heat is expected to be just the same at all
temperatures and dopings as long Bs Tpg despite the ~ CsauT
fact that other properties demonstrate large scale changes XpGerx ~ AX “r—BT. 9
in the physics.

To further stress this point, let us consider what happen3he second and third lines reflect the workings of the “gen-
in the pseudogap regim&<Tps. The measured specific eralized Grueneisen parameters” as realized by &hal !
heat shows that in between the superconducfipgand  du/dT is clearly “one order more singular” in than the
TecC~ T2 and thermodynamically it can be viewed as aspecific heat, but the temperature-dependent part of the in-
“nodal liquid” characterized byyy=2. Insisting thatd=z  compressibility is actually “twice as singular.”
it follows from Eq. (5 that C~r @ )/272 From To summarize, using elementary power-counting argu-
Eq. (2) it follows immediately that the pseudogap scalements, we have discovered an emperical strategy that should
Tpg~ r#¥r=r@-)/2: it just means thaC~ T4/ Tgg which is  make it possible to decide if the “quantum criticality” of the
consistent with experiment. Notice that this would fail whencuprates has to do with universality. We have found that the
d+z temperature and density dependences of the chemical poten-

Becausey, is expected to be smallp is expected to be tial in the various regimes should obeyx scaling laws,
weakly sublinear inx when d=z. In a recent papéf the  which are all governed by a single fundamental scaling di-
behavior of Tpg for small x has been determined in 123 mension(«,). As an input, we have used the specific heat

060509-3



RAPID COMMUNICATIONS

J. ZAANEN AND B. HOSSEINKHANI PHYSICAL REVIEW B70, 060509R) (2004

data to argue that the effective number of spabeand time  lish once and for all the presence or absence of a genuine

(2) dimensions characterizing the critical state have to be thguantum phase transition in the cuprates.
same. We notice that our scaling relations might also be put to

We are not aware of chemical potential and electronicthe test in the context of the metal-insulator transition in the

compressibility measurements of the cuprates having the ré\_/vo-d|men5|onal electron gas. Using various ingenious

H 8,19 i ihili _
quired accuracy. However, this does not appear to representI%Chn'queé’ th? e_Iectron_|c compressibility has b_gen mea-
7 . ; .~ _sured in the proximity of this quantum phase transition and it

problem of principle. In the experimental literature one finds

a variety of methods to measure these quantifiéga prime would be highly interesting to focus on the temperature de-

exampl s he irating Kehn proce method rat aows oo 1 0115 STHEE PVBUET 18 e puptcacon
high accuracy measurements of the chemical potential whic

was Rietveldet al. used by van der Marel some time ago to  We acknowledge helpful discussions with J.M.J. van
determine the density dependence of the superconductirigeeuwen, J.W. Loram, D. van der Marel, A. Rosch, S. Sach-
T..1” We suggest using these experimental methods to estaddev, and J.L. Tallon.

1S. SachdevQuantum Phase Transitioif€ambridge Univ. Press, and L. Balicas, NaturéLondon 425 814(2003.
Cambridge, 1990 M. Vojta, Rep. Prog. Phys66, 2069(2003). 1. Zhu, M. Garst, A. Rosch, and Q. Si, Phys. Rev. Leatl,

2A.V. Chubukov and S. Sachdev, Phys. Rev. L&tt, 169(1993; 066404(2003.
S. Sachdev, Sciencggg 475(2000. 12R. Kuchler, N. Oeschler, P. Gegenwart, T. Cichorek, K. Neu-
3C. Castellani, C. di Castro, and M. Grilli, Phys. Rev. LeT5, maier, O. Tegus, C. Geibel, J.A. Mydosh, F. Steglich, L. Zhu
4650(1995. ! ' ! ’ ‘ '

and Q. Si, Phys. Rev. Let91, 066405(2003.

4 H .
R.B. Laughlin, Adv. Phys47, 943 (1998;, S. Chakravarty, R.B. 133 W. Loram, K.A. Mirza, J.R. Cooper, and W.Y. Liang, Phys. Rev.

Laughlin, D.K. Morr, and C. Nayak, Phys. Rev. &, 094503

(2000). Lett. 71, 1740(1993; J.W. Loram, K.A. Mirza, J.M. Wade, J.R.
5C.M. Varma, Phys. Rev. Leti83, 3538(1999; C.M. Varma, Z. Cooper, and W.Y. Liang, Physica €53 134(1994; J.W. Lo-
Nussinov’ and W. van Saa”oosy Phys Reﬁl’ 267(2003 ram, J. Luo, J.R. COOper, W.Y. Llang, and J.L. Tallon, J. Phys

6A. Kaminski, S. Rosenkranz, H.M. Fretwell, Z.Z. Li, H. Raffy, Chem. Solids 62, 59 (200D; J.L. Tallon and J.W. Loram,
M. Randeria, M.R. Norman, J.C. Campuzano, Phys. Rev. Lett. Physica C349 53 (2002.
90, 207003(2003. 14S.H. Nagib, J.R. Cooper, J.L. Tallon, and C. Panagopoios,
7J.L. Tallon, J.W. Loram, G.V.M. Wiliams, J.R. Cooper, |R. published.
Fisher, J.D. Johnson, M.P. Staines, and C. Bernhard, Phys. St&A. Ino, T. Mizokawa, A. Fujimori, K. Tamasaku, H. Eisaki, S.
tus Solidi B 215 531 (1999; S.H. Nagib, J.R. Cooper, J.L. Uchida, T. Kimura, T. Sasagawa, and K. Kishio, Phys. Reuv. Lett.
Tallon, and C. Panagopoulos, Physica387 365 (2003; S. 79, 2101 (199%; N. Harima, A. Fujimori, T. Sugaya, and T.
Nakamae, K. Behnia, N. Mangkorntong, M. Nohara, H. Takagi, Terasaki, Phys. Rev. B7, 172501(2003.
S.J.C. Yates, and N.E. Hussey, Phys. Re\6® 100502(2003). 186M. Matlak and M. Pietruszka, Phys. Status Solidi 21, 299
8D. van der Marel, H.J.A. Molengraaf, J. Zaanen, Z. Nussinov, F.  (2002; A. Pimenov, A. Loidl, D. Dulic, D. van der Marel, I.M.
Carbone, A. Damascelli, H. Eisaki, M. Greven, P.H. Kes, and M.  Sutjahja, and A.A. Menovsky, Phys. Rev. Le@®7, 177003
Li, Nature (London 425 271(2003. (2001).
9See, e.g., J. Custers, P. Gegenwart, H. Wilhelm, K. Neumaier, ¥:’G. Rietveld, N.Y. Chen, and D. van der Marel, Phys. Rev. Lett.
Tokiwa, O. Trovarelli, C. Geibel, F. Steglich, C. Pepin, and P. 69, 2578(1992; D. van der Marel and G. Rietveldhid. 69,

Coleman, Natur¢London 424, 524(2003; T. Senthil, A. Vish- 2575(1992.
wanath, L. Balents, S. Sachdev, and M.P.A. Fisher, Sci@&  !8S. llani, A. Yacoby, D. Mahalu, and H. Shtrikman, Phys. Rev.
1490(2004). Lett. 84, 3133(2000; Science292 1354(200D.

10N.E. Hussey, M. Abdel-Jawad, A. Carrington, A.P. Mackenzie,®S.C. Dultz and H.W. Jiang, Phys. Rev. Le84, 4689(2001).

060509-4



